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Combinatorics of the geometry of Wilson
loop diagrams I: equivalence classes via
matroids and polytopes

Susama Agarwala, Sian Fryer, and Karen Yeats

Abstract. Wilson loop diagrams are an important tool in studying scattering amplitudes of SYM
N = 4 theory and are known by previous work to be associated to positroids. We characterize the
conditions under which two Wilson loop diagrams give the same positroid, prove that an important
subclass of subdiagrams (exact subdiagrams) corresponds to uniform matroids, and enumerate the
number of different Wilson loop diagrams that correspond to each positroid cell. We also give a
correspondence between those positroids which can arise from Wilson loop diagrams and directions
in associahedra.

1 Introduction

This paper is the first in a two part series investigating the combinatorics and geometry
underlying SYM N = 4 theory. The series lays out several results about the relationship
between Wilson loop diagrams and the positroid cells that give a CW-complex
structure to the positive Grassmannian Gg »o (k, 7). Understanding the precise nature
of this relationship is crucial in the study of scattering amplitudes in SYM N = 4, as
described below.

In [5] Agarwala and Marin-Amat showed that every weakly admissible Wilson loop
diagram can be identified with a type of matroid called a positroid, and observed
that this mapping is neither one-to-one nor onto. Each such positroid corresponds
to a positroid cell in the appropriate positive Grassmannian Gg 5o (k, #) [21]. In this
paper, we give a simple characterization of this lack of injectivity in terms of an
equivalence relation on the Wilson loop diagrams, and enumerate the number of
different Wilson loop diagrams that correspond to each positroid cell. We also study
the lack of surjectivity, and show that the number of distinct positroid cells associated
to Wilson loop diagrams of a given size is given by counting the faces up to parallelism
in an associahedron.
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The second paper [3] in this series identifies precisely which positroid cell is
associated to a given Wilson loop diagram, by giving an algorithm for passing from
a Wilson loop diagram to the Grassmann necklace of the associated positroid cell.
In this manner, we give a direct path from a Wilson loop diagram to a positroid
cell, circumventing the painstaking process of examining sets of bases. With this
identification in hand, we also prove that any Wilson loop diagram with k propagators
corresponds to a 3k dimensional positroid cell, and characterize the volume forms that
Wilson loop diagrams associate to each positroid cell. The results of the first paper are
not prerequisite for the second paper in this series.

In recent years, there has been an active program researching the geometry and
combinatorics underlying SYM N = 4 theory [5, 8,13, 14, 16]. This body of work started
with the observation that the on shell (tree level) amplitudes of this theory correspond
to the volume of a subspace of a positive Grassmannian, called an Amplituhedron
[8]. Since then, there has been significant work studying the structure of the Ampli-
tuhedron both geometrically and combinatorially, for instance [6, 7, 14, 16]. The focus
of much of this work has been on understanding the relationship between BCFW
diagrams and positroid cells, which are the combinatorial objects from the physics
of the system and the corresponding natural objects in the positive Grassmannian,
respectively.

Meanwhile, there is a separate body of work studying SYM N = 4 theory from
the point of view of Feynman integrals in twistor space [1, 9, 10]. These integrals are
calculated via Wilson loops. As noted above, Agarwala and Marin-Amat uncovered a
connection between the Feynman integrals developed in this literature and positroids,
defined as matroids that are realized as an element of the positive Grassmannian
Gr,50(k,n) [5]. In separate papers with Fryer and with Marcott, this work was
extended to study these Feynman integrals in terms of positroid cells and the positive
Grassmannian [2, 4]. Others have tried different approaches to define a geometric
space associated to these integrals in a manner similar to the Amplituhedron [13, 15].

Both the Amplituhedron literature and the Wilson loop literature associate n
particle N*MHYV interactions in SYM N = 4 theory to volume forms on a set of
positroid cells of Gg,so(k,n). This gives a CW complex of some submanifold in
Gr,»0(k,n), and understanding the geometry and topology of these spaces is the
subject of ongoing research.

However, the two approaches are not identical: for example, in the case of Wilson
loop diagrams with k = 2 and n = 6, past work of Agarwala and Fryer shows that the
manifold is not contractible [2]. More generally, it has been shown that the spaces
defined by the Amplituhedron and by Wilson loop diagrams are not the same [13].
In fact, it is in some ways more natural to consider Deodhar cells of G(k,n + 1) for
Wilson loop diagrams. In this case, one gets that the manifold represented by the
diagrams is not orientable [4].

In this paper, we focus on the correspondence between Wilson loop diagrams and
positroids, which was first defined in [5]. Our main results are as follows. We first show
that two Wilson loop diagrams define the same positroid if and only if they only differ
by exact subdiagrams (Theorem 3.19). Equivalently, this says that the map from Wilson
loop diagrams to positroid cells is one-to-one exactly on the subset of diagrams with
no nontrivial exact subdiagrams. We count the total number of Wilson loop diagrams
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associated to a positroid cell (Corollary 3.20). Finally, we show that enumerating the
number of distinct positroid cells associated to Wilson loop diagrams is equivalent to
enumerating the number of directions of an associahedron (Theorem 4.4).

1.1 Roadmap

Section 2 summarizes the required background with definitions for Wilson loop
diagrams given in Section 2.1 and matroids in Section 2.2. Key definitions include
admissible Wilson loop diagrams (Definition 2.4), exact subdiagrams (Definition 2.6),
and an equivalence relation on admissible Wilson loop diagrams (Definition 2.7).
The connection between matroids and Wilson loop diagrams is stated precisely in
Theorem 2.6.

The main result of Section 3 is Theorem 3.19, which says that two Wilson loop
diagrams define the same matroid (positroid) if and only if they are equivalent. In
Section 3.1, we relate exact subdiagrams of Wilson loop diagrams to triangulations of
polygons, and hence show that every Wilson loop diagram can be uniquely decom-
posed as a collection of exact subdiagrams (Corollary 3.9). In Section 3.2, we examine
the matroidal properties of the exact subdiagrams, and prove that a subdiagram of a
Wilson loop diagram defines a uniform matroid if and only if the subdiagram is exact
(Theorem 3.17). This uniform matroid is in fact equal to the dual matroid restricted
to the exact subdiagram (Remark 3.16). Finally, Section 3.3 is devoted to the proof of
Theorem 3.19, along with an easy corollary which gives a formula for the size of each
equivalence class (Corollary 3.20).

Having identified the equivalence classes and their sizes, the next natural question
is to identify the number of inequivalent diagrams under this equivalence relation.
The main result of Section 4 is Theorem 4.4, which shows that the set of admissible
Wilson loop diagrams (up to equivalence) is in bijection with the set of faces in
the associahedron (up to parallelism). Toward this result, we go over some relevant
background on polytopes in Section 4.1, and then prove the main result in Section 4.2
in the form of two propositions: Propositions 4.1 and 4.3.

2 Background

This section gives the relevant physical and combinatorial background for this paper.
Section 2.1 defines Wilson loop diagrams as combinatorial objects, and presents
relevant definitions and results from previous work. Section 2.2 presents some back-
ground on matroids and some existing results relating Wilson loop diagrams to
matroids.

2.1 Wilson loop diagrams

Definition 2.1 A Wilson loop diagram is given by the following data: a cyclically
ordered set V, along with a choice of first vertex (labeled 1), and a set P of k pairs
of elements of V called propagators, written {p, = (i, j,) }*_,. We write W = (P, V)
to denote the Wilson loop diagram.
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Wherever possible, we drop the subscripts on propagators and their identifying
vertices. Propagators are undirected, so p = (i, j) = (j, ). As in previous work, we
follow the convention of writing p = (i, j) with i + 1 < j relative to the first vertex.

A Wilson loop diagram can also be represented visually, which provides useful
intuition for many of the results that follow. We depict the diagram (P, V') as a circle
with marked points, called vertices. These vertices are labeled by V (preserving the
cyclic ordering). The arcs between consecutive vertices are called edges. There are also
k wavy lines in the interior of the diagram, each connecting a pair of edges. These
depict the propagators. Specifically, a propagator p = (i, j) has one endpoint on the
edge joining vertices i and i + 1 and another endpoint on the edge joining jand j + 1,
where i +1 and j + 1 denote the successor of i and j, respectively in the cyclic order
onV.

To simplify language, we let the edges inherit a cyclic ordering from the vertices:

Definition 2.2 The ith edge of W is the arc that lies between the vertices i and i + 1.

Thus we may speak of a propagator p = (i, j) as being supported by the ith and jth
edges.

Note that the marked circle captures the cyclic ordering on V, and the choice of
a first vertex gives it a compatible linear order. Both the cyclic and the linear order
become the correct perspective at various points in this paper.

Often we take V to be the cyclically ordered set of integers {1,...,n}, which we
denote by [#]. In this case, we write W = (P,[n]), and all indices are considered
modulo 7.

Example 2.1 Let V =[8] and P ={(1,4),(2,4),(5,8)}. Then W = (P,[8]) is the
Wilson loop diagram

4 5

We introduce some notation to speak of vertices supporting a propagator, and the
set of propagators supported on a vertex set.

Definition 2.3 Let W = (P, [n]). In this definition and in the sequel, for any P ¢ P
or U ¢ [n], we denote P¢ = P\P and U° = [n]\U.

(1) For p = (i,j) € P, define V(p) = {i,i+1,j,j+1} to be the set of vertices sup-
porting p. Similarly, for P ¢ P we define the set V/(P) = Upep V(p) to be the vertex
support of P.
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(2) For U ¢ [n], write Prop(U) = {p € P| V(p) n U # 0} to denote the set of prop-
agators which are at least partially supported on U.

(3) For P c P, define the propagator flat' F(P) = V(P°)* to be the set of vertices in
[n] that do not support any propagators outside of the set P. Here, as throughout,
we are using the superscript ¢ for the set theoretic complement.

(4) The set of vertices that do not support any propagators is denoted F(0). Vertices
in this set are called nonsupporting.

Remark 2.2 An equivalent definition of F(P) is
F(P) = (V(P)\V(P°)) u {all nonsupporting vertices in W},

i.e., F(P) can be thought of as the set of vertices that either only support propagators
in P or do not support any propagators at all. Furthermore, note that by construction,
we have Prop(F(P)) ¢ P. This containment is strict if there is any propagator p in P
with the property that every vertex in the support of p also supports a propagator not
in P.

We now define the notion of an admissible diagram, which imposes certain density
and noncrossing conditions on the configuration of the propagators. The motivation
for these conditions comes from the link to SYM N = 4 theory, where the admissible
Wilson loop diagrams are exactly those that correspond to N MHV diagrams; see for
example [15, Section 2].

Definition 2.4 A Wilson loop diagram W = (P, V) is admissible if it satisfies the

following three conditions:

M) V|2 |P|+4,

(2) for any nonempty set of propagators, Q € P, Q # 0, one has |V (Q)| > |Q| + 3.

(3) there does not exist a pair of propagators (i, j,), (ig> jq) € P such that i, < iy <
Jp <Jg-

A Wilson loop diagram is called weakly admissible if the second and third conditions

hold.

The first condition restricts the overall density of propagators in the diagram, while
the second imposes an upper bound on how densely the propagators can be fitted into
any portion of the diagram. The third ensures that ensures that no propagators cross
in the interior of the diagram.

There are a few things to note here. First, what we call weakly admissible here is
called admissible in ([5], see Definition 1.11 and Section 1.3). Note also that if two
propagators have the same pair of supporting edges, or if a propagator is supported
on two adjacent edges, then the Wilson loop diagram is not admissible or even weakly
admissible. Further, if we take any admissible Wilson loop diagram and remove the
nonsupporting vertices, we obtain a weakly admissible Wilson loop diagram that may
or may not be admissible itself.

U'This choice of terminology is justified in Lemma 2.7 below.
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For the remainder of the paper, we will restrict our attention to admissible and
weakly admissible Wilson loop diagrams.

Definition 2.5 Let W = (P, [n]) be an admissible Wilson loop diagram. The weakly
admissible diagram W' = (P, V) is a subdiagram of W, written W' ¢ W, if

PcPand V(P)cVc|[n]
There is one particular type of subdiagram that deserves special attention:

Definition 2.6 For W a weakly admissible diagram, the subdiagram (P, V(P)) is
exact if |V (P)| = |P| + 3.

Note that by Definition 2.4, any single propagator and its support defines an exact
subdiagram. These are called trivial exact subdiagrams.

We will see in Section 3 that the exact diagrams play an important role in classifying
admissible Wilson loop diagrams.

Example 2.3 'The Wilson loop diagram W in Example 2.1 is an example of an
admissible diagram. It has a single nonsupporting vertex, namely the vertex labeled 7,
so we have F(0) = {7}. For the propagator p = (5, 8), we have V(p) = {5,6,8,1} and
F(p) = {6,7,8}: the vertices 1 and 5 are excluded from F(p) since they support other
propagators as well, and 7 is included (despite not being in the support of p) since it
supports no propagators at all. Finally, the subdiagram ({(2,4),(1,4)},{1,2,3,4,5})
is an example of an exact subdiagram. In fact it is the only nontrivial exact subdiagram
in W.

The exact subdiagrams define an equivalence relation among Wilson loop diagrams
as follows.

Definition 2.7 Let W = (P, [n]) and W’ = (P, [n]) be two weakly admissible sub-
diagrams. Let ~ denote the transitive closure of the following relation: W and W' are
related if

(1) there exist exact subdiagrams (P, V(P)) ¢ W and (P, V(P')) ¢ W' with the
same number of propagators and supported on the same vertices, i.e., |P| = |P|
and V(P) = V(P') and

(2) the complementary subdiagrams (i.e. all other propagators and vertices) are
identical, i.e., (P\P, [n]) = (P'\P', [n]).

The relation ~ is an equivalence relation on the set of all weakly admissible Wilson
loop diagrams with vertex set [#].

Example 2.4 Note that we genuinely do need to take the transitive closure of this

relation in order to obtain an equivalence relation. For example, consider the following
three Wilson loop diagrams:
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1 8
2 7 2 7
Wy = W, =
3 6 3 6
4 5 5
2 7
W; =
0
3 6

4 5
Wi and W, are related because they are identical except on the exact subdiagrams
({r,s},{5,6,7,8,1}) and ({u,v},{5,6,7,8,1}),
respectively. Similarly, W, and Wj are related due to the exact subdiagrams

({p-q},{1.2,3,4,5}) and ({a, b}, {1,2,3,4,5}).

However, the difference between W; and W is the union of two exact subdiagrams,
which is not itself exact.

As described in the introduction, Wilson loop diagrams come from the study of
SYM N = 4 in the physics literature. In particular (see [15, Section 2] for details), this
gives that each diagram W is associated to a matrix of data C(W), which we now
describe.

Definition 2.8 Each Wilson loop diagram W = (P, [n]) with |P| = k is associated to
a k x n matrix C(W) with nonzero real variable entries, defined by:

C(W)pq = {C"’q waevie)
0 ifqg¢V(p).
Example 2.5 If we order the propagators of W from Example 2.4 as follows:
(1,4), (2,4), (5,7), (5,8)
then, we obtain the corresponding matrix

1 a2 0 ¢4 s 0 0 0

C(W ) _ 0 €22 €23 C24 C25 0 0 0
! 0 0 0 0 5 €36 €37 C3s
C4)1 0 0 0 C4)5 C4)6 0 C4,g
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2.2 Wilson loop diagrams as matroids

The matrix C(W) allows us to associate a matroid to each Wilson loop diagram. We
first give a quick summary of the matroid terminology that we will need. It is not
intended as a comprehensive introduction to matroids and the interested reader is
referred to [20].

A matroid M = (E, B) consists of a finite ground set E and a nonempty family B of
subsets of E, such that elements of B satisfy the basis exchange property: for any distinct
By, B; € Bandany a € By\By, there exists some b € B,\B; such that (B;\{a}) u{b} €
B. The elements of B are called the bases of the matroid. Note that the basis exchange
property immediately implies that all bases have the same size.

A subset A C E is called independent in M if A € B for some B € B, and is called
dependent otherwise. (In other words, a basis is simply an independent set of maximal
size in M.) The rank rk(A) of a subset A C E is the size of the largest independent set
contained in A. The rank of the matroid itself is defined to be rk(E).

A circuit in M is a minimally dependent set. That s, it is a set C C E such that C
is dependent but C\{e} is independent for any e € C. A union of circuits is called a
cycle. On the other hand, a flat is a maximally dependent set, i.e., a set F € E such that
rk(Fu{e}) =rk(F) + 1 for any e € E\F. Unsurprisingly, a cyclic flat is a set which is
both a flat and a cycle. The set of circuits in a matroid uniquely defines that matroid, as
does the set of flats. Thus one could specify a matroid by listing either its independent
sets, its bases, its circuits, or its flats.

Finally, we describe several important types of matroids. A matroid of rank k with
a ground set of size n is called realizable if there exists some matrix A in the k x n real
Grassmannian Gg (k, n) whose nonzero k x k minors are exactly those with columns
indexed by an element of B. If all the maximal minors of the matrix are non-negative
then the matroid realized by this matrix is called a positroid. In other words, a positroid
is a matroid” that is realized by an element of the totally non-negative Grassmannian
Gr,50(k, n). Finally, a uniform matroid of rank r is a matroid in which any set of size
< r is independent.

Matroid theory relates to the study of Wilson loop diagrams as follows. In [5,
Section 3], Agarwala and Marin-Amat show that every weakly admissible Wilson loop
diagram W with k propagators defines a positroid M (W) of rank k on a base set of
size n. It is a direct consequence of Postnikov’s work, [21, Theorem 6.5], that positroid
cells are convex subset of Gg o (k, n). Putting these together gives that the Wilson
loop diagrams correspond to convex subsets of G »o (k, ), connecting the geometry
of Wilson loop diagrams with the geometry underlying the amplituhedron.

The independent sets of M (W) can be read directly from the diagram:

Theorem 2.6 [5, Theorem 3.6] Any Wilson loop diagram W = (P, [n]) defines a
matroid M(W) with ground set [n]. The independent sets are exactly those subsets
V < [n] such that every U C V satisfies |Prop(U)| > |U].

Note that matroid isomorphism allows arbitrary permutations of the ground set, while positroid
isomorphism only allows cyclic permutations in order to preserve the non-negativity of the minors. In
particular, the property of being a positroid is not preserved under matroid isomorphism.
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In other words, the independent sets of M (W) correspond to the sets of vertices in
W with “enough propagators sufficiently well distributed” on them: not only should
V itself support at least as many propagators as the number of vertices it contains, but
the same should be true of any subset of V as well.

Throughout, we take the matroid defined by W to be the matroid M(W) of
Theorem 2.6. Note from Definition 2.8 that the vertices of the diagram W correspond
to columns of the associated matrix C(W). Therefore, for any subset of vertices
V ¢ [n] we can consider the restriction C(W)|y of C(W), which consists of the
columns corresponding to V. Since the nonzero entries of C(W) are independent
real variables, if C(W)|y has fewer than |V| rows of nonzero entries then it does not
have full rank. This is equivalent to saying that if V is a set of columns of C(W) with
[Prop(V)| < |V|, then V is a dependent set. Any set of columns containing such a V
cannot be independent. Comparing this to Theorem 2.6, we see that M (W) is also the
matroid realized by C(W). As mentioned above, Theorem [3.38] of [5] shows that if
W is weakly admissible, the matroid M (W) is a positroid. Furthermore, Theorem 5.1
[18] shows that the space parametrized by the matrices C( W) matches the positroid
cells defined by M(W), up to a set of measure 0. Note, this does not imply that every
possible specializaton of C(W) to a real valued matrix leads to a postroid, only that
the set of values that do define a positroid is volume filling in R**.

Let W = (P,[n]) be a weakly admissible Wilson loop diagram, and M(W) its
associated matroid. Where it will not cause confusion, we conflate the two objects,
and we identify vertices of W with elements of the ground set [n] in M(W).

In particular, this allows us to prove results about M(W) by considering the
behavior of propagators in W. We record a few facts about the ranks of cycles and
flats in M (W) as an example of this.

Lemma 2.7 Let W = (P,[n]) be a weakly admissible Wilson loop diagram. The
following are true.

(1) The rank of a set V ¢ [n] is bounded above by min{|V|,|Prop(V)|}, with tk(V) =
|V|if and only if V is an independent set.

(2) IfC < [n]isacyclein M(W), then tk(C) = |Prop(C)|.

(3) If [n] can be partitioned into at least two nonempty sets, each of which support
disjoint sets of propagators and in such a way that we obtain a partition of the
propagator set, i.e., if we have

[n] =w:iV(P:)
such that
uP; = P; with V(P)nV(P)=0andP,nPj=0 Vi+j,
then the matroid M(W) is separable, i.e.,
M(W) = @M(Pi, V(P;)) .

(4) The set F(P) from Definition 2.3 is a flat of M(W), which we call the propagator

flat of P.
(5) IfFis a cyclic flat of M(W), then it is a propagator flat.
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Proof The first part of item 1 is [5, Equation (9)] and surrounding discussion, and
the second part is standard matroid theory. Item 2 is [5, Lemma 3.27]. Item 3 is a
direct consequence of [5, Theorem 3.20] and the fact that F(P;)¢ = V(Pf), and item
5 is given in [5, Lemma 3.28].

To prove item 4, we need to show that F(P) is maximally dependent. If F(P) =
[n] then this is automatic, so suppose not and let v € [#]\F(P). In other words, v €
V(P¢) and so v supports some propagator q ¢ P. Let S € F(P) be an independent set
of maximal size. Then Prop(S) < P (from the definition of F(P)) and no subset of S
supports fewer propagators than the number of vertices it contains (by Theorem 2.6).
Since v supports a new propagator g ¢ P, the set SuU {v} € F(P) u {v} also satisfies
this independence condition.

Since S is independent, it follows from the first point in this lemma that |S| =
rk(S) = rkF(P). Similarly,

[Su{v} =S| +1=1k(Su{v}) <rk(F(P)u{v}) <rkF(P) +1.
Thus rk(F(P) u {v}) = rkF(P) +1, as required. |

Remark 2.8 By item 4 of Lemma 2.7, the set F(0) of nonsupporting vertices in W is
a flat. Indeed, it is the unique flat of rank 0 in M(W). Every element of F(0) defines
a circuit of size 1, and all other circuits of M (W) must contain at least two elements.

3 Matroids, triangulations, and equivalence classes of Wilson loop
diagrams

This section explores the correspondence between Wilson loop diagrams and
positroids that was established in [5, Theorem 3.38]. In that paper, the authors
show that admissible Wilson loop diagrams define matroids that are also positroids.
Furthermore, they show that if two Wilson loop diagrams are equivalent, then they
define the same matroid [5, Theorems 1.18 and 3.41].

In this section, we develop this analysis further, showing the converse of this
result from [5] (see Theorem 3.19). We also enumerate the number of diagrams that
map to a particular matroid in Corollary 3.20. To do this, we establish a connection
between Wilson loop diagrams and polygon dissections in Section 3.1, and uncover
some matroidal properties of exact subdiagrams in Section 3.2. This includes the fact
that exact subdiagrams correspond to uniform matroids (Theorem 3.17), and that the
associated matroid of an exact subdiagram can be written as a contraction by the
complementary propagator flat (Theorem 3.15).

3.1 Polygon dissections of Wilson loop diagrams

The equivalence relation on Wilson loop diagrams (Definition 2.7) is defined in terms
of exact subdiagrams. Thus, in order to understand the equivalence, we need a way
to extract and compare exact subdiagrams. We do this via the notion of a polygon
dissection of W.

Definition 3.1 Let W = (P, [n]) be a weakly admissible Wilson loop diagram. The
polygon dissection associated to W, denoted 7( W), is defined as follows.
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o The vertices of 7(W) correspond to the edges of W.

o Labeling the vertices of 7(W) with the edge number of W gives a cyclic order to
the vertices. Connecting consecutive vertices gives a graph theoretic cycle called the
polygon of 7(W).

o Each propagator of W defines a diagonal edge of 7(W). Specifically, a propagator
(i, j) € P defines a diagonal connecting the vertices i and j in 7(W).

Polygon dissection is a common term in combinatorics for a decomposition of a
convex polygon into smaller polygons by means of noncrossing diagonals; see for
example the introduction of [22]. Each 7(W) is such an object.

Lemma3.1 IfW = (P,[n]) is a weakly admissible Wilson loop diagram, then (W) is
a simple planar graph whose outer face is a cycle. It inherits an embedding from W such
that the vertices all lie on this infinite face.” These vertices are cyclically ordered with a
choice of first vertex giving it an additional compatible linear order.

Proof Since the vertices of 7( W) are labeled by the edges of W, which are cyclically
ordered, this gives an ordering to the vertices and the outer face of (W) is a
cycle. Since W does not admit any propagators of the form p = (i,i +1) due to its
admissibility, there is exactly one edge connecting any two adjacent edges of 7(W).
Similarly, there does not exist two propagators p, q such that both p and g start at edge
iand end at edge j. Therefore, no two vertices of 7( W) can be connected by more than
one edge, and so 7(W) is a simple graph. Finally, the embedding of 7(W) is induced
from the embedding of the graph W, and since W is weakly admissible we know that
no pair of propagators can cross. Therefore, it is a planar embedding. [ ]

Remark 3.2 'The previous lemma shows that T does map into polygon dissections.
In fact, 7 is a bijection from weakly admissible Wilson loop diagrams to polygon
dissections. To see the inverse map, and hence obtain bijectivity, we need only reverse
the construction above. The only part which is nontrivial is that if diagonals of the
dissection meet at a common vertex, we need to order the propagators associated to
these diagonals along the edge associated to the vertex of the dissection, but using the
noncrossing property of propagators this can be done uniquely.

The 7 bijection will be useful, as is typical in bijective combinatorics, because some
features are more visible on the dissection side. In particular, the exact subdiagrams
are visible as triangulated pieces and equivalence comes down to retriangulation. All
of these notions are defined and explained below.

There are many other instances of this basic methodology in combinatorics, but we
would like to point out one in particular that involves many objects closely related to
those we use here [12].* In particular, they, like us, look at a special case within the
world of positroids and related objects which is enumerated by Catalan numbers. For
them, these are positroids coming from unit interval graphs, while for us, they are the
equivalent exact subdiagrams. Our objects are different, which can be seen by the fact
that the exact subdiagram with five vertices (which is unique up to rotation) does not

3That s, it is an outerplanar graph.
“Thanks to the referee for the companion paper [3], for pointing this out.

https://doi.org/10.4153/50008414X21000134 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X21000134

1188 S. Agarwala, S. Fryer, and K. Yeats

give a decorated permuation in the form of the Main Theorem of [12], but there are
similarities in flavor with our arguments.

As a final note before we begin laying out the results, we need on 7, if a Wilson loop
diagram W is weakly admissible but not admissible, then the same equality that would
give exactness in a subdiagram holds, and so for the same reasons as described below
for exact subdiagrams 7( W) will have all triangle internal faces and this is the only
way that 7(W') can have all triangle internal faces. Therefore, 7 also gives a bijection
between admissible Wilson loop diagrams and polygon dissections with at least one
nontriangle internal face.

Example 3.3 In this example, we return to two of the Wilson loop diagrams in
Example 2.4. We can pair diagrams with their polygon dissections as follows:

1 8 8
2 7
W, = ;oT(Wh) =,
3 6
4 5
and
1 8
2 7
W3: >
3 6
4 5

4

A planar embedding of a graph is a triangulation if all faces, except possibly the
infinite face, are triangles.

Definition 3.2 Let W be a weakly admissible Wilson loop diagram and (W) its
polygon dissection. A triangulated piece of T(W) is a connected, bridgeless subgraph
of (W) which is a triangulation. We will take the convention that a subgraph
consisting of a single diagonal edge is called a trivial triangulated piece. A maximal
triangulated piece is one which is not contained in any strictly larger triangulated
piece.

Example 3.4 For the Wilson loop diagrams and polygon dissections in Example 3.3,
the vertex sets {1,2,3,4} and {5,6,7,8} give maximal triangulated pieces for both
7(Wp) and 7(W;). The vertex set {4,5,8,1} is not a triangulation in either polygon
dissection.
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8 8

' /&{ ' /&{
1@\2 : 1@\?

Figure I: 'The polygon dissection 7( W5) overlaid with its dual graph T(W3) (left diagram), and
the forest obtained by splitting at the only vertex of degree > 3 (right diagram).

Definition 3.3 A decomposition of a polygon dissection (W) is a set of bridgeless,
connected, induced subgraphs of 7( W) which partition the edges of 7(W).

Lemma 3.5 For W a weakly admissible Wilson loop diagram, the polygon dissection
(W) has a unique decomposition into maximal triangulated pieces and edges in the
polygon of T(W). We call this a maximal decomposition.

Proof We begin by giving an algorithm for the decomposition, then prove its
uniqueness. Let W = (P, [n]), with |P| = k.

By splitting a vertex v we will mean replacing v by new vertices vi, vz, . . ., Vaeg(v)
such that each v; has exactly one neighbor and the union of the v; is the neighborhood”
of v.

Let T(W) be the dual graph of (W) with the vertex corresponding to the infinite
face split. Since (W) is an embedded graph (with a fixed distinguished embedding)
by Lemma 3.1, T(W) is an uniquely defined graph.

Furthermore T(W) is a tree because it is connected, has n + k + 1 vertices (k + 1
from the internal faces of 7(W) and n from the outer face) and # + k edges (since
(W) has n + k edges). Additionally, since 7(W) is simple, T(W) has no vertices of
degree 2.

Now split every vertex of T( W) which has degree > 3; see Figure 1 for an example
of this. That is, we split T (W) at every vertex corresponding to a nontriangle face of
(W).

We claim that the connected components of T(W) correspond to the decompo-
sition of 7(W) into maximal triangulated pieces and edges originally in the polygon
of 7(W). To see this, let f be the forest thus obtained. The vertices of f either have
degree 1 or 3. Trees of f with no trivalent vertices correspond to either edges in
the polygon of 7(W) (if they were originally leaves of T(W)) or to maximal trivial
triangulated pieces. Splitting at all the faces that are not triangles ensures maximality
of the decomposition. If the splitting were not maximal, then one could add a triangle
to a connected component of the splitting, but this would imply that that splitting
happened at a degree 3 vertex.

>The neighborhood of a vertex is the set of adjacent vertices.
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To see uniqueness, consider a different maximal decomposition of 7(W). This
induces a splitting on T(W), where each connected component of the new decom-
position corresponds to a subtree. Call this forest f'. Since f’ # f, there are two trees
tand ¢’ in f and f' respectively that are distinct, but share at least one edge of T(W).
Since f' is also maximal, ¢’ is not a subtree of t. Therefore, the edges of ¢’ can be found
in at least two trees in the forest f. In particular, there is a nonleaf vertex v in ¢’ that
corresponds to a split vertex of T (W) in the original decomposition. This implies that
v has degree greater than 3 in T(W), and thus the corresponding face of 7(W) is not a
triangle. In other words, the piece of (W) corresponding to f’ is not a triangulation.

|

Corollary 3.6  Given a maximal decomposition of (W), the maximal triangulated
pieces are edge disjoint.

Proof Consider any two distinct maximal triangulated pieces of 7( W'). Using nota-
tion as in the previous proof, these two pieces correspond to subtrees of T(W) and
intersect, at most, at a vertex in the interior of 7( W). Since the subtrees corresponding
to the maximal triangulated pieces are edge disjoint, and the edges of T(W) corre-
spond to the edges of (W), this forces the maximal triangulated pieces to be edge
disjoint as well. |

Next, we introduce the idea of retriangulations.

Definition 3.4 If W = (P,[n]) and W' = (P’,[n]) are weakly admissible Wilson
loop diagrams, then (W) and (W) differ by a retriangulation if there is a bijection
f between the maximal triangulated pieces of 7(W) and the maximal triangulated
pieces of (W) such that for any maximal triangulated piece ¢ of (W) the vertex
sets of t and f(¢) are the same.

More casually this definition says that the maximal triangulated pieces of 7(W)
and 7(W’) are the same so far as their vertex sets are concerned (and hence the
regions triangulated by each piece are the same) but that the configuration of triangles
within some or all of the triangulated pieces may be different. This definition of
retriangulation makes sense for any two polygon dissections of the same polygon, not
just for those in the image of 7.

We are now in a position to relate the triangulated pieces of (W) to exact
subdiagrams of W.

For a weakly admissible Wilson loop diagram W, every triangulated piece ¢ of
(W) corresponds to a subdiagram of W obtained by taking the set of propagators
P corresponding to edges of t and then taking the subdiagram (P, V(P)). Conversely,
given a subdiagram (P, V(P)) of W we can obtain a subgraph of (W), called ¢,
following the algorithm below.

o The vertex set of the subgraph ¢ is
- the vertices of (W) corresponding to edges of W whose endpoints are elements
of V(P) which are cyclically consecutive in [#n]. (This is significantly easier to
interpret in picture form: see Example 3.7 below.)
o The edge set of the subgraph is
- the edges of 7( W) corresponding to propagators of P,
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- the outer edges of 7( W) for which both their endpoints are in the vertex set.

Example 3.7 Consider the following Wilson loop diagram W and its corresponding
polygon dissection 7(W).

The set of propagators P = {p,q,r,s} defines an exact subdiagram of W with
V(P)={1,2,3,4,5,8,9}. The corresponding subgraph ¢ of (W) has vertex set
{1,2,3,4, 8}. Note that we include vertex 3 of 7( W) in ¢ because the two endpoints of
edge 3 in W (namely the vertices 3 and 4 in W) are both in V' (P). However, we do not
include vertex 5 of 7(W) in t because only one of the endpoints of edge 5 in W is in
V(P). The same argument applies to vertices 7, 9, and 10. Vertex 6 is excluded because
none of its endpoints lie in V(P).

The subgraph ¢ is then

The key point to note is that the subgraph t depends on how the propagators of P
sit inside [#], not on how they sit in the subdiagram (P, V(P)) (whose corresponding
graph would have additional outer edges between vertices 8 and 9, 9 and 1, 4 and 5,
and 5 and 8). In particular, ¢ is not the subgraph of (W) consisting only of edges
corresponding to propagators of P (as it may also include some of the outer edges of
7(W)), nor is it the polygon dissection of (P, V(P)) viewed as a Wilson loop diagram
in its own right (which would have vertex set equal to V(P)).

Lemma 3.8 Let W be a weakly admissible Wilson loop diagram and (W) its polygon
dissection. The triangulated pieces of T(W) correspond to the exact subdiagrams of W,
via the correspondence described above.

Proof Let us first record a few elementary facts about polygon triangulations (that
is, about triangulations with all vertices on the outer face). If such a triangulation has
nvertices then it has n edges on the polygon (that is, on the outer face) and n — 3 edges
which are not. No planar simple graph with the same vertices and the same outer face
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can have more edges than a triangulation, and every such simple graph with n -3
edges off the outer face is a triangulation.®

Since W is weakly admissible, by Lemma 3.1 7(W) is a simple graph. Let ¢ be a
triangulated piece of the decomposition of (W) given in Lemma 3.5. Note that ¢
cannot be equal to 7( W) by the definition of admissible diagrams.

If ¢ has two vertices then t corresponds to a propagator that connects two nonad-
jacent edges. Therefore, the trivial triangulation is a trivial exact subdiagram.

Now suppose that t has m > 2 vertices. We count how many edges of t are not
on the outer face of 7(W). These are exactly the edges of ¢ defined by propagators
of W. Consider the intersection of ¢ with the outer face of 7(W): this is a possibly
disconnected subgraph of the polygon of 7( W) and this subgraph has m vertices. Call
this subgraph S, and let j be the number of connected components of S. To join the
components of § into the outer face of ¢, t must have j edges in its outer face which are
not in the outer face of 7(W). Furthermore, t has m — 3 edges not in its outer face and
so also not in the outer face of 7(W). Thus, there are m — 3 + j edges of ¢ not in the
outer face of 7(W).

Each of these m — 3 + j edges corresponds to a propagator in W. Call this set of
propagators P. Next, we count the size of V((P). Each of the m vertices in the outer
face of t corresponds to an edge of W. These m edges define j connected components
of the outer polygon of W. Thus, the set V(P) has m + j vertices. In other words,

[V(P)|=m+j=|P|+3.

Thus, the subdiagram (P, V(P)) defined by ¢ is exact.

Conversely, suppose we have an exact subdiagram (P, V(P)) of W = (P, [n]) sup-
ported on |V(P)| = |P| + 3 vertices, and let ¢ be the subgraph of (W) corresponding
to (P, V(P)).

Suppose |P| =1, and let p be the single propagator belonging to P. The exactness
condition on (P, V(P)) says that the four supporting vertices of p are distinct. If
the support of p is four consecutive vertices, then V(p) defines three consecutive
boundary edges of W, so t is a single triangle, hence a triangulated piece. If the
support of p is not four consecutive vertices, then the vertices which are the ends of
t are separated by at least two vertices along the cycle. This implies that ¢ is a trivial
triangulated piece.

Now suppose |P|>1. Let j=|P|, m=j+3=|V(P)|, and suppose that the set
V(P) defines c disjoint cyclic intervals of [n]. Then t has m — ¢ vertices. If  were a
triangulation, then t would have j — ¢ internal edges, so we calculate the number of
internal edges of ¢.

The graph ¢ has j edges that come from propagators, and m — 2c edges that come
from the boundary polygon of 7(W). Since ¢ has m — ¢ vertices, it has m — ¢ external
edges, of which ¢ come from propagators. Therefore, of the j edges of ¢ that come
from propagators, j— ¢ are internal to the connected component. Therefore, ¢ is a
triangulated piece. u

®'The last sentence is the statement that maximal outerplanar graphs are exactly polygon triangula-
tions (a standard fact that possibly was first written down in [19], see Theorem 1 of [17]), then the earlier
facts follow from Euler’s formula for planar graphs.

https://doi.org/10.4153/50008414X21000134 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X21000134

Combinatorics of the geometry of Wilson loop diagrams I 1193

To avoid the issue of exact diagrams being subdiagrams of other exact subdiagrams
(for instance, any subdiagram (g, V(q)) for q € P is exact), we introduce the notion
of maximal exact subdiagrams.

Definition 3.5 An exact subdiagram (P, V(P)) is a maximal exact subdiagram of W
if there is no other exact subdiagram (Q, V(Q)) in W that contains (P, V(P)) as a
strict subdiagram.

Corollary 3.9 Any weakly admissible Wilson loop diagram W = (P,[n]) can be
uniquely decomposed into maximal exact subdiagrams. These maximal subdiagrams
partition P and correspond to the maximal triangulated pieces of T(W).

Proof Combining Lemmas 3.5 and 3.8 yields the unique decomposition into max-
imal exact subdiagrams, and Corollary 3.6 ensures that no propagator appears in
more than one subdiagram in this decomposition. Since the diagonal edges of 7( W)
correspond to the propagators of W, the decomposition of 7( W) induces a partition
of P. [

Finally, we may express equivalent Wilson loop diagrams in terms of retriangula-
tions.

Corollary 3.10 Two Wilson loop diagrams W and W' are equivalent if and only if
(W) and ©(W'") differ by retriangulations.

Proof This follows from the definition of equivalent Wilson loop diagrams (Defini-
tion 2.7), the definition of retriangulations (Definition 3.4), and Lemma 3.8. ]

3.2 Matroidal properties of exact subdiagrams

Since Corollary 3.9 allows us to decompose any admissible Wilson loop diagram into

a collection of maximal exact subdiagrams, we are motivated to examine the matroid

properties of exact subdiagrams more closely. In this section, we prove two main

results.

(1) the matroid associated to an exact subdiagram of W can be written as a contrac-
tion of the matroid M( W) by the complementary propagator flat (Theorem 3.15)
and

(2) the matroid associated to an exact subdiagram is uniform (Theorem 3.17).

We begin by proving some useful facts about propagator flats, and flats of matroids
associated to admissible Wilson loop diagrams more generally. Recall from Definition
2.3 that the propagator flat F(P) of P ¢ P denotes the set V/(P)¢ of vertices that only
support propagators in P or are nonsupporting.

Lemma 3.11 Let F be a flat in M(W), and let C C F be the union of all circuits
contained in F. Then the following are true:

(1) C =F(Prop(C)), i.e., Cis a propagator flat.
(2) F\C is an independent set. Furthermore, F\C is an independent flat if and only if
F(0) = 0, that is, W has no nonsupporting vertices.

Proof (1) If F is an independent flat, then C = 0 and the statement is trivially true.
Now suppose that F is a dependent set, so C is nonempty.
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Letv € C. Clearly Prop(v) ¢ Prop(C), and hence F(Prop(v)) ¢ F(Prop(C)) (this
is easily verified by applying the definition and simplifying out all of the comple-
ments). Since v € F(Prop(v)) by the definition of propagator flat, it follows that
v € F(Prop(C)). Thus, C ¢ F(Prop(C)).

Now suppose there exists some w € F(Prop(C))\C. Let Bbe an independent subset
of C of maximal rank. We first show that Bu {w} is a dependent set in M(W). By
Lemma 2.7, we have

(3.1) |[Prop(C)| = rk(C) = |B| = tk(B).

Note that rk(B) < [Prop(B)|, and B < C implies that Prop(B) < Prop(C). Combining
these facts with equation (3.1), it follows that Prop(B) = Prop(C). Combining this
with the fact that w € F(Prop(C)), we have Prop(Bu {w}) < Prop(B). We can now
say something about rk(B U {w}): by Lemma 2.7, we have

rk(Bu {w}) < min{|Bu {w}|,|Prop(Bu {w})|} < min{|B| +1,|Prop(B)|},
which becomes
tk(Bu {w}) <min{|B|+1,|B|} = |B| < |BU {w}|

via equation (3.1). Therefore, BU {w} is a dependent set, which implies that B U {w}
contains a circuit D. In particular, we must have w € D (since B was an independent
set), and since we have already shown that C ¢ F(Prop(C)), we also have the chain
of inclusions

Dc Bu{w} < F(Prop(C)) c F.

Since C was the union of all circuits in F, we finally obtain w € C, which is a
contradiction. This completes the proof of (1).

For part (2), first note that F\C is automatically independent as it contains no
circuits.

Note that since F(0) has rank 0, F(0) is contained in every flat of W. Therefore, if
F(0) # 0, then F\C cannot be a flat.

Now suppose that F(0) = 0. We must show that F\C is a flat. For any e ¢ F we
certainly have rk((F\C) u {e}) = rk(F\C) +1, since F is a flat. Now let e € C, and
suppose that rk((F\C) u{e}) = rk(F\C). This implies that (F\C) u {e} is depen-
dent, and hence contains a circuit. Since F(0) = 0 this circuit must contain at least
two elements: one of these elements is e, but any others must come from F\C. This
contradicts the fact that C was the union of all circuits in F.

Thus, tk((F\C) u {e}) = rk(F\C) + 1 for any e ¢ F\C, and hence F\Cisaflat. m

Corollary 3.12 If F is a flat of a weakly admissible Wilson loop diagram, it can be
written as the disjoint union of a cyclic propagator flat C and an independent set S:

F=Cus
where C the union of all circuits in F.

Proof By Lemma 3.11 the set C = F(Prop(C)) is a propagator flat, and S := F\C is
independent. u
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In particular, any propagator flat can be written as a union of a cyclic propagator
flat and an independent set.

Next, we examine properties of propagator flats associated to the complement of
Wilson Loop diagrams.

Lemma 3.13 Let W = (P, [n]) be an admissible Wilson loop diagram, and P ¢ P.

Then,

(1) if (P, V(P)) is an exact subdiagram of W, then F(P°) is a dependent flat in W,

(2) if (P, V(P)) is a maximal exact subdiagram of W, then F(P¢) is a cyclic flat in W,
and

(3) if (P, V(P)) is an exact subdiagram of W, then rk(F(P¢)) = |P€|.

Proof First note that if (P, V(P)) is exact then the admissibility of W guarantees
that V(P) # [n], so F(P°) = V(P)° is not empty.

We know from Lemma 2.7 that F(P¢) is always a flat, so for item 1 we only need to
show that F(P°) is dependent.

Since W is admissible, we have n > |P| + 4. Rewriting this inequality as

[V(P)[+[F(P)| 2 |P[ +[P°] + 4,
and combining it with the fact that |V (P)| = |P| + 3 (from the exactness of (P, V(P))),
we obtain
(3.2) |[F(P9)| > |Pe|.

Equation (3.2) implies that F(P¢) supports fewer propagators than the number of
vertices it contains, i.e., F(P°) is not an independent set.

For item 2, suppose that (P, V(P)) is a maximal exact subdiagram of W. By Lemma
3.11 item 1 and Corollary 3.12 we can decompose F(P¢) as

(3.3) V(P)* = F(P°) = CUS = F(Prop(C)) US,

where C is the largest cyclic flat contained in F(P¢) and S is an independent set. We
show that Prop(C) = P, thus forcing S to be empty and implying that F(P¢) = C, i.e.,
F(P°) is a cyclic flat. Note that C must be nonempty since F(P°) is nonempty and
dependent (by item 1).

By similar arguments to Lemma 3.11, the fact that S is independent and that C is
the union of all circuits in F(P¢) implies that every element of S is independent of C.
Further, we know that rk(C) = |[Prop(C)| from Lemma 2.7(2), and rk(S) = |S| from
Lemma 2.7 item 1 and the independence of S. Combining these gives

(34)  tk(F(P%)) = tk(C) + rk(S) = [Prop(C)| + |S| < |Prop(F(P%))|,

where the inequality follows from the bound on ranks of vertex sets in Lemma 2.7
item 1. For ease of future notation, write Q = Prop(C)°.
From Remark 2.2 it follows that Prop(F(P¢)) < P¢, and so equation (3.4) implies

Q[+ 18] < |P°].
Rearranging and adding |P| to both sides gives
(3.5) [P+ S| < |P[+ [P -[Q°] =]Q] .
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Meanwhile, by taking complements of equation (3.3) it follows that
V(P)uS=C*=F(Prop(C)) = V(Q) .

Combining this with equation (3.5) gives

(3.6) V(QI=[V(P)[+[S| = |P[+3 +[S| <[Q[+3.

Since W is admissible this cannot be a strict inequality, so we have |[V(Q)| =|Q| + 3
and the subdiagram (Q, V(Q)) is exact.

Since Prop(C) < Prop(F(P¢)) c P, it follows that P ¢ Prop(C)¢ = Q. In other
words, (P, V(P)) is a subdiagram of (Q, V(Q)). Since (P, V(P)) is a maximal exact
subdiagram by assumption, we must have P = Q. Recalling that Q = Prop(C)°, we
finally obtain Prop(C) = P° and hence S = 0. This completes the proof of item 2.

For item 3, first note that when (P, V(P)) is maximal exact, item 2 of this Lemma
combined with Lemma 2.7 gives that

rk(F(P)) = [Prop(F(P%))| = |P*].

To prove the result in the general case, let (R, V(R)) be an exact subdiagram of W
that is not maximal and let (P, V(P)) be the maximal exact subdiagram containing
it. That is, R ¢ P.

Since R & P we can write

(3.7) V(P) = V(R)US, where$:= V(P)\V(R).

Since P and R both define exact subdiagrams, it follows that |V (P)| = |V(R)| + |[P\R|,
and hence that S is a vertex set of size |P\R|. Furthermore, by taking complements of
both sides of equation (3.7), we see that F(R) = F(P°) u S.

We will show that S is an independent set in the subdiagram (P, V(P)), and thus
in W. This will imply that for any maximal independent set T ¢ F(P), theset T U S
is independent in F(R¢), and hence that

k(F(R%)) 2 [T| + 8] = tk(F(P)) + [S| = [P°] + [P\R| = [R"].

The reverse inequality rk(F(R)) < |R¢| always holds (see Lemma 2.7), so if S is
independent in (P, V(P)) we obtain rk(F(R®)) = |R¢| as desired.

It remains to show that S is an independent set in the subdiagram (P, V(P)). By
way of contradiction suppose otherwise. Then by Theorem 2.6 there is a subset U € §
such that [Prop(U)| < |U|. Then the remaining propagators P\Prop(U) are supported
entirely on V(P)\U, i.e.,

V(P\Prop(U)) c V(P)\U .
Comparing sizes of these sets, we get

|V (P\Prop(U))| < |V (P)|-|U| = [P|+3 - |U]
<|P|+3 - |Prop(U)| = |P\Prop(U)| + 3,

which violates admissibility. Therefore, S must be independent in (P, V(P)) after all,
and (as described above) it follows that rk(F(R¢)) = |R¢|. [
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We are now in a position to describe the matroid structure of exact subdiagrams
(P, V(P)) of W in terms of M (W) and F(P¢). We begin with a definition.

Definition 3.6 Let M = (E, B) be a matroid, and S < E. The contraction of M by S is
the matroid M/S = (E\S, B/S), where

B/S = {B\S | |B n S| is maximal amongst all B € B}.

In [5], Agarwala and Marin-Amat show that certain subdiagrams of W can be
realized as contractions of M( W), which we rephrase using the notation of this paper:

Lemma 3.14 [5, Corollary 3.33] Let W = (P, [n]) be a Wilson loop diagram and P ¢
P. The set V(P)® has rank |P¢| (i.e., F(P€) is a propagator flat of maximal rank), if
and only if the matroid defined by the subdiagram (P, V(P)) is equal to the contraction
M(W)/V(P)-.

Putting all of this together, we obtain our first major theorem of this section:

Theorem 3.15 If (P, V(P)) is an exact subdiagram of W, the matroid of (P, V(P)) is
the contraction of M(W) by the propagator flat F(P°), i.e.,

M((P,V(P)))=M(W)/E(P).

Proof This follows from Lemma 3.14. Lemma 3.13 shows that the supports of exact
subdiagrams satisfy the conditions of this lemma. ]

Remark 3.16 For readers familiar with duals and complements of matroids, we
reinterpret Theorem 3.15 in these terms. If M* denotes the dual of a matroid, then
by standard matroid theory [20] the dual of a contraction of a matroid is the same as
the restriction of the dual matroid by the complement:

M/S = M"|se .
Then Theorem 3.15 implies that, for (P, V/(P)) an exact subdiagram of W, we have
M((P,V(P))) = M(W)/F(P) = M(W)"|v(p) -

We now show that matroids coming from exact subdiagrams have an especially nice
structure, namely, they are uniform. Recall from Section 2.2 that a uniform matroid
of rank r is a matroid in which all sets of size < r are independent.

Theorem 3.17 Let W' := (P, V(P)) be a subdiagram of a weakly admissible Wilson
loop diagram W = (P, [n]). Then W' is an exact subdiagram if and only if M(W') is
a uniform matroid of rank |P)|.

Proof It follows directly from the definitions that a matroid of rank r is uniform if
and only if all circuits have rank r. We therefore focus on the circuits of M(W").

We prove the following claim: W’ is exact if and only if V(P) contains no circuits
Cwith rk(C) < |P|in (P, V(P)). Since rk(M(W')) is bounded above by |P|, this will
give that M(W') is uniform.

First suppose C ¢ V(P) is a circuit of rank m < |P|. Observe that Prop,,, (C) ¢
P by definition, where the subscript to Prop specifies the diagram we are
working in. By Lemma 2.7 we know that |Prop,,(C)|=m. Thus, the set
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P\Prop,,,(C) must be nonempty, and we can consider the subdiagram W" :=
(P\Propy (C), V(P\Propy,,(C)). By the density condition on subdiagrams of
admissible diagrams, we have

|V (P\Propy,,(C))| 2 [P\Propy,. (C)[ + 3.

It is easy to verify that V(P\Prop,.(C))c V(P)\C. Since Cc V(P) and
Prop,,, (C) ¢ P, it follows from the previous inequality that

[V(P)| - (m +1) > [V(P\Prop,,(C))| > |P| - m + 3.

Simplifying, we obtain |V (P)| > |P| + 4, i.e., (P, V(P)) is not an exact diagram.
Conversely, suppose that W' is not exact and for a contradiction suppose also
that M(W') is uniform of rank |P|. Take p € P. Then |V(P)\V(p)| =|V(P)| -4 >
|P| by nonexactness. By uniformity there must be an independent set of size |P| in
V(P)\V(p). However, this is impossible because the submatrix of C(W') corre-
sponding to this independent set has |P| rows but the one corresponding to p is all
0, so it cannot be full rank. ]

To close this section, we make a few observations about the geometry of matroids
defined by exact diagrams.

In [5, Theorem 3.39], the authors show that each weakly admissible Wilson loop
diagram corresponds to a positroid. That is, each diagram corresponds to a matroid
that can be represented by elements of the positive Grassmannian Gg 5o (|P|, n). Any
positroid of rank k on n elements defines a subspace of the positive Grassmannian
Gr,0(k, n), namely the points which represent it [21]. These subspaces give a CW
structure on Gg o (k, n), with each positroid defining a cell. In other words, there is a
map from weakly admissible Wilson loop diagrams W to matroids M (W) to positroid
cells in the CW complex on Gg 5o (|P], n).

With this mapping in mind, we have the following corollary:

Corollary 3.18 Let W' = (P, V(P)) be an exact subdiagram of W. The matroid asso-
ciated to this subdiagram corresponds to the top dimensional cell in Gg 5o (|P|, |V (P)]).

Proof Since W’ is weakly admissible, by Theorem 2.6 the associated matroid
M(W’) can be realized by an element of the totally non-negative Grassmannian
Gr,>0(|P|,|V(P)|). However, since W' is an exact subdiagram its corresponding
matroid M(W') is uniform, so all |P| x |P| minors of C(W’) must be nonzero and
M(W") can be represented by a matrix with all maximal minors strictly positive. Since
the unique top dimensional cell of Gg 5o (|P|, |V (P)|) is defined by precisely those
points in Gg 5o (|P|, |V (P)|) with the property that all Pliicker coordinates are strictly
greater than 0, this completes the proof. [ ]

3.3 Matroids and equivalent diagrams

Now, we are ready to prove the main result of this section, namely that two Wilson
loop diagrams define the same matroid (positroid) if and only if they are equivalent
(Theorem 3.19). We also give a formula for the number of Wilson loop diagrams
in a given equivalence class (Corollary 3.20), completing the characterization of the
correspondence between Wilson loop diagrams and positroids started in [5].
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Theorem 3.19 Let W = (P, [n]) and W' = (P, [n]) be two weakly admissible Wilson
loop diagrams. They define the same matroid (positroid) if and only if W ~ W',

Proof One direction has been proved in [5, Theorem 1.18], but we give a different
proof here to be consistent with the method of this paper.

For the if direction, it suffices to prove the result for two equivalent diagrams that
differ in exactly one exact subdiagram. Let W and W' be equivalent Wilson loop
diagrams which can be decomposed as

W = (PUR,[n]) and W' =(PuR',[n]),

where (R, V(R)) and (R’, V(R")) are different maximal exact subdiagrams of W and
W/ respectively, and V(R) = V(R').

By Theorem 3.17, M(R, V(R)) and M(R’, V(R’)) are both uniform matroids of
rank |R| = |[R|. In particular, this means that any subset of V(R) is independent in
both M(W) and M(W").

Now consider the propagator flat F(P), which is a cyclic flat of rank |P| in both
M(W) and M(W') by Lemma 3.13. Let B € F(P) be an independent set of rank |P|.
Adding any element of V(R) to B increases its rank in both matroids since F(P)
is a flat and F(P) n V(R) =0, so we can lift any independent set in F(P) to an
independent set of both M(W) and M(W') by adjoining any independent set in
V(R). In particular, Bu U is a basis in both M(W) and M(W') for any U ¢ V(R)
with |U| = |R|.

Finally, note that any basis of M(W) or M(W') must be of this form, since
[n] = F(P) u V(R) and rkF(P) + rkV(R) = |P| + |R| = n. Thus, both matroids have
the same set of bases, proving that they are the same.

For the converse, suppose that M(W) = M(W') = M. This immediately implies
that |P| = |P’|, so to demonstrate the equivalence of W and W' it suffices to show that
for any maximal exact subdiagram (P, V(P)) in W, there is a corresponding maximal
exact subdiagram (P’, V(P)) in W' with V(P) = V(P’).

So let (P, V(P)) be a maximal exact diagram in W. By Lemma 3.13, this implies
that F := F(P¢) is a cyclic flat in M. Viewing M as the matroid of W', Lemma 3.11
implies that F = F(Prop,,, (F)) (recall that “cyclic” simply means “a union of circuits,”
so the union of all circuits in F is F itself). Define Q° = Propy,, (F), so that F(P¢) =
F = F(Q°), and therefore, V(P) = V(Q).

By Lemma 3.13 we know that rk(F) = |P¢|. However, by Lemma 2.7 we also know
that the rank of a cycle is equal to the number of propagators supported on that cycle,
so rk(F) = [Prop,, (F)| = |Q¢| as well. Since (P, V(P)) is exact and we have shown
that V(P) = V(Q) and |P| = |Q], it follows that |[V(Q)| =|Q| + 3, i.e,, (Q, V(Q)) is
exactin W'.

However, (Q,V(Q)) is not a priori maximal exact, so let (P', V(P")) be the
maximal exact subdiagram in W’ that contains (Q, V(Q)) as a subdiagram (possibly
trivially). Applying the argument above to (P, V(P")), we obtain an exact subdiagram
(R, V(R)) in W with V(R) = V(P") and |R| = |P’|. Now we have

V(P)=V(Q)c V(P') = V(R),
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which implies that (P, V(P)) = (R, V(R)) by the maximality of (P, V(P)), and
hence (Q, V(Q)) = (P’, V(P")) is maximal exact in W'. ]

Since there is a unique way to decompose W into maximal exact subdiagrams, it is
logical to ask how many diagrams there are in an equivalence class. It is a classical fact
(see for instance Chapter 6 of [23]) that the number of triangulations of a convex n-
gon is the n — 2 Catalan number, namely -~ (2 (n":zz)). Thus, we can count the number
of equivalent diagrams.

Corollary 3.20 Let W be a weakly admissible Wilson loop diagram where the sizes

of the supports of the nontrivial maximal exact subdiagrams are ni, ny, ..., n;. Then
the number of weakly admissible Wilson loop diagrams equivalent to W (including W
itself) is

| (z(n,» —2)) ‘

n;—1 ny—2

1

In this section, we have characterized the correspondence between Wilson loop
diagrams and positroids, showing that Wilson Loop diagrams define the same
positroid if and only if they are equivalent. If we write

M : admissible WLD — Positroids
W M(W),

the image of this map is given by the distinct equivalence classes. Corollary 3.20
enumerates the elements of each fiber of M. The obvious next question would be to
enumerate the number of equivalence classes.

We know from examples (e.g., [2, Remark 4.2]) that many positroid cells cannot
be obtained as the matroids of admissible Wilson loop diagrams. We do not obtain a
formula for the number of cells in the image of M here, but in the next section, we
give an alternate characterization of im(M) in terms of associahedra, with the hope
that this linkage with a well-studied combinatorial object will shed light on the issue
in the future.

4 Associahedra and inequivalent Wilson loop diagrams

The correspondence between (weakly) admissible Wilson loop diagrams and polygon
dissections shown in Section 3.1 suggests a connection to associahedra. In order to
explore this connection further, we first need some background, which is given in
Section 4.1. In Section 4.2, we show that the number of equivalence classes of Wilson
loop diagrams correspond to the number of nonparallel faces of the appropriate
associahedron (Theorem 4.4).

4.1 Polytope background

We first give a quick summary of the polytope terminology we will use in this section;
the interested reader is referred to [24] for more details.

A polytope can equivalently be defined as the convex hull of a finite set of points
in some R?, or as the intersection of finitely many closed half spaces in R¢ with the
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additional property that this intersection is bounded in the sense of not containing
any ray (see chapter 0 of [24]).

A face of a polytope is the intersection of the polytope with any hyperplane for
which the entire polytope is in one of the closed half-spaces defined by the hyperplane.
The polytope itself is also considered a face. In the case that the polytope is of full
dimension, this definition can be unified by considering linear equalities (including
the trivial one) in place of hyperplanes and the corresponding linear inequalities in
place of the half-spaces defined by the hyperplane (see Chapter 2 of [24]).

Two faces are parallel if one can be mapped to the other by a translation in R%. In
particular parallel faces must be of the same dimension. Any two vertices are parallel
to each other.

Finally, two polytopes are combinatorially equivalent if there is a bijection between
their faces which preserves inclusion of faces. Often in combinatorics one is primarily
interested in the combinatorial equivalence classes, and common polytope names
(including the associahedron) refer to these equivalence classes. A particular polytope
in the class is then known as a realization.

As with many of the interesting and well-studied polytopes in combinatorics, the
associahedron can be characterized in many different ways. Here is one definition.

Definition 4.1 Fix n and consider dissections of a convex n-gon. The n —1 associ-
ahedron can be defined in terms of the dissections of this n-gon: the vertices of the
associahedron are the triangulations of the n-gon, while the k-dimensional faces are
the dissections which are k diagonals away from being a triangulation. One face is
included in another if the first dissection is a refinement of the second.

The associahedron coming from dissections on an n-gon is known as the n -1
associahedron because this is the associahedron for which the vertices correspond
to the ways to bracket a list of length n — 1. It is an n — 3 dimensional polytope.

It turns out that this defines a class of combinatorially equivalent polytopes, which
can be proved by giving a realization. There are many interesting realizations of the
associahedron [11]. The following realization will be the one that we use.

Definition 4.2 Letxy,. .., x, be the corners of a convex n-gon in R?, and let T be the
set of triangulations of this #n-gon. For each ¢ € T, define s, to be the point in R” whose
ith coordinate is the sum of the areas of all triangles of t which are incident to x;. Let
A, be the convex hull of the s;. Then A, is a realization of the n — 1 associahedron
([24, Example 9.11]).

Note that this construction works for any convex n-gon, but these realizations are
all equally good for our purposes, and so we fix x3, . . ., x,, defining a particular convex
n-gon from now on.

Definition 4.2 is a special case of the secondary polytope construction; see [24,
Definition 9.9] for more details. In general the xi,..., x, may be any points in any
RY. Triangulations in this more general context are decompositions into simplices,
and the area of the triangles is replaced by the volume of the simplices.
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Figure 2: Two associahedra, labelled by all and some (respectively) of their polygon dissections.

4.2 Nonparallel faces in the associahedron and inequivalent Wilson loop
diagrams

The map 7 defined in Definition 3.1 assigns a dissection of an #n-gon to a Wilson
loop diagram W = (P, [n]). Recall that if |P| = k, then 7(W) is a dissection with k
diagonals. Therefore, the map 7 associates to each weakly admissible Wilson loop
diagram an # — 3 — k dimensional face of the associahedron A,,. This is illustrated for
n =5 on the left in Figure 2, and for n = 6 (with some labels omitted for clarity) on the
right.

Note that Wilson loop diagrams which are weakly admissible but not admissible are
necessarily exact, and hence have 7 graphs which are triangulations, i.e., dimension
0 faces (vertices) in A,. All of these are equivalent (as Wilson loop diagrams) in
the sense that they are only retriangulations away from each other. Meanwhile, as
noted above, all vertices of A, are parallel to each other. It will be convenient in
what follows to include these diagrams, but the results are easily modified to remove
them if needed: Propositions 4.1 and 4.3 would be identical if we replaced “weakly
admissible” by “admissible,” while Theorem 4.4 could be changed to consider only
admissible diagrams by subtracting 1 from the number of nonparallel faces in order
to account for the missing dimension 0 faces.

Proposition 4.1 If two weakly admissible Wilson loop diagrams are equivalent then
their faces in A, are parallel.

Proof Let W and X be two equivalent Wilson loop diagrams. From Corollary 3.10,
we know that 7(W) and 7(X) differ from each other only by retriangulations of their
triangulated pieces.

All edges of A, are polygon dissections which are only one diagonal away from
being triangulations. Such dissections consist of triangles and exactly one quadrilat-
eral. Consider the edges of A, bounding the faces corresponding to (W) and 7(X).
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Figure 3: The shaded regions are triangulated regions which are the same in #; and t,. Consider
sy, and sy, at coordinate i. In s;, this coordinate is given by the area of those shaded triangles
incident to x; (denoted by b; in the proof) along with a(i, j, 1). In s, this coordinate is given
by b; along with a(i, I, k) + a(i, j, k) = a.

These edges have their one quadrilateral within the nontriangulated parts of 7(W) or
7(X), but these nontriangulated parts are the same in 7(W) and 7(X), so we get a
bijection between the edges of A, bounding the face of (W) and the edges of A,
bounding the face of 7(X) which matches edges with the same quadrilateral.

Consider now an edge in A,, whose quadrilateral is defined by the vertices of (W)
or 7(X), which we label x;, xj, xi, and x; in that order (see Figure 3 below). Let ;
and t, be the triangulations corresponding to the two ends of the edge where #; has
a diagonal from x; to x; and t, has a diagonal from x; to xx. From the construction
of the secondary polytope A, in Definition 4.2, we see that s;, and s, only differ at
coordinates i, j, k, and [: all of the triangles incident to any of these vertices other than
the one coming from triangulating x;, x;, Xk, x; are the same in both t; and #,.

Let a be the area of the quadrilateral and let a(i, j, k) be the area of the triangle with
corners x;, xj and x; (and similarly for other indices), and let b; denote the sum of
the areas of triangles incident to vertex x; which are common to both triangulations.
Then s;, on coordinates i, j, k, [ is

(a(i, j,1) + bia+bj,a(k, 1, j) + bk, a+by),
and s;, on these coordinates is
(a + bi,a(j, k, i) + bj, a+ bk,a(l, i,k) + bl)

This is illustrated in Figure 3.
Thus a vector parallel to this edge is the vector which is

(a(i,j,1)—a,a-a(j, k,i),a(k,1,j)—a,a-a(l,i,k))
- (—a(j k. 1) ais k), —a(i, . 1), ais ). )
on i, j, k, I, and 0 in all other coordinates.
Returning to (W) and 7(X), since the direction vector of an edge in A, depends

only on its quadrilateral and the bijection between the edges bounding 7( W) and the
edges bounding 7(X) preserves the quadrilateral, we have the same direction vectors

(4.1)
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Figure 4: Up to reflection and to rotation of x;, x;, Xk, X;, the possible configurations of the
quadrilateral from one dissection and diagonal from the other dissection (thick edge) illustrated
together on the same vertex set.

bounding 7(W) as 7(X). Furthermore, the bijection also maintains the relative
configuration of the edges and so the edges corresponding to (W) and 7(X) are
parallel. [ ]

In order to prove the converse of Proposition 4.1, we first require a preliminary
lemma.

We also need the following notation: given a polygon dissection D of an n-gon, let
V53(D) be the set of vertices of the polygon which are on at least one nontriangle face
of D. (Note that D may have many nontriangle faces and so V.3 (D) will be the union
of the vertices of each nontriangle face.) For the purposes of this proof, we also write
[xi, x;] for the set of vertices from x; to x; including the endpoints, and (x;, x;) for
the same set but excluding the endpoints.

Lemma 4.2 Let D, and D, be two dissections of a convex n-gon defined by the vertices
X1s ..., Xpn. Suppose that Vs3(Dy) = Vo3(D>), but that the D, and D, do not have the
same set of nontriangle faces. Then there are four vertices x;, x;j, X, x; satisfying the
following conditions:

(1) in either Dy or D, all four vertices are on the same nontriangle face and

(2) in the other dissection, there is a diagonal of the dissection such that exactly one of
{xi, xj, Xk, x1 } lies on one side of the diagonal (so the others are either end points of
this diagonal or strictly on the other side).

The situation described in the lemma is illustrated in Figure 4.

Proof Since V.3(D;) = Vi3(D,), the vertices of the nontriangle faces of D; and D,
are the same, but D; and D, do not have the same set of nontriangle faces. Suppose
that no diagonal of D; crosses through a nontriangle face of D,. Then all nontriangle
faces of D, must lie strictly within faces of D;. Since the nontriangle faces of the
two dissections are different at least one of these containments must be proper, and
so some diagonal bounding one of the nontriangle faces of D, must cross through
a nontriangle face of D,. Therefore, swapping D; and D, if necessary, there must
be some diagonal d of D, that crosses through a nontriangle face f of D,. If f has
degree at least 5 then it must contain four vertices in the configuration described in
the statement.
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Figure 5: The three possible configurations in the final part of the proof of Lemma 4.2. The thin
lines come from the polygon dissection with f as a face while the thick lines come from the
polygon dissection with d as an edge.

Suppose no f of degree at least 5 crossed by a diagonal of the other dissection occurs
in either D; or D,. Then all the nontriangle faces of D, which are crossed by a diagonal
of D; must be quadrilaterals and likewise for D;. This means that any nontriangle and
nonquadrilateral faces must be common between D; and D,. These common faces are
irrelevant for the statement as none of them can be the face containing x;, x;, xx, x1,
and so by triangulating any common nontriangle faces, we may assume that D; and
D, have only quadrilateral and triangle faces.

Assume for a contradiction that no quadrilateral as in the statement exists, and let
d continue to be a diagonal in D; crossing a nontriangle face f of D,. Then, f must
have two vertices strictly on each side of d. We name the vertices on one side of d as
x; and x;, and those on the other side as xy, x; in that order; see Figure 5. Let g be the
face in D; that is incident to d on the x;, x; side of d.

We first show that none of the vertices defining g can lie in the cyclic interval
[xi, x;]. Indeed, if g is a triangle then we immediately see that its third vertex cannot lie
in the interval [x;, x;], as we could obtain a configuration as described in the statement
by replacing d with one of the other edges of g.

Similarly, if g is a quadrilateral then by the same argument none of its vertices can
lie in the interval (x;, x;), nor can we have exactly one of x; or x; being a vertex of g
for the same reason. If x; and x; are both vertices of g (so g is the quadrilateral defined
by x;, xj, and the two endpoints of d) then we still obtain a configuration as described
in the lemma statement by swapping the roles of f and g: now the four vertices would
be the ones defining g, and the diagonal would be one of the edges of f. (For instance d
can now be the edge connecting x; to x; or x; to xx.) Thus, we can conclude that none
of the vertices of the face g are in the interval [x;, x;].

There are now two possibilities for g: either it has one vertex in the interval (x;, x )
and the rest in (x;, x;) (or vice versa), or it has two vertices in (xj, x¢) and two in
(x1, x;). In the first case, g must be a triangle since if g was a quadrilateral then its four
vertices provide the desired configuration (with the edge of f that connects x; and x;
providing the desired diagonal). In the second case, g has four vertices and is therefore
a quadrilateral.
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These cases are illustrated in Figure 5. If g is a triangle then let d’ be the other
diagonal across f (leftmost two cases in the figure), while if g is a quadrilateral let d’
be the other diagonal that crosses f. In all cases, note that d’ is strictly closer to [x;, x;]
than d was, since we chose g to be the face incident to d on the x;, x; side.

Now d’ is also a diagonal of D, that crosses the nontriangle face f of D,, and we
can repeat the above argument with d’ instead of d. This process can be repeated
indefinitely but the polygon is finite, yielding a contradiction to our assumption that
no quadrilateral with the configuration described in the statement exists. [ ]

Proposition 4.3  If two weakly admissible Wilson loop diagrams are not equivalent then
their faces in A, are not parallel.

Proof Let Wand X beinequivalent. If 7(W) and 7(X) do not have the same number
of diagonals (hence their faces in A, do not have the same dimension) then they
are not parallel by definition. Now suppose that 7(W) and 7(X) do have the same
number of diagonals and hence their faces in A, have the same dimension. Let the
face associated to 7(W) in A, be fiy and the face associated to 7(X) be fx.

As observed in the proof of Proposition 4.1, any nonzero vector in R" parallel to
an edge of A, has nonzero entries only in the coordinates corresponding to the four
vertices bounding the quadrilateral of the dissection associated with the edge. Thus,
if Vo3(7(W)) # Vo3(7(X)) (recall the notation defined before Lemma 4.2) then the
span of the vectors parallel to their edges has different support and so they cannot be
parallel. So, we can assume that Vo3(7(W)) = Vo3(7(X)).

Since 7( W) and 7(X) do not have the same set of nontriangle faces, there must be
some diagonal d of 7( W) that crosses through a nontriangle face f of 7(X). It will be
most convenient to consider faces in terms of their normal vectors. We make use of
the construction discussed on page 8 of [11]: namely, pick one side of d to be positive
and define the ith coordinate of the vector w} to be

.. dist(x;,d) if x is on the positive side of d,
wg(i) = { .
0 otherwise.
We have from [11] (see the proof of Proposition 3.5 therein) that w; is a normal vector
for any face with d as a diagonal. However, we can also check this fact in a completely
elementary way using the shoelace formula for the area of a triangle. The shoelace
formula says that if (x1, y1), (x2, ¥2), (%3, y3) are the coordinates of the corners of a
triangle in counterclockwise order then the area of the triangle is

%(xl)/z —X1Y3 + X2)3 — X2 Y1 + X3 )1 — X3Y2).

We now check that w? is a normal vector for any face associated to a dissection
including d, which we accomplish by showing it is normal to every edge bounding
the face. To do so, choose the coordinate system for the polygon so that d is along the
x-axis. Let (a;, h;), i € {1,2,3,4} be the coordinates of the vertices of a quadrilateral
in counterclockwise order and which corresponds to an edge bounding the face. Since
the dissection includes d, either all four points are on the negative side of 4 and so the
dot product of w}; with the direction vector for the quadrilateral is immediately 0, or,
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by the formula in equation (4.1) and the shoelace formula, the dot product of w} with
the vector associated to the quadrilateral is

shi(azhs — azhy + ashy — ashy + aghy — ashs)
= 2hy(arhs — athy + azhy — ashy + ashy - ashs)
+2h3(arhy — athy + azhy — ayhy + ashy — ashy)
- sha(athy — arhs + azhs — ayhy + ashy — ashy),

which also evaluates to 0.

Now, 7(W) and 7(X) satisfy the hypotheses of Lemma 4.2, so we can assume that
f and d have the property that we can choose a side of d to be the positive side in
such a way that exactly one vertex of f is strictly on the positive side. Then w} and the
direction vector of d have common support exactly on that one vertex and so their
dot product is nonzero. Since the direction vector of d is contained in the direction of
7(X) but is not orthogonal to w;, while w} is normal to the face of 7(W), it follows
that the faces associated to 7( W) and 7(X) are not parallel, as desired. ]

Propositions 4.1 and 4.3 together imply the main result of this section:

Theorem 4.4  The number of inequivalent weakly admissible Wilson loop diagrams on
n is the number of nonparallel faces in the associahedron A,,.

5 Conclusion

In summary, using matroids and polygon dissections we have counted Wilson Loop
diagrams that are equivalent in the sense of having the same positroid, and character-
ized Wilson Loop diagrams that are inequivalent in terms of faces of the associahedron
A, up to parallelism. The second paper in this series calculates the dimension of the
positroid cell associated to a Wilson loop diagram in a very concrete way by counting
pluses in a Le diagram, and looks at the denominator of the integrand of the Wilson
Loop diagram. All of these results are interesting mathematics while also serving to
better understand the physics of scattering amplitudes.
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