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Abstract

As an extension of a central limit theorem established by Svante Janson, we prove a
Berry—Esseen inequality for a sum of independent and identically distributed random
variables conditioned by a sum of independent and identically distributed integer-valued
random variables.
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1. Introduction

As pointed out by Svante Janson in his seminal work [8], in many random combinatorial
problems the interesting statistic is the sum of independent and identically distributed (i.i.d.)
random variables conditioned on some exogenous integer-valued random variable. In general,
the exogenous random variable is itself a sum of integer-valued random variables. Here, we are
interested in the law of N~1(¥; + - - - 4+ Yx) conditioned on a specific value of Xj + - - - + Xy,
that is, in the conditional distribution

Ly :=LNT' Y144 YW) | X1+ + Xy =m),

where m and N are integers and the (Xj, ¥;) for | <i <N are i.i.d. copies of a vector (X, Y) of
random variables with X integer valued.

Janson [8] proved a general central limit theorem (with convergence of all moments) for
this kind of conditional distribution under some reasonable assumptions and gave several
applications in classical combinatorial problems: occupancy in urns, hashing with linear
probing, random forests, branching processes, etc. Following this work, one natural question
arises: is it possible to obtain a general Berry—Esseen inequality for these models?

The first Berry—Esseen inequality for a conditional model is given by Malcolm P. Quine
and John Robinson in [17]. They study the particular case of the occupancy problem, i.e. the
case when the random variable X is Poisson distributed and ¥ = 1;x—¢,. To the best of our
knowledge, it is the only result in that direction for this kind of conditional distribution.
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Our paper is organized as follows. In Section 2 we present the model and we state our main
results (Theorems 1 and 2). In Section 3 we describe classical examples. The last section is
dedicated to the proofs.

2. Conditional Berry-Esseen inequality

For all n> 1, we consider a vector of random variables (X, Y,) such that X,, is integer
valued and Y, real valued. Let N,, be a natural number such that N,, — oo as n goes to oco. Let
(Xn.i» Yn.i)1<i<n, be an i.i.d. sample distributed as (X,, ¥;,) and define

k k
Snki=Y Xpi and Topi=>» Vi,
i=1 i=1

for k € [[1, N,]I. To lighten notation, define S, := S, n, and T}, := T, ,. Let m, € Z be such
that P(S,, = m,,) > 0. The purpose of the paper is to prove a Berry—Esseen inequality for the
conditional distributions

LUy :=L(T, | S =my).

Assumption 1. Suppose that there exist positive constants c1, 2, €3, €3, C4, C4, C5, C6, C7, and
no such that

(A1) vy =20y, No P P(S, = my) = ¢,
(A2) & <oy, ==var(X,)'? <3,
(A3) px, =E[IX, — E[X,]P’] < c303%,
(A4) &4 <oy, ==var (V)2 <cu,

(AS) py, :=E[|Y, — E[V,]*] < cs07,
(A6) the correlations ry, == cov (X, Y,,)JX:’ lo;n ! satisfy |rp] <ce <1,

(A7) for Y, =Y, — E[Y,] — cov (Xy, Yn)UX_nz(Xn —E[X,]), for all se[—nn]land for all
t€ [—=no, nol,
[E[! X+ T]| < 1 — ¢7(0f 5* + 0p, 1),

Obviously, Assumption 1 is very close to the set of assumptions of the central limit theorem
established in [8, Theorem 2.3]. In particular, (Al) is a consequence of m, = N,E[X,] +
O(ox, ,{/2), (A3) and (A7) (see the proof of Theorem 2.3 of [8]). By [8, Lemma 4.1],
o)%n <J4E[|X — IE[X]|3] , 80 ¢ can be chosen as 1/(4¢3). (A6) is not very restricting and holds
in the examples provided in Section 3. Following [8], we introduce Y}, in (A7) in order to work
with a centred variable uncorrelated with X,,. If (X, Y”) is a vector of centred and uncorrelated

random variables, then
B[ XY = 1 — L(025® + 02%) + o(s> + 1),

s0 (A7) is reasonable if the vectors (X,, Y},) are identically distributed.
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Proposition 1. Assume that
_ 12
my = NyE[X,] + O(OXnNn )s
that (X, Y,) converges in distribution to (X, Y) as n — oo, and that, for every fixed r > 0,

limsup E[|X,|"] <00 and limsupE[|Y,|"] < co.

n—o0 n—o0

Suppose further that the distribution of X has span 1 and that Y is not almost surely equal to
an affine function ¢ + dX of X. Then, Assumption 1 is satisfied.

The proof is omitted since the proposition relies on Corollary 2.1 and Theorem 2.3 of [8].

Theorem 1. Under Assumption 1, t} := cr%l(l —r2) > 0 and we have

sup |P
xeR

( Un = NaBLYol = 107,05, (s = NaELX, ) _

x ) — d(x)
)

C
= NSTZE (1)
N
where ® denotes the standard normal cumulative distribution function and C is a positive
constant that depends only on ¢, ¢3, ¢3, ¢4, c4, C5, C6, C7, 0, and c|.

Remark that the standardization of the variables U, involved in (1) is not the natural one.
The following theorem fixes this default of standardization.

Proposition 2. Under (Al), (A3), (A4), (AS5), and (A7), there exist two positive constants dy
and dy depending only on c3, ca, cs, ¢7, and ¢y such that, for N, > 3,

|[E[U,] — N,E[Y,] — ”nUY,,O'X_n1 (my, — N,E[X,]D| <d; 2)

and

var (Uy) — Npt,7| < daNy/2. 3)

Theorem 2. Under Assumption 1, we have

P(LE[U"] <x> — d(x)

sup Var(U,,)l/z =

xeR

¢
<=5 “)
e

where C is a constant that depends only on ¢3, ¢3, 3, C4, c4, C5, C6, €7, N0, and cj.

Furthermore, as in [8], the results of Theorems 1 and 2 simplify considerably in the special
case when the vector (X;,, Y;,) does not depend on n, that is, when we consider an i.i.d. sequence
instead of a triangular array. This is a consequence of Proposition 1.

3. Classical examples

In this section we describe the examples mentioned in [6] and [8]. Each example satisfies
the assumptions of Proposition 1, as shown in [8], leading to a Berry—Esseen inequality.
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3.1. Occupancy problem

In the classical occupancy problem, m balls are thrown uniformly at random into N urns.
The resulting numbers of balls (Z1, ..., Zy) have a multinomial distribution. It is well known
that (Zy, ..., Zy) is also distributed as (X1, ..., Xy) conditioned on {Z?jzl X; = m}, where
the random variables X; are i.i.d., with X; ~P(}) for any arbitrary A > 0. The classical
occupancy problem studies the number of empty urns U = vazl 1{z,—0y, which is distributed
as vazl 1;x,=0) conditioned on {nyzl X; =m}. Now, if m =m,, — oo and N = N,, — oo with
my /Ny — A € (0, 00), we can take X, ~P(L,) with A, :=my,/N,, ¥, =1{x,—0}, and apply
Proposition 1 to obtain a Berry—Esseen inequality for U, = Zflz”l 1(z,—0)-

Remark 1. In [17], the authors proved a Berry—Esseen inequality for the occupancy problem
in a more general setting: the probability of landing in each urn may be different. The tools
they developed will be used below to prove our results.

Remark 2. Here, we need a result for triangular arrays, and not only for i.i.d. sequences.
Indeed, if we took X,, = X with X ~ P(1), we would only have

my = Np(A + 0(1)) = N, E[X,, ] + o(Ny).

But Proposition 1 requires
my = N,E[X] + OV, %),

which is stronger. This remark goes for the following examples too.

3.2. Bose-Einstein statistics

This example is borrowed from [6] (see also [3]). Consider N urns and put m indistinguish-
able balls in the urns in such a way that each distinguishable outcome has the same probability
1/(m+117\:71). Let Z; be the number of balls in the kth urn. It is well known that (Z, ..., Zy) is
distributed as (X1, ..., Xy) conditioned on {vaz | Xi = m}, where the random variables X; are
i.i.d., with X; ~ G(p) for any arbitrary p € (0, 1). If m =n, N= N, — oo with N,,/n — p, take
X, ~ G(pp) with p, = N, /n to obtain a Berry—Esseen inequality for any sequence of variables
of the type U, = Zfi‘lf(zi).

3.3. Branching processes

Consider a Galton—Watson process, beginning with one individual, where the number of
children of an individual is given by a random variable X having finite moments. Assume
further that E[X] = 1. We number the individuals as they appear. Let X; be the number of
children of the ith individual and Sy := Zﬁ;l Xi. It is well known (see [8, Example 3.4]
and the references therein) that the total progeny Sy + 1 is N> 1 if and only if, for all
ke{0,...,N—1},

Sk>k and Sy=N-—-1. (5)

This type of conditioning is different from the one studied in the present paper, but, by [18,
Corollary 2] and [8, Example 3.4], if we ignore the cyclical order of X1, ..., Xy, it is proved
that X1, ..., Xy have the same distribution conditioned on (5) as conditioned on {Sy =N — 1}.
Applying Proposition 1 with N =n and m =n — 1, we obtain a Berry—Esseen inequality for
any sequence of variables U, distributed as T, = Z:': 1 f(X;) conditioned on {S, =n — 1}. For
instance, if f(x) =1{y=3), U, is the number of individuals with three children given that the
total progeny is n.
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3.4. Random forests

Consider a uniformly distributed random labelled rooted forest with m vertices and N roots
with N < m. Without loss of generality, we may assume that the vertices are 1, ..., m and, by
symmetry, that the roots are the first N vertices. Following [8], this model can be realized as
follows. The sizes of the N trees in the forest are distributed as (X, ..., Xy) conditioned on
{Zf.vzl X; = m}, where the random variables X; are i.i.d. and Borel distributed for any arbitrary
parameter ;1 € (0, 1), i.e.

-1
PO ==t D
(see, e.g. [5] or [7] for more details). Then the ith tree is drawn uniformly among the trees of
size X;. Proposition 1 provides a Berry—Esseen inequality for any sequence of variables of the
type U, = Zivz"l f(Z;) where N, — oo and Z1, . .., Zy, are the sizes of the trees in the forest.
For instance, if f(x) = 1=k}, U, is the number of trees of size K in the forest (see, e.g. [12],
[15], and [16]).

3.5. Hashing with linear probing

Hashing with linear probing is a classical model in theoretical computer science that
appeared in the 1960s. It was first studied from a mathematical point of view in [10]. For
more details on the model, we refer the reader to [1], [2], [5], [7], [9], and [14]. The model
describes the following experiment. One throws n balls sequentially into m urns at random
with m > n; the urns are arranged in a circle and numbered clockwise. A ball that lands in
an occupied urn is moved to the next empty urn, always moving clockwise. The length of the
move is called the displacement of the ball and we are interested in the sum of all displacements
which is a random variable denoted by d,, ,. After throwing all balls, there are N:=m —n
empty urns. These divide the occupied urns into blocks of consecutive urns. We consider
that the empty urn following a block belongs to this block. Following [5] and [11], Janson
[7] proved that the lengths of the blocks and the sums of displacements inside each block
are distributed as (X1, Y1), ..., (X, Yy) conditioned on {Zf]: | X; =m}, where the random
vectors (X;, ;) are i.i.d. copies of a vector (X, Y) of random variables, X being Borel distributed
with any arbitrary parameter € (0, 1) and Y given {X =1} being distributed as d;;—;. In
particular, d,, ,, is distributed as Zf\’: 1 Y; conditioned on {Zf\’: | Xi =m}. If m=m, — oo and
N=N,=m, —n— ocowithn/m, — € (0, 1), we take X,, following Borel distribution with
parameter [, :=n/m, to get a Berry—Esseen inequality for d,,, ., by Proposition 1.

4. Proofs

Recall that U, is distributed as 7}, conditioned on {S,, = m,}. Following the procedure of
[8], we consider the projection

Y, =Y, — B[] — cov Xy, Yoy *(Xn — ELX,]).

Then E[Y],] =0 and cov (X,, ¥,) =E[X,Y,] =0. Besides, (A7) and (A6) are verified by Y.
By (A6),

2 2 2 ~2 2 2
oy = an(l —ry)elc;(d —cp), cql,
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so (A4) is satisfied by Y. Finally, by the Minkowski inequality, (A3), (A5), and the fact that
lral = 1,
||Y;/1||3 <Yy —E[Yalll5 + |rn|O—X,lO’YnUX_nz”Xn — E[X,]ll3

13 113
=py, tov0x Py,

<one 4

_ 1/3 1/3
<oy (1= ey + el

Hence, Y, satisfies (A5). Consequently, all conditions hold for the vector (X, Y}, too. Finally,
Nfl
Ty =Y Yy ;=T,— NyE[Y,] — cov Xy, Y)og *(Sy — NaELX,]).
i=1

So, conditioned on {S, = m,}, we have
T,/, =T, — N;E[Y,] - rnUYnU)(_rll (my — N,E[X,]).

Hence, the conclusions in Theorems 1 and 2 for (X, Y¥,,) and (X, Y,) are the same. Thus,
it suffices to prove the theorems for (X, Y,). In other words, we will henceforth assume
that E[Y,] =E[X,Y,] =0, r, =0 and 7> = U%n. Moreover, the constants ¢, &, ¢5, ¢g, and ¢
for (X, Y’) are linked to that of (X, ¥) by the following relations: ¢ = c4, ¢, = ¢4(1 — c%)l/ 2
cs=(1- cé)_3/2(c;/3 + c;/3)3, cg =0, and ¢}, = ¢7. In the proofs we omit the primes.

The proofs of Theorems 1 and 2 intensively rely on the use of Fourier transforms through
the functions ¢, and 1, defined by

@n(s, 1) := E[expfis(X, — E[X,]) 4 irY,}], Yn(1) := 2 P(Sy, = mp)Elexp{itU,}].  (6)

The controls of these functions (respectively the controls of their derivatives) needed in the
proofs are postponed to Lemmas 1 and 2 in Section 4.4 (respectively Lemma 3). In particular,
(15)—(18) will be used several times below.

4.1. Proof of Theorem 1

We follow the classical proof of Berry—Esseen theorem (see, e.g. [4]) combined with the
procedure in [17]. As shown in [13, p. 285] or [4], the left-hand side of (1) is dominated by

1/2 —1—1/2 ~1y—1/2
2 fnaynzv,l Yoy Ny |, 20y Ny Y
T Jo 27TIED(S;1 = mn)

u N~/ 2w '

where n > 0 is arbitrary. We choose to define

n:=min (3(cscs)”", 19) > 0. ©)
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From (15) of Lemma 1 and using Taylor’s expansion,

[ Wntuoy !Ny B
20 P(S, = my)

—u?/2

&2y (uoy 'Ny %)
2AP(S, =my)

3 [efz/%(m;,,lzv; 1/21
ot =0

0<6<u 2]T]P(Sn = mn)

1 2 :laXnN’!/z 8 2 N N 1

—1 —u?/2 t%/2 '

< Y, e u-/ sup { [ 1/2 [ / D < 1/2° l/2>:|
0<0<u —mox, N, ot ox, N oy, N, t=0

By (Al), v, > c1. Now we split the integration domain of s into

_ 2
— a2

1\

—u?)2

<e

sup

o}

Api={s:|s| < schnN,IL/z} and Ap:={s: eoXnN,l/2 <|s| < naXnN,lz/z},

where
€ := min (%(czq)_], ), (8)

and decompose

—1A—1/2
1| Yoy N

2
e 2| < sup [i(n, u,0)+ hn, u,0)],
2 P(S, = my) 0ot
where
2.2 0 2.2 K t
Il (n, u, 9) — V_l / e—(u +59)/2 _[e(t +s )/2¢Nn( >:| ds7 (9)
" Y n XN1/2 UYan/z o
2 o - K t
L(n,u, )=y, e /2/ [’/%N( , ﬂ ds. (10)
Ay | 01 ! ox, Nl/2 oy, Nl/2 =0

Lemmas 5 and 6 state that there exists positive constants C| and C;, depending only on ¢7, ¢2,
c3, ¢s, ¢7, and ¢y such that, for N, > max (123¢3, 123¢2,2),

0oy, Na' C
/ sup I1(n,u,0)du < —— 1/2, (11)
0 0<6<u
and
noy, N, C
/ sup b(n, u, 0) du < % (12)
0 0<6<u Ny
So,

U, C
sup P(T fx) — @()C)‘ < T
N, gy, Nn

xeR n ;
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with

2
C := max (Cl +Cr+ —— (mm ( c4cs, n0)> , 123/203, 123/205, \/5)
Camt~/2m

4.2. Proof of Proposition 2

Proof of (2). We adapt the proof given in [8]. Using the definition of W, given in (6), and
differentiating under the integral sign of (15) of Lemma 1, we naturally have

1
rman,,/

<y, 'N, ds.

2
o)
—JTGX,,N,I/Z ot UxN/

Ny—1 S
gp ' ( ' O)
n ox. Nl 2

Using (18) of Lemma 3 with t =0, (A2), (A3), and (AS5), we deduce that

1/3 2/3 2/3 1/3
‘%( S 0)‘ <5 :0 pX < C3/ C4C5/ SZ
3t \ gy N>’ 2 anNn - 2N, '

Then, using (16) of Lemma 2 (with /=1 and ¢ = 0) and for N,, > 3,

1/2
/JTUXnNn/
—nox,N,

o G0 ()
— o)l —=——.,0])|ds
a1 UXNl/Z n GXNI/Z

23 173

< &3 4ss /-J,-oo 2201523 4

-2V, Jw '

So, (2) holds with
2/3  1/3 +°°2 2¢75%/3
dy =2~ c3 c4cs' ey / s2e 215713 g,
—0Q

Proof of (3) Since 1:2 = O’}% and E[U,] is bounded, it suffices to show that the quantity
|E[U2] — N, O’y | is bounded by some d/ / to prove (3). Proceeding as before,

E[U?]
i ONS
2 IP(S,, = my,)
oy, erl/z J ?
—1 " —isv, %n s Nu=2 :
_ N,(N,, — 1 e ——| ——#:0 ’ 0] ds
Yy Na(N, — 1) N (8t <0x N2 )) @n (ax" 1/2 >
(13)
T oY, N;i/z 82
1 " —is, Pn —S Nn—1 °
_IN e i1 0" =7, 0) ds, 1
YVu Nn Y ot? (gXY,N,],/2 )(pn <xN1/2 ) .
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where
(my — NyELX,])
vy =—
T oM
First, by (18) of Lemma 3 with # = 0 and by (16) of Lemma 2 (with / =2 and ¢ = 0), we have,
for N, > 3,
2
70, Ny den s 0 2 Ny—2 s o)l d
2| a1 2 @n 2 $
—70x, Nu t ox,Nn ox,Nn
4/3 2 2/3
<5 S /+oo 4o=c182/3 4
T 4N? o '

Finally, by (A1), the term (13) is bounded by

43 2 23 ioo
& c,C a2
A B B / stec18°/3 g5,
4cy )

Second, we study the term (14). We want to show that
Tox N,i/z 82
_ " —j Pn s Nyp—1 S 2
Ap:=y 1/ e”""—(—,O)q)” (—,O)ds+cr
n n _manYI’/z 912 UXnerl/z n anN’l/z Yn
is bounded by some d’z/’/N,yz. By (15) with 7 =0,

wox, Ny s 12
/ 1/2 —1sv,,(pn <0X—1/2’ 0) ds =27P(S, = mn)UXnNn/ = Vn;»

—Tox,

S0
1/2
w0, Ny ) 92
_ _ On s ) s
st [ (G (o 0) e e0)
" —naXnN,i/z atz o N1/2 ! X,,Nr%/2
Ny—1 s
X @," < , 0> ds
n ,,N;/z
1 ol 2 Ny—1 s
=y, f ) e “E[Y,f(9)]g," <—1/2, 0) ds,
—mox, Ny O‘ann
where
£(s) = —( eisa,gl‘N;'/z(Xn—E[xn]) E[e isoy Ny 2 (Xu—ELX, .
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Applying Taylor’s theorem yields

E[X] IMU'XINn /(Xn E[X,])
1/2

[f ()] < Is| sup
u ox,Nn

+E[ X, — E[X,] it o NP - E[an)”

12
Is] E
172 +

n

Thus, using Holder’s inequality,

ox,Nn

Xn - ]E[Xn]

ox,

J)

X,

X, — E[X, X, — E[X,
L0 = (= R ]
0X, OX,
2/3 1/3
<0)%n|s| Py/ PX/ 1
=NIR 2 ox +
n Y, n
ISI 2/3 1/3
1/‘2‘( Pel? 41,

where the last inequality is obtained using (A2)-(AS5). Now, by (A1) and the upper bound in
(16) (with [ =1 and t = 0), we get, for N,, > 3,

us

+
(2/3 13 4 1)/ oo|s|e_szc7(N"_WN” ds < i
—00

|An| = :
n erz/z

N1/2

with
_ 3 _
dy ._cﬁc1 ! 2/36;/ 1)/ |s|e 26 1134

Finally,
var (U,) — Nyoy, | < (d} +dy +dy )N,/ =: doN,)/?.

The proof of (3) is complete.

4.3. Proof of Theorem 2

Write
U, — E[Un]
Pl ————~ )
‘ ( var (U172~ ) ©
U,
< ‘IP’<N1T <ayx+b ) — D(ayx + by)| + | P(ayx + by) — O(x)],
where
~ var (Up)!'? ~ E[U]
a, = T and bn = 12
n Oy, n Oy,

https://doi.org/10.1017/jpr.2019.7 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2019.7

86 T. KLEIN ET AL.

The previous estimates of E[U, ] and var (U,) yield
lay — 1] < la2 — 1| <& N, 2 and  |by| <di&,'N,2

Then, for N,l/ 2 > 25;2612, a, > % and applying Taylor’s theorem to @, we obtain

—2)2
|®(anx +bp) — ()| < [(@n — Dx + byl SUp o=
Ny 2 g (l/2-di7 22
< max (da¢; ", dicy )(|x| + De =T e,
/_27_[ 4 4
the supremum being over ¢ between x and a,x + b,,. The last function in x being bounded, we

can define

1 _
C' = —— max (daty 2, di&g ") sup [(x] + De (/2= /2],

2 xeR
Finally, we apply (1), and (4) holds with C:=C+ max (C, 28;2512).

4.4. Technical results

Recall that
— N,E[X,
Vp = w and  y, =27 P(S, = my)ox,N,/>.
(UX,, w7
Moreover,

on(s, 1) = E[exp{is(X,, — E[X;,]) +itY,}]  and  v,,(1) = 2w P(S,, = my)Elexp{itUp,}1.
Lemma 1. We have

1 rox, et s
" (t)=—/ e Vg <—z) ds. (15)
B o " \ox, N2

Proof. Indeed, since

T,
/ el8Sn—rmn) 4o — 277 I{Snzmn} ’
-7

we have
Vn(t) =21 P(S, = mp)E[exp{itUy}]
= ZﬂE[exp{itTn}l{Snzmn}]
b
= f Elexp{is(S, — my) +itT,}1ds
—
T
_ / eI —NEXD o (s ) dg
n ’ 3
—TT
which leads to (15) after the change of variable s’ = so'an,l,/ 2, O

Now we give controls on the function ¢, and its partial derivatives (see Lemmas 2 and 3).
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. 1/2 1/2 .
Lemma 2. Under (A7), for any integer [ > 0, |s| < mwox,N,’ ", and |t| < nooy,N,'~, we obtain

q)Nn ,< S t )
n N1/2 O’y”Nl/z

Proof. The proof is a mere consequence of the inequality 1 + x <e* that holds for any
xeR. O

e~ (7 +)-c1-(Ny=D)/Ny (16)

Lemma 3. For any s and t, we have

ad t
‘ﬂ( — m)‘ < f72(|s|+|r|) (17)
ot GXnNn gy, Ny N,

and

P, s t

o m>\ v
GX,,Nn O'Y N

oy, oy, PXy 23 LY, 173 PXn 173 LY, W £Y,
51—/2|t|+— — 3 + [st] 3 +5\ =)
Ny N2 ox, oy, o, oy, 2 \oy,

Proof. We apply Taylor’s theorem to the function defined by

QI s t
(s, N> f(s,0)= ( , )
ot cran,I,/2 oy, Nl/2

We obtain (17) using
d 0
Fe0—f0.0 <l sip | Los. 0|+ sup | Lios. o'
0.6'¢[0,1] | 95 0,07¢[0,1] | 91
and (18) using
02f
[f(s, 1) — (0, 0)] < |s] —(0 0)| + 1] —(0 0) +— sup —-(05,0')
2 gorefo110°s
32f 2 2f
+|st| sup |——(Os,0'D) +— sup |—=—(0s, 0'1)|.
6.6'¢[0,1] | 010s 0.0'cl0.1] | 0°1

The partial derivatives of f are estimated by mixed moments of X, and Y,, and then bounded
above by Holder’s inequality. (]

The following lemma is a result due to Quine and Robinson [17, Lemma 2].

Lemma 4. Define
l1p:= pxna)ngn_l/z and b, := ,OynUY:?Nn_l/z.

Ifl; < 12732 and lhn< 127372 then, for all

1,n’

(s. 1) €R:= {(s, 0 Isl < 207} 11l < gz;;},
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we have

0 |: 2.2 < s t ):H
(24122, Ny

—le (p s

ot n ox, 11/2 oy, ’1/2

< Calsl + 11l + 1> Ui n + Do) exp {1 (s* + )},

with C4 :=161.

Remark 3. We make explicit the constant C4 appearing at the end of the proof of Lemma 2 of
[17]. For all v and s in R, as defined in [17], we have

(Ivl +2|s])
(vl + sl + D31, + £2,0)

By (A2) and (A3),

e 07+ < 108 v/6-e 712 < 161.
lin<caNy 2 < 62030;(_,111\’,,_1/2,
which implies that o, N,/* < caesl; ). Similarly,

< C5Nn_l/2 < C4C5UY;1Nn_1/2,

and GynN,1,/2 < C4C5l2_i. Now we are able to establish (11).

Lemma 5. There exists a positive constant Cy, depending only on c3, cs, and ¢\ such that, for
N, > 123 max (C%, cg),

ﬂUYnNr%/z C
/ sup I1(n,u,0)du < ——
0

0<6<u N,l,/2

Proof. The definitions of 7 in (7) and ¢ in (8) imply that, for s € A| and « and 6 as in the
integral in the statement above, we have

1/2 27—1 1/2 271
|s| < eox,N,/> <517, and |0] <|ul <noy,Ny> <3,

which ensures that (s, ) € R as specified in Lemma 4. Moreover, for N, > 123 max (c3, ¢2),
la<12732and I, < 12732 Now using Lemma 4 in (9) and by (A1), we get

VIUY,J\’VIL/2
/ sup I1(n, u,0)du
0

0<0<u
ﬂUY,,NrIL/z )
fyn‘1C4(ll,n+lz,n)/ / (5| + Ju| + 1)2e=6H/24 g5 du
0 Aq
<N;'2c! Cales +cs) / (sl + 1l + 1)3e= /24 4 dy,
R
and the result follows with

Cri=c; ' Cales 4-65)[2 (Is] + lul + 136 +/24 s qy,
R
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Remark 4. Actually, Lemma 5 is valid as soon as N,, > max (c%, cg): the constants in the proof
of Lemma 2 of [17] can be improved.

Now we are able to prove (12).

Lemma 6. There exists a positive constant C», depending only on ci, ¢2, ¢, c3, and c¢7 such
that, for N,, > 2,

G
N2

n

Proof. We use the controls (16) withz=6 and [ =1, (17), and |p,| <1 to get

9| p s t
- /2 ,Nn
UxN O'yN =0
_ 0 Nn1< s 6 )‘
=c (p s
" oy NV oy NI

s 0 N2 dgn (s 9
X |0pn 12 72 )t 12 172
ox,Nn oy, Ny oY, 3t ox,Nn oy, Ny

< (5| + 2[0])e?* /2~ H07-cr(Nu=1)/ N,

noy, N,
/ sup I(n,u,0)du <
0

0<6<u

for s € A> and u and @ as in the integral in the statement of the lemma. Finally, using (10), we
get, for N,, > 2,

nay,,N/
/ sup Ir(n, u, 0)du
0

0<6<u

+00 02 N, — 1
<2y, ! sup |(s+20)exp [ —=(1—-2¢;
SO'XHN,, 0<9§u 2 N,

X e_“2/2_32'57(Nn_1)/Nn ds du

+o0
< 2C1 / / (S+zu)e—min(l,C7)u2/2—S2L‘7/2 dS du
sox,an

<e

1 -1 —1
~Nyere2o}, /2(61 c; V21 n 4c] 1 )
Vmin(L,¢7)  min (1, ¢7) ¢re0x NV

§C’2e_C,2,N”
where
C = C—lc—l< V2 T 4 )
27T\ U/min(T, ¢7) - min (1, ¢7) min ((2/9)(c2c3)~), 7)éa
and

~ . _ 2
Cl = c%/ZC7 min (%(czq) I 7).
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The result follows, writing

! 1\—1/2 /\—1/2
e G U oN VNI Y s ACe U N T - I
erl/2 - Ni/2 Nr11/2
since x!/2e~* is maximum in % O
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