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Liouville-Green expansions of exponential form,
with an application to modified Bessel functions
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Linear second order differential equations of the form d?w/dz? — {u?f(u,z) +
g(z)}w = 0 are studied, where |u| — co and z lies in a complex bounded or
unbounded domain D. If f(u,z) and g(z) are meromorphic in D, and f(u, z) has no
zeros, the classical Liouville-Green/WKBJ approximation provides asymptotic
expansions involving the exponential function. The coefficients in these expansions
either multiply the exponential or in an alternative form appear in the exponent.
The latter case has applications to the simplification of turning point expansions as
well as certain quantum mechanics problems, and new computable error bounds are
derived. It is shown how these bounds can be sharpened to provide realistic error
estimates, and this is illustrated by an application to modified Bessel functions of
complex argument and large positive order. Explicit computable error bounds are
also derived for asymptotic expansions for particular solutions of the
nonhomogeneous equations of the form d?w/dz? — {u? f(2) + g(2)}w = p(2).
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1. Introduction and main results

In this paper, we study the classical problem of obtaining asymptotic expansions
for solutions of differential equations of the form

d*w/dz* = {u? f(u, 2) + g(2) }w. (1.1)

Here u is a large parameter, real or complex, and z lies in a complex domain D
which may be unbounded. We assume that f(u, z) and g(z) are meromorphic in D,
and f(u, z) has no zeros in this domain. We shall first assume that f(u,z) = f(2)
is independent of u, and in § 3 we consider the more general case where f depends

on wu.
For the present case we make the standard Liouville transformation (see [8,
chap. 10])

d¢/dz = f172(2), (1.2)

which upon integration gives the relation
&= /fl/Q(z)dz. (1.3)

© 2019 The Royal Society of Edinburgh
1289

https://doi.org/10.1017/prm.2018.117 Published online by Cambridge University Press


mailto:mdunster@sdsu.edu
https://doi.org/10.1017/prm.2018.117

1290 T. M. Dunster
With the associated change of dependent variable
W= fY4(2)w (1.4)
the differential equation (1.1) is transformed to
W/ = {u® + $(O}W, (1.5)

where

vy - M) —517)

L 9()
163(z) fz)
This function is analytic in a {-domain A (say), which corresponds to some subset
of the z-domain D.

Classical Liouville-Green (WKBJ) asymptotic expansions for solutions of the new
differential equation (1.5) are of the form (see, e.g., [8, chap. 10])

(1.6)

W ~ exp{£u} i(il)‘gAZi(f), (1.7)
5=0
where Ap(§) =1 and
1, 1
A€ = 340 + 5 [WOA©K =012 (9

We remark that these involve repeated integration, which can lead to difficulties in
their computation.

In this paper, we study asymptotic expansions of solutions in the alternative form
(see [8, chap. 10, ex. 2.1])

W ~ exp {qu + i(il)s E;gf) } . (1.9)

s=0

These expansions are central in a new method developed in [4] on the computation
of asymptotic expansions for turning point problems, and also are important in
certain quantum mechanics problems [3].

Here the coefficients are found by substitution of (1.9) into (1.5) and equating
like powers of u. By this, we find that

Ea(6) = / F(&)d (s =1,2,3,..), (1.10)
where
Fi(&) = 39(¢), Fa(§) =—3¢'(9), (1.11)
and
s—1
Fsi1(8) = —;difég) — %ZFJ-(S)FM(@ (s=2,3,4...). (1.12)
j=1

We remark that an alternative method of generating the same formal series solu-
tion is given in [5], using repeated applications of the Liouville transformation (1.3)
and (1.4) to the differential equation (1.1).
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Comparing the coefficients given by (1.10) to those of (1.8) we see an advan-
tage that nested integrations are avoided. Furthermore, from [4] it was shown that
the even coefficients Es;(£) (7 =1,2,3,...) can be evaluated without resorting to
integration. Specifically, we can use the formal relation (which is a consequence of
Abel’s theorem)

ZEQJ'@ ~—5In 1+ZF21+1 +C, (1.13)

u2] 2542
Jj=1

where C'is an arbitrary constant. We asymptotically expand the RHS of this relation
in inverse powers of u, and equate the coefficients of like powers from both sides
of the equation. As a result, the coefficients E;(§) (j =1,2,3,...) are expressible
in terms of Fy,11(§) (k=0,1,2,...,7 — 1) (which in turn are given by (1.11) and
(1.12)). For example (to within an arbitrary additive constant), By = —1Fy, By =
1F? — 1F;, and so on.

The odd coefficients do require one integration in their evaluation, and usually
it is simpler to work in terms of z. In doing so let us denote E,(z) = E,(£(2)) and
E,(2) = Fy(€(2)), and it then follows from (1.2) that

E(z) = /Fs(z)fl/z(z)dz (s=1,2,3,...), (1.14)
where
Foii(z) = Mdiiz) - % Y () F_j(2) (s=2,3,4..).  (L15)

In [3] error bounds were derived for the expansions (1.9), but the ones given in
that reference are harder to compute since they contain integrals involving the F(€)
coefficients. Here we shall provide simpler (as well as sharper) error bounds, and
these will be used in a subsequent paper to provide readily computable error bounds
for the expansions of turning point problems derived in [4]. Existing bounds for
turning point expansions, although important theoretically, are quite complicated
and very hard to compute (see [6] and [8, chap. 11]).

We also plan to employ the L-G expansions of the form studied here, along
with the new error bounds, to obtain simplified expansions and error bounds for
more complicated situations, such as two coalescing turning points [7], a coalescing
turning point and simple pole [2], and a coalescing turning point and double pole [1].

To begin, we truncate the series in the formal expansions (1.9) after n — 1 terms,
and from these define solutions W, ;(u,&) (j = 1,2) of (1.5) in the form

Whi(u,§) = exp{Sn(u,g)}{eug + 571,1(“75)}7 (1.16)

and

Wi2(u, €) = exp{Sn(—u,&)He ™™ +ep(u, 6}, (1.17)

where

(1.18)

ufzi
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The focus of our attention are the error terms, and under certain conditions it
can be shown that they satisfy ,,1(u, &) = e O(u™") and &, 2(u, &) = e “O(u™")
as u — 00. Specifically, we shall prove the following.

THEOREM 1.1. For j =1,2 let the domain E;(u,a;) comprise the  point set for
which there is a progressive path L; linking & with o in A, that is, one having
the properties (i) L; consists of a finite chain of Ry arcs (as defined in [8, chap.
5, §3.3]), and (ii) as t passes along L; from aj to &, the real part of (—1)Jut is
nonincreasing. Then for § € Z;(u, a;)

e (w6, if’a(g“f)] <= / g (1, )
4 [¢ 1 3
X eXP{M/al | T (u, t)dt| + |U"/al Ixn(u,t)dtl},
(1.19)
and
len,2(u, &), iagng(guf ’ o / X (—u, t)dt|

§ 1 §
xexp{| |/o¢2 |7, (— ut)dt|+‘ |/a IXn(— u,t)dt|}.

(1.20)
Here T, (u, &) and x,(u, &) are given by
_ 9Su(w,8) = Fen(9)
Tn(u,§) = U = X::O s (1.21)
and
n—1 Gn .
(1.6) = 2, €) <(8) (1.22)
s=1
where

ZFk Fopnk-1(8)- (1.23)

REMARK 1.2. The domains can be unbounded provided the integrals in (1.19) and
(1.20) converge at infinity. From [8, chap. 10] a sufficient condition for this to be
true is if there exist the following convergent expansions in a neighbourhood of

z =00
oo (o)
z)=2z" Zfsz_s, g(z) = 2P ngz_s, (1.24)
s=0 s=0
where the leading terms are nonzero, and m > —2 with p < %m —l,orm=p=-2
and go = —. The same is true if f(z) and g(z) have a pole at z = 2 (say), with
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Laurent expansions in a deleted neighbourhood of z = 2y of the form
f(z)=(z—2)"" Z fs(z—20)% g(2) = (2 — 20) 7" ng(z —20)%,  (1.25)
s=0 5=0

where the leading terms are nonzero, and m > 2 with 0 < p < %m +l,orm=p=2
and gg = —i.

REMARK 1.3. From (1.22) we can utilize the simplification

n—1
1
/ o (£, )] < 2 / Fu(t)dt + 3 / G (B)dt], (1.26)
c, c; =l g,

J

and similarly from (1.21)

n—2
1
/ T (£u, t)dt] < S |u/ﬁ |Fyp1(t)dt]. (1.27)
s=0 J

J

We also note that all functions appearing in these integrals can be explicitly eval-
uated without difficulty via (1.11) and (1.12), and hence these error bounds are
readily computable via quadrature.

As we shall see, the integrals in the bounds can be quite large relative to the actual
error when ¢ is not close to a;. In order to obtain sharper bounds, in this case,
we make the following simple modification, under the assumption that Re(uc;) =
(—1)7 00 (§ = 1,2). Firstly, we note that the following solution is independent of n

Wl (u, f) = exp{Sn(U> 5) - Sn(uaal)}{eu£ + 5n,1(ua g)}a (128)

and indeed this is the unique solution having the property Wi (u, &) = e*{1 + o(1)}
as £ —ay (Re(u€)— —o0). Thus on replacing n by n + r for any positive integer r
we deduce that the RHS of (1.28) is unchanged. As a result we can assert that

exp{Sn(u,&) — Sn(u,ozl)}{e“5 +eni1(u, &)}
= exp{Snr (1, &) = Snyr(w,01) He™ + enpri(u, )}, (1.29)

and hence

5n,1(u7 6) = euE [eXp{Sn_H«(U, E) - Sn+7‘(u7al) - Sn(uv 5) + Sn(uval)} - 1]

+ 5n+r,1(u7 f) eXp{SnJrr(u, f) - Sn+r(uva1) - Sn(u, 5) + Sn(uval)}'
(1.30)

Likewise, if
Wa(u,€) = exp{Sn(—u, &) — Sn(—u,02) He ™ + ena(u,§)}, (1.31)

then a similar expression can be derived for €, 2(u, §) in terms of &, 4, 2(u, §). From
theorem 1.1 and (1.18) we arrive at the following, assuming that all integrals therein
converge.
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THEOREM 1.4. Under the conditions of theorem 1.1, and with Re(ua;) = (—1)7 o0
(j =1,2), the differential equation (1.5) has solutions (1.28) and (1.31) which are
independent of n, and whose error terms satisfy

s=n

e en1(u, )] <

1

1 £ 4 (€
+|U|T+r/ [Xn+r(u, t)di] exp m/ |Tpr (w, t)dt|
« oy

uS

13 n+r—1 -
b | Dol Re Y- ’w} (1.32)

sS=n

and

le““ep2(u, &)] <

n+r—1
exp{ > (_1)sEs<s>—Es<az>}_1

1 ¢ 4 [*
+ / ot (=, £)dlt] exp 3 — / (T (—u, )]
|U| a9 |'LL| (e ')

1 ¢ "G E(E) — By(an)
+W /(12 |Xn+r(—u,t)dt|+R,e ; (—1) T s

for any positive integer r.

REMARK 1.5. In computing the first terms on the RHS of both bounds for large
|u| it may be numerically advantageous to use the bound

- o |2*
le* — 1] <Zﬁ~ (1.34)
k=1

The plan of this paper is as follows. In §2 we prove theorem 1.1, and extend
this to the case where the error terms appear in the exponent of the exponential
approximations. In §3 generalizations are given of theorem 1.1 for certain cases
where f = f(u, z) is dependent on u. A nonhomogeneous form of (1.1) is studied in
§4, and an explicit error bound is given for an asymptotic expansion of a uniquely-
defined particular solution. Finally, in §5, theorem 1.4 is applied to the modified
Bessel equation to yield exponential-form uniform asymptotic expansions for its
solutions, complete with error bounds which are sharp and easily computable.

2. Proof and extensions of theorem 1.1

Firstly we consider € = ¢,,1(u,§). Then on denoting T' = T, (u,&) we have from
(1.5), (1.10)-(1.12), (1.16) and (1.21)

d?e/d¢? — u?e = h, (2.1)
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where
xe 2T de ey
h = h"(u,f) =2Te + ur—1 - Tdig F, (22)
in which
1dT T2
= Yn ="y 2T — —— — . 2.
X = xn(u,§) =u {¢ W (2.3)

Now using the Cauchy product formula, along with (1.12) and (1.21), we arrive at
(1.22), and in particular, x,(u, &) is bounded in A as u — oc.
Next, from (2.1) we apply variation of parameters to obtain the integral equation

3
ena(w, )= 5 [ K(E D, (w0, (24

where
K& t) = %{eu(é—t) _ eu(t—f)}’ (2.5)

and the path of integration is taken to be L. Therefore, under the conditions of
this progressive path we deduce that

IK(E D] < Po(§)Q(1), |0K(E,1)/9¢] < Pr(§)Q(1), (2.6)
where
Po(&) =[], Pi(§) = ue™|, Q(t) = [e™*. (2.7)

We now apply [8, chap. 6, theorem 10.1] to (2.4). In Olver’s notation, we have
Py, P1, and @ as above, and on referring to (2.2)

2T 2T
J=e =20 o= T o = = (2.8)

This then establishes (1.19). The bound (1.20) is proved similarly.
In studying zeros it is sometimes convenient to have the error term in the
exponent. From (1.16)

Wi (u, &) = exp{u + Sn(u, &) + dn1(u, &)}, (2.9)
and
W2 (u, &) = exp{—u& + Sn(—u, &) + dn2(u, §)}, (2.10)
where for j = 1,2
O, (1, &) = [l + exp{(=1)u}ey j(u, €)]. (2.11)

Hence from (1.19) and (1.20) we immediately infer that

10,5 (1, )] < =In{1 — £ (u, )}, (2.12)
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where

K, j(u, &) = |n / [xn (Eu, t)dt|

X exp{ / | T (u, t)di] —l— / [xn(Eu,t dt|} (2.13)

provided |u| is sufficiently large so that k, j(u,&) < 1. Here and throughout the
plus signs are taken for j = 1 and the minus signs for j = 2. We note that (1.26)
and (1.27) can again be employed to simplify computation.

Next, for the derivatives of solutions we obtain from (1.21), (2.9) and (2.11)

8Wn,l(uaf) _ |:u_’_ Tn(uaf) + 8571,1(u’€)

:| exp{uf + Sn(%f) + 6n,1(u7€)}'

3 U o0&
(2.14)
Consequently,
oWy 1 (u,
exp{—u€ — S (u, 5)}§€(U§)
=u+t Tn(Z’g){l+e‘“5sn,1(u,£)}+e‘"58€’“g(§%f). (2.15)
Accordingly,
an,alg(u,E) = wexp{u& + Sp(u, &) + In{l + u*2Tn(u, Y +nn1(w, &)},  (2.16)
where

To(w.§)] 7" [Oena(w€) | Tulu,
O] 2onal) | D), )

(2.17)

exp{nmlmh£>}::1-%euf[1+-

This leads to the desired bound

Ty (e T, O (0
IP [l? — [T (1, €)] y (2.18)

|77n,1(uv £)| <

in which £, 1(u,§) is given by (2.13).
Similarly, we find

({W = —uexp{—ué + Sp(—u, &) + [l 4+ u 2T, (—u, &)] + Nn2(u, &)},
(2.19)
where
s <t [1 - AT Oraatw)]

[u? — [T (—u,§)]
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More generally, for any non-vanishing differentiable function o(¢), one can
similarly demonstrate that

9 {0 (§)Whn,;(u, &)}
23

= +uo(€) exp {iu§ +1n [1 L 28 T”(i“’g)]

uo (&) u?
T Su(u ) + nn,jw,s)} | (2.21)

where

{[w*o ()] + [Fuo’(§) + o (&) T (Fu, §) [ in,; (1, §)
[u?o (§)] — |£uo’(§) + o (&) Tn(£u, §)|

[, (u, )] < —Tn 1 —

} . (2.22)

3. More general form of equation

In this section, we consider the case where f = f(u, z) is dependent on w. Firstly,
suppose that f(u,z) = fo(z) + u~ " f1(z), where fo(z) and fi(2) are independent of
u, and fo(z) has no zeros in D. Then (1.1) takes the form

d*w/dz? = {u® fo(2) + ufi(2) + g(2) }w. (3.1)

In place of (1.3) and (1.4) the appropriate Liouville transformation now reads as
¢= [ 1"z W= £ )w. (3:2)

As a result, we obtain the transformed equation

PPW/AE? = {u® + ugp (&) + () }W, (3.3)
where

o(&) = f1(2)/ fo(2), (3.4)
and
_ ARG -5 | o)
16£3(2) fo(z)

In place of (1.10)—(1.12) the coefficients in the expansions are found to be given
by

¥(§) (3.5)

EE(e) = /F;—“(g)dg (5=0,1,2,..), (3.6)

where
FiE€) = £10(¢), (3.7)
FiE(&) = 3(8) — 26°(&) F 309, (3.8)

and
:l: S
@ =~ IS R OrE O (-2 (69)
§=0
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We then define x* = x(u, &) by (c.f. (2.3))

= Gy o o - ot -ors - P LD IR )
Here T = Tif (u, &) are defined by
TE(u, &) = ni(il) m (3.11)
s=0 us

and use of the Cauchy product formula establishes that y(u,¢) are both bounded
in A as u — oo.
With the definition

56 = Sy Zn), (319)
s=1

we then arrive at the following.

THEOREM 3.1. For j =1,2 let the domain =;(u,a;) comprise the & point set for
which there is a path L; linking § with o; in A having the properties (i) L; consists
of a finite cham of R arcs, and (i) as t passes along L; from o to &, the real part
of (—1)Jut—EZ (t) is nonincreasing. Then for ¢ € Z;(u, a]) the differential equation
(3.3) has solutions of the form

Wi (u, €) = exp{S;} (u, &) exp{u€ + By (&)} + en(u, )], (3.13)
and
Wi (u, &) = exp{S;, (u, &) }Hexp{—u& + Ey ()} + en2(u, &), (3.14)
where
En.illU eX U +
len,j (u, )1, e }éﬁ(ﬁ) 0 nja(é ’O‘ < ko(u, §) b i:EO (@}‘
/ I (u t)dt|exp{| | <2+2I€0(u,§) “@'“2 )/ T (u, )dt|
'f”o " '5 / ¢/ (t)dt] + = / IE( dt|} (3.15)
Here
1
sl = sup { iy - O - el (310)
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Proof. Again we consider € = &,, 1(u, ), with &, 2(u, §) proved similarly. From (3.3),
(3.13), (3.6)—(3.9) we see that the error term in question satisfies the differential
equation

d?e/d€? — {u® 4+ u¢ Ye = h, (3.17)
where this time A is given by

heortey Lyey PT0e X'e 2Tt de  exp(ué + By )x*
2 U

df unfl

+ i&s — . (3.18)

unfl

Now it is verifiable by substitution that any linearly independent pair of twice
differentiable functions y;(§) and y2(&) satisfy the linear second order differential

equation
dfy_ _w o d(y\]_
d¢ {y1 y1(y2/y1)" d§ (yl)} 0, (3.19)

and so on using this, along with (3.6) and (3.7), we find that y = exp{+ué + E(¢)}
are solutions of

2 1 2 _
d£2_2u+¢d§—{u +u¢+4¢}y— : (3.20)

We thus reformulate (3.17) into the form

d%e ¢ de 5 1,
el — - =hnt 21
& i ode {u +u¢>+4¢}5 , (3.21)
where, from (3.18),
1 ¢oTTe xTe 2Tt de
+ _ Tt _ + iy _ el
h _hn,l(u7§)_2T €+ 2¢5+ w +un,1 w df
/ —+ +
2u + ¢ d& un—1
Now using the Wronskian
Wiexp{ué + Ef (€)}, exp{—ué + Ey (§)}] = —{2u+6(£)} 7, (3.23)
along with variation parameters, we find from (3.21) that
1 r¢€
na(u,) = 5 [ KOS (w0, (3.24)
where
(e.1) — CXPAUE T B () = ut = B (0) — explut + B (1) — ug = B ()

2 +u-1o(t) .

https://doi.org/10.1017/prm.2018.117 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.117

1300 T. M. Dunster

Next, by taking the path of integration in (3.24) as the progressive path £; we
deduce that (2.6) holds, where this time

exp{—ut — Ey (1)}
1+ Lu1o(t)
Pi(&) = |(u+ 30(6)) exp{ué + By ()} - (3.26)

We then apply [8, chap. 6, theorem 10.1] with

)

Py(€) = |exp{ué + Eg ()}, Q(t) =

ol + o+ ¢/ + (JST+
J:exp{Ut+ES_(t)} ¢l ZUTa woZT‘F%‘F%‘F w2
2T+ ¢’
= - . 3.27
¥ w2 u(2u+ @) (3.27)

Here we have used the notation ¢°"¥ for Olver’s ¢ to avoid conflict with ours. [

For a more general case let us assume that

2~ fs(2) (3.28)
s=0
We again use the transformation (3.2), and as a result (1.1) becomes
d*W/de* = {u® + ug(€) + 1 (u, €)}W, (3.29)
where
5) (3.30)
5=0
with 1o (§) again given by (3.5), subsequent terms are furnished by
fs+2 (Z)
be(€) = L2 o193 ), 3.31
(0= =) ) (3.31)

and ¥, (u,§) is analytic and bounded in A.
We find that Fjif(€) are again given by (3.7), with subsequent terms modified by

FiE (&) = 390(8) — 30°(©) F 3¢'(€), (3:32)
and
+ s
FEA©) = 50— 3 - DS RO O (- 123000 (33)

=0

As a result, solutions of the forms (3.13) and (3.14) hold with coefficients modified
as above (and with (3.6) still applicable). In these expansions, the error bounds are
given by (3.15) in the same domains, but where (&) in (3.10) is replaced by the
expansion (3.30).

https://doi.org/10.1017/prm.2018.117 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.117

L-G expansions of exponential form 1301

4. Nonhomogeneous equations

In this section, we consider the following nonhomogeneous form of (1.1)

Pw/d2? — (2 (2) + g(2)}w = p(2). (4.1)

Here p(z) is analytic in D, and f(z) (nonvanishing), ¢g(z), and p(z) are independent
of u (although the latter restriction can often be relaxed without undue difficulty).
The Liouville transformation (1.3) and (1.4) is again applicable, and this results in
the transformed nonhomogeneous equation

FPW/AE — {u® + Y(EIW = w(§), (4.2)

where

@ (&) = 7 (2)p(2), (4.3)

which is analytic in A.

Neglecting @ (€) we have the homogeneous equation (1.5), with asymptotic solu-
tions given by (1.16) and (1.17). A general solution of (4.2) is therefore furnished
by

W(u, &) = A(u)Wna(u, &) + B(u)Wh 2(u, §) + G(u, ), (4.4)

for arbitrary constants A(u) and B(u), and G(u, &) is any particular solution. The
focus of our attention is the asymptotic approximation of this latter solution.
Following [8, chap. 10, §10] if we assume the expansion

G, &)~ 5 > (45

u
s=0

we find on substitution into (4.2) and equating powers of u, that Go(¢) = —w(&)
and

Gst1(8) = GL(6) —¥()Gs(8) (s=0,1,2,...). (4.6)

An explicit error bound for the expansion (4.5) is furnished as follows. In this we
assume that Re(ua;) = (—1)7 00, although this is not a critical assumption.

THEOREM 4.1. Let L(§) be a path in Zq(u, 1) N Eg(u, az) linking oy to oo that
contains the point &, having the properties (i) L(§) consists of a finite chain of Ry
arcs, and (i) ast passes along L(§) from ay to as, the real part of ut is monotonic.
Further, assume |u| is sufficiently large so that fc(g) [(t)dt| < 2|u|. Then there
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exists a unique particular solution of (4.2) of the form

|
—

1 = G,
s=0
where
1 1 )
len(u,&)| < [up2rt? {|Gn(§)| t3 /L(g) |Gn(t)dt|}
1
nl® 1y 1 t)dt t)dt 48
+mwM3{ i fo PO [ wa @
in which
1 /
Lu(©) = swp [Gu(w)+ 5 [ (6L (0] (49)
weL(€) £(&)

In the bounds the integrals and supremum are assumed to exist.
More generally, for any positive integer r

n+r—1

Gs
Z U2S(f2)

S=nN

len (u, €)] <

1 1
+ mn4m+7/ G ()
|u|2n+2r+2 { + 2 Sz +

-1
Lyyr(§) 1
T s {1 Iw(t)dt} /ﬁ(g) lp(t)dt].  (4.10)

2l Jegg

REMARK 4.2. The bound (4.10) is generally sharper than (4.8), provided n + r is
not too large.

Proof. Inserting (4.7) into (4.2), and then using (4.6) yields

d?e,

Gn
o — e = e — 2. (a.11)

Then with variation of parameters, we arrive at

en(u, &) = ﬁ /: et {CZ;E? - w(t)sn(u,t)} dt

2u .
u€ (e Y Gn ¢
- eTu . t{ uz(n) - ﬂ’(ﬂsn(u,t)} dt. (4.12)

The paths of integration in both integrals are chosen to coincide with the segments
of L£(§) from «; to &. Next, from integration by parts, we have for the first integral
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on the RHS of (4.12)

3 13
/ "G, (t)dt = 1e“ﬁ(;n(g) - l/ e Gl (t)dt, (4.13)
[e5] u U [e5]
since Re(uay) = —oo. Likewise, we have
a9 1 1 Q2
/ e UG, (H)dt = —e TG, () + 7/ e MG (t)dt. (4.14)
3 u U Je

Consequently, we obtain

Ga(€) e [* L [Gu(t)
) = s -5 | G +Ue ) fdr
ué [e %} el
_ 67 —ut n(t)
20 ), e {u2n+1 +¢(t)5n(u,t)} dt, (4.15)
and hence it is evident that
Gn(§) 1 / / 1
en(u, &) < + - G, ()dt| + = V(t)en (u, t)dt|.
len(u, )l < |- anp2 IMEGE ﬁ(g)\ (t)dt| 37l ﬁ(f)\ (t)en (u, t)dt|
(4.16)
We now define
M, (u,&) = sup |en(u,w)|, (4.17)
weL(§)

which then yields the bound
/ (1) (s )] < M (11, ) / p(t)d. (4.18)
L&) L&)

If we replace € by w in (4.16), for any w € L£(£), and take the suprema over all such
points on this curve, we infer that

sup |en(u,w)| < sup Gn(w)
welle) 0 wer() | unt?
1 / / M (u, )
+ |G, (t)dt| + [p(t)dt].  (4.19)
20ul?F2 J e 2ul - Jege

Note that the second and third terms on the RHS are constant along L(&).
Accordingly,

Ln(§) | Mn(u,§)
Mn(u,f) < |u‘2n+2 + 2"LL|

/ [¥(t)dt|, (4.20)
£(€)

where L, (&) is defined by (4.9). Under the assumption that |u| is sufficiently large
so that fL(g) [(t)dt| < 2|u| then from (4.20) we can assert that

-1
La(€) 1
Mn(u7£)<|u2n+2{1—2|u| o w<t>dt|} . (421)

From this bound, along with (4.16), (4.18) and (4.21,) we conclude that (4.8) holds.
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This error bound establishes that G(u, §) is bounded at both £ = a; and £ = as.
Consider now any other particular solution with this property. We know it can
be expressed in the form (4.4). However, if we let £ — a1 (Re(u€) — —o0) in this
expression we find that B(u) must be identically zero, otherwise, the solution would
be unbounded in this limit. Likewise, A(u) must be identically zero, otherwise, the
solution would be unbounded at & = as. This verifies that G(u,&) is the unique
solution satisfying (4.7)—(4.9).

Finally, for any positive integer r, we immediately deduce from (4.7) and
uniqueness of the solution that

n+r—1
en(u,§) = Y S;S(f2)+en+,.(u,§). (4.22)

sS=n

Hence from this, and with n replaced by n + r in (4.8), we arrive at the alternative
bound (4.10). O

5. Modified Bessel functions

We now apply the expansions of theorem 1.4 to modified Bessel functions I, (z) and
K, (z). To this end we observe from [8, chap. 10, eq. (7.02)] that z'/2T,(vz) and
212K, (vz) satisfies the differential equation (1.1) with u = v (which we assume to
be real and positive), and

2
o) = o) =

We note that f(z) and g(z) meet the requirements of (1.24) and (1.25), thus ensuring
that the expansions we shall derive will be uniformly valid at both singularities z = 0
and z = oc.

From (1.3) we obtain the new independent variable explicitly as

= /f1/2(z)dz: (1+z2)1/2+1n{1+(1j_22)1/2}. (5.2)

- (5.1)

A full description of the z — ¢ map in the complex plane is given in [8, chap. 10,
§7], and so it is not necessary for us to give details, except to note that z =0
corresponds to £ = —oo, and z = 400 corresponds to £ = 4o00.

From (5.2), along with the new dependent variable given by (1.4), we obtain the
transformed equation (1.5) where

p(€) = M. (5.3)

It is convenient to work with the variable
p=(1+2%)"12 (5.4)

Then, from (1.2), (1.11), (1.15) and (5.4), and using the notation F,(p) = Fy(z(p)),
we obtain the coefficients for this case as being given by

Fi(p) = £p*(1 = p*)(5p° — 1), (5.5)
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Fy(p) = §p°(1 —p°)(12p° — 15p* — 1), (5.6)
and
Fotp) = 520 - DS B0 (=234 67

Therefore from (1.2), (1.10), and (5.4) we have

Es<p>=—/0pqg(_))dq (s=1,2,3,...), (5.8)

where E,(p) = E4(2(p)). The lower limits of integration are chosen here for
convenience only.

Now from (5.5) to (5.7), we see by induction that p?(1 — p?) is a factor for each
F,(p), and hence from (5.8) each E,(p) is also a polynomial in p. The first two are
given by

Ei(p) = £p(3—5p7), Ea(p) = & p°(1—p*)(1 - 5p%). (5.9)

Noting that p = 1 corresponds to z = 0 we next define

Ey(1) =k, (s=1,2,3,...). (5.10)

It is straightforward to verify that ko, =0 (m =1,2,3,...), and the first three
non-zero (odd terms) being given by

k= ks =

1
12’ 360’ ks = T 1260° (5.11)

We can now match solutions which are recessive at the singularities z = 0 and
z = +o0, and to this end we apply theorem 1.4 with oy = —oc0 and o = 0o. For
the solutions that are recessive at z =0 ({ = —o0) we have from (1.4) and (5.1)

IV(Vz)_m {2 }{e“5+en1( &)} (5.12)

for some constant ¢;(v). From (5.2) we find as z — 0
E=In(iz) +1+0(?), (5.13)
and we know that in the same circumstances ([8, chap. 12, eq. (1.1)])

Livs) = T2 0+ 0 (5.14)

On using (5.4), (5.10), (5.12) and (5.13) we determine that

Vl/

ST T (5.15)

C1 (1/) =
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The matching of solutions that are recessive at z = 400 (£ = +00) is similarly
established. We have the relation

Ku(v) = g e {i <1>SE;?'”} (" a0} (5:16)

s=1

and on using

K, (vz) = (2”72)1/2 eV {1 +0 (i) } : (5.17)

as z — +oo, along with £ = z + O(z7!) which is verifiable from (5.2), we obtain
the desired formula

T )1/2 . (5.18)

) = (5,

In this derivation we used the fact that p = 0 corresponds to z = +o00, and from

(5.8) Es(0) =0 (s=1,2,3,...).
Let us now examine the error bounds in more detail. To this end, combining
(5.12) and (5.15) yields

n—1

I, (vz) = T (v + 1?;1 T+ o2y P {”5 +> Eé(pi/)s—kb} {14101 (v,2)},
s=1

(5.19)
where
1 (v, 2) = e e 1 (1, €). (5.20)
Thus from (1.19), (1.21)—(1.23) and theorem 1.4 we have the error bound
n+r—1 ~
Es - k
.1 (v, 2)| < eXp{ > (py)sg} —1
Onira(p) [ @nsravp) | "~ ReBy(p) — k
n+r,1\¥» n+r, 1\, S - hg
+ T exp {1/ —+ sz:;b T
L Wntr1(v.p) (5.21)
yn+r ’ )
where
b Fn(‘])dq —1 /p CNTYn s(q)dg
wn, I/,p:2/7+ — [ [P 5.22
1) 1?1 =) ;W 1 [?(1—¢%) 522
in which
B n—1 B _
Grs(p) =Y Fr(p) Forn—i—1(p), (5.23)
k=s
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Table 1. Ezact relative error, and bounds
from (5.21) with v =20 and n =r = 5.

z In5,1(20, 2)| Error bound

0.01 7.418601 x 10712 7.418606 x 10~ 12
0.1  5.422462 x 10719 5.422471 x 10710

1 6.1812 x 1072 6.1822 x 107
10 2.470 x 10710 2.493 x 10710
100 2.476 x 10710 2.488 x 10710

and

5+1
D 1(111) ZVS/ e
The bound (5.21) holds uniformly in an unbounded z-domain that includes the
half plane |arg(z)| < m/2, excluding points on and near the imaginary axis from
z=1t0 z =100, and from z = —i to z = —icc.
Similarly, one can show that

(5.24)

KV(Vz) — (%)1/2 (1—"_22>1/4exp{ v + Z }{1 + Mn, 2(V Z)}

(5.25)
where
n+r—1 ~
Es(p)
2 (1, 2)] < DA |
N2 (v, 2))| exp{ ;L (=1 =3
W12 (Vs D) Dusr2(1,p) | "N~ ReE (p)
n+r,2 5 n-+nr,2 s
+ e exp{ > + Z s
wn+r,2(yap)
+ W} . (5.26)

Here wy, 2(v, p) and w4, 2(v, p) are given by (5.22) and (5.24) respectively, except
the integrals are taken along progressive paths from ¢ =0 to ¢ = p. The bound
(5.26) holds uniformly in an unbounded z-domain that includes the half plane
|arg(z)] < 7/2, excluding neighbourhoods of the points z = =+i.

Table 1 compares the bound (5.21) with ¥ = 20 and n = r = 5, to the absolute
value of the exact relative error |ns1(20, z)| for various positive values of z. We
see that the bounds are sharp for all values of z, and that the expansion (5.19)
provides a good approximation uniformly for all z. Note that for our values v = 20
and n = 5 we have v™" = 3.125 x 1077,
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Table 2. Ezact relative error, and
bounds from (5.27) with v = 20 and
n =>5.

z In5,1(20,2)|  Error bound

0.0l 7.41 x 1072 1.56 x 1071
0.1 542x 10710 1.12x%x 107
1 6.18 x 1077 4.15 x 1078
10 247 x 10719 575 x 1078
100 248 x 10719 576 x 1078

] 6.x 107
£
=}
= 5.x 10771
o
£ -9
% 4. %10
8
S 3.%x 1077
20
= 2.%x 10771
1.x 107%
0 : : : : }
0 0.2 0.4 0.6 0.8 1

p
Figure 1. Plot of ®5(20, p).

For r = 0 we have the unmodified bound that comes from theorem 1.1, namely

Wn,l(nV7 p) exp { @n1(V,p) | wni(v,p) } '
1%

+

v pn

7,1 (v, 2)| < (5.27)

Table 2 compares this bound to the exact error for the same values of z, v, and
n as tablel. We see that the bound is fairly sharp close to z =0 (p =1), but
overestimates the true error by an order of magnitude for other values of z. In
essence, the unmodified bound is of the expected v order of magnitude, that is, it is
O(v~™) uniformly for 0 < z < oo, but fails to capture how small the true error is.

To see why (5.27) is not so sharp (and indeed this is true of most large parameter
error estimates coming from successive approximations), consider first the abso-
lute value of the exact relative error |, 1(v,z)|: we expect this to be close to
the first neglected term of the expansion (5.19). Now for large real v this term
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5.%10°%

4. x 1078

3.x 1078

2.%x10°%

1. x 1078

0 0.2 0.4 0.6 0.8 1
p

Figure 2. Plot of Q5(20, p).

is approximately ®,,(v,p), where

(v, p) = Wink”'. (5.28)
Figure 1 depicts the graph of ®5(20, p) for 0 < p < 1. We observe that it is relatively
small for 0 < p < 0.6 as well as for p close to 1, and of course near its zeros.

On the other hand, for large v the error bound (5.27) is approximated by the
term outside the exponential, and further wy, 1 (v, p) is approximated by the leading
term in (5.22). Thus, for 0 < p < 1, the error bound (5.27) is approximated by the

function

Qn(v,p) = 1/2"/,, M. (5.29)

Figure 2 depicts the graph of Q5(20,p) for 0 < p < 1, which is obviously mono-
tonically increasing as p decreases from 1 to 0. On comparing with figure 1 it is
clear that it overestimates the true error if p is not close to 1, and this discrepancy
is exacerbated near the zeros of @, (v, p) (where the exact error can be expected to
be O(v="71)).

This is highlighted in figure 3, where the ratio ®5(20,p)/Q5(20, p) is plotted for
0 < p <1, and is shown to be small for 0 < p é 0.6, as well as in the neighbourhood
of the zeros of @, (v, p).

We mention that the choice of 7 in our modified bounds (5.21) and (5.26) (and
more generally in theorem 1.4) is not completely arbitrary, due to the divergent
nature of the asymptotic expansions. Specifically, n 4+ r should not be larger than
the number of terms (ng say) that give maximal accuracy. In general, it is usual for
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0.51
£ 0.4
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m
2
E 0.31
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E
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O
- 0.2
50
E
0.11
0 , , ,
0 0.2 0.4 0.6 0.8 1

p
Figure 3. Plot of ®5(20,p)/Q5(20,p).

no = O(u), and if we choose to take this number of terms in an expansion, then we
must resort to using the unmodified error bounds of theorem 1.1.

We conclude by mentioning that for large z a further improvement in accuracy in
the asymptotic approximation for I,,(vz) may be possible via a connection formula.
To illustrate this, we use the relation ([8, chap. 7, ex. 8.2])

mil,(vz) = K, (vze™™) — "™ K, (vz), (5.30)

along with asymptotic expansions for K,(rz) (given by (5.25)), and a similar
expansion for K, (vze™ ™), namely

K, (vze ™) =i (%)1/2 @ exp {1/5 + ; ESV(QM} {1+ 31, )}
(5.31)

We omit details on the derivation of this expansion, except to remark that it is
based on the recessive behaviour of the function at z = ooe™, and is uniformly valid
in an unbounded domain which includes the half-plane Rez > 2o (|arg z| < 7/2),
where zp = 0.66274 . . . is the point on the positive real axis labelled by B in [8, chap.
10, fig. 7.1]. In the expansion (5.31) the error term 7, 3(v, ) has the same bound
(5.26) as 1, 2(v, §), except the path of integration must meet different monotonicity
requirements; one acceptable path is parameterized by ¢ = (1+(z +i7)%)~*/2 (0 <
T < 00). Importantly, 7,, 3(v, §) vanishes as Rez — 400, as does 0, 2(v, §). Thus on
inserting (5.25) and (5.31) into (5.30), we obtain a compound asymptotic expan-
sion for I, (vz) whose relative error approaches zero as Rez — +00, in contrast to
(5.19).
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