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1. Introduction

It is generally hoped that the solution of a parabolic equation should converge to the
solution of the corresponding elliptic equation. For example, it is well known that on a
compact Riemannian manifold (M, g), the solution of the heat equation

ou
T _ A
o o

will converge to the solution of Au = 0. Another example is the Kédhler—Ricci flow on
compact Kéhler manifold with positive first Chern class: Perelman showed that if M
admits a Kahler-Einstein metric, then any solution of the Kahler—Ricci flow

dg
5% =
with initial metric go in ¢1 (M) will converge to a Kidhler—Einstein metric in the sense of
Cheeger—Gromov (see [12] for more detail on this result).
In this paper, we will study the parabolic complex Monge-Ampere equation over a
smooth bounded domain in C™ and its convergence property.
Let £2 C C™ be a bounded domain with smooth boundary 9f2. For T' > 0, define Qr =
2x(0,T), B=02x{0}, ' =002 x{0} and Xp =02 x (0,7). Let 9,0r = BUI'U Xy
be the parabolic boundary of Qp. We consider the following boundary-value problem:

ou .
i logdet(u,z) = f(t,2,u) in Qr,

— Ricgy +yg

(1.1)
U= on 0,97,
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where f € C®(R x 2 x R) and ¢ € C*(9,Q9r). We always assume that

of

— < 0. 1.2
9 (1.2)
The main results of this paper are the following theorems.

Theorem 1.1. Suppose there exists a subsolution to (1.1), i.e. a spatial plurisubharmonic
(psh) function u € C?(Qr) such that

Uy — logdet(ﬂaﬁ) < f(ta Za@) in QT; (1 3)
uLponB and u=¢onXrUI. ’

Then there exists a spatial psh solution u € C*(Qr) NC*Y(Qr)* of (1.1) with u < u if
the following compatibility condition is satisfied: Vz € 012,
Yt — log det(@aﬁ) = f(07 Z, (ID(Z)),
pi — (logdet(0a5))e = f1(0, 2, 0(2)) + fu(0, 2, 0(2)) -

Theorem 1.2. If both ¢ and f are independent of the time variable t, and f satisfies
(1.2), then the solution u of (1.1) exists for T' = 400, and as t approaches +oo, u(-,t)
approaches the unique solution v of the Dirichlet problem

det(v,3) = e &Y i 0
v= on 012,

(1.4)

(1.5)

in C=(92).
Theorem 1.3. Assume that (2 is strong pseudoconvex, then for any f € C>®(£2 x R)

satisfying (1.2) and ¢ € C>°(912), the solution of (1.1) exists for T = +oo, and ast — oo,
u(-,t) approaches the unique solution of (1.5) in C*(12).

The parabolic complex Monge-Ampere equation on a complex manifold has been stud-
ied extensively by many authors because of its close connection with Kahler—Ricci flow:
see [5,6,11]. On the other hand, the elliptic complex Monge-Ampére equations on both
bounded domains and complex manifolds were developed in [2,4,8,18]. We will follow
the treatment in [4] and [7] to study the Dirichlet boundary-value problem (1.1).

Our proof of Theorem 1.1 is based on an a priori estimate, an approach similar to real
parabolic Monge-Ampere flow and real parabolic Hessian flow studied in [16] and [17].
More precisely, we have the following proposition.

Proposition 1.4. Under the condition in Theorem 1.1, if u € C*'(Q7) solves equa-
tion (1.1), then there exist constants C, A\ and A depends on n, £2, ¢, f and u, such
that
lu| + |Vu| + |[V?u| < C in Q (1.6)
and
NEP < ugpéals < AP WE € CM (1.7)

* C™"(Qr) means m times and n times differentiable in the space direction and the time direction,
respectively; and the same for the C™™-norm.
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We will prove this proposition in §2. If for now we assume it to be true, we can
finish the proof of Theorem 1.1 as follows. Since equation (1.1) is strictly parabolic, the
short time solution always exists under the compatibility condition. Since the function
log det(-) is concave on the space of the positive Hermitian matrix, so by the work of
Krylov [9], Proposition 1.4 implies that for any e € (0,7T), there exist C. and 7 such that

[ulle2 144722 (1)) S Ce

with constant C. and v depends on 1/¢. Then a standard bootstrap argument implies
that for any [ € N, there exists C(l,¢) such that

”U’HCH%H’Y/Z(QX(E,T)) < C(la 5)'

Hence u is smooth on 2 x (¢,T'), and the solution can always be extended to a long time
solution. Besides, since ¢ is arbitrary, u is smooth on 2 x (0,T).

Motivated by the energy functionals, especially the Mabuchi energy, in the study of
the Kéhler—Ricci flow, we introduce an energy functional to the complex Monge—Ampere
problem over bounded smooth domain. Given ¢ € C*°(942), denote

P(2,¢) = {u € C*(2) | uis psh and u = ¢ on 0£2}. (1.8)

We will show that there is a well-defined functional F° whose variation is given by

JFO(U):/Qéudet(uag). (1.9)

We will study the basic property of this functional in §3. Then, in §4, we will use this
functional and follow an idea in [11] to prove Theorem 1.2.

Theorem 1.3 follows from Theorem 1.2, because a subsolution can be constructed for
any o and f, using the fact that the domain {2 is strong pseudoconvex.

Remark 1.5. Similar energy functionals have been studied in [1,14-17] for the real
Monge-Ampere equation and the real Hessian equation with homogeneous boundary
condition ¢ = 0, and the convergence for the solution of the real Hessian equation
was also proved in [15]. Our construction of the energy functionals and the proof of
the convergence also work for these cases. Li [10] and Blocki [3] studied the Dirichlet
boundary-value problems for the complex k-Hessian equations over bounded complex
domains. Similar energy functionals can also be constructed for the parabolic complex
k-Hessian equations and can be used for the proof of the convergence.

Remark 1.6. Since equation (1.1) is nonlinear, even with the compatibility condition
(1.4) we can only show that the solution is smooth for ¢ > 0. On the other hand, using
approximation, it is possible to show that a solution still exits without the compatibility
condition, but then the solution will not be in C%1(Q).
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2. An a priori C? estimate

In this section, we will prove Proposition 1.4.

Step 0. C%-estimate.
Since w is spatial psh and u > u, so

u < u < supuy,

ie.
[ulleoor) < Mo- (2.1)
Step 1. |ut| Cl in QT
Let G = u4(2Mg — u)~!. If G attains its minimum on Qr at the parabolic boundary,

then u; > —C; where Cy depends on My and u, on Y. Otherwise, at the point where G
attains the minimum,

Gy <0, ie uy+ (2My —u) 'u? <0,
Go =0, ie. u+ (2My—u)” Lugug = 0, (2.2)
GB = O, i.e. ’LLtB + (2M0 — u)ilutuB = O,

N

and the matrix G, 3 is non-negative, i.e.
Upog + (2Mo — u)*lutua/g > 0. (2.3)

Hence ~ _
0 < u(upez + (2Mo — w) upuyg) = uPuyez +n(2Mo — u) luy, (2.4)

where (u®?) is the inverse matrix for (uqp), ie

Differentiating (1.1) in ¢, we get

Ut — UQBUMB = fi + fuue, (2.5)
SO
(2Mo — u) " u? < —ug
= —u® “mﬁ Je — fuus
n(2Mo — w) "ty — fuur — fi,
hence

uj — (n— (2Mo — u) fu)ue + f:(2Mo — u) < 0.

Therefore, at point p, we get
-1, (2.6)

where C; depends on My and f.
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Similarly, by considering the function u;(2Mq + u)~! we can show that

Step 2. |Vu| < M.
Extend u|x to a spatial harmonic function h, then

u<u<hin @r and w=wu=hon Xr. (2.8)

So
|Vl s, < M;. (2.9)

Let L be the linear differential operator defined by

ov wf
Lv = 5 U ’Bvag — fuv. (2.10)
Then

L(Vu + M) = L(Vu) + LM
< Vf— Ml (Azufm - fu). (2.11)

Notice that both v and @ are bounded and that
det(u,z) = et

SO

0 < co < det(uyz) < 1, (2.12)
where ¢y and ¢y depends on My and f. Therefore,
Z u® > ncl_l/". (2.13)
Hence after taking A large enough, we can get
L(Vu+ M) <o,
thus

|[Vu| < sup |Vu| + Cy < M. (2.14)

p<LT
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Step 3. |V2u| < M3 on X.

At point (p,t) € X, we choose coordinates z1,. .., z, for 2, suchthat z1 =--- =2, =0
at p and the positive x,-axis is the interior normal direction of 042 at p. We set s1 = y1,
S92 = T1, ..., Sop—1 = Yn, Son = Tp and 8" = (81,...,82,_1). We also assume that near

p, 082 is represented as a graph

1
zn = p(s') = 3 > Bjsjse +O(s']%). (2.15)
J3.k<2n

Since (u — u)(s’, p(s'),t) = 0, we have for j, k < 2n,

(u—u)s;s, (P 1) = —(u— Wz, (P, 1) Bjk, (2.16)

hence
|u5_7'5k (p7 t)| < Cs, (2.17)

where C3 depends on 92, v and M;.
We will follow the construction of the barrier function by Guan [7] to estimate |ug, ;|-
For § > 0, define Qs(p,t) = (2N Bs(p)) x (0,t).

Lemma 2.1. Define the functions
d(z) = dist(z,012) (2.18)

and
v=(u—u)+alh—u)— Nd> (2.19)

Then for N sufficiently large and a, § sufficiently small,

Lv > e(l + Zuaa) in Qs(p,t),

v>0 on 8(Bs(p) N 2) x (0,t), (2:20)
v(z,0) = c3lz] for z € Bs(p) N 12,
where € depends on the uniform lower bound of the eigenvalues of {u,3}, and c3 depends
on Mj.
Proof. See the proof of Lemma 2.1 in [7]. O

For j < 2n, consider the operator

0 0

Then

0 on (02N Bs(p)) x (0,1),

M;  on (2Nn0Bs(p)) x (0,t), (2.21)
Cylz| for z € Bs(p).
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So by Lemma 2.1 we may choose C5 independent of u and A > B > 1 such that

L(Av + B|z|* — Cs(uy, — gyn)Z +T;(u—u)) >0 in Qs(p,t), (2.22)
Av + Blz]* — Cs(uy, — gyn)z +Tj(u—u) >0 on d,Qs(p,t). .
Hence, by the comparison principle,
Av + B|,z|2 — Cs(uy, — gy”)Q +Tj(u—u) >0 in Qs(p,t),
and at (p,t), therefore,
Uy, | < M. (2.23)

To estimate |u,., ., |, we will follow the simplification in [13]. For (p,t) € X, define
A(p,t) = min{ugg | complex vector § € T,0(2 and || = 1}.

Claim. \(p,t) > ¢4 > 0 where ¢4 is independent of u.

Let us assume that A(p,t) attains the minimum at (zo,t9) with £ € T, 02. We may
assume that

)\(Z(), to) < %EEE(ZO’ to).

Take a unitary frame eq,...,e, around zp, such that e;(z9) = £, and Ree,, = v is the
interior normal of 92 along 0f2. Let r be the function which defines {2, then

(w—whi(zt) = —ri(2)(u —w)y(z,1), z€00.
Since u11(20,t0) < uq7(20,%0)/2, we have

—r11(20) (u — w)y (20, t0) < —5u11(20, %0)-

Hence
111 (20)(u — w) (20, 1) = jus1(20,t) = 5 > 0.
Since both Vu and Vu are bounded, we get
r11(2z0) = ¢ > 0.
Hence for any z € Bs(z9) N §2, where ¢ is a sufficiently small positive number, we have
ri(z) = icg.
So by ui1(z,t) = u11(20,t0), we get
ui1(2,1) = r11(2)(u — w)y (2, 1) = w11(20,t0) — m11(20) (v — )5 (20, to)-
Hence if we let

U(z,t) =

—— (r11(20) (v — )4 (20, 0) + u11(2, 1) — u11(20,%0)),
r1(2)
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then ¥ is a function that depends on the geometry of 92 and u, and it satisfies

(u—u)y(2,t) <¥(z,t) on (02N Bs(zp)) x (0,T),
(u — u)~(20,t0) = ¥(20,0).

Now take the coordinate system z,..., z, as before. Then

(u— 1)y, (2,t) < U(z,t) on (02N Bs(z)) x (0,7T),

Yn(2)

MW(Z(), to),

(2.24)
(u = u)z, (20,t0) =

where 7, depends on 9f2. After taking Cg independent of u and A > B > 1, we get

L(Av + Blz]* = Co(uy, —u,, )*+ “Ziz(;)) — (u— u)xn) >0 in Qs(p.t),
v+ Blzf? — Couy, —u, )* + i((t)) (u—wa, >0 on 0,0s(p.1).
So
Av + B|z]* = Cs(uy, —u, )* + g;ff(;)) —(u =1z, 20 in Qs(p,t)
and

Uz, z, (20, t0) < C7.
Therefore, at (20,t0), U,z is uniformly bounded, hence
u17(20,t0) = ¢4
with ¢4 independent of w. Finally, from the equation
detuyg = et/

we get
‘uxna:n| < M.

Step 4. |V2u| < M, in Q.
By the concavity of log det, we have

L(Vu + e)“z‘2) <0Q) - Ml ()\Zuo“i - fu>
So for A large enough, ,
L(V?u+ M) <o

and
sup |V2u| < sup |V2u| + Cg (2.25)

p=T

with Cg depending on My, 2 and f.
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3. The functionals I, J and F°
Let us recall the definition of P(£2,¢) in (1.8):

P(02,¢) = {u € C*(2) | uis psh and u = ¢ on IN}.

Fixing v € P, for u € P, define

Iy(u) = — /Q (1 — 0)((19Fu)" — (100)").

471

(3.1)

Proposition 3.1. There is a unique and well-defined functional J,, on P ({2, @) such that

§Jy(u) = — [ 6u((i00u)™ — (100v)™)

Q
and J,(v) =0

(3.2)

Proof. Notice that P is connected, so we can connect v to u € P by a path us, 0 < t < 1,

such that ug = v and u; = u. Define

! Oouy ~ -
7/0 /QW((iaaut)”—(iﬁav)")dt

(3.3)

We need to show that the integral in (3.3) is independent of the choice of path w;. Let

du; = wy be a variation of the path. Then
w; =wog=0 and w; =0 on 912,

and

5 /0 1 /Q W((108u)" — (108v)™) dt

/ / ((i00u)™ — (100v)™) + uniddw(i0du)™ ') dt.

Since wg = wy = 0, an integration by parts with respect to ¢ gives

/Ol/nu')((iaau) — (i00v)" / / dt (i00u)™

*—/ /inw@&l(i@gu)"fl dt.
0o Jn

Notice that both w and @ vanish on 0f2, so an integration by parts with respect to z

gives
/ inwddu(i00u)" ! = —/ indw A 0u(i00u)" !
Q Q

= / inudow(i00u)™ "
Q
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So )
5 / / A((108u)" — (108v)™) dt = 0 (3.4)
0o Jn
and the functional J is well defined. O

Using the J functional, we can define the F° functional as

FO(u) = J,(u) —/ u(i00v)™. (3.5)

9]

Then, by Proposition 3.1, we have

SEX(u) = — [ ou(iodu)™. (3.6)
Q
Proposition 3.2. The basic properties of I, J and F° are the following.
(1) For any u € P(£2,¢), I,(u) = J,(u) > 0.
(2) FY is convex on P(£2, ), i.e. Vug,u; € P,

FO(“° ;r “1) < Flwo) ; Fo(un) (3.7)

(3) FO satisfies the cocycle condition, i.e. Yuy,uz,us € P(§2, ),
0 0 0
Fy, (u2) + Fy, (us) = Fy, (us). (3.8)

Proof. Let w = (u—v) and u; = v + tw = (1 — t)v + tu, then

1) = = [ (00w ~ (200)")
([ )
__ /0 1 /Q inwddw(i0du,)"!
- /O 1 /Q indw A dw A (108u;)"1 > 0 (3.9)

and

To(u) = — /O 1 /Q w((i08u)" — (19F0)") dt
:—/01/()w</(Jtis(105us)"ds) di
= —/Ol/g/ot inwddw(100us)"* ds dt

1
= / / (1 — 5)indw A Ow A (i00us)" " ds > 0. (3.10)
0o Jo
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Compare (3.9) and (3.10), it is easy to see that
I, (u) = Jy(u) > 0.

To prove (3.7), let uy = (1 — t)ug + tug, then
1/2 -
Fo(urgs) = Foluo) == [ [ (o) 00" at,
0 2

1
0 — F%uys9) = — uy — ug) (100uy)™ dt.
FO(uy) — F(uy ) /1/2/Q< 0) (0u)" dt

Since

1/2 B 1 _
/ / (u1 — ug)(100u;)™ dt — / / (u1 — ug)(100u;)"™ dt
0 Q 1/2/0

1/2 - -
_ / / (1 — 1) ((100ug)" — (10Dus1j2)™) dt
0 (9]

1/2 B N
_5 / / (gt o — ue)((100ug)™ — (100uss12)™) dt > 0,
0 (%

we have

FO('LLl) — F0<U1/2) > FO(Ul/Q) — FO(Uo).

The cocycle condition is a simple consequence of the variation formula (3.6). O

4. The convergence

In this section, let us assume that both f and ¢ are independent of ¢. For u € P(£2, ¢),
define

F(u):FO(u)+/QG(z,u)dV, (4.1)

where dV is the volume element in C" and G(z, s) is the function given by

G(z,s):/ e ) de.
0

Then the variation of F' is
§F (u) = — / du(det(uyz) — e /=) av. (4.2)
2

Proof of Theorem 1.2. Since both ¢ and f are independent of ¢, by the Krylov—Evans
theory and the uniform C2({2) estimate in §2, it follows that u(-,t) has uniform C%*(£2)
estimate, and hence uniform C*>({2) estimate. Therefore, for any sequence t,, — oo there
is a subsequence t,,, — oo such that u(-,t,,) converges to some function @ in C*>°(£2). If
we can show that e converges to 1 in measure, then @ solves the elliptic equation (1.5)
in measure, hence @ = v by the uniqueness of the solution of (1.5), i.e. the sequential

https://doi.org/10.1017/51474748009000206 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748009000206

474 Z. Hou and Q). Li

limit is independent of the sequence, therefore we get the full convergence of u(-,t) in

C>(£2). So we only need to show that
e®“Y 5 1 in the sense of measure.

We will follow Phong and Sturm’s proof of the convergence of the Kéhler—Ricci flow
n [11]. For any ¢ > 0, the function u(-,t) is in P(§2, ). So, by (4.2),

d . — zZ,u
&F(u) = —/Qu(det(uag) — e~ f(=w)

_ —/Q(logdet(uag) () (det(uyg) — e TEW) < 0,

Thus F'(u(-,t)) is monotonic decreasing as ¢ approaches +o00. On the other hand, u(-,t)
is uniformly bounded in C?(£2) by (1.6), so both FO(u(-,t)) and f(z,u(-,t)) are uniformly
bounded, hence F'(u) is bounded. Therefore,

/OOO /Q(logdet(ua[;) + f(z,u))(det(uyz5) — e_f(z’“)) dt < oo. (4.3)
Observe that by the mean value theorem, for z,y € R,
(@ +y) (" —e™¥) = (z+y)%e" > "M (2 4 y)?,
where 7 is between x and —y. Thus
(log det(u,g) + f)(det(uyz) — e™1) > Cy(log det(u,g) + )? = Cylul?,

where Cy is independent of t. Hence

| il de < . (1.4)

Y(0) = [ il 0 det(ugg) V. (45)

then
Yy = /Q(zuu + @PuP i, 5) det(u,z) dV.

Differentiate (1.1) in ¢,
i — uiyg = fut, (4.6)

SO
- / (20t ju®P + 02(2f,, + uPit, 5)) det(uy5) AV
0

_ / (02(2f + 1Pt 5) — 2iteyitzu°®) det (g 5) AV
(%}
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Notice that both f, and uagzlag are uniformly bounded, so

and

Y < 010/ u” det(u,z) dV = CipY
2

Y (t) < Y(s)eCrot=%) fort > s, (4.7)

where C1g is independent of ¢. By (4.4), (4.7) and the uniform boundedness of det(u,z),
we get

lim (-, )20 = 0.

t—o0

Since 2 is bounded, the L? norm controls the L' norm, hence

lim ||a(-,t)||z1(0) = 0.

t—o0

Notice that by the mean value theorem,

SO

le” — 1] < el®l|z],

/|eﬂ—1|dv<esup\ﬂl/ i V.
(9] 2

Hence e% converges to 1 in L'(§2) as t approaches +oo, and this finishes the proof of
Theorem 1.2. O
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