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1. INTRODUCTION

It is now well known that with an increasing-returns-to-scale production technol-
ogy, tax distortions, or other types of nonconvexities, an otherwise standard real
business cycle (RBC) model can exhibit multiple rational expectations equilibria
(REE) that are locally nonunique or indeterminate. Near such equilibria, there
exist self-fulfilling dynamics driven by extraneous stochastic processes known as
“sunspots.”!

One critique of sunspot equilibria in RBC models is that these equilibria are
unstable under adaptive learning dynamics.> Suppose agents know the correct
specification of a reduced-form model but do not know its parameter values and
act like econometricians in estimating them using adaptive learning techniques,
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learning almost always leads agents away from sunspot equilibria. Evans and
McGough (2005a, 2005b) find that stability results can differ by how the law
of motion of the economy is represented. With a general form representation,
sunspot solutions are not stable under learning. In the case of a common factor
representation, sunspot equilibria can be stable under learning. However, when
they restrict attention to versions of the reduced form model consistent with
calibrations of three structural models, they find that sunspot equilibria are always
unstable under adaptive learning. They identify this result as a “stability puzzle.”
Duffy and Xiao (2007) find that it is the structural parameter restrictions of this
class of models that prevent the equilibria from being simultaneously indetermi-
nate and stable under learning. Consequently, learnable sunspot equilibria only
occur when the economy exhibits empirically implausible dynamics, regardless
of which representation the agents use. In a recent paper, McGough et al. (2013)
expand this class of models to include cases in which there is negative externality
in capital inputs. They find that with this feature, it is possible to find learnable
sunspot REEs that do not possess implausible system dynamics.

An important conclusion that emerges from recent research is that stability prop-
erties of REEs under learning can differ when agents’ learning horizon changes.
The standard approach is the Euler equation learning: It lets agents forecast future
variables based on the Euler equation of the model, and the forecasts are typically
one-step-ahead. All the aforementioned papers use this approach. An alternative
learning algorithm is the infinite horizon learning approach put forth by Preston
(2005). Agents are assumed to use their belief functions to make forecasts for the
infinite horizon. Preston (2005) and Eusepi and Preston (2011) demonstrate that
with infinite horizon learning, both the stability property and transitional dynamics
of REEs can differ from those under the Euler equation learning. Infinite horizon
learning has proved handy when the economic problems call for long-term fore-
casts. For example, Evans et al. (2013) and Evans and Mitra (2013) use infinite
horizon learning to study fiscal policy and growth issues.

To our knowledge, no paper has studied the learnability of sunspot REEs in
RBC models using the infinite horizon approach. This paper undertakes this task.
We derive general conditions under which an REE is both indeterminate and stable
under learning and apply them to three specific structural models: the Farmer and
Guo (1994) model, the Schmitt-Grohé and Uribe (1997) model, and the Wen (1998)
model. We find that the REEs are always unstable under learning if the agents
do not know the steady state and include a constant term in their belief functions
(perceived law of motion). If the belief functions do not have a constant term,
then it is possible for the REE to be simultaneously E-stable and indeterminate.
However, we find that the parameter values required for this result to hold are not
within an empirically plausible range when applied to the three structural models.

This paper makes several contributions to the literature. First, this is the first
paper that studies the learnability of sunspot equilibria in RBC models under
infinite horizon learning. Evans et al. (2013) and Eusepi and Preston (2011) work
on models that are structurally similar to ours, but their analyses focus on the
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unique, determinate REE and do not consider the possibility of sunspots. Second,
our result complements those of Duffy and Xiao (2007) and Evans and McGough
(2005a, 2005b). This series of papers deepen our understanding of how model
dynamics surrounding the indeterminate equilibria of an RBC model may differ
when rational agents are replaced with adaptive agents who have different learning
horizons. Third, we contribute to the methodology for conducting this type of
analyses. We derive a set of analytical conditions for the REE to be E-stable under
infinite horizon learning. We prove analytically that when the perceived law of
motion of agents is consistent with the REE solution in its functional form, the
sunspot equilibria are always not stable under learning. We also demonstrate how
the agents’ optimal decision rule in infinite horizon is connected with the reduced
form of the model. This set of tools will contribute to future research in this area.

The rest of the paper is organized as follows. Section 2 derives the conditions for
learnability and indeterminacy using a generic model. Section 3 presents stability
results for three structural models. Section 4 concludes.

2. STABILITY CONDITIONS UNDER INFINITE HORIZON LEARNING

In this section, we analytically derive the necessary conditions for both inde-
terminacy and E-stability under infinite horizon learning. The conditions for
indeterminacy are standard. The main novelty here is to derive the conditions
for E-stability. Under infinite horizon learning, agents attempt to solve long-term
dynamic optimization problems given their beliefs about the law of motion of
aggregate variables. Since the problem starts at the agent level, we cannot derive
stability conditions with a general reduced form model of aggregate variables, as
in Duffy and Xiao (2007) and Evans and McGough (2005a). Agent-level decisions
require a specific economic environment. Our strategy is to use a well-known RBC
model with nonconvexities, the Farmer and Guo (1994) model, to solve for the
optimal behavioral equation and conduct stability analysis. We will show that the
critical difference between the Euler equation approach and the infinite horizon
approach lies in the functional form of the optimal consumption demand equation.
Based on this equation, we derive conditions for stability under learning. Although
the conditions are derived using a specific model, they can be easily generalized
to cover similar one-sector RBC models, as we demonstrate in Section 3.

2.1. The Model

This is the business cycle model considered by Farmer and Guo (1994). There are
a large number of identical agents. The representative agent solves

0 Ll—y
t _ t
ICI}?}‘)EEO E 0 <logC, Al—y)’

t=0

https://doi.org/10.1017/51365100516000973 Published online by Cambridge University Press


https://doi.org/10.1017/S1365100516000973

INSTABILITY OF SUNSPOTS UNDER [HL 1981

subject to the constraint
Kiyi=rnK +wl +(1-98K, —C, ®

where K stands for the capital, Y the output, C the consumption, and L the labor.
w and r stand for the real wage rate and real rental rate of capital prevalent in
competitive factor markets, respectively. Parameters satisfy y > 0,0 < p < 1,
0 < § < 1. E stands for expectations that may or may not be rational.

Increasing returns are the result of externalities in the production technology

vo=KiL (ReeLf ™). @)

wherea +8 > 1,0 =a/r, B=b/A,a+b=1,and0 < A < 1. K, and L, are
the average economy-wide levels of capital and labor. Without loss of generality,
we assume there are no fundamental shocks.

Since the Farmer and Guo (1994) model is well known, and many model details
have been presented in other publications, we will simplify our exposition here
by directly presenting the log-linearized version of the economic system. A hatted
variable %, is defined as log(x;) —log(x), where x stands for the steady-state value
of x;.

The household’s optimization problem yields the Euler equation

éz = EtéH-l - Etléz-t,-la (3)

and the labor supply curve
W, =C,—yL,, @)
where ﬁ, stands for the gross real interest rate which, in linearized form, is related

to the rental rate 7, by
RR, = r#,. Q)

The representative firm’s profit maximization problem yields the capital and
labor demand curves:

ftz?z—let, (6)
w, =Y, — L,. (7

Finally, the production function is linearized as
?z:akt"‘bit"‘Az» ®

where A; = (o — a)IAZ r+ (B = b)I: represents the size of the externality effect.

In a symmetric equilibrium, all agents are identical. The economy-wide average
level of capital and labor K; and L, will be equal to K; and L, respectively. Using
the three-factor market conditions (4)—(8), we can express output Y,, the real wage
W, and the gross real interest rate R, as functions of C; and K,:

?t:a(l_)/)kt_ B
1-B—vy 1-B—-vy

¢, ©
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1-— A .
12)z= ﬂ Cz— i K;, (10)
1-g—vy 1-p—vy
N Y B A Y a(l—y)
R=-pa——" € —pa—|1— —"2|R,. 11
t paKl—,B—)/t PaK[ 1—B—» ] t- amn

These conditions are identical to those presented in Duffy and Xiao (2007).

2.2. The REE and Conditions for Indeterminacy

The reduced form model is obtained by combining the above conditions and is
given by
K1 =diK; + drCy, (12)

é, = d3E,éz+l + d4EzI€t+lv (13)

where dy = [ f52 + 1 =01 o = —(f + fifp). s = (L pa )
and dy = pay Y- “(1 ad-y) ] The variables without time subscripts denote steady-
state values.

To obtain conditions for indeterminacy, the general reduced-form system of
equations (12) and (13) can be rewritten as

dydi\ (ECpi Y _ (1 0\ (C
01 EKi ) \dd K )’
C’,H> (C)
- =J{ o |+ Ve,
(&H K, '

where J is a 2 — by — 2 matrix, and &, = (C’,+1 — E,C’,+1) represents forecast
errors.

The necessary and sufficient conditions for indeterminacy are that both eigen-
values of J are less than one in modulus, which is the case if and only if the
determinant and trace of the Jacobian matrix J satisfy

or equivalently,

—1 <det) <1, (14)
—1—detd) <trJ) < 1+det), 15)
where the determinant and trace of the Jacobian matrix J are given by

det (J) =

3
1 — dody + dids
ds ’
These conditions are identical to those derived in Duffy and Xiao (2007).

r(J) =
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2.3. Conditions for Stability Under Learning

Optimal decision rule. A key difference between Euler equation learning and
infinite horizon learning is that in the latter case, agents explicitly incorporate
their life-time budget constraint into the decision-making process. They not only
make forecasts into the immediate future, but also make long-run forecasts that
cover their life-time (infinite horizon). These long-run forecasts feed back into
the actual law of motion (ALM) of the aggregate economy and can give rise
to distinct stability properties of the equilibrium under learning. The following
analysis closely follows the approach of other researchers who conduct stability
analysis under infinite horizon learning—for instance, those of Evans and Mitra
(2013) and Eusepi and Preston (2011).

The analysis starts with a derivation of the representative agent’s life-time
budget constraint. The agent’s two-period budget constraint is (1), which can be
rewritten as

A

wL A wL . N C .
Kt+1 = 7W;+RR;+7L;+RKt—?Ct (16)

We can iterate this equation forward, taking expectations in the process, and
apply the transversality condition and the labor supply condition (4) to get

. 1—ywL S 1Y 21\ .
KrZTﬁ E’Z(E) Witj | — E’Z R Ry

i=0 =0 17
c wL (1Y 4
— _ ) |E —) ¢,
(7 iw) |22 (5) €
Iterating the Euler equation (3), we can obtain
(1) 4 R . R (1Y 4
EY (E) Crvj= o 1cntﬁE,Z (E) Riyj. (18)

Jj=0 Jj=1

We use this expression to substitute out the infinite sum of expected future
consumption from the agent’s life-time budget constraint (17). The final expression
is the agent’s behavioral equation

_ _ _ _ o i
o _YK®R=D, yKR-1), wL(l-y)(R-1) tz(l) Do,

t t

T yC—wL yC—wL ' R(yC—wL) P R
yC—wL—yKR—-1) _ [1) .
- E —) R, 19
L ; =) Ress (19)

Hence, the agent’s optimal consumption decision today is a function of current
and expected future prices.

The behavioral equation indicates that the forecasts of future prices are crucial
for the final solution of the model. Under rational expectations, these forecasts are
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simply the conditional expectations of the relevant variables based on the true law
of motion of the economy. Under learning, they depend critically on the agents’
subjective beliefs.

Beliefs. Following the literature, we assume that the functional forms of the
agents’ subjective beliefs coincide with those under rational expectations. They
do not know the parameters of these functions and have to estimate them using
observed data. In the RBC model, the indeterminate REE solution is distinct from
the fundamental-based unique solution in two aspects. First, the solution takes
the form of a VAR(1) in both consumption and capital, whereas in the case of a
unique solution, consumption is uniquely pinned down by current capital. Second,
there is a sunspot variable in the consumption decision rule. The following setup
reflects these differences.

The agents’ beliefs or perceived laws of motion (PLM) are

R, =K, +n,C,. (20)

W, = miK, + myC,, 21)

C =ao+aK,_ +aC_ + arfiy + &, (22)
K =dK,_ +d,C_,, (23)

where we use bold letters to denote aggregate variables. Equations (20) and (21)
indicate that agents use aggregate consumption and capital data to forecast prices,
which are important for their own decisions. Equations (22) and (23) are the VAR
equations that agents use to forecast current consumption and capital. f; is the
sunspot variable, and ¢, is a white noise. This PLM system matches the functional
form of the indeterminate REE solution. It is also the same belief function in Duffy
and Xiao (2007) and Evans and McGough (2005a).

The above equations describe the behavior of one agent. To examine its
economy-wide implications, we need to aggregate the behavior of all agents.
Following the literature, we seek a symmetric solution in which all agents are
identical. In that case, the optimal behavioral equation of an average agent looks
exactly the same as (19), except that €, and K, now represent an average agent’s
consumption and capital stock. The PLMs (20)—(23) also keep their functional
forms. But we can now replace aggregate consumption and capital with their
economy-wide average values. For exposition purpose, we rewrite the PLM with
new notations, in slightly different order, as follows:

Ct :ao—’—akkt,l +acé‘[71 +afﬁ +8t7 (24)
K, =diK,—1 +drCiy, (25)

Rt = nlkt + nzéu (26)

W, = m K, + m»C,. 27

There is a fundamental difference between the belief (24) and the other three
belief functions. Equation (24) is the agents’ belief about the law of motion of
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consumption, which, when combined with the behavioral equation (19), is self-
referential in nature: The forecast of future consumption can have an impact on
current consumption decisions, which in turn affect how agents forecast the future.
In essence, the data generating process is expectation dependent.? In this case, there
is no guarantee that learning will converge to the equilibrium, or even converge at
all. The PLMs (25), (26), and (27), on the other hand, all correspond to equilibrium
conditions that are not self-referential. For example, (25) matches the true capital
accumulation process in its functional form. The determination of K does not
hinge on any expectations. In this case, its law of motion is usually learnable if
the agents possess a sufficient amount of data. For this reason, researchers often
assume that this type of PLMs is already learned by, or known to the agents when
conducting stability analysis.* Evans and Mitra (2013), for example, make this
assumption when they examine the learnability of the REE for the Ramsey model
under infinite horizon learning. In this paper, we shall do the same: The true
parameters of (25)—(27) are assumed known to the agents.

Note that in (24), the PLM includes a constant term. In the REE, the value of this
constant term is always 0. The reason is that the variables in the linearized model
are all expressed as percentage deviations from steady-state values. As long as
the steady-state values are known, any constant terms would be eliminated when
the model is linearized. But under learning, agents do not observe the steady-state
values. It is natural to include a constant term in the PLM so that agents have
an opportunity to learn the steady-state values. Duffy and Xiao (2007) test the
robustness of their result by considering the case in which the steady-state values
are known to learning agents, and there is no constant term in the PLM. For
completeness of the inquiry, we consider this case too.

Suppose agents do observe the steady-state values accurately, and then the PLM
for consumption can be written as

CAvt = akletfl +acét71 +ayfi + & (28)

In the following sections, we show that this distinction can lead to different
stability results.

E-stability conditions. Plugging the known laws of motion of capital, the wage
rate, and the gross interest rate into the decision rule (19), we can simplify the
average agent’s behavioral equation to

. (1=Rd » (R—=—d)R—-1D+ddsR /(1Y .,
C,=—"""g E —) Ky
t dzR t+ dzR t; R t+]

(1Y 4
+(ds - 1)E;Z(E) Crvj. 29)

Jj=1

Current consumption depends on agents’ expected future consumption and
capital in the infinite horizon. The appendix offers a step-by-step derivation of
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this equation. Note that except the steady-state gross interest rate R, all the other
parameters are taken from the reduced form model (12) and (13). It turns out that
this is not coincidental. In the next section, we show that the optimal decision
rules for consumption in the Wen (1998) model and the Schmitt-Grohé and Uribe
(1997) model can also be expressed in this form. It is the structure of the model
that determines the functional form of this equation.

For stability analysis, we use the PLM (24) or (28) to compute the agent’s
forecasts of future consumption and capital, and plug them back into the behavioral
equation (29) to obtain a map between the PLMs to the model’s ALM.

To compute the agent’s forecasts, define Z;, = (g’ ). We do so because the

endogenous variable C and the state variable K are both necessary in computing
an equilibrium solution. The other two variables w and R are not required. The
first two of the agent’s PLMs take the following form:

Z,=A+BZ,_,+Cf, +n, (30)

where A = (7). B = (3 7). €= (). and . = ().

The forecasts of future variables at any horizon 7' are determined as
EZr=(I-B) ' (I-B"")A+B"EZ, 31

where I is a 2 x 2 identity matrix. When ¢+ — oo, we can show that the infinite
sum of expectations in the decision rule can be written as

e J
E, Z (%) Z,;=10-B)" [(%) I— (RI— B)IB] A

j=0
+(R1—B) 'BE,Z,. 32)

Using equation (32) to evaluate expectations in equation (29) determines the
ALM:

Ci=To+TZ 1+ Trf; +4&, 33)
where Ty and T are scalars, T, is a 1 x 2 matrix, and & is a white noise. The
appendix spells out the actual mathematical expressions of Ty, T, and T. Note
that they are functions of A, B, and C in (30).

We can solve for the REE parameter values by applying the method of undeter-
mined coefficients to the T-mapping. The T-mapping is

Ra() (d] — R+ R2d3 - Rd1d3 + Rd2d4)
ds (R — 1) [Rdy + axd> + a. (R — dy) — R?]’

ap —

a.dy — Ra. — aydr + R2d3ac + d4akd22 — Rdsa.d,
+Rdya.dy + Rdzardy + Rdydidr — dyacdidy

ds[Rdy + axdy + a. (R — dy) — R?]
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R2d3ak — Rak + Rd4d12 — d4acd12 + Rd4akd2 + d4akd1d2
ds | Rdy + axdy + ac (R — dy) — R?]

ar (dl — R+ R2d3 - Rd1d3 + Rd2d4)
ds[Rdy + axd> + a. (R —dy) — R?]

ap —> —

)

And we can obtain

1 —dyd,
= ——, 34
a & (34)

did,

=——, 35
a & (35)
ap =0, (36)
ay is indeterminate. 37

These values are identical to the REE solution obtained by Duffy and Xiao
(2007). The difference between their solution procedure and ours is that we take
conditional expectations of the PLM in infinite horizons, whereas they do so for
one future period. Under rational expectations, the two procedures should yield
the same result, which we have confirmed with (34)—(37).

It remains to see whether or not forecasting horizons matter for the stability
of the REE under learning. This is done by applying Evans and Honkapohja
(2001)’s E-stability principle. Specifically, let 6 = (ao, a., ar, ay)’ be a vector
of parameters in the PLM and T(#) the vector of parameters in the ALM. A given
sunspot solution 6 is said to be E-stable if the differential equation

do

—=T(®) -0
T ) -0,

evaluated at 6 is locally asymptotically stable. Here, T denotes “notional” or
“virtual” time.
For this purpose, we compute

hy 0 00

drT@) —61 | 0 hmo
a6 | 0onnsol (38)

0 he h7 0

where the h’s represent combinations of the parameters of the model, which
are quite tedious and are provided in the appendix. The structure of this matrix
guarantees that one eigenvalue is equal to 4, which is the result of having a
constant term in the PLM. It can be shown that

hy=A = !
THMTRoT
The structure of the matrix also implies that there is always a 0 eigenvalue.
Without loss of generality, let
Ay =0,
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where A, stands for an eigenvalue of this matrix. This 0 eigenvalue arises from the
fact that the T-mapping of a; yields an indeterminate solution, as in Duffy and
Xiao (2007). The differential equation associated with this T-mapping is

da f d1d4

dr (ar) —as dra Y 39

Integrating it yields

t( dd
arg (t) =ay (0)exp |:/0 (—ﬁa‘f - af> du:| .

As long as a; — —% exponentially as T — 00, a; will converge to a finite

value. As Evans and Honkapohja (2001) demonstrate, one zero eigenvalue of
W does not alter the stability property of the REE.
E-stability of the REE requires that all other eigenvalues of the matrix (38) be

negative. We state the conditions for stability in the next proposition.

PROPOSITION 1. If the agent’s PLM for consumption is (24), the necessary
conditions for the Farmer and Guo (1994) model to be E-stable under infinite
horizon learning are

1
b= <0, (40)
d
hahg = —— ! >0, (41)
d3sR?* + (drdy — divd; — 1) R + d,
dy — dyR?
A3+ dy = =% 1<0. (42)

TR+ (dody —dids — )R+ dy
Proof. See the appendix.

If the agent’s PLM for consumption is (28), then the first condition in the above
proposition will drop out. It is straightforward to state the following.

COROLLARY 1. If the agent’s PLM for consumption is (28), the necessary
conditions for the Farmer and Guo (1994) model to be E-stable under infinite
horizon learning are (41) and (42).

3. STABILITY RESULTS FOR THREE STRUCTURAL MODELS

In this section, we apply the stability conditions to three structural models and
examine whether or not sunspot equilibria can be stable under infinite horizon
learning. The three models are the Farmer and Guo (1994) model, Wen (1998)’s
RBC model with variable capacity utilization rate, and Schmitt-Grohé and Uribe
(1997)’s RBC model with a balanced budget tax policy. It is well known that under
the Euler equation learning, the indeterminate equilibria in these three structural
models are not stable under learning.
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3.1. The Farmer and Guo (1994) Model

Since we already derived the learnability conditions for this model in the previous
section, all we need to do here is to apply them and check for stability under
learning.

It turns out that we need not use all of the stability conditions in (40)—(42).
E-stability requires that all three eigenvalues of the Jacobian in (38) be negative;
if we can prove that one eigenvalue is positive, an instability conclusion follows.
This is exactly the case here: The first eigenvalue of the matrix is 1/(R — 1),
where R = 1 4+ r — § is the value of the gross interest rate in the steady state and
is necessarily higher than 1 as long as the net interest rate r — § is positive, which
is required in an RBC model. Therefore, 1/(R — 1) is positive. We can state the
following proposition.

PROPOSITION 2. The REE of the Farmer and Guo (1994) model cannot be
both indeterminate and E-stable since condition (40) is always violated when the
REE is indeterminate.

A closer look at the Jacobian matrix in (38) reveals that the T-mapping that gives
rise to the eigenvalue A; = 1/(R — 1)is T (agp). In other words, the instability result
arises because the agents’ perceived law of motion contains a constant term. As we
argue in the previous section, it is possible for the agents not to include a constant
term in their forecasts, provided that they have knowledge of the steady-state
values of economic aggregates. We consider this possibility next.

If the perceived law of motion is (28), then E-stability requires that conditions
(41) and (42) hold. These two conditions are sufficiently complicated to rule out
any analytical evaluation of their signs. We turn to numerical analyses. The model
has three critical parameters: capital share a, labor share b, and the level of the
externality 1/A (note that « = a/A, B = b/A). The combinations of these three
parameters lead to various levels of increasing returns, and result in indeterminate
REEs. Our strategy is to search over a range of plausible calibrations for these
parameters to look for indeterminate REEs that are learnable. In order to do so,
we also need to calibrate the rest of the parameters of the model. For those, we
simply use the original values from Farmer and Guo (1994): p = 0.99, § = 0.025,
y =0.

For the three parameters a, b, and A, we do a comprehensive search over the
range 0.01-0.99 at a step size of 0.01. For each combination of parameters, we
check numerically if the REE is simultaneously indeterminate and E-stable by
evaluating the conditions (14), (15) and (41)—(42). The results are presented in
Table 1. Note that we only report the values for two parameters because the model’s
restrictionisa + b = 1.

The results show that some REEs can qualitatively be simultaneously indeter-
minate and E-stable. For example, if labor share is 0.88 and capital share is 0.12,
and the level of increasing returns is 1.19, then the indeterminate REE is stable
under infinite horizon learning. However, the parameter values required for this
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TABLE 1. Searched parameters and E-stability result

Parameter Definition Search range  Range for E-stability

a Capital share 0.01-0.99 0.01-0.12
1/ Externality 1.01-5.00 1.19-3.57

result to hold are generally out of the range of those deemed empirically plausible
by the literature. A labor share of 0.88 is much too high compared with 2/3—a
standard value researchers use to calibrate the U.S. economy. The required size of
the externality effect, 1.19, is also too high. Most research suggests that the level
of increasing returns in the U.S. economy and other advanced economies is quite
mild (see Basu and Fernald, 1997).

Hence, we conclude that for the Farmer and Guo (1994) model, indeterminate
REEs are generally not stable under infinite horizon learning, even when agents’
PLMs do not include a constant term.

3.2. A Variable Capacity Utilization Model

The model. The details of this model are presented in the appendix. Consider
the reduced form of the model

Iet-}—l = dllet + dzét,
C = dSEtét-H + d4Ez[€t+1,

where di = [1+(1 - 955, & = —[$+ (1 - DEis] & =
—%(:;f), and ds = (1 — ,B)W. All parameters are defined in the
appendix.

Since this system is in exactly the same form as (12) and (13) in the Farmer and
Guo (1994) model, the indeterminacy conditions remain (14) and (15).

For the purpose of deriving the optimal consumption decision rule in infinite
horizons, we find it convenient to reformulate the agent’s budget constraint as

C+Kiy1 = RK, +wL,

where R, = r,u, + 1 — &, denotes the gross real rate of interest. Iterating the
log-linearized version of this equation into infinite horizon, and apply the labor
supply condition, we obtain

R 14y wL | . = 1Y . 21 4
K[:_Tﬁ wl+EtZ(E> Wryj | — Rt+EfZ R Riyj

Jj=1 Jj=1
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The Euler equation is identical to the one in the Farmer and Guo (1994) model.
Making use of it to substitute out the infinite sum of expected future consumption
in (43), we have the agent’s optimal decision rule

A yK(R-1), yK(R-1), wL+y)(R-1),
Cl = Kt Rt
yC+wL yC +wL R(yC+wlL)
wL(1+py)(R=1) /(1Y
E il
T RGCtwh) ’; r) Y (44)

yCH+wL—yKR—-1) (1) 4
B yC +wL EIZ R Risj.

t

j=1

As in the previous section, the agents’ current consumption decisions are tied to
expected future prices.

Agents’ subjective beliefs coincide in their functional forms with the MSV
solution of the model:

C,=ay+arK,_1 +a.Cr_, +ayfi + &, 45)
R, =diK,_1 +drC,_y, (46)

R, =n K, +n,C,, 47)

W, = m K, +m,C;. (48)

As we explain in the previous section, beliefs (46)—(48) can be assumed known or
learned by the agents. Plugging these conditions and the labor market and goods
market equilibrium conditions into (44), we obtain a reduced form decision rule
for the consumer

. (1=R)di . (R—d)((R—=1)+ddsR  =[{1Y ,
Ct:—dzR K, + dzR Etz E Kt+j

Jj=1
0o

1)/ .
+ (d3 — 1)EtZ(E> Crvj (49)

j=1

This equation looks exactly the same as the optimal decision rule (29) that
we derived for the Farmer and Guo (1994) model. A proof can be found in the
appendix. Note that because the parameters d; — d4 are defined differently, this
decision rule is in fact not quantitatively the same.

Results. Because the agents’ optimal decision rule and the PLMs or beliefs
coincide with those of the Farmer and Guo (1994) model in functional forms, the
derivation of the E-stability conditions follows the same process and the derived
conditions are the same. We therefore state the following proposition.

PROPOSITION 3. The necessary conditions for the REE in the Wen (1998)
model to be E-stable are identical to those in Proposition 1 and Corollary 1.
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TABLE 2. Searched parameters and E-stability result

Parameter Definition Search range  Range for E-stability

o Capital share 0.01-0.99 0.01-0.22
n Externality 0.01-5.00 0.03-1.70

If the agents’ PLM includes a constant term, as in (45), the critical eigenvalue
A = 1/(R — 1) again governs the E-stability of the REE. In this model, the
steady-state gross interest rate R is defined differently: R = ru + 1 — §. After
substituting out » and u using the model’s optimal conditions, we obtain R =
l+aY/K -6 =1+ ea%lreﬁ;l, which is restricted to be higher than 1 by the
structure of the model. It immediately follows that the REE is not E-stable. We
have the following proposition.

PROPOSITION 4. If the perceived law of motion is (45), the REE of the Wen
(1998) model cannot be both indeterminate and E-stable since condition (40) is
always violated when the REE is indeterminate.

It remains to check if the REE can be E-stable if we allow the agents to use a PLM
of the form
CAvt = akletfl +acét71 +aysf +e.

As in the Farmer and Guo (1994) model, a numeric search is necessary to
analyze the stability properties of the REE under learning. For this model, two
parameters are critical: capital share o (labor share is 1 — «) and the size of the
externality . We calibrate the rest of the parameters as in Wen (1998): g = 0.99,
6 = 0.025, y = 0. We then search through the other two parameters. The results
are presented in Table 2.

We find that the REE in the Wen (1998) model can qualitatively be simultane-
ously indeterminate and E-stable. For example, when capital share is 0.22 and the
size of the externality effect is 0.09, the sunspot equilibria are stable under infinite
horizon learning. Our concern is still about empirical plausibility. Although 0.09
is a reasonable value for the size of increasing returns, the maximum value for the
capital share required for the REE to be E-stable is 0.22. This is close to but still
not quite consistent with the value that the literature suggests.

3.3. A Model of Tax Distortions

The model. As shown in Schmitt-Grohé and Uribe (1997), indeterminacy can
arise from an endogenous distortionary labor-income tax under a balanced-budget
fiscal policy rule even with a constant-returns-to-scale production technology.

It can be shown that the reduced form of the model is again in the form

[eH—l = d]]%, + dzét,

C = d3E,é,+1 + d4ElIet+la
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TABLE 3. Searched parameters and E-stability result

Parameter Definition Search range  Range for E-stability

a Capital share 0.01-0.99 0.01-0.07
T Tax rate 0.01-0.50 0.06-0.32

where d|, = [[}; il br)a +1-46], d» = [%2(,11?2 - %], d; = [l —pa 1};1(71 12?
and dy = aﬂ =zl + 21_ 1:2‘;]. All parameters and model details are defined in the
appendix.

To obtain conditions for stability under infinite horizon learning, we need to de-
rive the agent’s optimal decision rule for consumption. Since the process involved
is very similar to that of the Farmer and Guo (1994) model and the Wen (1998)
model, we skip the details here. As in those two models, the optimal decision rule

can again be written as

. (1=Rd » (R—=—d)R—-1D+ddsR  =[1Y .,
C:dz—RKt—i— iR E,Z —) Ry

j=1
o

1\’ 4
+(ds — 1)&2(}) Ciyj. (50)

j=1
The appendix provides a proof.

Under learning, the perceived laws of motion will again take the form of (45)—
(48). It immediately follows that the following proposition is true.

PROPOSITION 5. The necessary conditions for the REE in the Schmitt-Grohé
and Uribe (1997) model to be E-stable are identical to those in Proposition 1 and
Corollary 1.

Results. If the perceived law of motion includes a constant term, the critical
eigenvalue will be A = 1/(R — 1), where R is the steady-state gross interest rate
and is necessarily greater than 1. We therefore have the following proposition.

PROPOSITION 6. Ifthe perceived law of motion has a constant term, the REE
of the Schmitt-Grohé and Uribe (1997) model cannot be both indeterminate and
E-stable since condition (40) is always violated when the REE is indeterminate.

It remains to check if the REE can be E-stable if we allow the agents to use a PLM
of the form
C=aqK,_1+a.Ci+ayf; +e.

We turn to numerical analysis. For this model two parameters are critical: capital
share a (labor share is b = 1 — a) and the tax rate . We calibrate the rest of the
parameters as in Schmitt-Grohé and Uribe (1997): 8 = 0.99, 6 = 0.025. We then
search through the other two parameters. The results are presented in Table 3.
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As in the previous two models, the REEs can qualitatively be simultaneously
indeterminate and E-stable, but the required parameters for this to happen are
generally out of the range of empirical plausible values. A capital share of 0.07 is
much too low, compared with empirical findings.

4. CONCLUDING REMARKS

Previous research examines the stability of sunspot equilibria in one-sector RBC
models under Euler equation learning. Inspired by Preston (2005), who finds that
E-stability conditions under infinite horizon learning can be different, we conduct
stability analysis of sunspot equilibria in three prominent RBC models using
infinite horizon learning techniques. We find that at least for these three models,
sunspot equilibria are generally not stable under learning. Our result holds when
the law of motion of the economy is written in a general form representation. If a
common factor representation is adopted, as in Evans and McGough (2005a), then
stability results may be different. This is a possible direction for future research.

NOTES

1. An incomplete list of important works in this area includes Benhabib and Farmer (1994),
Farmer and Guo (1994), Schmitt-Grohé and Uribe (1997), and Wen (1998) among others. The closest
theoretical and empirical precursors to this line of work are Shell (1977), Azariadis (1981), Cass and
Shell (1983), and Guesnerie (1986).

2. This has been examined extensively in the literature, e.g., by Evans and Honkapohja (2001) for
the Farmer and Guo (1994) model, Rudanko (2002) for the Schmitt-Grohé and Uribe (1997) model,
Duffy and Xiao (2007) for the Farmer and Guo (1994), Schmitt-Grohé and Uribe (1997), and Wen
(1998) models.

3. As our narration above has made clear, the agents are not aware of this mechanism—they do
not think that their own forecast is affecting the true consumption process. From their point of view,
they are merely using aggregate data to forecast prices.

4. If the purpose of the analysis is not just equilibrium stability, then the distinction of a known
PLM and an unknown PLM still matters. For example, if the goal is to understand the short-run
dynamics of capital under adaptive learning, then the simulation of the learning process itself is useful.
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APPENDIX A

A.1. DERIVATION OF THE DECISION RULE (29) FOR THE FARMER AND GUO
(1994) MODEL

We start by iterating forward equations (11) and (10):

RS LA xy 1€+Ei1j1€
W — VW = - — ;
t tj R t+j 1_]/_'3 t t R t+j

=1 j=1

(A1)
1-8 . 2 1Y 4
— P |é.+E —) ¢,
L z(R)
R+ E i(l)jk Y[l “(l_y)] 1€+Ei<1>j1€
= —pa— |12V L )
t tj:] R t+j K 1— y _IB t tj:1 R t+j
Y B . E 1Y .
—PaEm C +E[;(R) Cryj
(A2)
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To derive the decision rule (29), we find it convenient to keep (19) in a form similar to
(17). More specifically, it looks like

o0 J o0 J

N y—1wL [ 1\’ A 1 N
k= o m Y () v ) - (28X () R

y KR — —
/= = (A3)

C wL R . R 1Y 4
— - ¢ E —) R,
+(KR yKR) R—1 T R-1 'Z(R> "

Jj=1

Substituting equations (A.1) and (A.2) into equation (A.3), we can reduce it to the
following form:

N —1wL o Y a(l— . LN B
g jy=twk oy Y _ed=y) R+EY () R
y KR 1-y-p K -y -8 R

y—1wlL 1-p8 Y B . 2 1Y L
- = x— —— " & +E —) ¢
+[ KR “T—y—p Mxi—,—s|¢" 2 (gz) G

c wL R . R 1Y 4
— - ¢ E —) R
+<KR yKR) R—1 T R-1 ’Z(R) I

lwL a(y — 1) 1
+R

_{ETI—V—ﬂ

(1T Y a(l—1yp) wL a(l —y) N C 1N\
_{E[a?[l_il—y—ﬂ}_771—)/—/3]} ’“E'Z(E) St

Jj=1
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1 a(l—y) Y a(l—y) 5 (1Y e
_{E[r_rl—yi—ﬂ_(f_r%—yi—ﬂ“ KHFE'Z:(E) fro

I
e e,
| =

Y a(1—1y) . S 1\,
- [er el (ke (7)) £
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R—d , = (1Y 4
= R l E | K, + E, J; (E) KH—_i
(A4)

db| R . R Z 1\ 4
2| —C+—E —) R,
R|R-19 T Rr-1 ’12;(1%) I

The derivation takes many steps. Throughout the steps, we repeatedly use the steady-state
version of the optimal and equilibrium conditions to simplify the parameters.
(A.2) can be rewritten as

R x (1Y 4 N < 1\ ,
Rt + Et Z (E) RH—j = _d4 <K1 + Er Z (E) Kr+j>

j=1

. o /1\7,
+(1 _d3) Ct +Er Z (*) C,Jrj .
SIAR

© 1.7, N
Substituting (A.5) for E, ) (E) R, into equation (A.4), and moving C, to the left-
=1

hand side, we obtain the decision rule (29).

(A.5)

A.2. PROOF OF PROPOSITION 1.

By combining (A.2) and (18), we obtain

) © /1N, Rd;y . Rdy; d, 1Y o
¢+ E Ve, = 36— - *E — ) Ko, A.6
: + thl:(R) 4] Rdy—1 ' Rdy—1ds t;(R) " (A.6)

We then use this expression to substitute out the infinite sum of consumption in (29).
The behavioral equation now becomes

. (1—dRd , ddiR+d —R(1—dR /1) .
¢ = K E =) K., AT
=g " Z(R) v A

We then plug in the PLMs, and obtain the following T-mappings from the PLMs to the

ALMs:
T Ra() (d] —R + R2d3 — Rd]d’; + Rd2d4) (A 8)
0= ) .
ds (R — 1) [Rdy + axdy + a. (R — dy) — R?]
acdi —Rac—agdy+R*dzac+dsagd —Rdzacd) +Rdsacdy+ Rdsagdy+ Rdydy dy —daacdy da
;o d3[Rdy +agdy+ac(R—dp)—R?]
T.= _ R2d3ay—Ray+Rdyd} —dyacd?+Rdyardy+dyardi dy . (A9)

d3| Rdy+ardy+ac(R—dy)—R?|

T, — _le (d] —R + deg - Rd1d3 + Rd2d4) (A 10)
"7 ds[Rdy + gy +a. (R —dy) — R?]

The sunspot solution (34)—(37) is obtained by solving the fixed points for these T-
mappings.
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By applying Evans and Honkapohja (2001)’s E-stability principle, we obtain the differ-

tial matrix (38). i’ iven by & h R = dydy) — dy
ential matrix . h’s are given = ,hy = s
BVEROY M = R T ™ T LR 1 (dods — dvds — DR + 4,
_ Rd,»d; hy — Rd,d, he =
3T LRt (dydy —dids — DR+ dy T T GR2 4 (dody — dyds — DR+ 4,00
di(Rd; — 1) d3(R — dy) _
s he = ays, and hy; =
d3R? + (drdy — did; — )R + d, d3R? + (drdy — did; — )R + d,
= ay, where ay denotes the REE value of a. The eigen-
d3R2+(d2d4—d1d3—1)R+d1 X
values of this matrix are A; = 0, A, = _1 and
. R —2d, + Rd\ds — Rdydy + R\/d>d} — 2d\drd3dy — 2d,d5 + d2d? — 2drd, + 1
i 2[dsR? + (dody — dyds — 1) R +dy] ’
(A.11)
R —2d, + Rddy — Rdydy — R\/d}d} — 2d,drdsdy — 2dyds + d3d} — 2ddy + 1
T 2[ds R? + (dody — dyds — 1) R +d}] '
(A.12)
It is immediate that (41) is obtained by multiplying (A.11) by (A.12) and (42) is obtained
by summing (A.11) and (A.12). |

A.3. DERIVATIONS FOR THE WEN (1998) MODEL
A.3.1. The Model

In the model economy, the representative agent chooses sequences of consumption {C},
hours to work {L}, rate of capacity utilization {u}, and capital stock {K} to maximize
her life-time utility. Wen’s original model setup is a social planner’s problem. In order to
consider infinite horizon learning, we slightly modify the model and consider a decentralized
maximization problem as follows. The agent’s problem is

00 Ll+y
max EOZﬂ’ logC,—l_”_y ,

{CvaIvKT+1‘Llf} =0

subject to the constraint
C+Ki—A—-68)K, =r uK,)+wLy,

1
8, = —ul
(%

1
where0 <o < 1,0 < B8 <1,y >0,n > 0,and 6 > 1. The depreciation rate of capital
stock, 8; € (0, 1) is increasing in capacity utilization rate, u,. # > 1 ensures that the optimal
capacity utilization rate u, lies in (0, 1). w, represents the wage rate. r, is the rental rate
paid to utilized capital stocks, in line with the firm’s profit maximization problem where
the cost of each firm is expressed in terms of the utilized capital. The firm’s problem is

max Y, — w,L;, —r, (u,K,),
{Li, Ky}
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subject to the production technology Y, = &,(u,K,)*L} ™, &, = (@ K" L™ where
O<a<landn>0.
Of particular note is the production externality, €, a function of mean productive capacity,

i1, K,;, and mean labor hours, L,. The optimal capacity utilization rate is u, = (« F[)l/ o,
t

which implies u, = (aK P~ LI /6—e(t0]l o the reduced-form aggregate
production function evaluated at this optimal rate is of the form Y, = Kt“*L,b*, where
6—1

a=a(l+nt,b*=0—-a)A + )1y, T4 = and ty =

6 —a(l+n)’ 6 —a(l+n)’
A.3.2. Derivation of the Behavioral Equation

We offer a step-by-step derivation for the decision rule. In this model, the two equilibrium
conditions for the prices are

* 5 1-b* 4
ﬁ)tz ay t G, (A13)
I1+y—b* 1+y—b*
A a(l+y)] 4 b* N
R =—-(1- l—-——|K,—(1-8) ———C,. A.14
= ﬁ)[ 1—|—y—b*]'( A1, e (A14)

We iterate forward these two equations to obtain

o (1Y’ a‘y . 2 1Y,
W+ E Yy, (E) Wiy = m K, +Ez2 (E) Kiyj

j=1

(A.15)

(A.16)
We rewrite the agent’s decision rule (44) as

. y+1lwL [ 21N . 2 1Y .
K; = _Tﬁ W, + E; ZI: E Werj | = | R+ E; o E Riy;
= = (A17)
(L RC+RE§:]]1%
KR yKR)|R-1""R-1" R)

j=1
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We then plug (A.15) and (A.16) into (A.17) to get

R, = {_L_HEXL_[_(I_IB)[]_M]]}
y KR 14y —b* l+y —b*

oo

N 1)/ .,
X K’+E’Z<E> K yj

j=1

y+1wL 1—b* b* . = 1\ .
e x——— 4+ (1 -8 ——||C +E —) Gy
+|: > KRXl+y—b*+( B) 1y —b ¢+ tZ R t+]

+C+wL RC+REi1j1é
KR yKR)|R-1" R-1" R)

lwLa* (y+1) 1 Yo—1 a* (1 +7) ) > 1\
| _wealrrl) 2 1 R+ES (=) k.
{ RK 1+y—b TRYK 0 [ T+y —b HED () K

N wL (| yb* +1 Yo—1 b C+Ei 1 f'é
VKR 4y ) TRK 0 11y—p |\ T L\R)

o) wL R . R Z 1\ 4
— ¢ E —) R,
+(KR+yKR) R_1 T R-1 ’Z<R> I

1T Yo—1 a* (y +1 wL a* (y + 1 . C 1N\,
S S PV ot b ) whay+ D R+ EY (=) K
R| K 6 1+y—b* K 14y —b* -~ \ R

j=1
+ wL _’_1(1 )Y b* +1 Yo-1 b*

Ly (=) - 4 = -7

yKR R Kl14+y—-b* R K 6 1+4+y—0>b*

17T Yo—1 YO—1la*(y+1) Ya*(y+1)+ Y a*(y+1)
={—|aa— — o — —_ — o— —
R| K 0 K 6 1+y—-b* Kl4+y—->b* K14y —-b*

oo

N 1\’ ,
X K1+E’Z(E> Kiyj

j=1
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N wL+1(1 oz)Y b* +1c 1C C+E§:1jé
yKR R 0/ K1+y—b  RK RK e R) "

o) wL R . R 2 1\ 4
— ¢ E —) Ry,
+(KR+)/KR> R_1C T R-0 ’Z<R> I

171 a\ Y a*(y +1) N © 1\,

= (1= ==L\ kg +E —) R

{R[ﬂ ( 9)K1+y—b*]} o ’Z<R> o
N wL+1<1 a>Y b* +1c 1C é+Ei1jé
yKR R 6/ K14+4y—b* RK RK e R) "

c wL R . R Z 1Y 4
— ¢ E —) R,
+<KR+)/KR> R—19 TR ’Z<R> s
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1 a\ Y at(y+1) . 1\,
‘{E[R_[H(l_@)Emm K'+E’Z<E> Kivs

j=1

c a\ Y b R . R Z 1Y A
—+(1-2)= ¢ E —) Ry,
[K+( 0)K1+y—b*] R—1 T R-1 ’Z<R) "

R—d [, = 1Y,
=R K, + E, Z (E) Ki+j

Jj=1

(A.18)
&| R . R = (1Y 4
R R—lC’+R—1E'g<E) Ris;
Equation (A.16) can be rewritten as
. x (1Y 4 N < (1),
R; + E; Z (E) Riyj=—di| Ki + E, Z (E) Kiyj
= = (A.19)

0 J
+ (1 - d3) (ét + E, Z <l> ét+j) .
=1 \R

We then plug this equation into (A.18) to obtain the behavioral equation.

A.4. DERIVATIONS FOR THE SCHMITT-GROHE AND URIBE (1997) MODEL
A.4.1. The Model

The representative agent chooses paths for consumption C, and hours L, to solve her
infinite-horizon utility maximization problem. The agent’s problem is reformulated as

0
max Eo ;ﬂ’ (logC, — AL,),
subject to the budget constraint
Kiyi=wl,+rnK,+(1-8K,—C, —G,
G =twL,.

where G denotes government revenue that is financed with taxes on labor income at rate
7, € (0, 1). Parameters satisfy 0 < f < 1,0 <8 < 1, and A > 0. The firm’s problem is
standard.

A.4.2. Derivations of the Behavioral Equation
The equilibrium conditions for the prices are

art X 1-b1—-1) 4
v, = — K A.20
Wy I+7—b ¢+ I+7—b G, ( )
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. Y[ al-1 Y b(1-1)
R,_—ﬂaK[l p— _b} —Ba——— "0,

X1—7-p (A.21)
We iterate these two equations to get
> (1 jA at = i
Eth::I E Wryj = — 1—7-b K, +E Z r+j
= A22
aA-b1-1) 1-’) (A2
+— T— C,+E, —) Ci .
. o 1\ . Y a(l-—1) N < 1\
R,+E,§<E> Ry =—pa [1—71_T_b] K,+E,;(R> Ry
Y b(1—-1) [ A 2 1) A
-8 X1 b C[+E[Zl R Ciyj
=
(A23)
The optimal decision of the agent is
. t—1wL | . 21N . 2 1Y .
P == . KR wt+EtZ(R> Wt Rt+Et]XI:<R> Ri+j
. ; (A.24)
n C 1—7wL R ey R EZ 1 Iy
KR t KR)|R—-1"" R-1 ’,~=1 R)

We then plug (A.22) and (A.23) into (A.24) to get

s [r—1lwL art Y a(l—1) N S N
ke = {7ﬁ o —— [_ﬁ“E [1 - l_f_bm “E'Z(*) Kiss
+[_I—ILLX(1—b)(1—r) Y bl

+8 ) C‘—I—Ei 1Y &
t KR 1—t—b TK1—r—p||T T R)

+C 1—7 wL RéJrREilf'Ié
KR r KR)|R—-1" R-1" s

j=1
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1 wL a(r—1) Y a(l —1) . < 1Y\ .
e 1-— YKk +E —) Ry
{RKl—r—b+RaK[ 1—t—b FED | g) K

j=I

N wL a )+br(1—r) +1 Y b(1—-1) C+Ei 1 f'é
gy zoy, 2 roel-n 2 )
TKR l—c—b ] " RKT—c—pf | R) “t

j=1

+C 1—7wL RC+REilj1é
KR t KR)|R—-1""R-1" R)

j=1

(iry a(l—r1) wL a(l—1) 1Y,
_HE[“K[I_l—t—b]_Yl—r—b“ K’+E’/ZI<R) Kiss

-7 wL Y b(1—1) Y b(1—1) . 1\ .
rwn —b—i EPLSLASILIY | WA ~) e,
+[ c KR R K1 b+RaK1—r—b] ot ’Z(R) 1+

N C l-twL RC+REi1-’Ié
KR r KRJ|R—1""R—-1 ’j: R)

1 a(l—-17) Ya(l-1) a(l—1) . 1\
11|, R +E —) Ky
{R[’ T—t—b K1—r—b+r1—r—b]} ot ’Z<R> =+

+[11£+1Yb(1—r)+7£ 12} C‘1+E,i<l>/a+/
t KR RKl—-t—-b RK RK ~\R
+<%_1;1%e> R1j1é’+RR1E’§<;>Jﬁ’”
:{%[R—[%fg{%-’-l—({u} I€,+E,g(;)jl€,+j
(G g (evnS(2) o
() | e+ e 2 (5) R
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Y a(l—1) . <1\,
~lale-[ers=m el o2 (7)

al

x| -

x| -

C Ybl-1) R . R L R
—+= ¢ E =) R,
K+K1—r—b) R—1 R ’;<R> "

R—d | , < /1Y
= K,+E,ZI<R> Kiyj
= (A.25)
d» R . R > /1Y .
= E R
R|r=10 T &= ’;(R) s
Equation (A.23) can be rewritten as
. o 1\, . o 1\,
R, + E, Z (E) Rr+j =—ds| K, + E; Z (E) Kt+j
= s (A.26)
. o 1\’ ,
+(1_d3) Ct+EtZ< )Cr+j .
=1\R
Substituting (A.26) for E, 3" (%)’ R, ; into equation (A.25) and collecting terms with C,
j=1

on the left-hand side yields the decision rule.
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