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Abstract

In this paper we deal with an optimal stopping problem whose objective is to maximize
the probability of selecting k out of the last £ successes, given a sequence of independent
Bernoulli trials of length N, where k and ¢ are predetermined integers satisfying 1 < k <
¢ < N. This problem includes some odds problems as special cases, e.g. Bruss’ odds
problem, Bruss and Paindaveine’s problem of selecting the last ¢ successes, and Tamaki’s
multiplicative odds problem for stopping at any of the last m successes. We show that
an optimal stopping rule is obtained by a threshold strategy. We also present the tight
lower bound and an asymptotic lower bound for the probability of a win. Interestingly,
our asymptotic lower bound is attained by using a variation of the well-known secretary
problem, which is a special case of the odds problem. Our approach is based on the
application of Newton’s inequalities and optimization technique, which gives a unified
view to the previous works.
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1. Introduction

In this paper we discuss a variation of the odds problem, which is an extension of Bruss’ odds
problem first discussed in [3]. Let X1, X2, ..., Xy denote a sequence of independent Bernoulli
random variables. If X; = 1, we say that the outcome of random variable X; is a success.
Otherwise (X ; = 0), we say that the outcome of X ; is a failure. These random variables can be
regarded as results of an underlying discrete stochastic process. For example, we can assume
that they constitute the record process. This paper deals with an optimal stopping problem of
maximizing the probability of selecting k out of the last £ successes, where 1| <k < ¢ < N.
More precisely, the problem may be stated as follows.

We consider a game in which a player is given the digits (realization of random variables)
one by one and allowed to select the index of the variable when he/she observes a success. The
number of selected indices of variables must be less than or equal to k. The player wins if he/she
selected exactly k indices of variables contained in the set of the last £ successes. For example,
consider the case with N = 8, k = 3, and £ = 4. When (X, X», ..., X3g) has a vector of
realized values (0, 1, 1,0, 0, 1, 1, 1), the player wins if he/she selected exactly three indices of
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variables in the set { X3, X¢, X7, Xg}. We deal with a problem of maximizing a probability of a
win. It is easy to see that the player wins if and only if the first selected variable is in {X3, X¢}
by simply enumerating following k = 3 successes. Under this strategy, the player wins if the
set of selected indices corresponds to either {X3, X¢, X7} or {Xg, X7, Xg}. Thus, the player
need only observe the sequence with an objective to correctly predict the occurrence of the mth
last success satisfying k < m < £. From the above, the problem becomes a ‘single’ stopping
problem of maximizing the probability of stopping on a random variable X, satisfying X,,, = 1
and £ > X;, + X414+ - - - + X~ = k. We present an optimal stopping rule and an asymptotic
lower bound for the probability of a ‘win’ (i.e. obtaining the mth last success with k < m < ¢).

When P[X; = 1] = 1/i, our problem becomes a variation of the secretary problem [9].
In particular, in the case that £ = k = 1, the problem is equivalent to the classical secretary
problem. One of the reasons why the odds problems are popular in the optimal stopping theory
is that it includes the secretary problem as a special case.

Although our problem setting looks artificial, it includes some odds problems as special
cases (see Table 1). When £ = k = 1, the problem is equivalent to the well-known Bruss’
odds problem [3], which has an elegant and simple optimal stopping rule known as the odds
theorem or sum-the-odds theorem. A typical lower bound for an asymptotic optimal value (the
probability of a win), when N approaches 0o, has been shown to be e ™! by Bruss [4], which
is equal to that for the classical secretary problem. If £ = k > 1, Bruss and Paindaveine [5]
showed that an optimal stopping rule is obtained by a threshold strategy. When ¢ > k = 1,
Tamaki [13] demonstrated the sum-the-multiplicative-odds theorem, which gives an optimal
stopping rule obtained using a threshold strategy. Recently, we discussed his model and gave a
lower bound for the probability of a win [10]. Bruss and Paindaveine [5] and Tamaki [13] also
discussed the corresponding secretary problem and derived asymptotic optimal values. The
related problem of the distribution of the rank of the accepted candidate has been studied by
Bartoszynski [1] and of the last record rank before the last acceptance by Bruss [2].

TABLE 1: Previous results and our results (e). (x) An optimal stopping rule is attained by the threshold
strategy defined by the minimum index i satisfying the key inequality in the last column (see (2) for

details), where r = (r;, ri+1, ..., rn) and other notations are defined by (1).
Model Condition Lower bound Key inequality (x)
3] t=k=1 ! 4] bl

e (r)
= [3]
eo(r)
o e (r)
5 L=k>1 — 1[5
[5] = (el (o) 1) < [5]
¢
0! m/t
[13] (>k=1 exp(—(51)1/5> 3 2 mop Yy 3
ot m! eo(r)
: eo(r)
This paper ¢ >k >1 (+) See below (o) (o)
ex—1(r)

21 1/(€—k+1) 4 1 2 m/(€—k+1)
jEe’“’(‘((k = 1)!) ),;(W(<k = 1)!) )
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14 T. MATSUI AND K. ANO

In this paper we describe an optimal stopping rule and derive the greatest lower bound for the
probability of a win for the problem of selecting k out of the last £ successes. The asymptotic
value of our lower bound is equivalent to the asymptotic optimal value for the corresponding
secretary problem appearing in [4], [5], and [13]. A special feature of our proof is the application
of Newton’s inequalities [11] and optimization technique to obtain our bound.

2. Elementary symmetric polynomials

For any pair of positive integers m and N satisfying 1 < m < N and a vectorr € R, e,, (r)

denotes the mth elementary symmetric polynomial (function) of r = (r1, r, ..., ry) defined
by
en(r) = > FiyFiy *+ Ty, = > [ (1)
1<ij<ip<--<im<N BC{1,2,....,N}and |B|=m i€B

which is the sum of the (fx ) terms. We also define eg(r) = 1. The mth elementary symmetric
mean of r is defined by

Sm(r)zem(r)/<Z> forallm € {1,2,...,N} and Sp(r)=1.

We abbreviate S, (r) to S;, when there is no ambiguity. The elementary symmetric polynomials
satisfy the following inequalities shown by Newton.

Theorem 1. (Newton’s inequalities [11].) For every nonnegative vectorr € Rﬁ and a positive
integer | <m < N,

Sn(r)* = Sp—1(X)Sr1(),
with equality exactly when all the r; are equal.
Newton’s inequalities directly imply the following.

Lemma 1. For any positive vector ¥ = (r1,72,...,Fn) > 0 and integers (m, £) satisfying
1 <m <€ < N, the inequality e;_1(F)/en—1(F) > e;(F)/e, (F) holds.

Proof. The positivity of 7 implies that S,/ (F) > 0 (forallm’, 0 < m’ < N). Newton’s ineg-
ualities are equivalent to the midpoint log-concavity log(S,,/) > %(log(Sm/_l) + log(Sm+1)),

which directly yields the concavity of the sequence (log(Sp), log(S1), log($>), ..., log(Sy))
and the following inequalities:

$log(Sim) + log(Se—1)) = 4 (log(Sm—1) + log(Se)),
SmSe—1 = Sm—1S¢,

N ~ N o Seer o Se (NN o [N
m— 1)1 [, femm1() = S 25, \m eer) [\, Jem(T),

er_1(7) - (N—m+l>(£> e (7) - e (7) 0
em—1(X) ~\N—L+1 m) e, (r) — em(7)
Lemma 2. For any positive vector F = (71,72, ..., Tn) > 0 and integers (m, £, N) satisfying
0<m <<€ < Nand N > 2, the inequality e;(F)/e,,(F) > e;(F_1)/en(F—1) holds, where

1 =2, ...,TN).
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Proof. When m = 0, the result is obvious from the positivity of 7. Let us consider the cases
when m > 1. If we apply Lemma 1 to the positive vector 7_; then we obtain the inequality
e 1(r_1)/em—1(F—1) > e;(F_1)/en (F—1), which directly implies that

ee(r) e (F)+e) el

— == ~ — > —. O
e (r) riem—1(r—1) + ey, (r—) en(r_y)
3. Threshold strategy
We deal with a sequence of independent 0/1 random variables X1, X», ..., Xy, where N is

a given positive integer and the distribution is P[X; = 1] = p;, P[X; =0] =1—p; =¢;,0 <
pi < 1foreach i. We define r; = p;/q; for each i. The r; are called odds. Given a pair of
integers (k, £) satisfying 1 < k < ¢ < N, we discuss a problem to predict the mth last success
satisfying k < m < ¢, if any, with maximum probability at the time of its occurrence.

In the rest of this section we denote the subvector (r;, 7i4+1, ..., 7n) by rlil and introduce
the notation

>k e (rfH1)
H?I:HI(] + 7))
Zﬁ_:lk—l e (ri 1

N
[limi (A +7))

Wi =Pk <Xip1+ -+ Xy <{]=

Vi=Pk<Xi+ - +Xy<Ll|X;=1]=
We define an index i, by

1<i<N—/{and

[i+1]
eg(ri'™) | } @)

—_— <
e—1 (rlitily

iy = min{i

When the minimum in (2) is taken on the empty set, we set i, := N — £ + 1.
Now we give an optimal rule.

Theorem 2. Let us consider the problem of stopping at the mth last success withk <m < ¢
definedon X1, X, ..., Xy satisfyingr; > Oforalli and1 < k < { < N. Anoptimal stopping
rule is obtained by stopping at the first success X; = 1 with i > i,, and the corresponding
probability of a win is equal to W;,__1.

Proof. First, we show a property of the ratio W;/V;. The definition of i, and Lemma 2
directly induce the following:

e(ritlhy |>1 (foralli,0 <i <iy—1), 3)
er1(rlitly | <1 (foralli,iy <i < N —¥¢).
The definitions of W; and V; imply that
Wi YpmenC™ MUt B hene™h +ec™h
Vi TIn () Yoty en@lity 30 e (rlt ) gy (rli+1)
and, thus, we have
Wi |=1 (foralli, 0 <i <i,—1), 5)
Vi <1 (foralli, i, <i <N —1¥).
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From property (5), our problem becomes a monotone stopping problem and the one-stage
look-ahead strategy gives an optimal stopping rule (see, for example, [6]-[8], [12]). Thus, an
optimal stopping rule is attained by the threshold strategy with the threshold value

. , W;
T :=min{i 1515N—€and7<1 .

1
When the minimum in the above definition is taken on the empty set, weset t ;== N — £+ 1. If
we employ the optimal threshold strategy defined by 7, it is also known that the corresponding
probability of a win is equal to Wr_.
From (4), we have
. i+1

2L 21 ifand only if KGN

Vi ex—1(rlitll)
and, thus, i, = 7. Asaresult, an optimal stopping rule is obtained by the threshold strategy with
the threshold value i,., which does not select any index less than i, and selects the first variable
X; = 1 satisfying i, < i. The corresponding probability of a win is equal to W,_; = W, _.
This completes the proof. ]

1

4. Lower bound

In this section we discuss a lower bound for the probability of a win under the optimal
stopping rule. First, we discuss a lemma which plays an important role in this section.

Lemma 3. Every positive vector ¥ = (¥1, 72, ...,rn) > 0 satisfies
(Sk—1 PN = (S ENFHUSFNSTI forallm € {0,1,2, ... k—1},  (6)
SN > (S 1 FNE SN forallm e (ko k+1, ..., 8}, (7)
SeEN" L > (S FYHSFNEY forallm e (€ +1, ..., N). (8)

Proof. In the following we abbreviate S, (F) to S, for simplicity. Newton’s inequalities
directly imply the concavity of the sequence (log(Sp), ..., log(Sy)) and, thus, we have the
following inequalities:

€ —k+1)log(Sy) + (k — 1 —m)log(Se)

log(Sk—1) > —m forallm € {0, 1, ...,k — 1},
log(8,) = L=™ 1°g(5"‘€1)_+k(f - K+ D1ogS) o oim e tkok+1.....0).
log(sy) > =Y log(s";i)jk(i_l K+ DlogGm) o lime e +1.042.....N).
Consequently, (6)—(8) follow, completing the proof. (]

Theorem 3. Let us consider the problem of stopping at the mth last success withk < m < £
defined on X1, X2, ..., XN satisfying

@) r; > Oforalli,
(i) 1<k<tf<N,
(i) 1 > eo(r)/ex—1(r), where r = (rN—¢+1, Y'N—¢+2,--.,FN) € R¢, and

(iv) ee(r)/ex—1(r) = 1.
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Under the optimal stopping rule, the greatest lower bound for the probability of a win is equal to

e 1/(E=k+1)
M, where 0 = (( ! >/<N)) |
(1+6)N o 5

Proof. Since the optimal stopping rule defined by (2) is a threshold strategy, the truncation
of the subsequence X1, X, ..., X;,—1 does not affect the probability of a win. Thus, we need
only consider a case where

e_1(r2, 13, ...,rN) —€(r2,73,...,7N) > 0, )
e_1(r1,r2,r3...,rN) —eg(r1,r2,r3...,ry) < 0. (10)

Under assumptions (9) and (10), the optimal stopping rule is obtained by setting i, = 1, and
the probability of a win is equal to

3 Yk €n(r)
A+ +r) - (L4ry)

Wo

Thus, the greatest lower bound for the probability of a win under the optimal stopping rule is
equal to the optimal value of an optimization problem

P1: minimize

> ik € (1)
(I+r)d+r)-- (1 +ry)
subjectto O < r; foralli € {1,2,..., N},

Pywin (N) =

ex—1(r—1) —eu(r-1) >0,
e—1(r) —eu(r) <0, (11)
where r_; = (r2, 13, ..., rN).
We show that we need only consider feasible solutions satisfying constraint (11) by equality.

Let r’ be a feasible solution of (P1) satisfying ex_(r') — e;(r’) < 0. We introduce a function
f(r): [0, r]{] — R defined by

f(r)=ek*1(r7résré’"~7r[/\])_el(r’révré»-"’r;\/)s

which is obtained by fixing N — 1 variables {r}, r3, ..., ry}. The assumption on r’ directly
implies that

f) =e—1(r') —eq(r') <0 < ex_1(r_)) —ec(r ) = £(0).

From the continuity of f(r), the mean-value theorem implies the existence of a value r” €
(0, r}) satisfying f(r"”) = 0. Obviously, (", r}, 75, ..., r)y) is feasible to (P1). The objective
function value P, (N) corresponding to r’ becomes

> €n (1)
A+rpA4ry)---A4+ry)

C Ymilem ) + e 1 ()
T (A (L)

P (N) =

win
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St @n (L) = en1 () + (L + e ()
B L+ +r5) - (L+r))
[(_1)31(1("/11) —/ee(ril)
+r

4
+3 em_1<r/]>}[(1 +rh) - (L)l

m=k

Since ex_1(r’ ;) — e;(r’ ;) > 0 and r” € (0, r{), the objective function value of (r”, r}, 1},
., Ty is strictly less than that of 7’. As a result, we have shown that if a solution r’ feasible
to (P1) satisfies e;_1(r") — e;(r') < 0, then there exists a feasible solution r” satisfying
e_1(r'") — ey(r"") = 0 with a strictly smaller objective value. Thus, we need only consider a
set of feasible solutions of (P1) satisfying ex—_1(r) — e,(r) = 0.
Let r* be a feasible solution of (P1) satisfying e;_1(r*) — e, (r*) = 0. Next, we derive an
upper bound and/or a lower bound for e, (r*). For simplicity, we introduce the notation

_ <(Sk_l)€>1/((k+l) nd 6 :< Sl )1/(@k+1)
(Se)k—1 Sk—1 ’

The equality e;—1(r*) — ey (r*) = 0 directly implies that

) <i)l/(£_k+l)
Sk—1
N . N . 1/(t—k+1)
= ((k_ 1)ez(r )/<£>ek—1(r ))
N N\ /E—k+D
-((2)/C)

(1) Inequality (6) implies that, for any m € {0, 1,2, ...,k — 1},

e, (r*) = <N>Sm
(Se_ )t ek
< (o) (&)
(Sk-1)t (Spm \VEHD
< )((Sz)k U (Sk— 1)’”)
< )a@m

(i) Foreachm € {k,k+ 1, ..., £}, inequality (7) gives a lower bound (not upper bound)

N
en(r*) = ( )Sm

((Skfl)Z_m(S()m_kJrl)l/(e_k—i_l)

N) <(Sk—1)e (Se)™ )1/(13—k+1)

I =2 3

(ST (Sg—)m

afd™.

Il
=z 3

Il
/—\/—\A

3
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(iii) Inequality (8) implies that, foranym € {£ +1,£+2,..., N},

* N
em(r ) = <m>Sm
m— —k
Oz
= \m )\ (Sp_)m—¢
- <N>((Sk—l)e (Se)™ )1/(€k+1)
=\ )\ ST S

(2o

Then the objective function value P}, (N) corresponding to r* satisfies
1 @+t +ry)
Piin(N) Yok € (r¥)
_ Ynoen()
 Xoien()
_ Ysoem®) n Yok € (") n > omes1 em(r™)

m=0

Y cem) Y em) Y em ()
- Z’;f:lo (Z)o‘em I+ ZZ:@H (Z)"‘em
B Zﬁ;:k (Z)O‘Qm Zﬁ1=k (Z)O‘@m

o ZZ:O (Z)em
- o an:k (Z)em
_a+eV
e (e

and, thus,
Sk ()"
P*. (N) > &=k i/~ 12
Now we discuss the tightness of the above lower bound. If we consider the case where
71 =72 =--- =Ty = 0, then we have
ex—1(7) — ee(r)

— N Qkfl _ N 96

k—1 ¢
B N N N (k—1)/(—k+1) N N N £/ (l—k+1)
T \k—1 k—1 Y ¢ k—1 Y

N 14+(k—=1)/(¢—=k+1) N (k=1)/(€—=k+1)
= (1) /()
N £/(—k+1) N —14£/(L—k+1)
- (k— 1) / (ﬁ)

=0
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and e =<N 1) Nﬁ )
(e (e
:<N ]l\;+l>ek—1® <N1\7£>ez(7‘7
(e (5
Z ]I:]+lek @

> 0.

Thus, 7 is feasible for (P1) and the corresponding probability of a win (under the optimal
stopping rule) attains the lower bound appearing in the right-hand side of (12). From the
above, 7 is optimal for (P1), which induces the tightness of our lower bound. O

Finally, we consider an asymptotic lower bound that is independent of N. The greatest
lower bound for the probability of a win (under the optimal stopping rule) is nonincreasing
with respect to N. Thus, we discuss the case that N — oo and present a general lower bound.

Corollary 1. Under the assumptions in Theorem 3, the probability of a win is greater than

14

o 1/(6—k+1)
eXp(‘((k 1>'> > Z

< 1 < £ >m/(ﬂ—k+1))
m' \ (k — 1) :
\m! (k—1)!

Proof. 1t is easy to see that

o 2o D () (<(1)) 2 ()

Foreachm € {0, 1, ..., N}, we can find an asymptotic value for (2)9’”, i.e

(= CCS)/C)

N! ( 21 (N — 0)! )’"/“"“)

T N—mm\Gk=—DI(N—k+ D)
1 YAl m/(—k+1) N! (N—ﬂ)!NE_k—H m/(t—k+1)
__((k—l)!> (N—m)!N’"( (N —k+1)! )

1 0 m/(—k+1)
- m_!<<k— 1)!)

§ (1= 0/N)(1 = 1/N) -+ (1 = (m = 1)/N)
(1= (= D/N)A = k/N) -+ (I = (€= /N EFD

1 o m/(L—k+1)
ﬁ<—(k—1)!> as N — oo.
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From the above discussion, we obtain the asymptotic lower bound

1

o Mer N LINY L,
N (141;9)1\' sz}inooe"p(_<1>9>z<m>9

m=k

0 e—k+Dy £ /g 0! m/(b—k-+1)
=exp<_((k_ 1)!) ),§<%<<k— 1)!) >

completing the proof. ]

5. Conclusion

In this paper we considered an optimal stopping problem of maximizing the probability of
selecting k out of the last £ successes, where 1 < k < £ < N. Our results thus cover quite a
general class of odds problems which include the original Bruss’ odds problem [3], as well as
the results of Bruss and Paindaveine [5] and Tamaki [13]. We showed that an optimal stopping
rule is given by a threshold strategy. We also gave a lower bound for the probability of a win.
Our proofs are based on Newton’s inequalities and optimization technique.

Our general lower bound for the probability of a win is attained by corresponding odds
problems and/or secretary problems:

e~ ! (if ¢ = k = 1), which is a well-known bound for the classical secretary problem and
a lower bound for Bruss’ odds problem shown by Bruss [4];

ot / (et (if € = k > 1) shown by Bruss and Paindaveine [5] for the secretary problem;

exp(—(ﬁ!)l/Z)anzl(Z!)m/e/m! (if £ > k = 1) shown by Tamaki [13] for the secretary
problem, and by Matsui and Ano [10] for a variation of the odds problem proposed by
Tamaki.
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