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We study the Birnbaum importance of the consecukiait-of-n line and clear up
confusion in some claimed but unproved resi#® introduce some new tech-
niques which not only prove these claimed results but also generalize them much
further Finally, we extend our results to the 2-out-wfout-of-n line.

1. INTRODUCTION

A consecutivek-out-of-n systemor simply a consecutive line Kandn need not be
emphasizeds a line ofn components each working or failing such that the system
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is failed if and only if somek consecutive components all faifor a systen§ let
R(S) denote the reliability o& Then the Birnbaum importance of a componiist
defined as

I; = R(S|i works) — R(S]i fails).

The Birnbaum importance of the consecutive line has been studied in the literature
as a comparison off andl; and can provide information in the following two
situations

i. Suppose we can construct a consecutive line by an arbitrary permutation of
n components with distinct reliabilitie$o maximize the system reliability
the importance ranking of thepositions may provide guidance as to which
component should go where

ii. Suppose we want to improve the system reliability through improving the
reliability of a componentThen the Birnbaum importance tells us that it is
more effective to improve on a component with higher importance

Unfortunately comparing the Birnbaum importance for the consecutive line is
not easyThek = 2 case was completely solved by Zuo and K8h For generah,
only the following results were publishédy symmetrywe only need to compare
components in the first half plus the middle one if it exists

ali=h=-..=kforn=2kandl; =l,=--- =l 1=+ =l forn=
2k (by Kuo, Zhang and Zuqo[3]);
b. 11 = lyy1 (by Zuo[7]);
C. lys1=lyfort+1=tk+1=[(n+1)/2|[7];
d. L= 14[7].
However the proof for result c is correct only far= 1. In this paperwe point
out where the proof of c is problematic and give a new proof.of ¢

In generall; is not comparable with all othéy. The only exception is perhaps
for 1, andl,. We prove in this paper

Lh=lL=Il foralll=i=[n/2],

which covers and generalizesdnd d.

2. COMPARING BIRNBAUM IMPORTANCE

For a giverk, let R(n) denote the reliability of a consecutikeeut-of-n system Let
p denote the common component reliability and defire1l — p. Papastavridif4]
proved the following lemma

Lemma 2.1: |; =[R(i —1)R(n — 1) — R(n)]/q.

The proof ofl, = I, by Zuo can be extended in a straightforward manner to
prove the following theorem
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THEOREM 2.2: |, = |;forall 2=i=[n/2].
Proor: By Lemma 21,
I, =[R(n—=1) = R(N)]/g=[R(i ~HR(n—1i) = R(n)l/q=1

for2=i=[n/2], since thgn — 1)-line works only if both of its partaan(i — 1)-line
and an(n — i)-line, work. [ |

Recently Hwang[2] defined a new kind of importance™. A cutset is a set of
components whose collective failures cause a system falletd (d, n) denote the
number ofd-cutsetsand leff; (d, n) the number ofl-cutsets containing Then I =
I, if and only if

fi(d,n) = f;(d,n) for alld.
Hwang also proved the following lemma
LEmMA 2.3: |7 =M implies | = I;.

Although thel " comparison is stronger than theomparisonwe show that it
can be easier to prove the following theorem

THEOREM 2.4: | =" forall 1=i =< [n/2] and n= 2k.

Proor: Supposer = 2k. Then Theorem 2 follows from the fact that every cutset
containingi also contain&. We prove the general case by induction

To countf;(d, n), we must assume that componei#t failed A d-set containing
i and the lask components is certainly@cutset containing. There are

n—k-—1

d-k-1
ways of distributing the othed — k — 1 failed components in the remainimg—
k — 1 positions(the number is zero ifl = k). Otherwisg a d-set containing and

the lastj components for some € j = k — 1, but not the component — |, is a
d-cutset containing if and only if the firstn — j — 1 components form &d —
j)-cutset containing, whose number i§(d — j, n —j — 1). Therefore we have

fAm=Std_jn_jp+ ("1t
i( 5n)_j21 i( —n—]—= )+ d—k—-1/

Note that ifi > [(n — j)/2], then we can substitutewith i’ =n —j — i by
symmetry Sincen —j — 1= 2(d — j), by the induction hypothesis

fld—j,n—j—-1) =fi(d—jn—j—1) forallj.
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Hence

k—1

f(d,n) —fi(d,n) = E[fk(d—j,n—j -1 —fi(d—j,n—j—1]=0 foralld.
i=0

Theorem 2 follows immediately ]
CorOLLARY 2.5: I, =I;forall 1=i = [n/2] and n= 2k.

Zuo provedl, = I, 1. Then he claimedy = Iy 1 by arguing thatk can be
treated a%’, hence ly = Iy, follows from |l =1, ;. This is a false argumeya
fact which can easily be seen if the paramétéas in consecutivé) is kept in the
notation ofl;, say I; (k). Then what is proved ik (k) = I, 1(k), and what is claimed
is (k) = 1+, 1(K). The latter clearly does not follow from the form@ve now give
a correct proaf

THEOREM 2.6: ly = lyfork+1=tk+1=[(n+1)/2].
Proor: Shanthikumaf6]and Hwand1]independently gave the recursive equation
R(n) = R(n—1) — pgR(n — k — 1).
Hence
Rin—-1) kR(n—k—l)
Ry PTTTRM)
LetA~ B mean thaf andB have the same sigie will also keep the parameter
nin l;, thatis I;(n). Using Lemma 2L and Eq (1),
Li(n) = li.1(n) ~R(i—1)R(n—i) —R(i)R(n—i—-1)
Ri—1 R(n—i—-1)
R(i) R(n—1i)
Ri—k—1 R(n—i—-k-=1)
R(i) R(n—1i)
~Ri—-k—=1)R(n—1i)-R({i)R(n—i—-k—1)
~li_k(n=k) = l,,;(n—=Kk) fori>k.

(1)

Thus the comparison on amrline is reduced to a comparison on @ k)-line for

i >k Notethat —k=(n—k+1)/2.If i +1> (n—k+ 1)/2, substitutd + 1 with
i"=n—k—ibysymmetrySuppose — k > k. Then we repeat the same reduction
Wheni = tk, then aftert — 1 stepstkis reduced td (andnto n — tk + k). It is easily
verified thatn — tk + k = 2k. By Corollary 25,

Ik(n - tk+ k) = Ig(i+1)(n - tk+ k),

whereg(i + 1) isi + 1 after the possible reflections during the reductiéheo-
rem 26 follows immediately ]
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COROLLARY 2.7: Iy (2tk — 1) > ly_1(2tk — 1).

Proor: Aftert — 1 stepstk — 1 is reduced tk — 1 andntotk + k — 1. Sotk is
reflected tok, which, by Corollary 25, is more important than any other u

THEOREM 2.8 lyiq = lysofork+2=tk+2=[(n+1)/2].
Proor: Wheni =tk + 1, then aftert stepstk + 1 is reduced to 1By Theorem 2,

I, =I;forall2=i=[n/2]. Theorem 2B follows immediately u

3. THE 2-OUT-OF-m-OUT-OF-n SYSTEM

A k-out-of-m-out-of-n system fails if and only if there exists amwindow (a set of
m consecutive componentsvhich containsk or more failed component§ he
consecutiveeout-of-n system is the special case= k. In this sectionwe study the
k = 2 casePapastavridis and SfakianakB| proved the following

LEmMA 3.1: |; =[R(n) — pXR(i — m)R(n —i — m+1)]/p, where x=min{m—1,
i—1}+mn{m—-1Ln—i}=m-1

COROLLARY 3.2: Forn=2m—1and m=i =[n/2], |; = [R(m) — p2™Y x
R(i—m)R(n—i—m+1)]/p.

They also obtained that ford i = m— 1, every cutset containinigcontaing +
1. Hence

LEMMA 3.3: Ils |2 == |m(|ns |n_1 == In_m+1).
We have the following
LEmMa 3.4: R(X)P™IR(Y) = R(Xx+ m—1+Yy).

Proor: Break an(x + m— 1+ y)-line into three segments with m— 1, y compo-
nents in that ordetf the middle segment consistsiof— 1 working componentand
the other two segments are each a working,lthen the(x + m — 1 + y)-line is
working. But the latter can work in other scenarios u

THEOREM 3.5: |, = I, foralli.

Proor: By symmetry we need only considér= [n/2]. By Lemma 32, we may
assume = m+ 1 andn=2m+ 1. Then x; = 2(m — 1). Note that

PR —mRnN—i—m+1) = p2™VYR(i —mR(n—i—m+1)
=p™ Rl —mp™IR(N—1—m+1)]
=p™R(n—m).

Theorem 3 follows immediately ]
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Tueorem 3.6: | =" forall 1=i=[n/2]and n=2m.

Proor: Supposeé=2m. Then Theorem B follows from Lemma 2. We prove the
generain case by induction

fi(d,n) =f(d,n—1) +f(d—1L,n—m), 1=i=[n/2].
Theorem 3 now follows by induction u
CorOLLARY 3.7: |, =I;forall 1 =i =[n/2]and n=2m.
By simulating the proof of Theorem&, we obtain
THEOREM 3.8: |y = lymer fork+1=tk+1=|(n+1)/2]
COROLLARY 3.9: |;(2tm —1) > Iy (2tm — 1).

CorOLLARY 3.10: lipiq =< limyoform+2=tm+ 2 =<[n/2].
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