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This paper considers the customers’ equilibrium and socially optimal joining—balking
behavior in a single-server Markovian queue with a single working vacation and Bernoulli
interruptions. The model is motivated by practical service systems where the service rate
can be adjusted according to whether or not the system is empty. Specifically, we focus
on a single-server queue in which the server’s service rate is reduced from a regular to
a lower one when the system becomes empty. This lower rate period is called a working
vacation for the server which may represent that part of the service facility is under a
maintenance process or works on other non-queueing job, or simply for saving the energy
(for a machine server case). In this paper, we assume that the working vacation period is
terminated after a random period or with probability p after serving a customer in a non-
empty system. Such a system is called a queue with single working vacation and Bernoulli
interruptions. Customers are strategic and can make choice of joining or balking based on
different levels of system information. We consider four scenarios: fully observable, almost
observable, almost unobservable, and fully unobservable queue cases. Under a reward-cost
structure, we analyze the customer’s equilibrium and social-optimal strategies. In addi-
tion, the effects of system parameters on optimal strategies are illustrated by numerical
examples.

Keywords: Bernoulli vacation interruptions, equilibrium balking strategy, queuing system, social
welfare, working vacation

1. INTRODUCTION

We consider a queueing system where the server may switch between two service rates.
When the system becomes empty, the service rate is reduced from regular rate to low rate.
This lower rate period is random and called a working vacation for the server. The word
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“working” means that the service rate is not zero. The working vacation is terminated either
after a random period or with a certain probability at a service completion instant when
some waiting customers exist. Such a model is motivated by some practical service systems.
For example, the server may be a service facility that requires maintenance when a busy
period ends. While the maintenance is in process, the service rate will be low (if the ser-
vice can still be offered). Thus, the maintenance period becomes a “working vacation.” In
this paper, we consider a special type of interruptions during a working vacation. That is,
during the working vacation period, if there are customers waiting at a service completion
instant, the server can resume the normal service rate (interrupt the working vacation) with
probability p (0 < p < 1) or keep the slow service rate (continue the vacation) with proba-
bility 1 — p. Such a vacation mechanism is called a single working vacation with Bernoulli
interruptions. Introducing the Bernoulli vacation interruptions into the model makes the
model more flexible to represent the real system with trade-off between minimizing customer
waiting time and utilizing the idle time for maintaining the service facility. For example,
if minimizing customer waiting time has higher priority than performing the maintenance
on the server, then the vacation interruption probability p can be set higher. An extreme
value of p = 1 represents that the maintenance is terminated whenever there is a waiting
customer in the system at a service completion during the maintenance process, reflecting
the highest priority of serving customers. The other extreme value of p = 0 represents that
the maintenance must be completed once it starts. In fact, the latter is the classical single
working vacation model. Another example is network services. In order to keep the server
running smoothly, virus scanning regularly is desirable for the server. This type of scanning
can be programmed to execute on a regular basis (i.e., whenever a service completion leaves
an idle system). Although the virus scanning consumes some system resources and reduces
the processing speed, the server can still provide service at a lower processing speed during
the virus scanning period. Again, the Bernoulli interruptions can be set to balance chances
of completing the virus scanning process (1 — p) and chances of quickly resuming the regular
processing speed p.

This single-server model can be also used to study the multi-server system approxi-
mately where a high service rate represents more servers are serving customers and a low
service rate represents fewer servers are on duty. Then, when the system is empty, some idle
servers may take a break or work on other non-queue jobs. The off-duty servers may return
after a break (or finishing the non-queue job) or called back if some waiting customers exist.
Another feature of our model is that customers can make choice of joining or balking based
on the delay information (i.e., queue length). Four information scenarios are considered:
fully observable queue, almost observable queue, almost unobservable queue, and unobserv-
able queue. In a fully observable case, arriving customers can observe both the state of the
server (either normal service or working vacation) and the queue length (i.e., the number of
customers in the system). In the almost observable case, arriving customers can observe the
queue length but do not know the state of the server. In an almost unobservable case, arriv-
ing customers cannot observe the queue length but know the state of the server. Finally,
in an unobservable case, a customer observes neither the queue length nor the server state.
An arriving customer decides whether to join the system or balk according to his or her
service utility. This service utility can be computed based on the reward-cost structure and
delay information. We study customer’s equilibrium and socially optimal strategies for the
service system of our interest.

Since our model belongs to a class of queues with server vacations, we briefly review
the related literature. In the past decades, queueing models with vacations were devel-
oped as useful performance analysis tools for computer systems, communication networks,
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and flexible manufacturing systems. Recently, researchers paid more attention to cus-
tomers’ strategic behaviors in vacation models under a reward-cost structure. Burnetas and
Economou [2] first studied a Markovian single-server queueing system with setup times and
strategic customers. They derived equilibrium joining strategies for customers under various
levels of delay information and analyzed the stationary behavior of the system under these
strategies. Economou and Kanta [4] considered a single-server queue with breakdowns and
repairs. They derived equilibrium threshold strategies in fully observable and almost observ-
able queues. Sun et al. [15,16] studied customers’ equilibrium and socially optimal balking
strategies in observable and unobservable queues with several types of setup/closedown
policies, respectively. More research in this area can be referred to Guo and Hassin [6,7],
Tian et al. [22], Yu et al. [25,26], Liu and Wang [11], Doo [8], and references therein.

As a generalization from zero to non-zero service rate during a vacation, queueing sys-
tems with working vacations have been studied extensively. Studies on various working
vacation queues can be found in a survey given by Tian et al. [21]. For work on customers’
choice behavior in queueing systems with working vacations, Zhang et al. [27] and Sun
and Li [14] studied equilibrium balking strategies in M/M/1 queues with multiple working
vacations under different information scenarios. Subsequently, Sun et al. [17,18] considered
customers’ optimal balking behavior in some single-server Markovian queues with two-stage
working vacations and double adaptive working vacations, respectively. Wang and Zhang
[24] considered equilibrium strategies in Markovian queues with a single working vacation.
Then, Tian et al. [23] studied customer equilibrium and social-optimal strategies in M/M/1
queues with multiple working vacations and vacation interruptions under three different lev-
els of system information. Doo [9] studied customer’s equilibrium joining/balking behaviors
in M/M/1 queues with a single working vacation and vacation interruptions.

Vacation models with Bernoulli interruptions were studied by Tao et al. [19,20], Gao
and Liu [5], and Li et al. [10]. All these studies did not consider strategic customers who
can decide to join the system or not. In other words, all customers enter the system for
service. However, to the best of the authors’ knowledge, the equilibrium strategies of join-
ing or balking in Markovian queueing systems with a single working vacation and Bernoulli
interruptions have not been studied. Therefore, we investigate an M/M/1 queueing model
with a single working vacation and Bernoulli interruptions where customers can make choice
of joining or balking under different information scenarios. The only work that is closely
related to ours is Doo [9] who studied the equilibrium balking strategies in a single vacation
model with working vacation and vacation interruptions. However, our study is significantly
different from his in two aspects. First, Doo’s model is a special case of ours with p =1
(i.e., the vacation must be interrupted if waiting customers exist at a service completion
instant during vacation). From practical point of view, our model is more flexible as the
trade-off between minimizing customer wait and completing some non-queue job (working
vacation) can be addressed by changing p. Second, our analysis approach is different and
more complete. For example, in the unobservable queue case, we not only obtain the sta-
tionary distribution but also show the decomposition property in the vacation model with
strategic customers. Therefore, our results are more general than Doo’s from both practical
and theoretical perspectives.

This paper is organized as follows. Model description is given in Section 2. In Sec-
tions 3-6, we analyze the customer equilibrium and socially optimal strategies in the fully
observable, almost observable, almost unobservable, and unobservable cases, respectively.
In Section 7, some numerical examples are presented to illustrate the effects of several
parameters on customers’ behaviors and system performance. Finally, Section 8 concludes
the paper with a brief summary.
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2. MODEL DESCRIPTION

Consider an M/M/1 queueing system where customers arrive at the system according to
a Poisson process with rate A and their service times are assumed to be exponentially dis-
tributed with rate pp. At a service completion instant, if there is no customer in the system,
the server begins a working vacation and the vacation time is assumed to be exponentially
distributed with rate #. During a vacation period, arriving customers can be still served
and service times are exponentially distributed at a lower rate of g (o < p1). At a service
completion during the vacation, if there are customers waiting in the system, the vaca-
tion is either interrupted (i.e., terminated) with probability p (0 < p < 1) or continues with
probability 1 — p. Meanwhile, when a vacation ends, if there are customers in the system,
the server resumes service rate u; from pg and a regular service period starts. Otherwise,
the server enters an idle period and a new regular busy period with service rate u; starts
when a customer arrives. We assume that the inter-arrival times, service times, and working
vacation times are mutually independent. In addition, the service discipline is first in first
out (FIFO).

Let N(t) denote the number of customers in the system at time ¢ and .J(t) be the state of
server being with J(t) = 0 representing “on a working vacation” and J(t) = 1 representing
“in a regular service period” at time t. It is assumed that customers are homogeneous
and decide whether to join or balk upon arrival based on their own service utility. The
customer’s utility function is equal to a reward R for receiving service minus a waiting cost
which is computed as expected waiting time, denoted by E[W] times waiting cost per time
unit, denoted by C'. Finally, we assume that there are no retrials for balking customers nor
reneging for waiting customers. Thus, the system state can be completely represented by
(N(t), J(t)) which becomes a two-dimensional Markov chain due to the fact that all random
variables are exponential and mutually independent.

3. FULLY OBSERVABLE QUEUES

We begin with the fully observable case in which arriving customers not only know the
number of customers in the system, N(t), but also the state of the server, J(t), at arrival
time ¢. In such a system, there exists a balking threshold n(i) for a customer arriving at
state with (N (¢) = n, J(t) = i), where n =0,1,..., i = 0,1. If n < n(4), the customer joins
the system; otherwise balks.

Let T,,; be the customer’s system time (waiting plus service), given that he arrives at
state (n,4). Then, we have the following equations:

1 0 1

Too=——>+ —>—, 1
O o0 po+0m )
Tho = Ho (1+an—11+(1p)Tn—1o>+Tnh n=12,..., (2)
po + 0 \ o ’ ’ po + 0
1
To="11 n—o012... (3)
H1

Taking into account (2) and (3), we obtain

1 1-— 1
Tho—Th-10—— = (. =plno (Tn1,o —Th—20— )
% o + 0 Iz

- ((1#0_?5())“_1 (Tm — Too — ;) : (4)
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Using (1) and (2), we can get

1 m—po ((1—19)#0)"
Thwo—Th_10=—-+ . 5
0 MO (o + 0) \ po+0 (8)
After the iteration of (5), we have
n (1 —p)po(p — po) ( ((1 - p)/m)") p1+0
Tpo = — + I (it 2V IR . 6
T m(po + 0)(ppo + 0) fro + 0 p (pto + 0) )

Based on the reward-cost structure, the expected utility of a joining customer is
U(n,i) = R — CTy;.
From (3) and (6), we obtain U(n, ) as follows:

U(n,0) =R —CTy
RC("+ (1= p)po (s = o) (1((1p)ﬂ0)n>+ulﬂl+9 ) (7)

p1 - pa(po + 0)(pro +6) o + 0 (po +0)
1
Uln,1) = R — CTp :R—C(TLT). (8)

Obviously, T,,o is increasing with respect to n, so U(n,0) decreases in n. A customer
strictly prefers to join the queue if U(n,7) > 0 and is indifferent between joining and balking
if U(n, ) = 0. By solving U(n, i) = 0 for n, we obtain the customer’s equilibrium thresholds
(16(0), ne(1)).

In order to obtain the closed form of equilibrium threshold, we make use of the non-
elementary Lambert W Function which is known as the product logarithm or productlog
function (See [1,3] ).

DEFINITION 1: For all z > —1/e, the Lambert W function is defined as either one or two
real-valued functions giving the solution to

W(z) e = 2.

We refer to the specific branches of this function as Wo(z) and W_1(z), with Wy (z) >
W_1(2), z > —1/e. The graphs of both branches are shown in Figure 1.

Hence, a pure threshold strategy for customers is specified by a pair (ne(0),n.(1)) as
stated in the following theorem.

THEOREM 1: In a fully observable case, there exist a pair of thresholds (ne(0),ne(1)) and
equilibrium strategy has the form “a customer arriving at state (N(t), J(t)) enters if N(t) <
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FIGURE 1. The real-valued branches of the Lambert W function.

ne(J(t)) or balks otherwise.” In addition,

c?In(c
ne(l) = F’glJ -1, (10)
where
(1 —p)po(pr — o) (L =p)uo

b c_
(1o + ) (ppo +0) o + 0
g B (L=puo(ps — po) + (1 + 0) (o +6)

C (1o + ) (ppo +0)

PROOF: To obtain the customer’s equilibrium thresholds (n.(0),n.(1)), we need to solve
U(n,i) = 0 for n and extend U(n, ) from the non-negative integers to the reals.
Through mathematical operations, we see that the equation U(xz,0) = 0 is equivalent

L (=Pl = o) (1 _ ((1 p)uo)m> L mt0 R
(1o + 0)(ppo + 0) fo + 0 po+60  C
Using the help of Mathematica, we obtain

to

(d — ) In(c) el =21 = In(c)bed. (11)

By Definition 1, the solution of the equation XeX =Y is X = W(Y). Since equation
(11) satisfies the form XeX =Y, we have

T = 1w ¢ n(c 1= —
d 1n(C)WZ(b In(c)), 1,0. (12)
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FIGURE 2. Transition rate diagram for a fully observable queue.

Due to b < 0 and 0 < ¢ = ((1 — p)uo)/ (o + 0) < 1, we can obtain be? In(c) > 0. It fol-
lows that the equilibrium threshold ne(0) is given by (10). By solving U(n,1) = 0 for n, we
obtain the customer’s equilibrium threshold ne(1). This completes the proof. u

To avoid the trivial case, the service reward must exceed the expected cost of joining a
system empty. Thus, we assume

1 u1+0 }

R > Cmax{ —,
{ul p (po + 0)

Since po < p1, we have (u1 + 0)/(uo + 0) > 1. Therefore, the condition is reduced to

Clpr +0)

R > .
pi(po +6)

Next, we discuss social-benefit in fully observable queues. To obtain the performance
measures, we consider the system process as a steady-state Markov chain with the state
space

Qo ={(n,7) | n=0,1,2,...,n(i) +1, i =0,1}.

The transition diagram is shown in Figure 2.

Due to the customer choice behavior, the Markov chain eventually reaches steady-state.
Let mp; = limy_,oo P{N(t) = n, J(t) = i} with (n,i) € Qy,; then {m,; : (n,i) € Qy,} is the
stationary distribution of the process {(N(t), J(t)), ¢ > 0}. These stationary probabilities
satisfy the following flow balance equations:

(A +0)mo0 = pomio + 171, (13)
A+ 0+ p0)mTho = ATp—1,0 + (1 = p)pomnt1,0, n=1,2,...,n(0), (14)
(0 4 110)Tn(0)4+1,0 = ATn(0),05 (15)
Amo1 = Omoo, (16)
A4 p1)Tp1 = AMp_11 + piTnr11 + 070 + Pltomnt1,0, n=1,2,...,n(0), (17)
(A =+ 1) T(0)+1,1 = ATn(0)1 + H1Tn(0)+2,1 + OTn(0)+1,05 (18)
A+ 1)1 = AMp—11 + g1, n=n(0)+2,...,n(1), (19)
AT (1) 41,0 = AT(1),1- (20)

The stationary distribution of the system can be obtained by solving these equations
(the detailed derivations are presented in the Appendix). Since the probability of customer
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FiGure 3. Transition rate diagram for almost observable queues.

balking is 7,(0)+1,0 + Tn(1)+1,1, the social-benefit (also called social-welfare) per time unit
when all customers follow a threshold policy (n(0),n(1)) is given by

n(l)+1

Sto(n(0),n(1)) = AR(1 — Tp(0)41,0 — Tn(1)41,1) — C Z npo + Z nm, |- (21)

Let (n*(0),n*(1)) be the socially optimal threshold strategy. That is

(0" (0).n" (1)) = arg | max  S5o(n(0),n(1).

Although we cannot analytically prove the discrepancy between customer equilibrium

strategy and socially optimal strategy, we can numerically demonstrate such a discrepancy.

For example, in a case with R=15,C =1, A=1.5, uy =2, up =0.5, 0 =0.5, p = 0.4, we

obtain (n*(0),n*(1)) = (10, 11) by numerical search. Meanwhile, the equilibrium strategy is

(n6(0),ne(1)) = (25,29). Note that ne(0) > n*(0) and ne(1) > n*(1), which are consistent
with the results for a single queue system [12].

4. ALMOST OBSERVABLE QUEUES

Next, we consider the almost observable case, where a customer can observe the queue
length N (t) but not the state of the server J(t) at the arrival instant.

Hence, the corresponding Markov chain is from Section 3 with n.(0) = n(1) = n, and
the state space

an:{(n’i)|n2071727"'7ne+17 7':0’1}

The transition diagram is shown in Figure 3.
The stationary probabilities satisfy the following flow balance equations:

(A +0)mo0 = pomio + pmia, (22)
A4+ 0+ 120)Tno = An—10+ (1 = D)poTnt10, n=1,2,...,n, (23)
(0 4 110)Tnes1,0 = A, 0, (24)
Amo1 = Omoo, (25)
A+ p1)mp1 = Ap—11 + aTns11 + 0Tn0 + PloTrr10, 7 =1,2,...,n, (26)
H1Tno41,1 = A1 + 070 11,0- (27)

The stationary distribution of the system can be obtained by solving these equations
(the detailed derivations are presented in the Appendix). Now, we begin to look for the
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expected net benefit of the customer that observes n customers and then decides to enter.
We have the following result.

LEMMA 1: In the almost observable queue where customers use the same balking threshold
ne, the net benefit of an arriving customer that observes n customers in the system and
decides to enter is given by

Uy (n) = R — Cn+1)  C(m — o) (1 B ((11))m)>"+1>

H1 w1 (ppo + 6) po + 0
oy + oxy
Moo gl | e il (Qin 4§y (Ators )5y pn
n=0,1,...,n.+1, (28)

where p= X p1 and § = —((1 = x5) /(1 — 1)) (272 /afe+?).

PRrROOF: The net benefit of an arriving customer who observes n customers and decides to
enter is given by U, (n) = R — CT(n), where T'(n) = E[S| N~ = n] is his mean sojourn
time when he finds n customers in the system right before his arrival instant. Let 77y (i |n)
(i =0,1) be the probability that an arriving customer finds there are n customers given
that the server is at state ¢. Conditioning on the state of the server, we obtain

and
. )\ﬂ—nO
W]‘N('L|n):m, n=0,1,...,ne+1.

Using the stationary probabilities, we obtain the probabilities 7y (i|n) for n =
0,1,...,ne+ 1. So, we obtain T'(n), n =0, 1,2, ...,n + 1. It is worth noting that customer
does not enter the empty system if U,_(0) < 0. Otherwise, he enters the queue.

When a customer observes j (j = 1,2,...,n. + 1) customers and decides to enter, the
expected sojourn time T'(j) is greater than the expected sojourn time T'(j — 1) when j — 1
customers are observed. Therefore, we have U,_(j) < Uy, (j — 1) and U,_(n) is decreasing
with n.

Substituting n = n, and n = n, + 1 into (28), we get

(ne) = R — C(ne+1)  C(p1 — po) <1 B (Q_WJ)neH)

Un

e

H1 pa(ppo + 0) o + 0

po + 6

X Alp1—po) (11 (po+6)—=A(1—p)po) + 2 ((9+mto$1)$z(>\*uoz1 Q)(L)ne
(I=p)po(prz1—A) (p122—X) To—T1 A—poTy A—p171 PAY
_ (0+ppoza)zs (/\—uoxz + Q)( £ yne)
A—pox2

, (30)

)\—/L1$2 A T2

_ C(ne + 2) B C(Ml — MO) B m Ne+2
Un,(ne +1) = R = == ot (1 ( o ) >

(1 —p)po
Alpa—po) (1 =) A (0+ppozi ( A—pox O\( P \net+1"
(ulmllf)\ﬁj(;u;gf)\) + 12711( )\7}1,00111 ()\7“211 + X)(a)n

0+ A= 0 e+l
—Sms G T ()™

(31)
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Let
Cn+1)  C(p1— po) (1—ppo "
fi(n) =R — — 1 (270
o i (ppo + 0) fo + 0
« o + 0
Al —p0) (g1 (o +6) = A (1—p) po) A ((O+ppozi)as ( A—pox 0 n’
(11—;0)(1%(/ilfc;)—k)(m(fgi—)\)0 )+ zi_xl( A— :07«11 . (A Z?zi + X)(i)
T2)T1 — xT m
B )\]i“/,?()rg (Afﬁ(l)mz + )( ) L)
n=20,1,2,... (32)

5 Cln+1)  C(p — o) (A =p)uo (e
frn) =R o pa (ppo + 0) (1 ( o + 0 ) )

(1 —p)po

AMp1—po) (1 —=A) A O+ppozs ( A—pox: P \n
(ulwl—k)(ulwz—eﬁr) + To ;1( A— },Loll ()\ 1Tt + )( )
PlLoT pox
B )\7/1,()0122 ()\ ;,Lrl)zz + )( )n)

n=0,1,2,.... (33)

Clearly, fi(n)="Un(n), n=0,1,...,ne, fo(n) =U,—1(n). Moreover, fi(n) > f2(n),
n > 0.

We have that if Up(0) > 0 and lim,,_« f1(n) = —o0, then f1(0) > 0. So, we can find a
finite number n,, in the sequence (f1(n)) that satisfies inequality

f10), f1(1), ..., fi(ny) >0,  fi(n, +1) <0. (34)

Obviously, fi(n) > fa(n), n=0,1,..., so fa(n, +1) < fi(n, +1) <0. In the range
from 0 to n, + 1, we can find that a number n; satisfies the inequality

fa(n) >0, fa(ng + 1), fa(ni +2),..., fa(n, +1) <0, (35)

where n; is the first positive term of the sequence (fz(n)). If the sequence (f2(n)) is non-
positive between 0 and n, + 1, then we have

f2(0), f2(1), .., fa(nu), fa(ny +1) <0. (36)

This completes the proof of the lemma. |
Next, we establish the equilibrium threshold strategies stated in the following theorem.

THEOREM 2: In the almost observable queues with single working vacation and Bernoulli
interruptions, ne = ny,n; + 1,...,n, are equilibrium strategies.

PROOF: We consider a tagged customer at his arrival instant. It follows from (28), (32), and
(34) that the customer prefers to enter when he finds n (n < n.) customers in the system.

If an arriving customer finds that the number of customers in the system is ne + 1,
the customer prefers to balk. It follows from (33), (35), and (36) that the expected net
benefit fo(ne + 1) < 0. Therefore, we conclude that there are equilibrium strategies n, =
np,n + 1,000, n,. |
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FIGURE 4. Transition rate diagram for almost unobservable queues.

Since the probability of customer balking is 7, 41,0 + Tn.+1,1, the equilibrium social-
benefit per time unit when all customers follow the threshold policy n. is given by

ne+1
Sao(ne) = )\R(]- — Tne+1,0 — Tne+1, 1 C Z 7Tn0 + 7Tn1 (37)

Let n* be the socially optimal threshold strategy. That is,
n* = argmax Sgo(n).

For example, when R =10, C =1, A=0.8, u1 =2, po = 0.6, 6 = 0.3, and p = 0.3, we
obtain n* = 11. While customers’ equilibrium strategy is n, = 17,18. We observe that n*
< me, which indicates that individual optimization results in a queue that is longer than
the socially desired one.

5. ALMOST UNOBSERVABLE QUEUES

In this section, we turn to the almost unobservable case, where a customer can observe the
state of the server J(¢) but not the queue length N(¢) at the arrival instant. The customer
equilibrium strategy in this case can be described by a joining probability ¢; (0 < ¢ < 1),
which is the proportion of joining customers when the server is in the state J(t) = 4,7 =0, 1,
and the effective arrival rate to the system is Ag;. While the two extreme values of ¢; = 0, 1
represent two pure strategies of joining and balking, respectively, 0 < ¢; < 1 represents a
mixed strategy. The state space for this case is Qg = {(n,7)|n >0, i=0,1} and the
transition diagram is illustrated in Figure 4.

We denote the stationary distribution as

moi = lim PAN(t) =n,J(t) =i}, (n.1) € Q.
Ty = (7Tn0a77n1)7 n 2 0.

Using the lexicographical sequence for the states, the transition rate matrix @ can be
written as a tri-diagonal block form:

Ay Cy
B, A C
_ B A C
@ B A C '
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where

—(Ag@+0) 0 po 0
Ay = B, =
0 ( 0 7)\(]1 ) 1 I 0 )

A— < —(AquBGJruo) —(Aq10+u1) > B ( (1—p)uo  pHo )

. /\Qo 0
o= (M 0.

The structure of Q indicates that {(N(¢), J(t)),¢ > 0} is a quasi-birth-and-death (QBD)
process (see [13]). To analyze this QBD process, it is necessary to solve for the minimal
non-negative solution of the matrix quadratic equation

R°B+RA+C =0, (38)

and this solution, denoted by R and called the rate matrix, is obtained in the following
lemmas.

LEMMA 2: If p1 = Aqiu~ ' < 1, the matriz equation (38) has the minimal non-negative

solution
ro (0 + pporo)ro
R= M1 (1 - TO) )
0 P1
where

_ Aot po+0— V(Ao + o + 0)2 — 4Aqo(1 — p)po
2(1 = p)po

To (39)

and 0 < rg < 1.

PROOF: Because matrices A, B, C are all upper triangular, R should have the same

structure as
11 Ti2
R = .
O T22

Substituting R* and R into (38), we obtain the following set of equations:

(1 =p)poriy — (Ago + po + 0)r11 + Ago = 0,
Nlrgz — (A1 + p)re2 + Agn =0, (40)
pror?y, 4 paria(riy + ros) + 0r11 — (Aqy + p)r12 = 0.

Using the discriminant of quadratic equation, we have r1; = g, 0 < ro < 1, where rq is
one root of the first equation of (40) (the other root is greater than 1). It follows from the
second equation of (40) that roo = p1 (the other roots is reo = 1). Substituting ro and p;
into the last equation of (40), we obtain r12 = ((6 + puoro)ro)/ (11 (1 — ro)). This completes
the proof of the Lemma 2. |
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From Lemma 2, we also know that ry satisfies the following relationships:

R 0
(Ao — ptor0)(1 —10) = (6 + pporo)ro > 0. (42)
Using the matrix-geometric solution method, we have
Tn = (Mo, Tn1) = (T10, m11)R™™ Y, n>1, (43)
and (moo, o1, 10, 711) Satisfies the set of equations:

(700, ™01, 10, T11) B[R] = 0, (44)

where

([ Ay Cy
B[R] = ( B, A+ RB >

—(Aqo +0) ¢ Ado 0
0 —Aq1 0 Aq1
= )\qO 0+ PHoTO . (45)
Ho -
To 1-— To
H1 0 0 —p

In terms of rg, we can obtain the explicit expressions for the stationary probabilities.

THEOREM 3: Assumed that py < 1, the stationary probabilities {m,; : (n,i) € Qpo} are as
follows:

o = K1, n >0,

0 1 (0+puoro)ro «n-1 j n—l—') (46)
Tor =K —pi" + —F——— > T, on>1,
1 (,u1 P1 (1 — 7o) ngo 0P1
where
Mgy + 0 Ao — g1\
K= (1~-p1)(1—ro) ( q)l\ (1 —=79)+ (1—M0) 7”0-1-“) . (47)
Uil 251 251

PRrROOF: From (44) and (45), we obtain the following equations:
—(Aq1 + )0 + pomi0 + pami1 = 0,
0mo0 — Aqimor = 0,
Ao B
AGoToo — om0 = 0, (48)
0

0 + phoro

T — p1my1 = 0.
1—7’0

Aq1mo1 +

Solving (48) and letting mgg = K, we obtain

(o0, mo1) = K (L 9) ; (49)

Aq1
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0 (0+pporo)ro
=K —_— . 50
(10, m11) <7“07 " + n (1 — 7o) (50)
Furthermore,
—2
ne1 (04 puoro)ro § J n—j—2
n—1 T 1 N ToP1
R = ,U,l(]_ — 7‘0) =0 5 (51)
0 Pt

Substituting (49), (50), and (51) into (43), we obtain (46). Finally, mo9 = K can be
determined by the normalization condition. This completes the proof. |

From (46), we have the steady-state probability that the server is in state J(t) =i,
denoted by p;, as follows:

- K
POZZMUZI_TO, (52)
n=0
- 4 4 (0 + proro)ro )
=N rn =K (—+ + . 53
" nz::ow ' <)\(11 pr(l=p1) (1 =ro)*(1 —p1) (53)

The conditional expected sojourn time (waiting plus service) of a joining customer who
finds the server in state ¢ = 0 or ¢ = 1 is given by
Zzo:() TnOﬂ—nO
bo
o (1 —p)po(pr — po) To pa + 0

= + + . (54
pa(l — 7o) pr(po +0)  po+0— (1 —=pluoro  p1(po +6) (54)

Wolq) =

as a function of gg or

2 neo Tn1n
b1
1 Aq1(Ago — poro)
pr =g (1 —70)(@pa (1 —ro) + Aqi(Ago — poro))’

Wl(CIO,(h) =

(55)

as a function of gy and ¢;. Based on the reward-cost structure, the expected net benefit
(i.e., utility) of an arriving customer joining the system at server state ¢ is as follows:

—R_— ro poro(1 — p)(p1 — ko) 1 + 0
Yol =t =€ <N1(1 —70) " o+ ) (o + 0 — (L= p)oro) | rua(pio + 0) )(, )
56

(57)

1 A1 (A\qo —
UI(QO,Ql)RC< q1(Aqo — poro) >

Jr
pr—Aq pi(1—re)(@pi(1 —ro) + Ag1(Ago — poro))

Using (56) and (57), we can determine equilibrium strategies for a customer in this
partially observable queue case in the following.

THEOREM 4: For a partially observable queue, there exists a unique mized-equilibrium
strategy (q§, q5) as follows:
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C(0+p1) Cr(1) Cpor(1)(1—p)(r1—po) C(p1+9)
Case (1): 3 @rre) < B S =) + mrot ) (i t-(-pror@) T (a0 1)
(.’El 1'2) Q <R< C + C)\()\.’El — ,U/()T‘(irl))
T o T T = A (= (@) (O (1= ()
(g5, q1) = +A(Axy ( uor(xl))z |
C CAX Az — por(zy
r1,1), R> + .
(z1,1) = = @) O (1 — @) + A — ror(@1))
. Cr(1) Cpor(1)(1—p) (11 —po) C(p1+96)
Case (2): B> a=vmy T intuot0) Gio 0= =p)aor@) T i (ro+0) -
C
(la 0)7 R < ;a
1
C c CA — por(1))
e ey _ Lx [ < R < + 5
— HoT
1,1), R> + )
(L1) A (= (D)@ (1) + AR~ por(1)

where

z1 = {qo|Uo(q0) = 0,0 < g0 < 1}, 22 = {q1|U1(z1,q1) = 0,0 < ¢1 < 1},

Ao+ 0 — /(N + po + 0)2 — 4X(1 — p)uo
2(1 = p)po ’

r3 ={q:|U1(1,q1) = 0,0 < q1 < 1},7(1) =

)\.’El + Ho + 0 — \/()\ifl + Mo + 0)2 — 4)\{171(]. —p)u()
2(1 = pluo

(@) =

PRrROOF: Taking the first-order derivative of (39) with respect to ¢g, we have

dgo  2(1 = p)ho VAo + 0 — (1= 2p)po)? + 4(1 — p)po (0 + ppeo) 7
S0 1o is strictly increasing in ¢g € [0, 1]. Then, we obtain
dr dr,
AWo _  aw _ (L=p)uo(m — o) (o +0) Zao S0, (59)
dgo  pu(1—r7o)? pipo +0)  (po+0 — (1 =puore)® =~ 7
dW: A A (Ago —
L + (Ago — poro) < 0. (60)

dgr (1 —Aq1)?  (Opa(1 — 7o) + Aq1(Ago — o70))?

Therefore, Wy(qo) is strictly increasing in qo € [0, 1] and W7 (qo, ¢1) is strictly increasing
in g1 € [0,1]. Thus, we conclude that Uy(qp) and U;(qo,q1) are decreasing with ¢g and ¢,
respectively.

First, we focus on Up(qo). Condition R > C(u1 + 0)/(u1 (10 + 0)) ensures the existence
of g§. Therefore, we have two cases.

Case 1: Up(0) >0 and Up(l) <0. That is, B> (C(0+ p1))/(u1(0 + po)) and R <
CWy(1). In this case, if all other customers finding empty system enter the system, that is
g6 = 1, then the tagged customer receives a negative expected benefit by joining the system.
Hence, ¢§ = 1 does not lead to an equilibrium. Similarly, if all other customers balk ¢§ = 0,
then the tagged customer receives a positive expected benefit by joining the system; thus,
g6 = 0 does not lead to an equilibrium either. Therefore, there exists a unique ¢§ satisfying
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R — CWy(gq§) = 0 for which customers are indifferent between joining and balking. This is
given by ¢§ = 1.
In this situation, the expected benefit U; is given by

C CAq1(Axy — por(xy))

Uilena) =R = — A (1= r(@1)(Opa (1 —r(21)) + Agr(Azy — por(z1)))”

(61)

Using the equilibrium analysis in an unobservable queue case, we derive from (45) the
following equilibria:

(1) if Uy (21,0) < 0, then the equilibrium strategy is ¢ = 0.
2) if Uy(x1,0) >0 and U;(xq1,1) <0, then there exists a unique ¢f satisfyin
( que qf ying
Ui(z1,¢5) = 0 and the equilibrium strategy is ¢ = x5.
(3) if Uy(z1,1) > 0, then the equilibrium strategy is ¢§ = 1.
. ; Cr(1) Cpor(1)(1—p) (k1 —po) C(pu1+0)
| Case 2: Up(1) 2 0. That is, B> wr=my + 5o t01io 10— (-pior() + mlao o)
this case, for every strategy of the other customers, the tagged customer has a positive
expected net benefit if he decides to enter. Hence, ¢f = 1.
In this situation, the expected benefit U; is given by

c CAq1(A — por (1))
= A (1 =r(1)(Opi (1 —7(1) + Aqi(A — por (1))

Similarly, we obtain the following equilibria of ¢f:

Ui(Lbg) = R - (62)

(1) if U1(1,0) < 0, then the equilibrium strategy is ¢f = 0.

(2) if U1(1,0) > 0 and Uy (1,1) <0, then there exists a unique ¢§ satisfying U;(1,4§) =0
and the equilibrium strategy is ¢f = 3.

(3) if U1(1,1) > 0, then the equilibrium strategy is ¢f = 1.

By rearranging Cases 1-2, we obtain the results of Theorem 4. This completes the
proof. |

Using (46), we have the mean queue length as a function of joining probabilities:

00
QOa Q1 E n 7Tn0 + Trnl
n=0

0 70(0 + proro) (1 — 1op1)
=K 2 3 2
1—7“0 Ml(l—Pl) (1 =19)3(1 = p1)

K (1 —r0)* + (Ago — poro)(1 — 7‘001))
_ ro + , 63
=nd w112 (63)

and the corresponding social benefit for a mixed strategy (qo, ¢1) as
Sau(qo,q1) = AR — CL(qo, 1)
< CK 0(1 —r0)* + (Mo —Moro)(l—Tom))

=AR——— (ro+ , 64
T (7 w1 pr)? (64

where A = A(poqo + p1q1) is the effective arrival rate.
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FIGURE 5. Transition rate diagram for fully unobservable queues.

The goal of a social planner is to maximize total social welfare. Let (g, q}) be the
socially optimal mixed strategy. That is,

(90, q7) = arg max S,u(qo,q1)-
(QO»lh)

We again use a numerical example to show the discrepancy between customer equi-
librium strategy and socially optimal strategy. In a system with R=4, C' =1, A = 0.8,
1 =1, po = 0.6, and 0 = 0.3, we obtain (¢, ¢f) = (0.6221, 0.5242). Meanwhile, customers’
equilibrium strategy is (g¢§, ¢§) = (1,0.7621). We observe that two types of strategies are
inconsistent. This ordering of ¢j < ¢§ or ¢i < ¢f is consistent with the one in a classical
unobservable queue situation.

6. FULLY UNOBSERVABLE QUEUES

In this section, an unobservable queue case, where customers cannot observe either the state
of the server (J () or the number of customers in the system (N(¢)). In this situation, a pure
or mixed strategy can be described by a fraction ¢ (0 < ¢ < 1), which is the probability of
joining the system. The effective arrival rate, or joining rate, is Aqg. Again, state (N(t), J(t))
is a Markov chain with state space Q¢, = {(n,%) |n > 0, ¢ = 0,1} and the transition diagram
is shown in Figure 5.

The stationary distribution of the system when all customers follow a given strategy ¢
can be obtained by simply setting gy = q1 = ¢ in the partially observable queue case. Hence,
we have

Tno = K™, n >0,

0 9 n—1
ma = K (gt CEPN )z, (65)
7=0

where

_ At o+ 60— Vg po +6)2 — Ahq(L — p)o

21— plso | (66)

K=(1-p)(1-nK. (67)
-1

K, = (Aq/\‘(;e(1—r)+ (1—5‘1)) r) . (68)
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From (65), we obtain the probability-generating function of the queue length, denoted
by L(z), as follows:

[}

k
:E z 7Tn0+7rn1
n=0

< (‘9+puo7") z 6 = )
—K L
1-— rz ,u1(1 —r) (1=rz)(1—p12) wml—p1z
B 1—p 1—r 0
_Kll—plz (l—rz(l plz)+/\—q(1 r)(1 p12)>
p1 [ (0 +puor)r (1—-1)z 0z )
+ K3 +—1=7)). 69
1—plz<u1<1—r> T=r)i—p) T " (69)
Using
(0 + ppor)r po . 1-vr z(1=r)
YT PROTT _ , KO 1—pz)=1-— - .
pi(l—r) ! ulr’ 1frz( p12) rEr=py) 1—rz
n (69), L(z) can be rewritten as
L—p1 (Ag+0 po) (L—r)z
L(z) =K 1-— 1l——)——]. 70
(=) 11_W( ol r>+r( ) =2 (70)

Equation (70) implies the stochastic decomposition property in this working vacation
model. The mean number of customers in the system, denoted by E[L], can be obtained as

E[L]lfp1+K1<l>1iT (71)

Hence, the mean sojourn time of a joining customer can be obtained by using Little’s

law:
1 ,uo) r
+Ki(1—-— ) ——. 72
=g ( p1) Aq(l—r) (72)

Taking first-order derivatives of (66) and (68), we have dr/dq > 0 and

Ky (Ma+0 m\,\ (0 Mo, 9 dr
i —< v (1 7“)+(1 m)r) )\qz(l r)+ +)\q a7 >0. (73)

Then, we obtain
Ar(1—7 + A\
wo_ A A (1 MO) r +K1<1—’“‘°) ( q2dq)
Aq(1—r) M1 (Ag(1 =)
(74)

Therefore, in the unobservable queue case with A < 3, W(q) is strictly increasing in
q € [0,1]. If a tagged customer decides to enter the system, his expected net benefit is

Wiq) =

M1

dg (i —A)? | dg

U(q) = R—CW(q)

C HO) r
=R—- —-CK;|1-— P E— 75
1 — Ag ! ( Aq(l—r)’ (75)

which is strictly decreasing in ¢. Thus, U(q) = 0 has a unique root ¢*. Consequently, we
have the following theorem.
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THEOREM 5: In the unobservable queue, the condition \q < p1 holds, there exists a unique
equilibrium joining strateqy q., where q. is given by

¢e = min{q;,1}. (76)
The social-benefit per time unit can be computed as easily computed as
Stu(q) = AgR — CEI[L]

CAq ( uo) r
— MR- 2 ok, (1-H . 77
Ry ' p) (1=r) (77)

Let 2* be the root of the equation S}u(q) = 0 and let ¢* be the optimal joining proba-
bility. Then, we have the following conclusions: if 0 < z* < 1 and S}’u(q) <0, then ¢* = z*;
if0<z*<land S, (q) >0ora*>1, then ¢* = 1.

When R=4,C=1,A=0.8, uy =1, g = 0.6, and § = 0.3, then we obtain ¢* = 0.556.
While customers’ equilibrium strategy is g. = 0.882. We observe that ¢* < g., which indi-
cates that individual optimization leads queues to be longer than socially desired. Therefore,
it is clear that the social planner would like a toll to discourage arrivals in this case.

REMARKS 1: When p = 0, the system studied in this paper becomes a queuing system with
a single working vacation. All results for the single working vacation model can be obtained
by setting p =0 in our model. Furthermore, when p =1, the system studied in this paper
becomes a queuing system with a single working vacation and vacation interruptions which
was studied by Doo [9]. Again by setting p =1 in our model, the results are completely
consistent with Doo [9].

7. NUMERICAL EXAMPLES

In this section, we present numerical results to illustrate the effects of the system parame-
ters on customer equilibrium and socially optimal strategies for fully observable, partially
observable, and unobservable cases.

For the customer equilibrium strategy in a fully observable queue, while one threshold,
ne(1), has a very simple and explicit expression, the other threshold can only be obtained by
solving a complicated equation for the unique root (Theorem 1). Figure 6 shows how these
four thresholds change with p; (regular service rate) in a working vacation system with
Bernoulli interruptions. It is noticed that all thresholds n(1), n.(0), n,, n; increase with
w1 and the equilibrium threshold n, of the partially observable cases is always between ne(1)
and ne(0) in the fully observable case. It is intuitive that as the regular service rate increases,
arriving customers are more likely to join the system. Figure 7 illustrates how n.(0) varies
with 6 (vacation rate) at different interruption probabilities. As 6 or p increases, the working
vacation duration will decrease, thus customers arriving during a working vacation period
are more likely to join.

Figure 8 shows the relation between customer equilibrium strategy and total arrival
rate, A, in a partially observable queue or an unobservable queue. The intuitive decreasing
relation reflects the fact that for a given service capacity and a reward-cost structure,
the total joining rate is bounded. In Figure 9, the relations between equilibrium joining
probabilities and the service reward R for both partially observable and unobservable cases
are illustrated. While ¢§ and ¢, are increasing in R, ¢f changes with R in a non-monotonic
way. This non-monotonic relation is not entirely intuitive. At the beginning, since the joining
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14 ol

Equilibrium thresholds

FIGURE 6. Equilibrium threshold strategies for the observable case when R =5, C' =1,
A=1,p0=05,0=01,p=0.7.

FIGURE 7. Equilibrium threshold strategies for the observable case when R =15, C' =1,
A=1 1 =2, g =0.5.

probability is small and the system is not congested (low traffic intensity), an increase in R
will attract more customers to join (i.e., joining probability increases with R). As the joining
probability keeps increasing, the waiting cost is increasing at a faster rate than the linear
increase in R, so the joining probability starts to decrease. However, the system is stable
(A=0.7, 41 = 1). Thus, when R keeps increasing to very large value, the reward becomes
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FIGURE 8. Equilibrium joining strategies for the unobservable case when R =1, C' =1,
w1 =1, up =0.6, 9 =0.3, and p = 0.5.

dominate again, and the joining probability becomes increasing again. Hence, the relation
between ¢; and R is non-monotonic. Furthermore, three functions intersect at one point.
At this point, denoted by R*, the joining probability for the partially observable case is
the same as the unobservable case, indicating that the server state information does not
affect customer’s joining strategy. If R < R*, ¢f > ¢§, otherwise ¢f < ¢f. Thus, for higher
service value cases, joining probability during a working vacation is higher than that during
the regular service period. Figures 10 and 11 show how customer equilibrium strategies
depend on service rates, u1 and pg. The increasing relations between joining probabilities
and pp are very intuitive. However, the relations between joining probabilities and o are
not intuitive for the partially observable case. Again, three joining probability functions
intersect at one point similarly as in Figure 9. In particular, the relation between ¢f and
4o is non-monotonic with a single minimum. Such a relation is not intuitive but can be
explained as follows: Over the lower value range, as o increases, the increasing rate of ¢§
is quite high. However, for a given service capacity and reward-cost structure, the overall
joining probability ¢§po + ¢fp1 should be bounded. Thus, ¢f will decrease over this value
range of o in which ¢ is quite high. When 11y increases to the high value range where ¢§’s
increasing rate becomes smaller, ¢f will start to increase.

Figures 12 and 13 show how equilibrium joining probabilities change with the vacation
rate and interruption probability, respectively, for partially observable and unobservable
cases. Similar patterns to Figure 10 are shown for these relations. This is because increasing
0 or p implies decreasing the mean working vacation duration (i.e., low service rate period).
Hence, ¢. or ¢5po + ¢§p1 (overall joining rate in partially observable case) should be increas-
ing in 0 or p although ¢f is decreasing in 6 or p. Similarly, the socially optimal strategies
have the same changing trend for p as shown in Figure 14.

Finally, Figures 15 and 16 reveal how equilibrium social benefits and their correspond-
ing social benefits change with the vacation interruption probability p. It is observed that
as p increases (i.e., minimizing customer waiting has higher priority than completing the
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Equilibrium joining probability

L L L
1.5 2 2.5 3 3.5
R

FicUrRE 9. Equilibrium joining strategies for the unobservable case when C' =1, A = 0.7,
wi =1, up=0.5,0=0.3, and p =0.2.

o

Equilibrium joining probability
o o o

o

FI1GURE 10. Equilibrium joining strategies for the unobservable case when R =2, C' =1,
A=0.9, up=0.6, 8 =0.3, and p =0.9.
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Equilibrium joining probability

FIGURE 11. Equilibrium joining strategies for the unobservable case when R =2, C' =1,
A=0.7,p =12,0=0.3, and p =0.3.

o
o
et

Equilibrium joining probability
o
o

FIGURE 12. Equilibrium joining strategies for the unobservable case when R = 2.5, C' =1,
A=038, u1 =1, ug=0.5, and p = 0.5.
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Equilibrium joining probability

FiGure 13. Equilibrium joining strategies for the unobservable case when R =2, C' =1,
A=0.8, u; = 1.3, o = 0.6, and 6 = 0.3.
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FIGURE 14. Socially optimal strategies for the unobservable case with various p when
R=4,C=1,A=08, pu3 =1, pop = 0.6, and 0 = 0.3.
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3.5

Equilibrium social benefit
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FIGURE 15. Equilibrium social benefit with various p when R =5, C =1, A= 1.2, u; = 2,
o = 0.5, and 6 = 0.15.
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FIGURE 16. Optimal social benefit with various p when R =5, C =1, A=0.8, u; = 2,
1o = 0.6, and 6 = 0.12.

working vacation), the system should admit more customers into the system. In addition,
the additional social benefit of offering the server state information is more significant when
p is getting larger as shown in Figures 15 and 16.
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8. CONCLUSION

In this study, we analyzed customers’ strategic behavior in the M/M/1 queueing system
with a single working vacation and Bernoulli interruptions where arriving customers can
decide whether to join the system or balk. Four different levels of information disclosed to
arriving customers were considered. The customer equilibrium strategies for each informa-
tion scenario were derived. We compared the equilibrium strategy with the socially optimal
strategy numerically for each case and observed that customers tend to overuse the system
if they follow the equilibrium strategies. From the perspective of social planners, a toll may
be adopted to discourage customers from joining a queue. Moreover, we investigated the
effects of system parameters on equilibrium strategies and socially optimal strategies in the
almost unobservable and fully unobservable cases.

Based on this work, addressing the issue of using subsidy or price to induce socially
optimal strategies under different information scenarios can be a topic of future research.
Another direction for future work is to consider non-Markovian queues with various vacation
policies.
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APPENDIX

Solving the stationary probabilities for fully observable queue case

From (14), it is easy to obtain that {m,0|1 < n < n(0)} are solutions of the homogeneous linear
difference equation

1 =p)porn+1 — A+ po+0)xn + Azp—1 =0, n=1,2,...,n(0), (A1)

and its corresponding characteristic equation (1 — p)uoz? — (A + o 4 0)z + A = 0 has two roots:

p1g = At Ho+0)E VOt o +0)2 = N1 = plio. (A.2)

2(1 — p)po

Then, the homogeneous solution of (18) is @y, = A12] + Bizh, n=0,1,...,n(0) + 1, where
A; and Bj are constants to be determined. Using (13) and (15), we have

{ Ar(A+0 — por1) + Br(A + 0 — pow2) = pamia, (A.3)

Ar((no + 0)27 O =2t ) 1 By (o + 0y O~ aap ) =0
Then, we derive

pa((po + 0)25 Ot — xap @)

11,
A+ 0 — poz) (1o + ) O 222y — (A 40 — powa) (o + 0)27 O+ — A7)
1 ((po + )27+ — 2 ™)

A+ 60 — poz2) (1o + 0)a} O = 22T @) — (A + 0 — pow1) (o + 0)25 O+ — xaj )

A =

By

T11-

(A.4)
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Thus,
Tno = A127 + Bixy, n=0,1,...,n(0) + 1. (A.5)
Then, we consider the probability {m,1 |1 <n <n(0)}. From (17), we find that the probability
is equivalent to solutions of the non-homogeneous linear difference equation
1Zpt1 — (A + p1)Tn + Azp—1 = =00 — PHOTR41,0
= —(0 + ppor1)Arxy — (0 + ppoxe)Bixy, n=1,2,...,n(0). (A.6)

Hence, its corresponding characteristic equation u1x2 — (A4 p1)z + A =0 has two roots at 1
and p = A/p1. Assume that p # 1; then the homogeneous solution of (A.6) is 2B°™ = A1" + Byp™.

The general solution of the non-homogeneous equation is given as 2% " = x}ﬁom + 3P, where 2;P¢
is a specific solution. We find a specific solution a3 = Ca] + Dx}. Substituting it into (A.6), we
derive
C- Ayz1(0 + puozy)
(I —21)(paz1 — A) (A7)

Byxa(0 + puox2)
(1 —z2)(p1m2 — A)

Therefore, the general solution of the non-homogeneous equation (A.6) is given as

D =

28 = Ag 4+ Bop" + Cal + Dy, n=1,2,...,n(0)+ 1. (A.8)
Taking account of (17), we obtain

{ Ao + Bap = w11 — (Cz1 + Do), (A.9)
Aopy + Bop1p? = (A + pu1)mi1 — o1 — 010 — ppom20 — p1(Cxt + Da3).

Solving the equations, we obtain

pi1m11 + MCa1 + Dag) — p1 (Caf + Da3) — Amor — 0m10 — promao

Ay =

B =X ’ A.10
By = ,ul(Cx%—o—Dx%—Cxl—sz)—k)ﬂrOl +07T10 +p/L07T20—)\7T11 ( )
A1 = p)
Thus, from (A.8), we obtain
Tn1 = Ao + Bop™ + Cal + Dz, n=1,2,...,n(0) + 1. (A.11)

Finally, we compute the probability {m,1|n(0) +1 <n <n(1)+ 1}. From (16), we find that
they are solutions of the homogeneous linear difference equation of (A.6). Therefore, the homo-
geneous solution is x, = Az + B3p”, n=n(0)+1,n(0) +2,...,n(1) + 1, where A3 and B3 are
constants to be determined. Using (20) and (A.11), we have

p11(As + Bgp" DTy = A(A3 + Bgp"(V),
1n(0)+2 n(0)+2 n(0)+2 n(0)+2 (A'12)
A3—|—ng :A2+B2p —|—C$1 —|—D.T2 .
Then, we derive
Az =0,
B Ag + ngn(0)+2 + C:E;L(OH_Q + Dw;(o)-‘rQ (A.13)
3= pr(0)+2 ’
Additionally,
Tn1 = B3p”, n=n(0)+1,n(0)+2,...,n(1) + 1. (A.14)

Thus, we have all the stationary probabilities in terms of 711. The remaining probability, w11,
can be found from the normalization condition.
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