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Abstract

We define a new family of multivariate stochastic processes over a finite time hori-
zon that we call generalised Liouville processes (GLPs). GLPs are Markov processes
constructed by splitting Lévy random bridges into non-overlapping subprocesses via
time changes. We show that the terminal values and the increments of GLPs have gen-
eralised multivariate Liouville distributions, justifying their name. We provide various
other properties of GLPs and some examples.
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1. Introduction

Lévy random bridges (LRBs) — Lévy processes conditioned to have a fixed marginal law at
a fixed future date — have been applied to various problems in credit risk modelling, asset pric-
ing, and insurance (see e.g. [3], [4], [5], [6], and [15]). In [16], the authors present a bivariate
insurance reserving model by splitting an LRB (in this case based on the 1/2-stable subordina-
tor) in two. The two subprocesses are transformed to span the same time horizon, and are used
to model the accumulation of insurance claims. In a similar fashion, the present authors con-
structed in [14] two classes of multivariate process by splitting and transforming an LRB based
on the gamma process. The first class, Archimedean survival processes, provides a natural link
between stochastic processes and Archimedean copulas, and was applied to a copula interpo-
lation problem. The second, more general class was the class of Liouville processes, so named
because the finite-dimensional distributions of a Liouville process are multivariate Liouville
distributions [8, 10, 11, 12]. This more general class was applied to the joint modelling of
realised variance for two stock indices.

We extend the splitting and transformation mechanism to a general LRB to create what we
call a generalised Liouville process (GLP). We show that the sum of coordinates of GLPs are
one-dimensional LRBs, and prove that the finite-dimensional distributions of GLPs are gener-
alised multivariate Liouville distributions as defined in [13]. We show that GLPs are Markov
processes and that there exists a measure change under which the law of an n-dimensional
GLP is that of a vector of n independent Lévy processes. We prove that any integrable GLP
admits a canonical semimartingale representation with respect to its natural filtration. We also
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Generalised Liouville processes 1089

show that GLPs are multivariate harnesses. We prove that GLPs satisfy the weak Markov con-
sistency condition, but not necessarily the strong Markov consistency condition. Similarly, we
introduce what we call weak and strong semimartingale consistency properties, and show that
GLPs have the former, but not necessarily the latter. The class of GLPs contains as special
cases Archimedean survival processes, Liouville processes, and the bivariate process based on
the 1/2-stable subordinator.

Throughout much of this work we focus on processes taking continuous values. However,
although details are omitted, many results are straightforward to extend to processes on a
lattice. Indeed, later we provide examples of both a continuous and a discrete GLP. More
specifically, we consider what we call Brownian Liouville processes and Poisson Liouville
processes, and present some of their special characteristics.

2. Preliminaries

Throughout this work, for a vector x € R", we denote the sum of its coordinates by 1-x=
> i xi. We work on a probability space (2, F, IP) equipped with a filtration {F;};>0. We fix a
finite time horizon ¢ € [0, T] for some T < oo and assume {F;}o<;<7 and all its sub-filtrations
are right-continuous and complete. Unless stated otherwise, every stochastic process is cadlag
with a state-space that is a continuous subspace of (R”, B(R")) for some n € N, where B(R")
is the Borel o -field.

Let {X;};>0 be a Lévy process taking values in R, such that the law of X; is absolutely con-
tinuous with respect to the Lebesgue measure for every ¢ € [0, T]. In this case the density f;
of X, exists and satisfies the Chapman—Kolmogorov convolution identity f(x) = fR Ji—s(x —
Y)fs(y) dy, for 0 <s<r<T and x € R. Having independent and stationary increments, the
finite-dimensional law of {X;}o<;<r is given by

m
P(X, € dx1, ..., X;, € doy) =] [ fimn, (i — xim1) dx;
i=1

formeN;,0<tj<---<tp<Tandxp,...,x, €R.

A Lévy bridge is a Lévy process conditioned to take some fixed value at a fixed future
time. Since Lévy processes are homogeneous strong Markov processes, the definition of their
bridges can be formalised in terms of Doob A-transformations. See [9] for further details on

the bridges of Markov processes. Let {Xt(’z%}ofth be a bridge of {X;}o</<7 to the value z € R at

time 7, where 0 < fr(z) < co. The transition density of {Xz(,Z;‘}OSt<T is given by the following
Doob hA-transform of the transition density of {X;}o</<7:

_
hs(y)

for 0 <s <t <T, where h;(x) =fr—_(z — x). Note that {/;}o<;<7 defined as such is harmonic
with respect to {X;}o<;<7. Note also that P(0 < h,(Xt(f%) <oo)=1forall0 <t < T,so theratios
of densities in (2.1) are almost surely well-defined (this is discussed in the remark following
Proposition 1 of [9]). Similar ratios feature throughout this work and are likewise almost surely
well-defined, and we may pass by them without further comment.

Lévy random bridges (LRBs) are an extension of Lévy bridges. Their interpretation in [15]
is as a bridge to an arbitrary random variable at time 7', rather than a fixed value. A process

P(Xf,z% € dr| X =y) f—s(x — y) dx @2.1)
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{L:}o<:<7 i1s an LRB with generating law v if it satisfies: (i) Ly has marginal law v, (ii) there

exists a Lévy process {X;}o<;<7 such that the density f; of X; exists for all ¢ € (0, T], (iii) v

concentrates mass where fr is positive and finite v-a.s., (iv) for all m e N, every 0 <] <
s <ty <T,every (xq,...,x,) € R" and v-a.e. z,

P(Ly <x1,....Ly, <xpu Ly =2)=PX;, <x1,..., X, <xm | X7 =2).

The finite-dimensional distribution of {L;}o<;<r is given by

m
P(L; € dxq, ..., Ly, € dxy, LT € d2) = 1_[ (Frimtyy (i — xi—1) dxp) vy, (dz; xp0), (2.2)
i=1

where ¥o(dz; y) =v(dz) and 9,(dz;y) = v(d2)fr—i(z — y)/fr(z) for t € (0, T). It follows that
LRBs are Markov processes with stationary increments, where the transition law of {L;}o</<7
is

Us(dz; y) _ W(Ryx)

P(Lr € dz|Ly=y)= —>==, P(L;€ dx|Li=y)=
' 95(R; y) ' ' 95(R; y)

fisx—y)dx  (2.3)

for 0 <s < t. We note that the finite-dimensional distributions of LRBs with discrete state-
spaces have similar transition probabilities given in terms of probability mass functions (for
details see [15]). The extension of many later results to discrete processes follows from this.

Remark 2.1. Note that (2.3) is also a Doob A-transform of the transition density of {X;}o</<7,
and {9/(R; X;)}o</<7 1s a positive (.7-'tX, P)-martingale, where ]-'tX =o({Xy}: 0<u<m.

Let Xi, ..., X, be random variables taking values in R with a joint density of the form

P (Z xi> [ ¢aio). (2.4)
i=1

i=1

where ay, ..., a, > 0 are parameters, and the set of functions {¢,: a > 0} satisfies the con-
volution property ¢, * ¢p = Py4p. In [13], this is referred to as a ‘Liouville density function’.
Indeed, according to the definition given in [13], (X1, . . ., X,,) then has a Liouville distribution,
although we prefer to refer to this as the generalised Liouville distribution to distinguish it from
the original and special case that {¢,} are gamma densities (see [8], [10], [11], and [12]). The
actual definition of the generalised Liouville distribution given in [13] replaces the functions
{¢4} with measures, and so it includes examples where the joint density may not exist. For
our purposes, it is convenient to relax (2.4) in a different way. We keep {¢,}, but replace the
function p with a measure v.

Definition 2.1. Let Xy, ..., X,, be random variables taking values in R, let v: B(R) - R4
be a probability law, and let A= {¢,: 0 <a <A < 00)} be a family of functions satisfying
the convolution property: ¢, * ¢p = pyyp, for a+ b <A. Then (X, . .., X,,) has a generalised
multivariate Liouville distribution if its joint probability law is of the form

]P’(Xledxl,... it € dy, I,ZX ed> A _¢Zl (;)x’ ”(dZ)]_[qsa,(x,)dx 2.5)
i=1 a

.
forxy, ..., xp€R, @y, ..., 0, €A a=(ar,...,a,) €RY,1-a<A.
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Remark 2.2. Writing B+ x={y: y —x € B}, for BC R and x € R, then (2.5) is equivalent to
P(X; edxy, ..., X,—1 €dx,—1, X, €B)

n e i
= [T @t dxi) 9, (2= X 1)

i 2€B+Y ) x #1.a(2)

. ba () [ )
= a; (X;) dx; —_— i +dx, ). 2.6
5@ DD | ¢1.a(z,~x,->”<;x " 20

v(dz)

Furthermore, if v admits a density p, then (2.6) can be written in the form of a Liouville density:

%) T
POX1 € drt, .. Kot €dtp 1, X € i) = 22 T (4, (x) ).
i=1

¢1»a(2,’xi) _

3. Generalised Liouville processes

To construct a GLP, we start with a ‘master’ LRB {L;}o<;<y, for u, € Ry and n > 2, where
L,, has marginal law v. We assume that v has no continuous singular part and split {L;}o</<u,
into n non-overlapping subprocesses.

Definition 3.1. For my, ..., m, >0 (n> 2), define the strictly increasing sequence {u;}_,
by uo=0 and u; =u;—1 +m; for i=1, ..., n. Then a process {&}o</<1 is an n-dimensional
generalised Liouville process (GLP) if

law T
{ét}oflfl = {(Ltml - LOa e Ltm,'Jru,;l - Lu,‘,l PICICI) Ltmn+ltn71 - Lunfl) }OSISI

for some LRB {L;}0<;<y, With generating law v. We say that the generating law of {§;}o<;<1 is
v and the activity parameter of {§/}o<;<1 ism=(my, ..., mn)T.

We have restricted the definition of GLPs to the time horizon [0,1] for convenience. It is
straightforward to generalise to an arbitrary closed time horizon. Each coordinate {gf’) Jo<i<1
of {&}o</<1 is a subprocess of an LRB. Since subprocesses of LRBs are themselves LRBs
(see [15]), GLPs form a multivariate generalisation of LRBs. For the rest of the paper, we
let {£}0</<1 be an n-dimensional GLP with generating law v, and let {L;}o<;<,, be the
master process of {£/}o</<1. In addition, we denote the filtration generated by {&}o<;<1 by

{FF Yozi<1 C {Filo<i=1. Explicitly, we have Fr = o ({£,}: 0 <u <1).

Remark 3.1. The bivariate model of insurance claims based on the 1/2-stable subordinator
proposed in [16] is a GLP.

Remark 3.2. Liouville processes and Archimedean survival processes, as introduced in [14],
form a subclass of GLPs. In Definition 3.1, if the LRB {L;}p<;<y, 15 @ gamma random bridge
with unit activity parameter, then we have a Liouville process. If we further fix m; =1 for
i=1,...,n, then we have an Archimedean survival processes.

Proposition 3.1. The following hold for any GLP {&:}0<:<1.

(1) The increments of {&:}0<i<1 have a generalised multivariate Liouville distribution.

(2) The terminal value & has a generalised multivariate Liouville distribution.
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Proof. See the Appendix. O
In what follows, we define a family of unnormalised measures {6;}o<;<1, such that

Sima-n(z—2x)
——v(d 3.1
i@ v(dz) (3.1)

forr€[0, 1), x € R and B € B(R). We also write ®,(x) = 0;(R; x). We define R, to be the sum
of coordinates of &:
R = Z 5" =

Proposition 3.2. The GLP {&;}o<;<1 isa Markov process with the transition law given by
P edz, ... &' edzs, 1, £V €B | & =x)

er(S)(B+Z g X+ 1) %)
0,(1-%)

Oo(B; x) =v(B), 0:(B;x)=

l Hf(l s)m,(Zt x;) dz;,

and

P dy &= =gl Oy Hf([ o — 37 d, (3:2)

wherex,yeR", t1(t)=1—m,(1 —1)/(1-m), 0 <s <t <1, and B € B(R).
Proof. See the Appendix. (]

Remark 3.3. From Proposition 3.2, if the generating law v admits a density p, we get a neater
transition law to the terminal value, given by

p(1-2) n
—s)m;\&i — A d i
®_§‘(1 . X)f‘lm(l . Z) E‘f(l ) l(Z X) v4

Remark 3.4. Our definition of GLPs is somewhat heuristic. A formal definition is possible
through a Doob A-transform, since {®,}o<;<1 is harmonic to a Lévy process {X;};>¢ taking val-
ues in R” with marginal density g,(x) = ]_[l'-’zl Jm;t(x;). To see this, note that we can alternatively
write (3.2) as

P e dz| & =x)=

P( € dy | & =x) = @tiyig’ (y — %) dy,

s(X

where @),(x) = 0,1 -x), for 0 <t < 1. To see that {(:)t}0§t<l is harmonic to {X}o</<1, note that

/R &y = X00,(y) dy = A;{ [ fo-smi = x004(y) dy
i=1

“ dv(z)
= ‘m(l— -1 —sym; (Vi —x;) d
/R/Rnfl (1-n(z y) i|:1| S—sym; i — xi) yf1.m(z)

dv(z)
S1m(2)

:/flvm(l—s)(z —-1-x) (3.3)
R

= és(x)

for 0 <s<t<1, where (3.3) follows from repeated use of the convolution property of
{filo<i<1m-
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Remark 3.4 demonstrates that the laws of {&}0<;<1 and {X;}0<;<1 are equivalent, which we
formalise by the corollary below.

Corollary 3.1. Suppose that {&:}1>0 is a Lévy process under measure P with ﬁ(ét e dx) =
g:(x) dx. Then {@,(Rt)_1 Jo<t<1 is a Radon—Nikodym density process that defines the measure
change

— fr << .
P : 1Ky = ) 4

and {&:}o<i<1 is a P-GLP with generating law v and activity parameter m.
Proof. See the Appendix. U

Remark 3.5. Let vy(B) =P(R; € B | ff) for 0 <s <t <1 and B € B(R). Given &;, the incre-
ment & — & has a generalised multivariate Liouville distribution with generating law v (B +
Ry) for B € B(R) and parameter vector m(t — s).

Proposition 3.3. Given &1, the process {£:}0<i<1 is a vector of independent Lévy bridges.

Proof. For all s € [0, 1) the transition probabilities to & (s <t < 1) can be computed from
(3.2) by first substituting v with the Dirac measure §1., in (3.1), yielding

n ey
P cdy | & =2, ]_.:’&) _ Hfmi(t—s)( i —&s )fm,(l (it))(zl yi) dy;
i=1 fm,-(l—s)(zi — &s )

for almost every z € R". Conditional on & =1z, we see that the transition laws of the
coordinates of {&}o<;<1 are independent, and that each is the transition law of a Lévy
bridge. U

Using the Markov property of {&}o</<1, we can also provide the conditional laws of the

coordinates £ given F 50 =o({": 0 <u < s)or given Ft, fors <t.

Proposition 3.4. The coordinates of {§;}o<i<1 have the following transition laws.

(1) The marginally conditioned case:
)= v o)
w0

LIJ(’)( )_/ flm]:ltm,(r) X)v(dr).

P(Et(i) € dyi | Es(i) = f(t v)m,(}’t Xi) dyiv

where

(2) The fully conditioned case:

()
O; (X, yi)
P(5" e dy; | & =x) = Wylf(t smi (Vi — xi) dyi,
where 1
00,y = [ fmisrtmom = LX+GZXD) )

S1m(r)

forO0<s<t<l.
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Proof. See the Appendix. O
Proposition 3.5. The process {R;}o<i<1 is an LRB with generating law v and the transition
law

Os(dr; 1-x)
PRy ed =X)=——, 3.5
(R edr|g =x)= =" (35)
O(r)
PR, €dr | & =x) = mﬁt,s)l.m(r —1-x)dr. (3.6)
Proof. See the Appendix. (|

The next statement is a key result for defining stochastic integrals of integrable LRBs, and
hence integrable GLPs.

Proposition 3.6. If E(|R;|) <oco for all t€0, 1], then {R;}o<i<1 admits the canonical
semimartingale representation

"E(Ry | FP) — Ry
R = / %dw% (3.7)
A -

for 0 <t <1, where {M;}o<;<1 is an (]-_f, P)-martingale with initial state M = 0.

Proof. From Proposition 3.5, {R;}o<;<1 is an LRB. Hence, if E(|R,|) < oo for all ¢ € (0, 1],
then

1— _
E(R, | £ = x) = 1—_21 X+ %E(Rl &, =x), sel0,1). (3.8)

We shall use (3.8) to prove that {M;}o<;<1 given in (3.7) is an _7-',‘g -martingale. Since {&/}o</<1
is Markov,

t J—
E<Mr—Ms|f§>=E(Rt—Rs|f§)—/ ER: |&) ~ERu|&)

s 1—u

1 —

_ 'E(R, | &
=—’1~SS+EE<R1|;>—RS—/ ER &) 4,

1—=s s 1l—u
| 1—u u—s
+/ o e TRy 8 ) du
s 1—u\l-—ys 1—=5
=0

for0 <s <t <1.Given E(|R;]) < o0,

t —
]E( |]E(Rl |§s) Rs| d
0

s><oo forO0<r<1
1—s

remains to be shown:

t
]E(/ |E(R1 | &) — Ry ds>§]E</t IE(R: | &)l ds>+]E</t |Rs| ds>
0 1—s 0 1—5 o 1—s
:/ZE(IE(RH&N)CISJF/’E( IRs| )ds
0 1—s 0 1—s

< 00,
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since {E(R; |]-'f)}0§,<1 is a martingale. Hence E(|M;|) < oo for 0 <t < 1. Finally, My =0
since Ry = 0. U

Remark 3.6. Leta, = (1 — 1)~! and f; = E(R, | &). Then
dR; = a/(B; — Ry) dt + dM;

for 0 <t < 1. In this form, the dynamics of LRBs resemble those of an Ornstein—Uhlenbeck
process, with an increasing mean-reversion rate {o;}o<;<1 and a state-dependent reversion level
{Bt}o<i<1. We can write

Lol—t "1t
th/ —]E(R1|$S)ds+/ ——dM; forO<s<t<l.
0 (1-S)2 0 l—s

The following two propositions are motivated by [18]. We first recall that a measurable
process {H;};>0 is called a harness if, for all t > 0, E(|H;|) <oco and forall0 <a<b <c <d,

H.—H, H; —H,
E( c b|,Ha‘d>= d a’
d—a

where H,. g = 0 ({H}i<a, {Hi}i=a)-
Proposition 3.7. IfE(1 &) < oo fort e [0, 1], then {§;}o<i<1 and {R:}o<i<1 are harnesses.
Proof. See the Appendix. U

Proposition 3.8. Let ¢ be a C'-function. If E(|R;|) < oo for all t € (0, 11, then the stochastic
process {Z;}o<;<1 defined by

_ERi &)~ R,

V4
! 1—1¢

1 t
/(p(u)du—l—/ eu)dR, (O<r<1)
t 0

is an (.7-'§ , P)-martingale.
Proof. We have
1 1
E( f () dR, |ff) = () ER, | ;) — p()R; — f ER, | F7) dp(u)
t t
_ 1
_E®R &) - R / o) du,
t

1 —1t

from the integration-by-parts formula, (3.8), and the Markov property of {§;}o<;<1. Hence Z; =
E( fol o(u)dR,, | ff), which is an (}—S’ P)-martingale. O

Similar to Proposition 3.6, we have the following result (we omit the proof to avoid
repetition).

Proposition 3.9. If E(|&|) < oo for all t € (0, 1], then {&}o<i<1 admits the canonical semi-
martingale representation

TR | FR) — &
5f=/0 & | F)—¢

I ds+M; 0=<t<l), (3.9)
-5

where {M;}o</<1 is an (_7-',5, P)-martingale.
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In [17] it is shown that Archimedean survival processes satisfy the weak Markov consis-
tency condition, but not necessarily the strong Markov consistency condition. Motivated by
this, Proposition 3.10 below provides a generalised version of this result for GLPs. First we
recall the weak and strong Markov consistency conditions. Let {X;};>0 be an n-dimensional
real-valued Markov process and let ]-"X =o({Xy}: 0<u<rt). Also, for each coordinate
process {X;i)}tzo, i=1,...,n, write ]—"X() ({X(l)} O<u<rcC ]-'X The process {X;}>0
satisfies the weak Markov con51stency condltlon if

P(x?" e B| FX") =P(x? € B| X?) (3.10)
for every i=1,...,n and every B e B(R). Further, {X;};>0 satisfies the strong Markov
consistency condition if ‘ _

P(X" e B| FX) =P(x," € B| X) (3.11)
foreveryi=1, ..., nand every B € B(R).

Proposition 3.10. Any GLP {&;}o</<1 is weak Markov consistent, but not necessarily strong
Markov consistent.

Proof. Each coordinate {gt(i)}oftfl of the GLP {&;}o</<1 is an LRB, since every subprocess
of an LRB is an LRB (see [15]). Thus (3.10) is satisfied forevery i =1, . . ., n, every B € B(R),
and all 0 <s <t < 1. However, (3.11) does not necessarily hold since

( (i) E(l) edy]| ]:E) < (@) %-(l) edy| Z 5(])>

is only equal to P(€” — & € dy | £} if both > £Y and £ are independent from the incre-

ment é(’) (l) forall 0 <s <t < 1. In such a case the coordinates of {&;}o<,< are independent

Lévy processes. U

In the same spirit we shall introduce weak and strong semimartingale consistency condi-
tions. Definition 3.2 below goes beyond a Markov setting, but in the context of GLPs it offers
links to Markov consistency.

Definition 3.2. Let {S;};>0 be an (3, P)-semimartingale, where 7> = o ({S,}: 0 <u <1). Let
{S(’)}t>o be a coordinate of {S;};>0, and let .7-'5(1) = o({S&')} :0<u<ip,fori=1,...,n

@D — g 4 mﬁ’), where {a, )};>o is a cadlag {fs(l)}

(1) If {S( )},>o admits a decomposition S;
adapted process with bounded variation and {m; )},>0 is an (]—"S ) , P)-local martingale,

then {S;};>0 is weakly semimartingale consistent with respect to {S;’)}[zo. If this holds
for every i=1,...,n, then {S;};>0 satisfies the weak semimartingale consistency
condition.

(2) Let {S;};>0 be decomposed as S; =A; + M;, where {A;};>¢ is a cadlag {}‘ts}-adapted
process with bounded variation and {M,};>0 is an (F3, P)-local martingale, with coor-
dinates {Agi)},zo and {M,(i)},zo, respectively. Given that Sgi) :Agi) +M,(i), if {Aﬁ")}eo is
{]—',S([)}-adapted and {Mt(i)}tzo is an (]-',S([), IP)-local martingale, then {S;};>0 is strongly
semimartingale consistent with respect to {S,i)},zo. If this holds forevery i=1, ..., n,
then {S;};>0 satisfies the strong semimartingale consistency condition.
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Proposition 3.11. Any GLP {&}o</<1, where E(|&]) < oo for all t € (0, 1], is weak semi-
martingale consistent, but not necessarily strong semimartingale consistent.

Proof. Let E(|&|) < oo forall ¢ € (0, 1] and define oy = (1 — 1)~ forr < 1. Following similar

steps to the proof of Proposition 3.6, each coordinate of {£/}o<;<1 admits a decomposition

£D =a" + m? where

o = / oy (B | FE”) — £ ds,

(i) ; (i)
which is {}'g }-adapted, and {mlg') Jo<i<1 1s an (}"‘E , P)-martingale, for i=1, , n. Hence
{&}0<s<1 is weak semimartingale consistent. From Proposition 3.9, we also know that & @
A(’) + M('), where

. t . .
AV = /0 as(BED | FE)— D) ds,

which is {]:f}-adapted, and {M,(i)}oskl is an (f-f, P)-martingale. Since {&}o</<1 is Markov
and using Proposition 3.10, we know that E(§ 1(') | &) is not necessarily equal to E(& 10) | Et(l)).
Hence {Ag’)}ofkl is not necessarily {]-',S }-adapted. Also, {M,(l)}0§,<1 is not necessarily an
0]
(]:f , P)-martingale. (]
We used Proposition 3.10 to prove Proposition 3.11; we shall note another link between
semimartingale consistency and Markov consistency. From [1], if a Markov process {X;}>0
satisfies the weak Markov consistency with respect to its marginal {X }t>0, then {X;};>¢ is also
strongly Markov consistent with respect to {X; )}t>0 if and only if {]—"X }r=0 1s P-immersed in

{]-'t }r=0. Here P-immersion means that if {X,(l)},z() is an (]-"tX ), P)-local martingale, then it is
an (.7-',X, P)-local martingale. As an opposite direction to P-immersion, we prove a result that
links strong martingale consistency and strong Markov consistency.

Proposition 3.12. Let {S;};>0 be a Markov (.ES , P)-martingale, satisfying weak Markov con-
sistency. Then {S;}s>0 is strong semimartingale consistent if and only if it is strong Markov
consistent.

Proof. Since {S;};=0 is an (]—",S, P)-martingale, we have ]E(S;i) | ]-"5) = S(ui) for O<u<t.
Then, if {S;};>0 is strong martingale consistent, we have E(S™ | F3) =E($7 | ]-",f(l)) =59,
Thus, given that {S;};>0 is Markovian satisfying weak Markov consistency,

By | F) = fR AP e dx | FY)
- f xP(SY € dx | S,)
R
j (i)
=E | A

_ / PSP edr | F5)
R

— f PSP e dx | SD).
R
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For the opposite direction, if {S;};>0 is strong Markov consistent, then since {S;};>0 is an
(F5, P)-martingale satisfying weak Markov consistency,

/ AP(S e dr | F =E(S\ | Fo) =P
R
- / xP(SY € dx | SD)
R
_ / PSP e de | F57)
R
i (i)
=ESP | F.
Hence {S;i)}tzo is also an (]-',S(i), P)-martingale, and the statement follows. O

4. Examples

We shall now study two examples of GLPs in more detail: Brownian Liouville processes
and Poisson Liouville processes.

4.1. Brownian Liouville processes

As a subclass of GLPs, let us consider what we call Brownian Liouville processes (BLPs).
In Definition 3.1, we let {L;}o</<4, be a Brownian random bridge given by

t t
Li=—Lim+o(Wi— —Wim |, 4.1
1-m 1-m

where o > 0 and {W;}o<<y, is a standard Brownian motion independent of the random vari-
able L1.;m. For a background of the anticipative orthogonal representation given in (4.1) for a
Brownian random bridge, we refer the reader to [2] and [6]. We also note that the Gaussian
process {W; — (¢/1 - m)W1.m}o<;<1.m in (4.1) is a Brownian bridge starting and ending at zero.
The following proposition is analogous to [14, Proposition 3.10] for Archimedean survival
processes. We denote the Hadamard (i.e. element-wise) product of vectors X,y € R" by xoy.
We say {B:}o<:i<1 is a standard Brownian bridge if (a) it is a Brownian bridge, (b) o = 1 =0,
and (c) Var(8,) = (1 — 1)2.

Proposition 4.1. If {&}0<i<1 is a BLP with the master process (4.1), then it admits the
independent Brownian bridge representation

m
ST=I<HR1+O'Z>+O'ﬁOﬂt, (42)
where ym= (Jmy, ..., Jmn)", {B;} is a vector of independent standard Brownian bridges,
and the random vector L= (Z, . . ., Z,Z)—r is multivariate Gaussian with
mim;

COV(Z,’, Zj) = 8,-jm,- _
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Proof. For the proof we use W, and W(¢) interchangeably. We have

z(l) = L(m;t —uj—1) — L(uj—1)

= mi L(lm)+a W(mil‘+ui,1)—W(ui71)_m_lW(l.m)
1-m 1-m
m;t . P

= —1 -lIan +04/m,',3[(1) =+ o’t(W(u,') — W(uj—1) — ﬁW(] . m))

since R; = L1.m, and where
S = Wmit + i) = Wi—1) — (W) — W),
So {,Bfi) Jo<i<1 is a standard Brownian bridge, and is independent of W(u;) — W(u;—1) and

W@ -m). It is straightforward to verify the independence by noting that they are jointly
Gaussian with nil covariation. Thus we can write

t(l) = t<—1 . ;an +O’Zi) +U\/"Ti,3z(l),

where Z; is given by

m
Zi=Wu) = Wj—1) — 5——W(1 -m), (4.3)

1-m
and Ry, Z; and {,Bfi)}oftfl are mutually independent. Further, {,3;”}05,51, R {ﬂ,(")}ogfl are
mutually independent, since they are jointly Gaussian with nil covariation. U

Proposition 4.1 provides an anticipative orthogonal representation for BLPs, whereas (3.9)
provides a non-anticipative semimartingale representation when {&;}o<,<; is a BLP.

Remark 4.1. Note that 1-Z =0 from (4.3), and so its covariance matrix is singular. Also,
using (4.2) from Proposition 4.1, {R;}o<;<1 admits the anticipative representation

R=1-&=1l- <%R1+GZ>+01~(\/Eoﬂ,)=tR1+CM/1om/§,,

where {51}05,51 is a standard Brownian bridge.

Proposition 4.2. Let mo(dx) = P& € dx) and m,(dx) =P(& € dx | f-f ). Also, let {Bs}o<t<1
be a vector of standard (]-';’& , P)-Brownian motions. Then, if E(|&1]) < oo, the multivariate
measure-valued process {m;}o<i<1 satisfies

t
7:(dx) = 7o(dx) + / m5(dx)a | (o4/m o dBy)
0
for 0 <t <1, where each coordinate of {0 ;}o<i<1 is given by

o 0 —EE &)
S

https://doi.org/10.1017/jpr.2020.61 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2020.61

1100 E. HOYLE AND L. A. MENGUTURK

Proof. See the Appendix.

Remark 4.2. Note that 1-B,=1-(c/moB)) gives the non-anticipative semimartingale

representation for {R;}o<;<1, which is
"E(Ry | &) — 9
R, Z/(; ? ds+ o E miB;

which provides the explicit example of the (]-',5, P)-martingale in (3.7).

4.2. Poisson Liouville processes

Our second example is that of Poisson Liouville processes (PLPs), which are counting pro-
cesses. Accordingly, in Definition 3.1, we let {L;}o</<4, be a Poisson random bridge with

P(L,, = i) =v({i}), for i e Ny.

Proposition 4.3. Let {Af Jo<i<1 be the intensity process of the Li-norm process {R;}o<i<1. If

E(Ry) < o0, then
E(Ry | &) — R,

AR =
! 1—1¢

forO<t<1.

Proof. Since {R;}o<:;<1 is a counting process, we have )Lf =limp—0 E(Rj+p —

Since {R;}o<:<1 is a Markov process with respect to {]-'f }o<i<1, using (3.8), we have

. (E(Rt+h|a) _Ig)
_h—>0 h h
. (1—t—h hE(Ry | &) Ry
_;Ho<(1—t)hl'g’+ (1—0h _E>

CERIE) (g (11 1Y)
(I-=1  h>0 (1—0h h
=E(R1|sf)_hm<Rl h )

1—1t —o\ (1 —0h

which yields the result.

Remark 4.3. When {&;}o<,<1 is a PLP, Proposition 4.3 provides an alternative proof for

Proposition 3.6, since {R;}o</<1 is a counting process.

Proposition 4.4. Let {Aﬁi)}ofts 1 be the intensity process of the coordinate {Et(i)}oftfl. If

E(R) < o0, then

. m
kgl):—lkf forO<t<1.
1-m

Proof. Fix 0 <s <t < 1. From Remark 3.5, we know that, given &, the increment & —

has a generalised multivariate Liouville distribution with generating law

vE({ih) = va({i + Ry}
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for i € Ny and parameter vector m(¢ — s). We define

hot = ; V(i) = i:ZR iva({i}) — Ry = E(Ry | &) — Ry = %(E(Rl |Ry) — Ry).

where the last equality comes from (3.8). Then, from [8, Theorem 6.3] and [13], we have
- m' -
B |6 = 7w +£7.
-m

Since {5,(')}05,51 is a counting process, we have

x = lim &), — &7 | 7 1/h.

t+h
Thus
GO M Bidh M ER: |R) — R,
t = 1m = .
1-mrs0 h 1-m 1—1¢
The result then follows from (4.4). O

Remark 4.4. Note that Af =Y, 17,

If we let {P;}o<;<1 denote a Poisson process, and define A by A; =P; — P, , for some
partition 0 =1y <] <--- <t,, we have

KT, pi/xi! forx € Nj with 1-x=k,

P(A=x|P;, =k) = )
0 otherwise,

where p; = (t; — ti—1)/t,. In other words, given P, , A has a multinomial distribution. Let
{&/}0</<1 be a Poisson Liouville process with generating law v({k}) = A(k), k € No. Then

n X

Pi
x;!
i=1""

P =x)=A1-x)(1-x)!
Write G, for the probability generating function of v:
(0.¢]
Gu(2) = _ A).

k=0

Let 7 be the time of the first jump of the ith marginal process. If El(i) < 1, then we set
70 = oco.

Proposition 4.5. The random times {TV;i=1, ..., n} satisfy the following:
P(TY > 5) = Gy (1 — spi),
P(T? = 00) = Gy (1 - po),

n
]I”(T(i) >spi=1,..., n):Gv<l — Zpis,'),
i=1
P(TY =c0;i=1,...,n)=A(0)
forse[0, 1]ands € [0, 17"
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Proof. See the Appendix. O

Here G, is increasing (and invertible) on [0,1]. Write ¥ (x) = G, (1 — x), and note that v is
invertible on [0,1]. If u; € [0, ¥ (p;)], then we have

—1 .
P(Tw - M) — U
pi
It follows that the conditioned random variable v (p,7”) | {T®) < 1} is uniformly distributed.
Furthermore X
IP’(T(” > M; i=1,..., n) = 1//(2 w‘1<u,-)).
Pi ;

The form of the joint survival function of T = {T@;i: 1,...,n} resembles that of an
Archimedean copula. However, the fact that ]P’(T(’) >1)>0 means that it is not an
Archimedean copula.

5. Conclusion

We have introduced generalised Liouville processes — a broad and tractable class of multi-
variate stochastic processes. The class of GLPs generalises some processes that have already
been studied. We detailed various properties of GLPs and provided some new examples.

Appendix A. Proofs

A.1. Proposition 3.1
Proof. Since v has no continuous singular part, v(dz) = Zoi oo Ci%7(z) dz + p(z) dz, where

ci € Ry is a point mass of v located at z; € R, and p: R — R} is the density of the continuous
part of v. Then, from (2.2), the joint density of an LRB {L;}o</<y, is given by

P(L; edxy, ..., Ly €dxg, Ly, €dx,)

Z(?:foo ¢i6,(xn) + p(xu)
fu” (xn) '

=[] Vims @i — xi1) di]

i=1

where xo =0, for all k € N, all partitions 0=1p <t] <--- <ty_| <t =uy,, all x, eR, and
all (x1,...,x0) =xeRF Letaw e R be the vector of time increments o; =?; — #;_1, and
o =1-a = u,. The Jacobian of the transformation y; =x1, y2 =x2 — X1, ..., Yn =X — Xp—1
is unity, and it follows that

P(Lll _Lto S dy], ey Lu _Ltk (S dyn)
Zj_f 6152,( Z =1 vi) +p( Z —1 )’z

ﬂ wn e FaCi )
From [13], we know that (L;, — Ly, ..., Ly — Ly, Lun L,k)T has a generahsed multivariate
Liouville distribution. Fix k; > 1 and the partitions 0 = to < t’ - < tk =1,fori=1,

Define the non-overlapping increments {A;;} by

A — %-(l) S(l)

https://doi.org/10.1017/jpr.2020.61 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2020.61

Generalised Liouville processes 1103

forj=1,...,k and i=1, ..., n The distribution of the k; X - - - X k,-element vector A =
(A1t ooy Digys oo Aty oo A,,kn)—r characterises the finite-dimensional distributions of
the GLP {&;}o<;<1. It follows from the Kolmogorov extension theorem that the distribution
of A characterises the law of {£;}o<;<1. Note that A contains non-overlapping increments of
{L} such that 1- A =L, . Hence A has a generalised multivariate Liouville distribution. ~ [J

A.2. Proposition 3.2

Proof. We compute the transition probabilities of {§,}p<,;<1 directly. We begin by transition-
ingto & fort<1. Forall k>2,all0<#t; <---<fr <1, and all xq, ..., x; € R", we have

P(élk € ka | Stl =X1, .0, gtk,1 =Xk7])
_ P&, edxy, ..., & edxp)
P(étl S Xm, ey Stk—l € dxk_l)
B [ P&y €dxy, ... & €dxi | R =2)v(d2)
[P €dxy, ... &y €dxi— | R =2)v(d2)

. ffooo ]P)(El‘l - glo € —Xp + dX], s El‘k - ‘gtk,1 € —Xp—1 + ka |R1 ZZ)V(dZ) (A 1)
[ P&, —Eoe—xo+dxy, ..., & — &, € X2 +dx)_y [Ri=2)v(d2)

AT T =0 () = 7)) 46 Mm@ — 1 x0)fim(@) ™' v(d2)

SO AT TS ot (& = 22)) & rm(1 — (@ — 1+ X0)ftm(2) 1 v(d2)
(A.2)

_ ISOOO{l_[?=1fmi(tk*tk—l)(x(i) - xEj) 1) de? Vim( )@ — 1 x0)fim(@) " v(dz2)
Lo fim— @ =1 X1 )ftm(2) ' v(dz)

_O,d-x) (1) ) (i)
= Jm; —Xx dx,”’,
®tk x| 1_[ mi(tg—tx— 1) k— 1) k

where 1) =0, xg =0 and le is the ith coordinate of x;. We provide some remarks on the
step (A.1) to (A.2). Note that in (A.1) all the increments of type & — & are vectors of non-
overlapping increments of the master LRB {L;}o<<1.m- Given R1 = Li.m, {L/}o<t<1.m is a Lévy
bridge, and so its law is invariant to a reordering of its non-overlapping increments. This is a
direct result of the so-called cyclical exchangeability property of Lévy bridges (see e.g. [7]).
The integrands in (A.2) can then be recognised as Lévy bridge transition probabilities.

We now consider transitioning to 1. Forallk > 1,all0 <# <--- < < Lyallxy, ..., X €
R", all yi, ..., yk—1 € R, and all B € B(R), we have
P edyr,....&" Vedy 1. 6V €Bl& =x1... . & =x)

]P)(‘i:l(l) edyy, .. S(" N edy,—1, 51(") €B, Stl edxy, ..., étk dek)
]P)(Ell (S Xm, ceey étk—l eka)

(g“) edyr,....&" Vedy,_1, Rl €B+ Y1 yi, & €dxy, . .., &, €dxy)
]P)(%‘tl € Xma s stk,I € ka)
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Jeepisrty, P edyr, ..., "V edy,1, & edxy, ..., & edxg | Ry =2)v(d2)
[T P&, €dxy, ... &, €dx | Ry =2)v(d2)
fzeBJrZ;:ll Ve {ITZ, 11 T (vi — x;f)) dyi }foma(1—10 (2 — xgl) - 11 yi)fim(2) ' v(dz)
Lo fimi—n_ @ — 1 X Dfim(@) ' v(d2)

(A.3)
-1 —1 -1
- Ory (B+ 20 vis g + X0 ) hf Ao —xD) dy;
Oy, (1 -x—1) il il =R T
where again fy = 0 and (A.3) follows from similar arguments to (A.2). 0

A.3. Corollary 3.1
Proof. The process {R;}o</<1 is a Lévy process under @, where IF’(R, € dx) =fi1.m)(x) dx.
To show EF(|©,(R;)|) < oo, use the Chapman—Kolmogorov convolution and the non-negativity

of f:
Srm(1—n(z = Nfiam)(r) ) / / v(dz)
d d = -m(1— - -m d
/R(/R fim(@ r)PAa= [ S rmasate i 4
fl-m(Z)
= d
Y
—v(R)=1.

Since R is a o-finite measure space (with respect to Lebesgue measure), and f is measurable,
we can use Fubini’s theorem and write

/ ( / Srm(1-(@ = it (1) dr>v(dz) _ / ( f
R \JR S1m(2) RAJR

= EF(j0,R)))).

Sim(-n@ = Mfiam)(®)
fl~m(Z)

‘ v(dz)) dr

Also, since {O(R;)}o</<1 is harmonic, {®;(R/)}o<;<1 1s an (}',f, @)—martingale. Explicitly, we
have

]Eﬁ(Qt(R[) | JT_'SS) :]E]TD</OO fl-m(l—t)(Z _RS - (Rl _RS)) U(dZ) | §S>

Sim(©@)
—foo/wf (e = Ry = Yimirn0) dy
= N 1-m(1—1) s — YJ1m(—s) yfl-m(Z)
_ fl'm(lfIS)((ZZ)_ Ry) v(dz)
=®s(Rs)

for 0 <s <t < 1. Since ®yg(Rp) =1 and Ox(R;) > 0, {O(R;)}o<s<1 is a Radon—Nikodym den-
sity process. We continue by verifying that under [P the transition law of {£;}o<;<1 is that of a
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GLP with generating law v and parameter vector m:

P(5 € dx | F5) = E(ligedx) | F5)

1 ~
= EX(04(R))1
0.k (©(R) g edxy | &5)
O:(R) 1 O
= —s)(mpXi — dx;. A4
o) gf( 9y (i — §7) d; (A4)
Comparing equations (A.4) and (3.2) completes the proof. O

A.4. Proposition 3.4

Proof. Fix 0 <s <t < 1. Then
 JePE" € dyi, £ e dy; | Ry = PR, € dr)

P € dy; |9 =x) = : (A.5)
Jo PEY € dxi | Ry = PR € dr)

The numerator of (A.5) is

/ﬂé PED e dy;, €9 e dx; | Ry = NP(R, € dr)

—f ) di ey dy, [ Dememi = Y0
= Fons00) sy i — ) dy fR 20 ), (A6)
and the denominator is
/ P(eD e dy; | Ry = NP(R| € dr) = f,s(x;) dx; / wv(dn. (A.7)
R R Sim()

Dividing (A.6) by (A.7) concludes the first part.
For the second part, write £2' for the vector & excluding its ith coordinate. Using the
Markov property of {&}0<;<1, we have

P(g” € dy;, £ € dx;, £2' € dx)

P& e dy | Ff) = 5 . (A8)
P&~ € dx;, &7 € dx)
The numerator of (A.8) is given by
/R P e dy;, £ € dy;, €27 € dx?' | Ry = r) P(R) € dr)
n
= [ T Uy 5) o lfonscr—5) i — ) i
j=1
an(l—srtmi—s (F — Y xi + (v — x;
% f fl m(1—s)+m;(t s)( ijl ' (y, l)) v(dr), (A.9)
R JS1m(r)
and the denominator is given by
- ® frm(i—)(r — i i
P& € dx) = [ ] Upns(ri) dx] mi=o = X ) | ) (A.10)
i1 —00 S1m(r)
Equation (A.10) follows from the stationary increments property of LRBs and (2.2). Dividing
(A.9) by (A.10) concludes the second part. U
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A.5. Proposition 3.5

Proof. Since {&,}0<;<1 1s a Markov process with respect to {]'-;S Jo<i<1, {Ri}o<i<1 1s a Markov
process with respect to {}'f Jo<i<1. We first verify (3.5), the &;-conditional law of R;. For s =0,
trivially the law of R; is v. For 0 < s < 1, using (A.10), we have

P& € dx | Ry =r) v(dz)
P& € dx)
_ fima—y(r—1- X) fim(r)~v(dr)
Jrfim—5(r —1-%) frm(r)~Tv(dr)’
as required. Next we verify (3.6), the &g-conditional law of R, for O <s <t < 1. The process

{Ri}o<i<1is a P- -Lévy process with IP’(Rt € dr) = fi1.m)(r) dr, where Pis given by (3.4). Using
Corollary 3.1 (or [15, Proposition 3.7]), we have {R;}o<;<1 a P-LRB, where

P(Ry edr|&=x)=

P(R, € dr | & =x) = O5(r) "' EF(O,(r) (g, | Ry =1"X)

Sima-n(—7)
fl-m(z)

as required. (]

=0, ! V(d2)f(—s1m(r — 1-x) dr,

A.6. Proposition 3.7

Proof. Conditional on &; (0 <d < 1), the coordinates of {£};,<4 are (independent) Lévy
bridges, and {R;};<4 is a Lévy bridge. Thus it is sufficient to prove that an integrable Lévy
bridge is a harness. Let {X;}o</<1 be a Lévy process such that X; has a density f; for t € (0, 1].
We shall show that the conditional process, and Lévy bridge, {X; | X1 =k} is a harness. The
conditions of the proposition allow us to assume that {X, | X| =k} is integrable. We start by
computing the following:

ny

P[ﬂx,,.edy, (ﬂxa _x,> (ﬂxd_zl>m(xl k)} (A.11)
i=1 i=1

for any ny,ny,n; €Ny, any O=ap<a; <---<ay, =a<t <-~-<tny<d=d1 <. <
dy, <1, any (x1,...,x,) €R™, any (y1,...,y,) €R™, and any (z1,...,z,) € R™.
Following Bayes’ rule, the numerator is

=P[<ﬁ X € dyi> N (ﬁ X4 € dxi> N (ﬂ Xy € dzi) NnXx e dk)}
i=1 i=1 i=1
= <1_[fai—ai—1 (xi — xi—1) dx,'>

i=1
ny

x <ft1 —aO1 = xa) Ayt [ [fimr i = yict) in)
i=2
X (fd—t,, (21 — yn,) dz1 Hfdi—d,-,l (zi — zi-1) dZi)fl—d,,z (k — zn,) dk,

i=2
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and the denominator is
nz
(X4 € dz,~> NX e dk)]

12:IP’[<ﬁXai € dx,-) N (
i=1 i=1
= <ﬁfaiuil (xi - xi*l) dxl)

i=1
ng
x (fd—a(Zl —xn) Az [ [ firmdiy i = zi1) dZi)fl—an (k — zn,) dk.
i=2
So (A.11) is equal to

I

Ji—aO1 = Xa)fa—1, (21 = y1,)) Ay
I ’

fdfa(zl _xnx)

Ty
=[]t i = yim) dyp)
i=2

It follows from the Kolgomorov extension theorem that {X; | Hff 4la<t=d is a Lévy bridge

between X, and X;. Define {n;}o<i<d—a by 1 = Xa+r — X4 Then {1 | ’Hff‘d} is Lévy bridge
from O to X; — X, and

t
Elne | Hy J= T (X = Xa),

which yields the result. U

A.7. Proposition 4.1
Proof. Define the mapping H: R x R x [0, 1) x Ry — R as follows:

2
y—177/2
H(z,y,t,m)=expy ————¢.
(z,y, 1, m) p{mz(l_t)}
Since the Brownian bridges {,Bt(i)}oggl, i=1,...,n,in (4.2) are mutually independent and

{&/}o<t<1 is Markov, we have

" @ g® :
B(e e dx | 7' izt ACT. & ;)twﬁ)l@(&ed@
Jen TTiZy H&O, 87, 1, 0 Jmi) P& € dx)

De@ 0 (D)\2
exp[Z’? M} P(¢, € dx)

! o2mi(1—1)

= )2 . (A.12)
Jro eXP{Z? W} P(§1 € dx)
If we define the numerator of (A.12) as the function
n DD ()2
0) . . X fl t(x ) /2
g((&"),z, o 1dx) —exp{ D T P(¢; € dx) (A.13)
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and apply Itd’s formula to (A.13), we get

n 2 n 2
9 , d D
§ : (l) E : 8 (1) § : 8 @ <0
[ + d(E ) + - B d< t St )ﬂ
e = o) = asf”asﬂ)

x(l)g( i)

:g((l(i))izl ..... n,t;dX)(Z(am(]_t)zdt-i-Z l(l—t) ’(i))’

where the covariation brackets ( t(i), t(/)) for i # j disappear since the { ﬁt(i) Jo<i<1,i=1,...,n
are mutually independent. Let

Then, using Fubini’s theorem,

i : “EE18)8 O EE1E)
G((E"), ) =6, (30 o L 3 LB o),
i=1

i=1

The statement follows by applying It6’s formula to the ratio (A.12), where we get

‘ (l) . (t) (z)
i=1 mi

2 py(dx) (Z a” dEﬁ”).

i=1

Writing B, =B, ... ,Bﬁ’”)T deﬁne {Bio<i<1 by B,=oc.moB, That is, B =

B(l) /o /m;i. Foreachie{l, ..., n}, {é, }0<z<1 1s an LRB, and so following similar steps to the
proof of Proposition 3.6, we can show that {B }0<,<1 is continuous with quadratic variation
t and is an (.F;S , P)-martingale. Then, from Lévy’s characterisation, {B;}o<;<1 is a vector of
standard (]:j§ , P)-Brownian motions. O

A.8. Proposition 4.2

Proof. Let {&; @ i=1, n}O§t§ 1 be the coordinates of the Poisson Liouville process
{&}o<i<1. The survival fU.IlCthIl of TV is

P(T? > 5) =P =0)
=EPE=0]1-£&)
=E((1 — sp)"*)
=G,(1 —sp).
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For s € [0, 1]”, the joint survival function of T is

P(TO > sii=1,....,n)=PEP=0;i=1,...,n)
=EPE=0ii=1,...,n]&))

S —

i=1

=E(ﬁ<1 —s,-ff”)

i=1

n 1-&
=E<<Zm<1 —si)) )
i=1
=G, <Z pi(l — Si))
i=1
=Gy (1 - Xn:msz),

i=1

which gives the statement. O
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