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Abstract
The cooperative guidance problem of multiple inferior missiles intercepting a hypersonic target with the specific
impact angle constraint in the two-dimensional plane is addressed in this paper, taking into consideration variations
in a missile’s speed. The guidance law is designed with two subsystems: the direction of line-of-sight (LOS) and
the direction of normal to LOS. In the direction of LOS, by applying the algebraic graph theory and the consensus
theory, the guidance command is designed to make the system convergent in a finite time to satisfy the goal of
cooperative interception. In the direction of normal to LOS, the impact angle is constrained to transform into the
LOS angle at the time of interception. In view of the difficulty of measuring unknown target acceleration information
in real scenarios, the guidance command is designed by utilising a super-twisting algorithm based on a nonsingular
fast-terminal sliding mode (NFTSM) surface. Numerical simulation results manifest that the proposed guidance
law performs efficiently and the guidance commands are free of chattering. In addition, the overall performance
of this guidance law is assessed with Monte Carlo runs in the presence of measurement errors. The simulation
results demonstrate that the robustness can be guaranteed, and that overall efficiency and accuracy in intercepting
the hypersonic target are achieved.

Nomenclature
OXY inertial coordinate system
Mi missile i
T hypersonic target
Ri relative range between the missile i and the hypersonic target
Vi speed of the missile i
VT speed of the hypersonic target
γi LOS angle of the missile i
θi flight path angle of the missile i
θT flight path angle of the hypersonic target
ηi heading angle of the missile i
ηT heading angle of the hypersonic target
ai normal acceleration of the missile i
aT normal acceleration of the hypersonic target

1.0 Introduction
Hypersonic flight technology, a highlight of the 21st-century aviation and aerospace industries, has
enabled hypersonic vehicles to reach speed of over Mach 5 [1], with far-reaching military and economic
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implications; for example, a dramatic increase in penetration rate [2]. In contrast to targets moving out-
side the atmosphere or in the dense atmosphere, hypersonic targets flying in near space have long-time
continuous manoeuvering trajectories rather than ballistic fixed trajectories. In addition, the combina-
tion of hypersonic flight technology, trajectory planning methods and morphing technology can prepare
hypersonic aircrafts to complete complex missions in more challenging combat environments, which
subverts existing strike methods and traditional defense systems, and greatly expands the combat space
[3–7]. The unconventional ballistic flight characteristics and manoeuver ability of hypersonic vehicles
make it difficult to intercept them efficiently with single missile by traditional guidance laws [1, 8]. A
more advanced strategy of deploying multiple missiles to intercept hypersonic vehicles is therefore more
likely to be effective.

Multiple missiles can work together to improve the effectiveness of a defense system against single
missile in the context of a shared and complementary information network. An important advantage
of a multiple-missile system is the capability to share combat information, leading to improvement in
target penetration: Even if several missiles are intercepted, the target can still be destroyed by the remain-
ing missiles [9]. As a result, when multiple missiles attack cooperatively, the interception efficiency of
the specific target and the penetration capability of missiles will be extensively improved. The design
of multi-missile system cooperative guidance laws is one of the key technologies that enable multiple
missiles to accurately intercept large manoeuvering targets [10, 11].

Cooperative guidance for intercepting targets has been studied extensively in recent years, with two
principal methods emerging as the forerunners in the field. With the first method, the interception time
for each missile needs to be determined in advance, which requires calculation of the remaining intercep-
tion time to be very precise. In [12], a biased proportional navigation guidance law was constructed in
which the actual interception time was derived analytically by solving the system differential equations.
In [13], based on a leader-follower cooperative salvo guidance strategy, an improved estimate of time-to-
go, that did not assume a small heading angle of the interceptor, was used in the guidance design. Relying
on the estimation of remaining interception time, the multi-missiles cooperative interception problem
with communication delay was investigated in [14]. In [15], a modified cooperative guidance law was
presented to avoid singularities existing in the guidance law on the basis of the estimation of remain-
ing interception time. Also, based on the fundamentals of the above research, other groups took the
impact angle control guidance (IACG) into consideration to improve interception effectiveness on targets
[12, 16].

The second method was developed from the concept of multi-agent consensus protocol: multiple
missiles attack the target simultaneously by establishing a communication network. In [17], a new guid-
ance scenario was investigated, involving impact time constraint: a feedback loop of the impact time
error was combined with the traditional optimal feedback loop to reduce miss distance and minimise
control effort, enabling in-flight control of the impact time. Ref [18] addressed a distributed cooper-
ative guidance law by using the relative distance between missile and target as well as lead angle as
coordination variables. However, this strategy is only suitable for stationary targets and not accurate for
high-speed manoeuvering targets. In [19], based on the undirected graph theory, a new finite-time con-
sensus protocol for the LOS direction was derived to guarantee the goal of cooperative attack. Ref [20]
proposed a cooperative guidance law based on consensus theory, intended for multiple missiles against
a manoeuvering target in the three-dimensional plane. Moreover, an expected impact angle should be
taken into consideration in the course of a cooperative intercept mission in order to improve the lethality
and interception rate of missiles. A novel cooperative guidance law with impact angle constraints, based
on multi-agent consensus theory, was proposed in [21–23]. However, these methods are only suitable for
stationary or low-speed manoeuvering targets, which are unrepresentative of actual combat scenarios.

The two methods mentioned were established under the assumption that the speed of the missile was
a constant. In many practical situations, however, this assumption is restrictive and idealistic. Thus, it
is important to take variations of missile speed into account. In [24], an impact time control guidance
(ITCG) law for cooperative attack was proposed in which only the variation range of the missile speed
needs to be considered, a relaxation of the constant speed assumption. In [25], the authors developed
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Figure 1. Geometry of cooperative guidance.

a novel ITCG law for guided projectiles considering time-varying speed, which could satisfy the con-
straints of both miss distance and impact time. In addition, in view of the external disturbances connected
to the manoeuvering of the target in [20, 22], a non-homogeneous disturbance observer was designed to
estimate the external disturbance.

Based on the above research, this paper presents a cooperative guidance scheme for multiple inferior
missiles intercepting a hypersonic target with impact angle constraint. The main contributions of this
paper can be summarised as follows:

(1) In the process of guidance design, varying missile speed is taken into consideration in order to
improve the manoeuverability and combat effectiveness of missiles.

(2) For unknown external disturbances arising from manoeuvering of the target, the super-twisting
algorithm is adopted to obviate the requirement for estimating the external disturbances.

(3) The constraint of impact angle at interception is considered so as to promote target damage
efficiency and implement a multi-directional interception mode.

The remainder of this paper is organised as follows: Section 2 addresses the problem of missiles
intercepting a hypersonic target in the two-dimensional plane; the design of the guidance commands is
outlined in sections 3 and 4; comparative simulation studies are presented in section 5; and conclusions
are drawn in section 6.

2.0 Problem statement
For the convenience of modeling and analysis, it is assumed that multiple inferior missiles intercept a
hypersonic target cooperatively in the two-dimensional plane, as in Fig. 1. The relative motion model
between a missile i, i ∈ (1, 2, · · · , n)n ∈R

+ and its target is expressed as follows:

Ṙi = VT cos ηT − Vi cos ηi (1)

Riγ̇i = Vi sin ηi − VT sin ηT (2)

ηi = γi − θi (3)

ηT = γi − θT (4)
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Figure 2. Cooperative guidance law scheme.

θ̇i = ai/Vi (5)

θ̇T = aT/VT (6)

One then takes the derivative of Equations (1)-(2)

R̈i = ωRi − uRi + Riγ
2

i (7)

γ̈i = −2Ṙiγ̇i

Ri

+ ωqi

Ri

− uqi

Ri

(8)

where uRi and uqi are two components of the normal acceleration ai, respectively. uRi = ai cos ηi + ai sin ηi

represents the part of ai along LOS, and uqi = ai sin ηi − ai cos ηi is the part of ai normal to LOS. ωRi and
ωqi are two components of the normal acceleration aT , respectively. ωRi = aT cos ηT + aT sin ηT repre-
sents the part of aT along LOS, and ωqi = aT cos ηT − aT sin ηT is the part of aT normal to LOS. Usually,
ωRi and ωqi cannot be measured directly, and thus they are regarded as external disturbances.

The core of a successful cooperative interception process for multiple missiles is that missiles inter-
cept the target simultaneously, accurately and effectively, which means that multiple missiles need to
satisfy the constraints of both time convergence and interception accuracy. In addition, in order to
improve damage efficiency on the target, IACG should be taken into consideration. Generally, the impact
angle constraint translates into controlling the LOS angle at interception [16, 26]. Thus, the design
objectives of cooperative guidance law for the purposes of this paper can be described as follows:⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

limt→tf Ri = 0

limt→tf γi = γ d
i

limt→tf γ̇i = 0

t1
f = t2

f = · · · = ti
f

(9)

where ti
f is the total interception time of the missile i. γ d

i represents the desired impact angle of the
missile i.

Letting x1i = Ri, x2i = Ṙi, x3i = γi − γ d
i , x4i = γ̇i, then based on Equations (1)-(8), the cooperative

guidance system model can be expressed as⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ẋ1i = x2i

ẋ2i = x1ix2
4i − uRi + ωRi

ẋ3i = x4i

ẋ4i = −2x2ix4i

x1i

− uqi

x1i

+ ωqi

x1i

(10)

As shown in Equation (10), there are coupling characteristics in the model. However, since the accel-
eration commands uRi and uqi are separated, coupling characteristics can be eliminated through feedback
decoupling control. Figure 2 reveals that the cooperative guidance scheme can be divided into two
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channels, including the LOS direction and LOS normal direction. By designing guidance commands
uRi and uqi independently, multiple missiles can be organised to intercept a target accurately, with the
impact angle simultaneously constraint.

3.0 Guidance command design along LOS
Before designing the guidance law to achieve the goal of intercepting a target accurately and effectively
with multiple missiles, some preliminary assumptions need to be put forward:

Assumption 1. All missiles and the target are treated as ideal mass points, ignoring their shape.

Assumption 2. The influence of the rotation of the earth and the external environment on the missiles
and the target can be ignored.

3.1 Algebraic graph theory
In this subsection, we introduce the concept of algebraic graph theory, which was put forward in [27, 28].
Supposing that a team of agents interact with each other through a communication or sensing network
or a combination of both; it is natural to model the interaction among agents with graphs. A graph in
this paper is a diagram composed of nodes and edges (also called links or lines), which respectively
represent objects and their connections.

A graph G =< N(G) , E(G) , ϕ(G) > is composed of multiple nodes and edges connecting
nodes. N(G) = {n1, n2, · · · , nn} (N(G) �= ∅) denotes the vertex set (the nodes) of graph G, where
ni(i = 1, 2, · · · , n) represents a single agent. E(G) = {e1, e2, · · · em} denotes the edge set where ei ={(

ni, nj

) ∣∣i �= j, ni, nj ∈ V
}

(i = 1, 2, · · · , n) represents the connection and communication between
agents ni and nj. ϕ(G) denotes the incidence function, which indicates the correspondence between
ni and ei.

There are two main types of graphs: directed and undirected. In a directed graph, a cycle is a directed
path that starts and ends at the same node. A directed graph is strongly connected if there is a directed
path from every node to every other node. An undirected graph is strongly connected if there is an
undirected path between every pair of distinct nodes. Note that A = (

aij

)
n×n

(
aij ≥ 0, i �= j

)
represents the

adjacency matrix of a given graph. For an undirected graph, when missile i can receive information from
missile j, aij=1. Otherwise, aij=0.

Assumption 3. A communication network composed of multiple missiles can be regarded as a multi-
agent system with mutual communication represented by edges. The topology of this information
interaction can be described by a graph.

Assumption 4. In this paper, the graph G made up of multiple missiles is regarded as undirected and
connected and the communication between them is ideal.

3.2 Guidance command design
Before designing the guidance command uRi, we will begin with some definitions and lemmas:

Definition 1. [29] Subject to the following multi-agent system{
ξ̇i = vi

v̇i = ui

(11)

where ξi, vi, ui ∈R represent the position, speed and acceleration information of the i-th agent, respec-
tively. Especially ui stands for the second-order consistency algorithm if the proposed ui can ensure that
ξi and vi converge at instant T.
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Definition 2. [30] For the following system

ẋ = f(x, t), f(0, t) = 0, x ∈R
n (12)

with x ∈ U ⊆R
n, continuous on an open neighborhood U of the origin. Supposing that for arbitrary

initial condition x(0) = x0 ∈ U0 ⊆ U, Equation (13) can be established when T > 0.{
lim

t→T(x0)
x(t, 0, x0) = 0

x(t, 0, x0) = 0, t>T(x0)
(13)

Then, x will converge to be the origin x = 0 in a finite time. If the origin is Lyapunov stable and
finite-time convergent in a neighbourhood of the origin, x = 0 is stable for a finite time. When U =R

n,
x = 0 is globally stable for a finite time.

Lemma 1. [31] Assume that x(t) is the solution of ẋ = f(x, t) and x(0) = x0 ∈R
n, where f denotes U →

R
n is continuous with U an open subset of Rn. Setting V:U →R is a locally Lipschitz function and

satisfies D+V(x(t)) ≤ 0, where D+ represents the upper Dini derivative. Then noting the positive set as
�+ (x0), �+ (x0) ∩ U is contained in the union of S = {x ∈ U|D+V(x) = 0}.
Lemma 2. [32] The system (12) can be regarded as homogeneous if the following formula holds for
arbitrary ε > 0.

fi

(
εδ1 x1, εδ2 x2, . . . , εδn xn

)= εσ+δi fi(x), i = 1, 2, . . . , n (14)

where δi, σ ∈R and σ is the homogeneity degree of the system (12).

Lemma 3. [33] If the system (12) is asymptotically stable and homogeneous, with the homogeneity
degree σ < 0, then the system (12) is finite-time stable.

Generally, in the process of terminal guidance law design, only the acceleration command normal
to LOS is taken into account in order to attack the target accurately, while the normal acceleration
instruction in the direction of LOS is ignored. Actually, since guidance time is not infinite for each
missile, it is essential to consider the guidance command in the direction of LOS.

Based on the system (10), the cooperative guidance model in the direction of LOS can be
described as {

ẋ1i = x2i

ẋ2i = x1ix2
4i − uRi + ωRi

(15)

Generally, the target is manoeuvering in the direction of normal to LOS. Thus, the component of
the target acceleration ωRi = 0 holds. As a result, Equation (15) can be transformed into the following
form {

ẋ1i = x2i

ẋ2i = x1ix2
4i − uRi

(16)

Theorem 1. Subject to the system (16), based on the protocol of consensus theory, x1i and x2i will
converge in a finite time with the appropriate choice of parameters under the action of guidance
command uRi.

uRi = x1ix
2
4i +

n∑
j=1

aij

[
q1i

(
sig
(
x1i − x1j

)α1
)+ q2i

(
sig
(
x2i − x2j

)α2
∣∣x1i − x1j

∣∣α3
)]

(17)

where 0 < αi < 1, (i = 1, 2, 3) with 2 (α1 − α3) = (1 + α1) α2 and sig( �)α = | �|α sgn( �). aij is the element
of the adjacency matrix of graph G. q1i and q2i are positive parameters that need to be designed.
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Proof. Substituting Equation (17) into Equation (16), yields⎧⎨
⎩

ẋ1i = x2i

ẋ2i = −
n∑

j=1

aij

[
q1i

(
sig
(
x1i − x1j

)α1
)+ q2i

(
sig
(
x2i − x2j

)α2
∣∣x1i − x1j

∣∣α3
)] (18)

Since the graph G is undirected, aij = aji holds. Then, for t ≥ 0, we can obtain that
n∑

i=1

ẋ2i ≡ 0 (19)

Taking a Lyapunov function V1

V1 =
n∑

i=1

n∑
j=1

∫ x1i−x1j

0

aijq1i(sig(s)α1) ds + 1

2

n∑
i=1

x2
2i (20)

Note that sig( �)α is an odd function. For Equation (20), it is positive-definite with respect to x1i −
x1j, (∀i �= j) and x2i, (∀i ∈ In). Considering the derivative of V1 with respect t, leads to

V̇1 =
n∑

i=1

n∑
j=1

aijq1i

(
sig
(
x1i − x1j

)a1
)

x2i +
n∑

i=1

x2iẋ2i

=
n∑

i=1

n∑
j=1

aijq1i

(
sig
(
x1i − x1j

)a1
)

x2i −
n∑

i=1

n∑
j=1

x2iaij

[
q1i

(
sig
(
x1i − x1j

)α1
)

+q2i

(
sig
(
x2i − x2j

)α2
∣∣x2i − x2j

∣∣α3
)]

= −q2i

n∑
i=1

n∑
j=1

x2iaij

(
sig
(
x2i − x2j

)α2
∣∣x2i − x2j

∣∣α3
)

(21)

= −1

2
q2i

n∑
i=1

n∑
j=1

(
x2i − x2j

)
aij

(
sig
(
x2i − x2j

)α2
∣∣x2i − x2j

∣∣α3
)

= −1

2
q2i

n∑
i=1

n∑
j=1

aij

∣∣x2i − x2j

∣∣1+α2+α3

≤ 0

Setting V̇1 = 0, we get
x2i = x2j (22)

Then, based on Equation (18) and Equation (22), one can obtain

ẋ2i = −
n∑

j=1

aijq1isig
(
x1i − x1j

)α1 (23)

And taking the derivative of Equation (22)
ẋ2i = ẋ2j (24)

On the basis of Equation (19) and Equation (24), we get
ẋ2i = 0 (25)

Substituting Equation (25) into Equation (23), reveals that
n∑

j=1

aijq1isig
(
x1i − x1j

)α1 = 0 (26)
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Thus, Equation (27) can be established as

q1i

n∑
i=1

x1i

n∑
j=1

aijsig
(
x1i − x1j

)α1 = 0 (27)

On the other hand

q1i

n∑
i=1

x1i

n∑
j=1

aijsig
(
x1i − x1j

)α1 = 1

2
q1i

n∑
i=1

n∑
j=1

aij

(
x1i − x1j

)
sig
(
x1i − x1j

)α1

= 1

2
q1i

n∑
i=1

n∑
j=1

aij

∣∣x1i − x1j

∣∣1+α1 (28)

Combined with Equations (27)-(28), it can be conducted that

1

2
q1i

n∑
i=1

n∑
j=1

aij

∣∣x1i − x1j

∣∣1+α1 = 0 (29)

Since the graph G is undirected and connected

x1i = x1j (30)

As a consequence, based on Equation (22) and Equation (25), when V̇1 = 0, x2i = c1, c1 ∈R holds.
Thus, x1i = c1t + c2, c2 ∈R holds.

Therefore, relying on lemma 1, results in

lim
t→∞

x1i = c1t + c2, lim
t→∞

x2i = c1 (31)

Defining two intermediate variables x̃1i and x̃2i{
x̃1i = x1i − (c1t + c2)

x̃2i = x2i − c1

(32)

Then, based on Equations (31)-(32), one can see that

lim
t→∞

x̃1i = 0, lim
t→∞

x̃2i = 0 (33)

On the basis of Equation (32), the system (18) can be converted as follows:⎧⎪⎨
⎪⎩

˙̃x1i = x̃2i

˙̃x2i = −
n∑

j=1

aij

[
q1isig

(
x̃1i − x̃1j

)α1 + q2i

(
sig
(
x̃2i − x̃2j

)α2
∣∣x̃2i − x̃2j

∣∣α3
)] (34)

Next, according to Equation (33) and lemma 3, it is essential to prove that the system (34) is homo-
geneous with the homogeneity degree σ < 0 so as to demonstrate that x̃1i and x̃2i can converge in a finite
time.

After, defining a new variable ζ = (x̃11, x̃12, ..., x̃1n, x̃21, x̃22, ..., x̃2n)T ∈R
2n, the system (34) can be

equivalent to ζ̇ = f (ζ ). Based on lemma 2, one can obtain

fi

(
εδ1 x̂11, . . . , εδn x̂1n, εδn+1 x̂21, . . . , εδ2n x̂2n

)= εδm+i x̂2i = εK+δi x̂2i (35)

fn+i

(
εδ1 x̂11, . . . , εδn x̂1n, εδm+1 x̂21, . . . , εδ2n x̂2n

)
= −

n∑
j=1

aij

[
q1isig

(
x̃1i − x̃1j

)α1 + q2i

(
sig
(
x̃2i − x̃2j

)α2
∣∣x̃2i − x̃2j

∣∣α3
)]

(36)

= −εK+δn+1

n∑
j=1

aij

[
q1isig

(
x̃1i − x̃1j

)α1 + q2i

(
sig
(
x̃2i − x̃2j

)α2
∣∣x̃2i − x̃2j

∣∣α3
)]
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According to Equations (35)-(36), we get⎧⎪⎨
⎪⎩

δn+i = σ1 + δi

δi = δj

δiα1 = σ1 + δn+i

(37)

Setting δi = 2, the homogeneity degree of the system (34) is σ1 = α1 − 1 < 0, revealing in the system
(34) is homogeneous. Thus, by applying lemma 3, one obtains

lim
t→T1

x̃1i = 0, lim
t→T1

x̃2i = 0, T1 > 0 (38)

Substituting Equation (32) into Equation (38), gives

lim
t→T1

x1i = c1t + c2, lim
t→T1

x2i = c1, T1 > 0 (39)

Consequently, Equation (39) demonstrates that x1i and x2i will converge in a finite time under the
action of the proposed guidance command uRi, which shows that in the direction of LOS, uRi can adjust
the value of Ri and Ṙi to be consistent in a finite time to achieve the time convergence based on the
consensus theory. Thus, theorem 1 has been proven completely.

4.0 Guidance command design for normal to LOS
In this subsection, we design guidance command in the direction of normal to LOS, to guarantee IACG
that will to improve target damage efficiency. Based on the system (10), the cooperative guidance system
model for the direction of normal to LOS can be obtained as follows:⎧⎪⎨

⎪⎩
ẋ3i = x4i

ẋ4i = −2x2ix4i

x1i

− uqi

x1i

+ ωqi

x1i

(40)

Assumption 5. The component dqi = ωqi/x1i is regarded as the external disturbance with the upper
boundary Di caused by the manoeuverability of the target. It is cannot be measured during the
interception process.

For the system (40), which is inspired by Ref [34], a type of nonsingular fast terminal sliding mode
(NFTSM) surface is applied to design the sliding mode variable Si to ensure the finite-time convergence
of x3i and x4i.

Si = x4i + β1ix3i + β2ie
−λi t
(
xT

3ix3i

)−hi x3i (41)

where e is the base of natural logarithm. β1i, β2i, λi and hi are all the positive parameters remaining to
be designed.

In order to suppress external disturbance and reduce the chattering phenomenon of the guidance
command, by employing the NFTSM sliding mode surface, we designed the guidance command for the
direction of normal to LOS based on the super-twisting algorithm. Using this method, we can stabilise
both the states of the perturbed double-integrator asymptotically using continuous control, which is
good from a practical point of view [35, 36].

Lemma 4. [37]. For a nonlinear system ẋ = f (x)x ∈R
n with f (0) = 0. U0 ⊂R

n is defined within an
open neighborhood of the origin. One must choose V(x) to be positive definite, which is true for all
states in the open neighborhood U0. There is a positive constant m. Then the following inequality can be
established

V̇(x) + mV(x)
n ≤ 0 n ∈ (0, 1) (42)

As a result, the equilibrium point of the system converges in a finite time.
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Theorem 2. In the presence of assumption 5, and governed by the guidance command in Equation
(43), all state variables existing in the system (40) will converge to zero in a finite time. That is, both
lim t→tf γi = γ d

i and limt→tf γ̇i = 0 can be satisfied in a finite time.

uqi = ueqi + uSTWi (43)

where ⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ueqi = −bi(x)−1

(
−2x2ix4i

x1i

+ β1ix4i + β2iAi

)
uSTWi = −bi(x)−1

(
k1i|Si|1/2sign (Si) + zi

)
żi = −k2isign (Si)

(44)

Ai = (−λi) e−λi t
(
xT

3ix3i

)−hi x3 − e−λi t2hi

(
xT

3ix3i

)−hi−1 (
xT

3ix4i

)
x3i + e−λi t

(
xT

3ix3i

)−hi x4i (45)

k1i > 2δi, δi > 0

k2i > k1i

5k1i + 4δi

2 (k1i − 2δi)
δi (46)

Proof. We define a Lyapunov function V2 = ξ
TPξ

where

ξ =
[

ξ1

ξ2

]
=
(

sign (S) |S|1/2

−k2i

∫
sign(S)dt

)

P = 1

2

(
k2

1i + 4k2i −k1i

−k1i 2

)
(47)

Apparently, V2 is positive definite. Meanwhile, the upper and lower bounds of V2 can be
expressed as

λmin(P) ‖ξ‖2 ≤ V2 ≤ λmax(P) ‖ξ‖2

‖ξ‖2 = |S| + ξ 2
2 (48)

where λ( �) represents the eigenvalue of the corresponding matrix.

Taking the derivative of state vector ξ , we get

ξ̇ =
⎡
⎣ 1

2
Ṡ|S|−1/2

−k2isign(S)

⎤
⎦= 1

|S|1/2

⎡
⎣−1

2
k1isign(S) + 1

2
ξ2

−k2isign(S)

⎤
⎦

= 1

|S|1/2

⎡
⎣−1

2
k1i

1

2
−k2i 0

⎤
⎦ ξ = 1

|S|1/2 Aξ (49)

where

d|S|1/2

dt
= 1

2
sign(S) Ṡ|S|−1/2 (50)
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As a result, the derivative of V2 with respect to t can be obtained

V̇2 = ξ
TPξ̇ + ξ̇

T
Pξ

= ξ
TP

1

|S|1/2 Aξ + 1

|S|1/2 ξ
TATPξ

= 1

|S|1/2

(
ξ

TPAξ + ξ
TATPξ

)
(51)

= 1

|S|1/2 ξ
T (PA + ATP

)
ξ

= − 1

|S|1/2 ξ
TQξ

≤ 0

where

Q = 1

2

[
k3

1i + 2k1ik2i −k2
1i

−k2
1i k1i

]
(52)

Since matrices P, Q and A are constant symmetric positive definite, PA + ATP = −Q holds based
on Equations (51)-(52), which satisfies the Algebraic Lyapunov equation. In turn, this implies that the
stability of the dynamics of Ṡ can be guaranteed in the sense of Lyapunov.

Application of the Rayleigh inequality, yields

V̇2 ≤ − 1

|S|1/2 ξ
TQξ ≤ − 1

|S|1/2 λmin(Q) ‖ξ‖2 (53)

Substituting Equation (48) into Equation (53), one can obtain

V̇2 ≤ − 1

|S|1/2 ξ TQξ ≤ − 1

|S|1/2 λmin(Q) ‖ξ‖2

≤ −κV2
1/2 (54)

where κ = λ
1/2
min(P) λmin(Q) /λmax(P).

Setting V2(0) > 0, gives

V2 =
(

V1/2(0) − κ

2
t
)

(55)

Consequently, V2(t) can converge to zero in a finite time, and the convergence time can be
expressed as

T = 2V1/2
2 (0)/κ (56)

On further analysis, based on Equation (41), when the state variables of the system (40) reach the
sliding mode surface, one obtains

x4i = −β1ix3i − β2ie
−λ,t
(
xT

3ix3i

)−h4 x3i (57)

Then, taking a Lyapunov function V3

V3 = 1

2
x2

3i (58)
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Table 1. Initial conditions of missiles

Location (km) Speed (m/s) Flight path angle (◦)
M1 (0,10) 700 5
M2 (0,10) 700 –5
M3 (0,10) 700 2

Thus, the derivative of V3 can be given by

V̇3 = xT
3ix4i

= xT
3i

(
−β1ix3i − β2ie

−λt
(
xT

3ix3i

)−hi x3i

)
= −β1ix

T
3ix3i − β2ie

−λi t
(
xT

3ix3i

)1−hi (59)

= −2β1iV1i − 21−hiβ2ie
−λi tV1−hi

1i

≤ 0

Finally, by applying lemma 4, all state variables existing in the system (40) will converge to zero in
a finite time. Therefore, theorem 2 has been completely proven.

Therefore, the cooperative guidance law with impact angle constraint for intercepting the hypersonic
target can be expressed as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

uRi = x1ix2
4i +

n∑
j=1

aij

[
q1i

(
sig
(
x1i − x1j

)α1
)+ q2i

(
sig
(
x2i − x2j

)α2
∣∣x1i − x1j

∣∣α3
)]

uqi = −bi(x)−1

(
−2x2ix4i

x1i

+ β1ix4i + β2iAi

)
− bi(x)−1

(
k1i|Si|1/2sign(Si) + zi

)
żi = −k2isign(Si)

Ai = (−λi) e−λi t
(
xT

3ix3i

)−hi x3 − e−λi t2hi

(
xT

3ix3i

)−hi−1 (
xT

3ix4i

)
x3i + e−λi t

(
xT

3ix3i

)−hi x4i

(60)

5.0 Simulation results
In this section, we describe the simulations we have conducted in order to verify the effectiveness
and superiority of the guidance law proposed in Equation (60). The simulations included two cases:
cooperative interception with different impact angles and cooperative interception with Monte Carlo
experiments. In all simulations, it is assumed that three missiles cooperatively intercept a hypersonic
target. The target is located at (30km,10km), with a speed of 1800m/s and a target flight path angle of
–180◦. The gravitational coefficient g = 9.81m/s2. The initial simulation conditions of the three missiles
are shown in Table 1.

For the three-to-one cooperative interception scenario, the communication topology relationship of
missiles can be visualised with a graph (see Fig. 3), based on the algebraic graph theory.

The corresponding adjacency matrix of the graph in Fig. 3 can be described as

A =
⎡
⎢⎣

0 1 1

1 0 1

1 1 0

⎤
⎥⎦

Figure 4 shows the overall cooperative guidance law block diagram. The limitations of the missile
guidance commands are |uRi| ≤ 5g and

∣∣uqi

∣∣≤ 15g. In order for the simulation to better approximate real
conditions, we also take autopilot into consideration, representing by the following first-order lag system
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Table 2. Parameters of the guidance law

q1i q2i α1i α2i α3i hi

2 2 0.9 0.6 0.33 0.3
β1i β2i k1i k2i λi

20 0.01 0.2 0.0001 9

Figure 3. Communication topology.

Figure 4. Overall guidance block diagram.

uaqi

uqi

= uaRi

uRi

= 1

Ts + 1
(61)

where uaqi and uaRi denote the archived control instructions through the autopilot. Meanwhile, uqi and uRi

are the real control instructions calculated by the guidance law proposed by this paper. The first-order
time constant is chosen as T = 0.3s.

The corresponding guidance parameters in Equation (60) are given in Table 2.

5.1 Case 1: Cooperative interception with different impact angles
In in order to increase the damage effect on the hypersonic target, we achieved simulation results by
setting different constraints on the impact angle. The desired impact angles of the three missiles are 0◦,
3◦and –3◦. In addition, we demonstrated the adaptability of the proposed guidance law in two different
scenarios where the target has various manoeuverability. The simulation results are shown in Tables 3
and 4 and Figs. 5 and 6.

For scenario 1, it can be seen from Table 3 that when the target moves at a constant speed, the mis-
siles can intercept the target accurately at the same time with the miss distance of no more than 0.3m.
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Table 3. Analysis of scenario 1 results

Scenario 1 aT = 0 m/s2

Miss distance (m) LOS angle error (◦) Impact time (s)
M1 0.2301 –0.1014 × 10–3 12.011
M2 0.2300 –0.2114 × 10–3 12.011
M3 0.2300 –0.2204 × 10–3 12.011

Table 4. Analysis of scenario 2 results

Scenario 2 aT = 20 sin (π t/4 + π/4) m/s2

Miss distance (m) LOS angle error (◦) Impact time (s)
M1 0.2784 0.0280 12.026
M2 0.2127 0.0284 12.026
M3 0.3352 0.0269 12.026

And the LOS angle error is extremely small. Figure 5(a) shows the outcome of three missiles launch-
ing from the same position, restricted by various constraints of the LOS angle and gradually adjusting
their trajectory to intercept the target simultaneously. As seen in Fig. 5(b), the proposed guidance law
can guarantee the constraints of impact angle at interception for three missiles, which enables a multi-
directional interception mode. The variation range of uRi for the three missiles change reasonably and
smoothly (Fig. 5(c)). At the beginning of terminal guidance, there is a wide fluctuation in the guidance
command so as to adjust the posture of the missiles to be consistent. They converge to zero gradually
at 8s and maintain course until the interception time. Because of the corresponding constraints of the
impact angle, Fig. 5(d) reveals that uqi vary violently at the beginning to ensure IACG, and this does not
prevent the desired consistency. Due to the different constraints on impact angle, missiles need to reg-
ulate their speed to achieve cooperative interception, in which the total maximum increase is less than
40m/s, a realistic goal (Fig. 5(e)). In Fig. 5(f), the sliding mode surfaces converge to zero rapidly and are
smoothly governed by the proposed guidance law, which demonstrates its effectiveness and practicality.

For scenario 2, cooperative interception can be achieved simultaneously with the miss distance no
more than 0.4m, which is attainable and acceptable (Table 4). The LOS angle error is less than 0.03◦.
The proposed guidance law is effective in intercepting a manoeuvering hypersonic target. This and the
following findings are illustrated in Fig. 6. The constraints on three missiles’ impact angles can be satis-
fied at interception, which ensures the ability to intercept the target from different directions. For three
missiles, the variation in the amplitude of guidance command uRi varies small and hovers all around zero
at the moment of interception. There is a drastic change in the guidance command uqi at the beginning,
and then the values become consistent at about 11s till the moment of interception. For a manoeuvering
hypersonic target, the three missiles can adjust their speed to satisfy the separate constraints of impact
angle and realise cooperative interception. The maximum increase of speed is less than 50m/s, which is
reasonable and acceptable. The corresponding sliding mode surface of the three missiles can converge
to zero in a finite time and there is no chattering phenomenon during convergence.

5.2 Case 2: Cooperative interception with Monte Carlo experiments
In order to further verify the robustness of the guidance law proposed in this paper, we employ Monte
Carlo experiments to assess results in the presence of measurement errors. The initial conditions of the
missiles and the target are the same as in scenario 1. In all simulations, it is assumed that the measurement
error of Ṙi obeys a Gaussian distribution with a mean value of 0 and a variance of 1m/s, and that the
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(a) (b)

(c) (d)

(e) (f)

Figure 5. Simulation results for scenario 1.

measurement error of γ̇i obeys a Gaussian distribution with a mean value of 0 and a variance of 0.01rad/s.
The simulation results are shown in Tables 5 and 6 and Figs. 7 and 8.

The statistical characteristics of miss distance and LOS angle from 300 Monte Carlo simulations
demonstrate that the robustness of the guidance law hold up when subjected to the accuracy requirement,
although the law is designed to operate under the condition of error noise.

https://doi.org/10.1017/aer.2021.117 Published online by Cambridge University Press

https://doi.org/10.1017/aer.2021.117


The Aeronautical Journal 1041

Table 5. Statistical characteristics of miss distance in Monte Carlo
simulations

Missile 1 Missile 2 Missile 3
Mean(m) 0.9421 0.9420 0.9418
Variance(m) 0.1996 0.1996 0.2163

0 5 10 15 20 25 30

X [km]

8.5

9

9.5

10

10.5

Y
 [k

m
]

target
missile1
missile2
missile3
interception point

0 5 10 15

t [s]

–4

–3

–2

–1

0

1

2

3

 [°
]

missile1
missile2
missile3

0 5 10 15

t [s]

–1

–0.5

0

0.5

u
R

 [g
]

missile1
missile2
missile3

0 5 10 15

t [s]

–15

–10

–5

0

5

10

15

u
q
 [g

]

missile1
missile2
missile3

0 5 10 15

t [s]

690

700

710

720

730

740

750

760

V
M

 [m
/s

]

missile1
missile2
missile3

0 5 10 15

t [s]

–1.5

–1

–0.5

0

0.5

1

1.5

S

missile1
missile2
missile3

(a) (b)

(c) (d)

(e) (f)

Figure 6. Simulation results for scenario 2.
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Table 6. Statistical characteristics of LOS angle in Monte Carlo simulations

Parameter Missile 1 Missile 2 Missile 3
Mean(◦) –0.0337 2.9954 –3.0039
Variance(◦) 7.9138 × 10–6 9.4295 × 10–6 6.8179 × 10–6

(a) (b)

(c)

Figure 7. Monte Carlo simulation results for miss distance.

6.0 Conclusions
Based on the premise of multiple inferior missiles cooperatively intercepting a hypersonic target, we
conduct systematic and intensive research based on consensus theory, homogeneous system theory, and
sliding mode control theory. The principal results obtained are as follows:

1. A cooperative guidance law that takes variation of missile speed into consideration can improve
missile manoeuverability. For a uniform moving target, the total maximum increase is less than
40m/s, and for a manoeuvering target, the total maximum increase is no more than 50m/s, which
is satisfactory.

2. Aiming at the unknown target acceleration information, based on NFTSM sliding mode surface,
the guidance command for normal to LOS designed with the super-twisting algorithm, which
improves the practical application value.

3. The proposed guidance law can not only intercept the target accurately but also at the desired
impact angle, thus improving target damage efficiency.
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(a) (b)

(c)

Figure 8. Monte Carlo simulation results for LOS angle.

It is evident that these findings warrant further investigation of the interception of hypersonic targets.
However, it is worth making future research on the design of cooperative guidance law with time-varying
communication topology in the three-dimensional plane.
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