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We study the Birnbaum importance of the consecutive-k-out-of-n line and clear up
confusion in some claimed but unproved results+ We introduce some new tech-
niques which not only prove these claimed results but also generalize them much
further+ Finally, we extend our results to the 2-out-of-m-out-of-n line+

1. INTRODUCTION

A consecutive-k-out-of-n system, or simply a consecutive line ifk andn need not be
emphasized, is a line ofn components each working or failing such that the system
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is failed if and only if somek consecutive components all fail+ For a systemS, let
R~S! denote the reliability ofS+ Then the Birnbaum importance of a componenti is
defined as

Ii 5 R~S6 i works! 2 R~S6 i fails!+

The Birnbaum importance of the consecutive line has been studied in the literature
as a comparison ofI i and I j and can provide information in the following two
situations:

i+ Suppose we can construct a consecutive line by an arbitrary permutation of
n components with distinct reliabilities+ To maximize the system reliability,
the importance ranking of then positions may provide guidance as to which
component should go where+

ii + Suppose we want to improve the system reliability through improving the
reliability of a component+ Then the Birnbaum importance tells us that it is
more effective to improve on a component with higher importance+

Unfortunately, comparing the Birnbaum importance for the consecutive line is
not easy+ Thek5 2 case was completely solved by Zuo and Kuo@8# + For generaln,
only the following results were published~by symmetry, we only need to compare
components in the first half plus the middle one if it exists!:

a+ I1 # I2 # {{{ # Ik for n$ 2k andI1 # I2 # {{{ # In2k115 {{{ 5 I[n02] for n #
2k ~by Kuo, Zhang, and Zuo@3# !;

b+ I1 # Ik11 ~by Zuo@7# !;

c+ Itk11 # Itk for t 1 1 # tk 1 1 # {~n 1 1!02} @7#;

d+ Ik $ I2k @7# +

However, the proof for result c is correct only fort 51+ In this paper, we point
out where the proof of c is problematic and give a new proof of c+

In general, Ii is not comparable with all otherIj + The only exception is perhaps
for I1 andIk+We prove in this paper

I1 # Ii # Ik for all 1 # i # [n02],

which covers and generalizes b! and d!+

2. COMPARING BIRNBAUM IMPORTANCE

For a givenk, let R~n! denote the reliability of a consecutive-k-out-of-n system+ Let
p denote the common component reliability and defineq512 p+ Papastavridis@4#
proved the following lemma+

Lemma 2.1: Ii 5 @R~i 2 1!R~n 2 1! 2 R~n!#0q+

The proof ofI1 # Ik by Zuo can be extended in a straightforward manner to
prove the following theorem+
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Theorem 2.2: I1 # Ii for all 2 # i # [n02]+

Proof: By Lemma 2+1,

I1 5 @R~n 2 1! 2 R~n!#0q # @R~i 2 1!R~n 2 i ! 2 R~n!#0q 5 Ii

for 2# i # [n02], since the~n21!-line works only if both of its parts, an~i 21!-line
and an~n 2 i !-line, work+ n

Recently, Hwang@2# defined a new kind of importance, I H +A cutset is a set of
components whose collective failures cause a system failure+ Let f ~d,n! denote the
number ofd-cutsets, and letfi ~d,n! the number ofd-cutsets containingi+ Then, Ii

H $
Ij

H if and only if

fi ~d,n! $ fj ~d,n! for all d+

Hwang also proved the following lemma+

Lemma 2.3: Ii
H $ Ij

H implies Ii $ Ij +

Although theI H comparison is stronger than theI comparison, we show that it
can be easier to prove the following theorem+

Theorem 2.4: Ik
H $ Ii

H for all 1 # i # [n02] and n$ 2k+

Proof: Supposen 5 2k+ Then Theorem 2+4 follows from the fact that every cutset
containingi also containsk+We prove the generaln case by induction+

To countfi ~d,n!, we must assume that componenti is failed+A d-set containing
i and the lastk components is certainly ad-cutset containingi+ There are

Sn 2 k 2 1

d 2 k 2 1D
ways of distributing the otherd 2 k 2 1 failed components in the remainingn 2
k 2 1 positions~the number is zero ifd 5 k!+ Otherwise, a d-set containingi and
the lastj components for some 0# j # k 2 1, but not the componentn 2 j, is a
d-cutset containingi if and only if the first n 2 j 2 1 components form a~d 2
j !-cutset containingi, whose number isfi ~d 2 j, n 2 j 2 1!+ Therefore, we have,

fi ~d,n! 5 (
j51

k21

fi ~d 2 j,n 2 j 2 1! 1 Sn 2 k 2 1

d 2 k 2 1D+
Note that if i . [~n 2 j !02], then we can substitutei with i ' 5 n 2 j 2 i by

symmetry+ Sincen 2 j 2 1 $ 2~d 2 j !, by the induction hypothesis,

fk~d 2 j,n 2 j 2 1! $ fi ~d 2 j,n 2 j 2 1! for all j+
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Hence,

fk~d,n! 2 fi ~d,n! 5 (
j50

k21

@ fk~d 2 j,n 2 j 2 1! 2 fi ~d 2 j,n 2 j 2 1!# $ 0 for all d+

Theorem 2+4 follows immediately+ n

Corollary 2.5: Ik $ Ii for all 1 # i # [n02] and n$ 2k+

Zuo provedIk $ Ik11+ Then he claimedItk $ Itk11 by arguing thattk can be
treated ask' , hence, Itk $ Itk11 follows from Ik' $ Ik'11+ This is a false argument, a
fact which can easily be seen if the parameterk ~as in consecutive-k! is kept in the
notation ofIi , say, Ii ~k!+ Then what is proved isIk~k! $ Ik11~k!, and what is claimed
is Ik'~k! $ Ik'11~k!+ The latter clearly does not follow from the former+We now give
a correct proof+

Theorem 2.6: Itk $ Itk11 for k 1 1 # tk 1 1 # {~n 1 1!02}+

Proof: Shanthikumar@6# and Hwang@1# independently gave the recursive equation

R~n! 5 R~n 2 1! 2 pqkR~n 2 k 2 1!+

Hence,

R~n 2 1!

R~n!
5 11 pqk

R~n 2 k 2 1!

R~n!
+ (1)

LetA;Bmean thatAandBhave the same sign+We will also keep the parameter
n in Ii , that is, Ii ~n!+ Using Lemma 2+1 and Eq+ ~1!,

Ii ~n! 2 Ii11~n! ; R~i 2 1!R~n 2 i ! 2 R~i !R~n 2 i 2 1!

;
R~i 2 1!

R~i !
2

R~n 2 i 2 1!

R~n 2 i !

;
R~i 2 k 2 1!

R~i !
2

R~n 2 i 2 k 2 1!

R~n 2 i !

; R~i 2 k 2 1!R~n 2 i ! 2 R~i !R~n 2 i 2 k 2 1!

; Ii2k~n 2 k! 2 Ii11~n 2 k! for i . k+

Thus the comparison on ann-line is reduced to a comparison on an~n2 k!-line for
i . k+ Note thati 2 k # ~n2 k11!02+ If i 11 . ~n2 k11!02, substitutei 11 with
i '5 n2 k2 i by symmetry+ Supposei 2 k . k+ Then we repeat the same reduction+
Wheni 5 tk, then, aftert 21 steps, tk is reduced tok ~andn to n2 tk1 k!+ It is easily
verified thatn 2 tk 1 k $ 2k+ By Corollary 2+5,

Ik~n 2 tk 1 k! $ Ig~i11!~n 2 tk 1 k!,

whereg~i 1 1! is i 1 1 after the possible reflections during the reduction+ Theo-
rem 2+6 follows immediately+ n
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Corollary 2.7: Itk~2tk 2 1! . Itk21~2tk 2 1!+

Proof: After t 2 1 steps, tk 2 1 is reduced tok 2 1 andn to tk 1 k 2 1+ So tk is
reflected tok, which, by Corollary 2+5, is more important than any otheri+ n

Theorem 2.8: Itk11 # Itk12 for k 1 2 # tk 1 2 # {~n 1 1!02}+

Proof: Wheni 5 tk11, then aftert steps, tk11 is reduced to 1+ By Theorem 2+2,
I1 # Ii for all 2 # i # [n02]+ Theorem 2+8 follows immediately+ n

3. THE 2-OUT-OF-m -OUT-OF-n SYSTEM

A k-out-of-m-out-of-n system fails if and only if there exists anm-window ~a set of
m consecutive components! which containsk or more failed components+ The
consecutive-k-out-of-n system is the special casem5 k+ In this section,we study the
k 5 2 case+ Papastavridis and Sfakianakis@5# proved the following+

Lemma 3.1: Ii 5 @R~n! 2 pxiR~i 2 m!R~n2 i 2 m11!#0p, where xi 5 min$m21,
i 2 1% 1 min$m2 1,n 2 i % $ m2 1+

Corollary 3.2: For n $ 2m 2 1 and m# i # [n02], I i 5 @R~m! 2 p2~m21! 3
R~i 2 m!R~n2 i 2 m11!#0p+

They also obtained that for 1# i # m21, every cutset containingi containsi 1
1+ Hence,

Lemma 3.3: I1 # I2 # {{{ # Im~In # In21 # {{{ # In2m11!+

We have the following+

Lemma 3.4: R~x!pm21R~ y! # R~x 1 m2 1 1 y!+

Proof: Break an~x1 m211 y!-line into three segments withx,m21, y compo-
nents in that order+ If the middle segment consists ofm21 working components, and
the other two segments are each a working line, then the~x 1 m 2 1 1 y!-line is
working+ But the latter can work in other scenarios+ n

Theorem 3.5: I1 # Ii for all i +

Proof: By symmetry, we need only consideri # [n02]+ By Lemma 3+2, we may
assumei $ m1 1 andn $ 2m1 1+ Then, xi 5 2~m2 1!+ Note that

pxiR~i 2 m!R~n 2 i 2 m1 1! 5 p2~m21!R~i 2 m!R~n 2 i 2 m 11!

5 pm21 @R~i 2 m!pm21R~n 2 1 2 m1 1!#

# pm21R~n 2 m!+

Theorem 3+5 follows immediately+ n
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Theorem 3.6: Im
H $ Ii

H for all 1 # i # [n02] and n$ 2m+

Proof: Supposen52m+Then Theorem 3+6 follows from Lemma 3+2+We prove the
generaln case by induction+

fi ~d,n! 5 fi ~d,n 2 1! 1 fi ~d 2 1,n 2 m!, 1 # i # [n02]+

Theorem 3+6 now follows by induction+ n

Corollary 3.7: Im $ Ii for all 1 # i # [n02] and n$ 2m+

By simulating the proof of Theorem 2+6, we obtain

Theorem 3.8: Itm $ Itm11 for k 1 1 # tk 1 1 # {~n 1 1!02}+

Corollary 3.9: Itm~2tm2 1! . Itm21~2tm2 1!+

Corollary 3.10: Itm11 # Itm12 for m1 2 # tm1 2 # [n02]+
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