Bull. Aust. Math. Soc. 103 (2021), 204-209
doi:10.1017/S0004972720000945

PARTITIONS OF Z,, WITH IDENTICAL
REPRESENTATION FUNCTION

SHI-QIANG CHEN®™ and XIAO-HUI YAN

(Received 2 June 2020; accepted 1 July 2020; first published online 22 September 2020)

Abstract

For a given set S C Z,, and nn € Z,,, let Rg(7) denote the number of solutions of the equationn = 5 + 5" with
ordered pairs (5,5') € S2. We determine the structure of A, B C Z,, with |(A UB) \ (A N B)| = m — 2 such
that R4 (1) = Rp(n) for all nn € Z,,, where m is an even integer.
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1. Introduction

For a fixed integer m > 2, let X be the residue class x modulo m, the set of all integers y
such that y = x (mod m), and let Z,, be the set of all residue classes mod m. For a given
set S C Z,, and n € Z,,, the representation function Rg(7) is defined as the number of
solutions of 7 = 5 + s with 5,5' € S. For a € Z,, and X C Z,,, define

a+X={a+x:xeX}

In 2012, Yang and Chen [10] studied the analogue of Sarkézy’s problem in Z,,. They
determined the structure of the sets A, B C Z,, with |(A U B) \ (A N B)| = m such that
R4(n) = Rp(n) for all 7 € Z,,.

THEOREM A ([10], Theorem 2). The equality Rs(n) = Rz,\a(n) holds for alln € Z,, if
and only if m is even and |A| = m/2.

In 2017, Yang and Tang [11] considered the case of [(A U B)\ (AN B)| =m — 1 and
proved the following result.

THEOREM B ([11], Theorem 3.1). Let m > 3 be an odd integer. Then there do not
exist sets A,B C Z,, with (AU B)\ (AN B)| =m— 1 such that Ry(n) = Rg(n) for all
n e Zy.
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Related results about partitions of N with the same representation functions can be
found in [1-9].

In this paper we determine the structure of A,B C Z,, with [AUB)\ (AN B)| =
m — 2 such that R4(n) = Rg(n) for all n € Z,,. If R4(n) = Rg(n) holds for all n € Z,,,
then |A| = |B|, and so |[(AUB)\ (AN B)| =m—2 is even. Hence we always assume
that m is an even integer.

If (AU B) \ (A N B)| = m — 2, then there are three cases to consider:

(1) AUB=Z,,|ANB|=2;
2) AUB=Z,\{n},lANBl=1;
3) AUB=Zu\{r,n},IANB|=0.

So we have the following three theorems.

THEOREM L.1. Let m be an even integer and let A,B be sets with AUB =Zy,,
|A N B|=2. Then Ry(n) = Rg(n) for alln € Z,, if and only if B=A + m/2.

THEOREM 1.2. Let m be an even integer and let A, B be sets with AU B = Z,, \ {r},
|ANB|=1.

(1) Ifm =0 (mod 4), then there do not exist two sets A, B such that Ry(n) = Rg(n)
foralln € Z,,.

(i) If m =2 (mod 4), then Ry(n) = Rg(n) for all n € Z,, if and only if there exist two
sets C, D with |C|=|D| = (m/2-1)/2, CUD =[0,m/2 — 1]\ {1, r +m/2)},
and C N D = O such that

A=CU(C+m/2)U{r+m/2}, B=DU(D+m/2)U{r +m/2}.

THEOREM 1.3. Let m be an even integer and let A, B be sets with AU B = Z,, \ {r1, 2},
|ANB| =0. Then Ry(n) = Rg(n) for alln € Z,, if and only if B = A + m/2.

Throughout this paper, the characteristic function of the set A C Z,, is denoted by

0 = 0 7¢ A,
XA 7e A

For any sets A, B C Z,,, R4 p(n) is defined as the number of solutions of the equation
a+b=nwithacAandb € B.Fora property P, define 8(P) = 1 if P is true, otherwise
0(P) = 0. Without loss of generality, for every residue class 7 € Z,,, we may assume
that0 <n <m-—1.

2. A preliminary lemma
LEMMA 2.1. Let S € Zy,. Then Rz \s(n) = m — 2|S| + Rs(n) for all n € Z,,.
PROOF. For all n € Z,, it is clear that
Ry, \s(M) = {(s,5) : 5,8 €Z,\S,0<5,8 <m—1,5+5 =nors+s =n+m)

= > U=xs@U=ysn=0)+ > (1 =xs@) (= xsn+m=0)

0<i<n n+1<i<m-1
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=m=28I+ > xslwsn—i)+ > xs(iystn+m—i)

0<i<n n+1<i<m-—1
=m —2|S| + Rs(n).
This completes the proof of Lemma 2.1. O

3. Proof of Theorem 1.1

The sufficiency of the condition in Theorem 1.1 is obvious. We prove the necessity.
Assume that

AUB=2, ANB={r,r}, Rsm)=Rpg(n) forallneZ,.
Since B = (Z,, \ A) U {r1, 12}, it follows from Lemma 2.1 that
Rp(n) = Rz \a() + 2Rz \a (M) + 20(n = 71 + 12) + 6(n = 27r)) + O(n = 271,)

2
=Rz, \a(m) +2 Z(l —xa(n—r)) +20(n =7 +712) + 6(n = 2r)) + 0(n = 27)

i=1

2
= m = 2lA] + Ra(@) +2 D (1 = xa(n = 1))
i=1

+20(n =7 + 1) + 60 =2r) + 6(n = 2ry) 3.1

for all n € Z,,. Since Ry(n) = Rg(n) for all n € Z,,, it follows that |A| = |[B| = m/2+ 1.
Then by (3.1),

20can—r) +xan—n)=2+20n=r+1r)+60(n=2r)+60mn=2r) ((3.2)

forall n € Z,,.
If 27| # 271, then 2(ya(r1) + xa(2r; — r2)) = 3 by taking n = 27} in (3.2), a contra-
diction. Hence 27| = 27, that is, 7, = r1 + m/2. It follows from (3.2) that

a(n—r1) +/\/A(n - (rl + %)) — 1+ e(ﬁ — o+ g) LOm=2)  (33)

for all n € Z,,. Taking n = k + (r; + m/2) in (3.3),

3|

XA(k)+XA(k+%)=1+9(%:ﬁ)+9(;:ﬁ+5)

for all k € Z,,, which implies that B = A + m_/2
This completes the proof of Theorem 1.1.

4. Proof of Theorem 1.2

Assume that AUB =27, \ {ri}, ANB={r}.Since B=(Z,,\ (AU {r}) U {r},it
follows from Lemma 2.1 that

Rp(n) = Rz, \ vy () + 2Rz,\ vy, i) () + 6(n = 272)
= Rz, \aui) (@) + 2(1 = yaumy(n — 12)) + 6(n = 212)
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=m = 2|A U {r}l + Ravmy () + 2(1 = xauy(n — r2)) + 6(n = 2r,)
=m—=2|AU{r}l + Ra(m) + 2xa(n — ry) + 6(n = 2ry)
+2-2xa(n—r) =20 =71 +17) +60(n =2r,) 4.1)

for all n € Z,,. Then R4(n) = Rg(n) for all n € Z,, if and only if |A| = |B| = m/2 and
2xa(m—r) +60(n =2r) + 0(n = 21;) = 2xa(n—ry) + 20(n = r{ + 12) 4.2)

foralln € Z,,.
If 27y # 273, then 2xa(2ry — r1) + 1 = 2 by taking 7 = 27, in (4.2), a contradiction.
Hence 27| = 27,, that is, 7, = ] + m/2. Then (4.2) is equivalent to 7, = 7| + m/2 and

Yaln = r1) + 67 = 277) :)(A(n - (m + %)) + G(ﬁ — o+ %) 4.3)
for all n € Z,,. Taking n = k + (r; + m/2) in (4.3),
xa(k+ 2 )+ 6(F =77 + 2) = xa® + 0K = 7) 4.4)

for all k € Z,,.

(1) If m =0 (mod 4) and R4(n) = Rp(n) for all n € Z,,, then |A| = m/2 is even and
(4.4) holds for all k € Z,,. However, for any k # ry, ri + m/2 with k € A, it follows
from (4.4) that k, k + m/2 € A, which implies that |A| is odd, a contradiction.

(i) If m =2 (mod 4), then |A| = |B| = m/2, 7, = F{ + m/2 and (4.4) holds for all
k € Z,, if and only if there exist two sets C,D satisfying |C| = |D| = (m/2 - 1)/2,
CUD=1[0,m/2—1]\{ri,r + m/2} and C N D = @ such that

A=CU(C+m/2)U{r+m/2}, B=DU(D+m/2)U{r +m/2},

which implies Theorem 1.2.
This completes the proof of Theorem 1.2.

5. Proof of Theorem 1.3

The sufficiency of the condition in Theorem 1.3 is obvious. We prove the necessity.
Assume that

AUB=Z,\{r.72), ANB=0, Rus(7)=Ry@) forallieZ,.

Since B = Z,, \ (A U {r1, 2}), it follows from Lemma 2.1 that

https://doi.org/10.1017/5S0004972720000945 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972720000945

208 S.-Q. Chen and X.-H. Yan [5]

Rp(n) = Rz,\auim ()
=m=2A U {r;, 2} + Ravm ()

2
=m=20A U (FL, Tl + Ra(@) +2 ) xaln = 1)
i=1

+20(1 = 71+ 72) + 6(7 = 27) + 6(7 = 275) (5.1)

for all n € Z,,. Since Ry(n) = Rg(n) for all n € Z,,,, it follows that |A| = |[B| = m/2—1.
Then by (5.1),

2xam—r)+2xan—r)+20n=r+1)+0m=2r)+60n=2r)=2 (5.2)

foralln € Z,,.
If 271 # 27y, then 2x4(2ry — 1) + 1 = 2 by taking 7 = 27, in (5.2), a contradiction.
Hence 27| = 27y, that is, 7, = 1 + m/2. It follows from (5.2) that

A= 1) +)(A(n - (r1 + %)) + e(ﬁ — o+ ?) +0E=2m =1 (53

for all n € Z,,. Taking n = k + (r; + m/2) in (5.3),
XA(k)+XA(k+ %)+9(%=r_1)+9(%=_1+ %): 1

for all k € Z,,, which implies that B = A + m_/2
This completes the proof of Theorem 1.3.
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