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A Note on Chirally Cosmetic Surgery on
Cable Knots

Tetsuya Ito

Abstract. We show that a (p, q)-cable of a non-trivial knot K does not admit chirally cosmetic
surgeries for g # 2, or q = 2 with additional assumptions. In particular, we show that a (p, q)-cable of
a non-trivial knot K does not admit chirally cosmetic surgeries as long as the set of JS] pieces of the
knot exterior does not contain the (2, r)-torus exterior for any r. We also show that an iterated torus
knot other than the (2, p)-torus knot does not admit chirally cosmetic surgery.

1 Introduction

Let Sy (m/n) be the Dehn surgery along a knot K in S* of slope m/n. Two
Dehn surgeries S} (m/n) and Sy (m’/n’) along different slopes are purely cosmetic
(resp. chirally cosmetic) if Si(m/n) = Sy (m'[n") (resp. Si(m/n) = -S3(m'[n’)).
Here for an oriented 3-manifold M, we denote by —M the same 3-manifold with
opposite orientation, and M = N means that they are orientation preservingly
homeomorphic.

It is expected that a non-trivial knot K in S* does not have purely cosmetic surgeries
(cosmetic surgery conjecture [Ki, Problem 1.81 (A)]), whereas there are two families
of chirally cosmetic surgeries on non-trivial knots;

(a) For an amphicheiral knot K, S} (m/n) = -S*(-m/n).
2 2
(b) For a (2,r)-torus knot K, we have S?{(%) = —Si(f&fi—fgz) for any
meZ ([Ro], see also Appendix of [IIS]).

Since no other examples of chirally cosmetic surgery of knots in S* are currently
known, one encounters a natural question.

Question 1  Is chirally cosmetic surgery of knots in S either (a) or (b) ?

At first glance, this may sound too optimistic, since there are several unexpected
phenomenon or clever constructions that negate naive conjectures on Dehn surgeries.
Moreover, when we extend our attention to knots in general 3-manifolds M, there are
more examples of chirally cosmetic surgeries that are not generalizations of the above
examples (a) and (b) [BHW, IJ].
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Nevertheless, we recently observed some results supporting the affirmative answer
to this question [It, IIS]. In this note, we show the non-existence of chirally cosmetic
surgery for cable knots under some technical assumptions.

Let E(K) = S* \ N(K) be the knot exterior, where N (K) denotes an open tubular
neighborhood of K. There is a family of essential tori 7= {Tj,..., T,} (possibly
empty) of E(K) such that each component of E(K) \ T:= E(K) \ (U; T;) is geo-
metric (i.e., either hyperbolic or Seifert fibered). Such a family of tori 7, called the
JS] tori, is unique up to isotopy when we take a minumum one. We call a connected
component X of E(K) \ T a JS] piece of E(K).

Theorem 1.1  Let K, 4 be the (p, q)-cable of a non-trivial knot K. Assume that one of

the following conditions is satisfied.

(i gq=#2

(i) g =2, p# 1, and the set of JS] pieces of E(K) does not contain the (- p,2)-torus
knot exterior.

(iii) g =2, p = %1, and the set of JS] pieces of E(K) does not contain the (r,2)-torus
knot exterior for any r.

(iv) q=2,p==landa,(K)+0.

Then K, 4 does not admit chirally cosmetic surgeries.

Here, a,(K) is the coefficient of z* for the Conway polynomial V(z) of K. We
remark that in our notation, the (p,q) cable K, ; of K is defined so that it has
wrapping number g; K, , intersects with {pt} x D? c §' x D*  N(K) at g points.

We mention that the non-existence of purely cosmetic surgery of cable knots are
shown in [Ta]. Although there are many similarities we do not use this result. Indeed,
a mild modification of the proof of Theorem 1.1 proves a non-existence of purely
cosmetic surgery on cable knots.

In light of example (b) of chirally cosmetic surgery and Theorem 1.1, one can think
that an iterated torus knot is a possible candidate for new chirally cosmetic surgeries.
However, we show that iterated torus knots does not admit chirally cosmetic surgery.

Theorem 1.2 An iterated torus knot that is not a (2, p)-torus knot does not admit
chirally cosmetic surgeries.

2 Dehn Surgery of Cable Knots

For a torus boundary component T of a 3-manifold X, a slope y (on T) is an isotopy
class of a non-trivial unoriented simple closed curve on T. We take an ordered basis
(a, B) of H(T;Z) to identify the set of slopes with QU {co = ¢}. We view y as an
oriented simple closed curve by taking one of its orientations. Then [y] = pa + gf8 €
H\(T;Z) for coprime integers p and q. We assign the slope y a rational number
p/geQu{oo = %} (note that p and q depend on a choice of orientation, whereas
p/q does not).

In the case of a knot complement E(K), we take the standard meridian-longitude
pair ([¢],[A]) as an ordered basis of H;(dE(K);Z). The m/n-surgery on K is the

https://doi.org/10.4153/5S0008439520000338 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439520000338

Chirally Cosmetic Surgery on Cable Knots 165

3-manifold S} (m/n) obtained from E(K) by attaching the solid torus S' x D* along
0E(K) so that the slope m/n bounds a disk in the attached solid torus.
The (p, q) torus knot T, 4 is a slope § curve on a boundary of the standardly

embedded solid torus S' x D? in S, with respect to the basis ([{*} x 9D?],[S" x
{*}]) of H;(8S' x D* Z). Thus, in our convention, the (p, g)-torus knot T} , is the
closure of the g-braid (01---04-1)?. In the sequel, we will often view T}, ; as a knot in
the solid torus S! x D%

The (p, q)-cable K, 4 of the knot K is the image f(Tj,4) of the standard torus

knot T}, ¢ ' x D?, where f : §' x D* - N(K) isa homeomophism such that f(S" x
{*}) =1, f({*} x 9D*) = y,and N(K) denotes the closure of N(K). Since K, ;, = K
if g = 1, in the sequel, we always assume that g > 1.

By [Go], the Dehn surgery along a cable knot is described as follows:

Sk(p/a)#L(q,p) |npq—-m|=0,
Sk, (m[n) =1 Sy (m/nq*) lnpg —m| =1,
E(K)Ur Ppgmn |npqg—m|>1.

In the last case Py g .4 is a Seifert fibered space with base surface D? having two
singular fibers, glued along the boundary T := 0E(K) of E(K). Moreover, Py g . is
aJSJ piece of S?(M (m/n).

In the following, we prove Theorem 1.1 by dividing arguments into the following
four cases, according to |npq — m| and |n'pq — m|.
Casel: |npq—m|=0(Lemma 2.3)
Case2: |npq—m|=|n"pgq—m|=1(Lemma 2.4).
Case3: |npq—m|=1|n"pgq— m|>1(Lemma 2.5).
Case4: |npq—m|,|n'pg - m|>1(Lemma 2.6).

In Case 4, we use additional assumptions (i)-(iv).

Before starting discussions, we review some known results on chirally cosmetic
surgery that will be used in the argument.

A knot K is an L-space knot if a Dehn surgery on K yields an L-space. For an L-
space knot K, its Alexander polynomial Ag (), normalized so that Ag(t) = Ax(t™)
and Ak (1) = 1hold, is of the form

A(t) = (-D)* + zk:(-l)k_j(t"f +17)

j=1

for some 0 < n; < 1y < -+- < ng = g(K) [OS1, Corollary 1.3]. From this property, we
have the following proposition.

Proposition 2.1 If K is an L-space knot that is not an unknot, then ay(K) # 0.

Proof The coefficient of z* of the Conway polynomial V(z) is given by

1 k ,
a,(K) = EA}Q@) =Y (-1 7ni = 0. n
j=1
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The relevance of L-space knots and (chirally) cosmetic surgery comes from the
following result.

Theorem 2.2 [0S2, Theorem 1.6]  If Sy (r) = Sy (r") with rr’ > 0, then K is an L-
space knot.

Then we turn to the proof of Theorem 1.1.
— - 3 _Q3 ’
Lemma 2.3 If|npg — m| =0, then SKp,q(n/m)gé SKM(m/n ).

Proof S (m/n)=Si(p/q)#L(q,p) is reducible, but Sg (m/n’) is irreducible
whenever n’'pq — m # 0 [Sc]. Hence, they are not homeomorphic. [ ]

Lemma 2.4 Iflnpq—m|=|n'pqg—m|=1,then Si (m[n)#-Sg (m/n").

Proof We can assume that npq = m +1and n'pg =m -1, hence (n—n")pq = 2.
Therefore, we have (p, q) = (£1,2) and consequently 2n = m +1and 2n’ = m — 1, or,
—-2n = m+land -2n’ = m — 1. We consider the former case 2n = m + land 2n’ = m —
1. The latter case is similar.

SinceS}p’q(m/n) =Sy (m/4n) = S3.(m/2m + 2) and S;pyq(m/n’) =S¥ (m/4n") =
Sy (m/2m — 2), we have a chirally cosmetic surgery on the knot K :

Sy(m/2m +2) = -Sy(m/2m - 2).

Since (m/2m +2)(m[2m —2) > 0, i.e., the sign of two surgery slopes are the same,
by Theorem 2.2, K is an L-space knot. Hence, a,(K) # 0 by Proposition 2.1.

On the other hand, by the surgery formula of Casson-Walker invariant A [BL, Wa],
we have

2m+2

A(Sy(m/2m +2)) = a,(K) - %s(2m+2,m),

A=S2(m)2m +2)) = — 22

a,(K) + %S(Zm -2,m);
here, s(a, b) denotes the Dedekind sum. Since the Dedekind sum has the properties
s(a,b)=s(a’,b)ifa=a" (modb), s(-a,b)=-s(a,b),

s(2m+2,m)+s(2m-2,m) =0. Since A(Sy(m/2m+2))=A(-Sx(m/2m +2)),
we have

8ay(K) =s(2m+2,m) +s(2m—-2,m) = 0.

This is a contradiction. ]
Lemma 2.5 If|npg - m|=1and |n’pq— m|>1, then S%M(n/m) 2 —Sipq(m/n’).

Proof Let k be the number of JS] tori of E(K), and let X, be the JS] piece of E(K)
that contains 0E(K). When X is hyperbolic, the simplicial volume of its exterior
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satisfies |E(K)|| > | E(Xo)]| > 0. Since the simplicial volume strictly decreases under
Dehn fillings when X is hyperbolic,

|Sk,., (m/n)| = [Sk(m/4n)| < |E(K)|
On the other hand,
ISk, (m/n")| = | E(K) Utz Pp,gmwr| = | E(K)];

we conclude S3 (m/n) + =Sg  (m/n").

When X, is Seifert fibered, Sf}p?q(m/n) = 8% (m/nq*) has at most k essential
tori, whereas —S;}P,q(m/ n’) contains (k+1) essential tori, so they are not
homeomorphic. [ ]

To treat Case 4, we give a more precise description of the Seifert fibered piece
P, 4.m,n and how E(K) is attached to Py, g .-

In the following, we use Hatcher’s notation M (g, b; %, s Z—) for Seifert fibered
manifold [Ha]. For a compact oriented surface with genus g and b boundary com-
ponents B, let B := B\ (D U---u D,) where Dy, ..., D, c Int(B) are disjoint disks.
Let 1 : M" — B’ be the circle bundle over B’ with orientable total space. By taking a
cross section o : B" - M, we identify the total space M’ with o(B’) x S' = B’ x S*. For
each torus boundary component T of M’, we have a canonical ordered basis given by
([er] = [B' x {*} n T, [h] == [{*} x S']), which we call a section-regular fiber basis.
Then M(g, b; % yeees % ) is a 3-manifold obtained by attaching n tori along each torus
boundary T; := dD/ x S! so that the slope % bounds a disk.

Let C=Cp 4 :=(S' x D*) N N(T),q) be the cable space, the complement of the
regular neighborhood of the (p, q) torus knot T} , in a solid torus §' x D*. We fix
integers s, r so that pr + gs = 1. With a suitable choice of section, the cable space C,,
is identified with M (0, 2; é)

Besides a section-regular fiber basis, the boundaries of C,, ; has another natural
ordered basis. Let 0,C := ON (T} 4). By viewing T} 4 as usual (p, q) torus knot lying
in S! x D* ¢ §°, we have the standard meridian-longitude basis (y, 1) of H;(9,C; Z).
In terms of the meridian-longitude basis, the section-regular fiber basis ([c;], [h]) is
written by

[a]=-[u],  [h]=pqlu]+[A] € Hi(a:GZ).

Since m{u] + n[A] = (npq — m)[c1] + n[h], we have an identification

Py qmn = M(O, 1; g, npqn— - )

For 0,C := 9(S! x D?), we have a natural basis ([M] = [{*} x 9D'],[L] = [S" x
{*}]) of H,(0,C;Z) which we call outer torus basis. In terms of the section-regular
fiber basis ([c2], [h]), the outer torus basis ([M], [L]) is written by

[M] = qlez] = r[h], [L] = ple2] + s[h] € Hi(0:GZ).

By the definition of cabling, the exterior E(K) is glued to Py 4,,» by the homeomor-
phism ¢ : 0E(K) — 0Py, g,m,n such that ¢(ux) = [M] and ¢(Ax) = [L].
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Lemma 2.6  Assume the following hold.

(i) Ifq=2andp + £, then the set of ]S] pieces of E(K) does not contain the (-p,2)-
torus knot exterior.

(i) Ifq=2, p ==, then either a,(K) = 0, or, the set of JS] pieces of E(K) does not
contain the (r,2)-torus knot exterior for any r.

Then for |npq — m|, |n’ pqg — m| > 1 withn + n’, S%p,q(m/n) # —S?%(m/?l').

Proof Assume, to the contrary that S?(M(m/n) > —S?q’q(m/n’) so there is an
orientation preserving homeomorphism f : SI3<,,,,, (m/n) > _SI3<,,,,, (m/n").

By isotopy, we assume that f induces homeomorphisms of JS] pieces. By the
assumption |npg — m|, |n’ pqg - m| > 1, Sf(p’q(m/n), and —Sf%q(m/n’) have distin-
guished JSJ piece Pp g, m,n and —Pp g mn'- Let Xo = Py g.m,n and Yy = f(Xo).

Clalm 2.7 YO * —Pp,q,m,n’- u

Proof = Assume to the contrary that Yy = —Pp ¢ ,m,/> 50 f induces an orientation
reversing homeomorphism fp = flp, .. : Pp.qmun = Pp,qmn- By uniqueness of
Seifert fibration, fp sends the regular fiber h of Py g ., to the regular fiber h' of
Py g.m,n- Since f is orientation reversing, it inverts the orientation of regular fiber;
hence, we have f([h]) = —[K'].

On the other hand, f induces an orientation reversing homeomorphism
fle(ky  E(K) — E(K) hence K is amphicheiral. In particular, we have f([ux]) =
=[ux]s f([Ak]) = [Ak]-

As we have discussed, in S;M (m/n), the outer torus basis ([M],[L]) of Py g m,n
are identified with [px] and [Ak], respectively. Similarly, in S%M (m/n"), the outer
torus basis ([M'],[L']) of Py g,m,n are identified with [ux] and [Ak], respectively.
Therefore, f([M]) = -[M'] and f([L]) = [L']; hence, in terms of the section-regular
fiber basis ([c,], [1]) and ([¢3], [A']) of Pp,q,m,n and Pp g m,7» we have

f((M]) = f(qle2] = r[h]) = af ([2]) + r[1'] = —qley] + r[h'] = -[M'],
fALY) = fCplea] +s[h]) = pf([c]) = s[h'] = p[c3] + 5[] = [L'].

The first equation shows f([c2]) = —[c}], which contradicts the second equation. m

Thus, Yy = f(Xo) 2 Py q,m,n is aJSJ piece of —E(K). Hence, there exists a JSJ piece
X of E(K) = —(—~E(K)) that is homeomorphic to =Yy = —Pp g.m,n-

The next claim, together with our assumption (i), shows that such a JSJ piece cannot
be sent to —Py 4 m,n'-

Claim 2.8  Let X be a JS] piece of E(K) that is homeomorphic to =Py g m.n. If f(X) =

—Py 4.m,n> then q = 2 and X is homeomorphic to (—p, 2)-torus knot exterior. Moreover,
K, 4 is an L-space knot.
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Proof of Claim 2.8 ~ Since —X = Pj, 4.m,n is a Seifert fibered space with disk base
and two singular fibers that appears as a JSJ piece of the knot exterior E(K), X is
homeomorphic to the torus knot exterior E(Tp,q ) for some P, Q. We fix integers S, R
so that PR+ QS = 1.If f(X) = =Py g m,n'»

~X 2 E(Tpq) = M(0,1; g, %) = M(0,1 g, npq”_ m) 2 Py o
A
~ M(O,l; g n’p;l— m) = Ppgmon’

Thus, we can assume that we have g = Q, 7 = R, P = npqg — m = —(n'pq — m) and that
there are integers i, j such that
n .S .S
——+i=— and —+j=—.
npq-—m P npq—m P

In particular, we have

)

r(npq —m) +qn + qi(npg—m) =1,
r(npq—m) —qn’ +qj(npg—m) =1.

Since P = npg—m = —(n'pq— m), we have (n+n’)pq =2m. By (1), q and m are
coprime hence we have g = 2. Consequently,we getr =R=1,q = Q =2, and

P=npg-m=2np—-(n+n")p=(n-n')p.

Then (1) is written as

(n-n")p+2n+2i(n-n")p=1,
(n=-n")p-2n"+2j(n-n")p=1

So we have (n—n")(1+p+ip+jp)=1 hence (n—n') ==l If (n—-n') =1, we
have P= (n—-n")p=p,s0 X 2 =Py 4 mn = —E(Tp;>) 2 E(T_,,). Moreover, n — n’ =
1 means that the signs of surgery slopes #/n and m/n’ are the same; hence, K, 4 is an
L-space knot by Theorem 2.2.

If (n—n'") =-1, we have p(1+ i+ j) = -2, so p = +1. Then we have |npq — m| =
|(n—n")p| =1, so it contradicts the assumption. ]

Thus, V) = f(X;) is a JSJ piece of —E(K). Hence, we have a JSJ piece X, of E(K)
that is homeomoprhic to P; g,m,. The next claim, similar to Claim 2.8, together with
the assumption (ii) shows that such a JS] piece cannot be sent to —P; 4 ,»/, €ither.

Claim 2.9  Let X be a JS] piece of E(K) that is homeomorphic to Pp g .. If f(X) =

—Pp g.mn thenq =2, p = £land a;(K) = 0. Moreover, X is homeomoprhic to (2, =(n —
n’))-torus knot exterior.

Proof of Claim 2.9  Asin Claim 2.8, X is homeomorphic to the torus knot exterior
E(Tp,q) for some coprime P, Q, and we have
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R S r n
X2E(Tpo)2M(0,, =, = )2 M(0,;—,———— | 2 Ppymn
(Tra) = M(0.1i 5 5 ) = M(01 ) = P,
r n'
= M(O, 1;—5,—’1,%—_’%) = _Pp)q,m)nl.
Here, S, R are integers chosen so that PR + QS = 1. We can assume that g = Q, 7 = R,

P=npq-m.

We have either |npg — m| = |n’pq — m| or |npg — m| = |q|. In the latter case, we
also have |n’pq — m| = |q| = |n'pg — m|, so in both cases, we always have |npq — m| =
|n'pg — m|. Since n + n’, we have npqg —m = —n’pq + m, so (n + n')pq = 2m.

On the other hand, there is an integer i such that np;’_m +i= %, so we have
r(npg — m) + qn + qi(npq — m) = 1. This implies that m and g are coprime so we
have g = Q = 2. Consequently, (n + n’)p = m; hence, npg—m =2np - (n+n')p =
(n-n")p.

By comparing Seifert invariants, we have integers i, j such that

(n=-n")p+2n+2i(n-n")p=1,
(n=n")p+2n' +2j(n-n")p=1,
sowe have (n —n')(ip — jp +1) = 0. Consequently, we have (i — j)p = -1, s0 p = £L.
Thus P=npg-m=(n—-n")p==+(n-n').
Also, by p = +1, wehave n + n’ = £m. This shows that n + n’ = 0 (mod m). By the
Casson-Walker invariant, we have

Ak (m/m)) = 2 a3 (Kas2) = 3(n,m)

1
- _%az(Kﬂ,z) + ES(”,’ m) = /\(_S?Q],z(m/”,))

and

n+n'

a,(Ks1) = %(s(n, m) +s(n',m)) =0.

Since n + n’ # 0, because this implies m = 0, we have a,(K, 4) = 0. On the other
hand, since Ak, (t) = Ax(t7)Ar, (t), we have ay(Kpq) = q*a2(K) + ax(Tpq)-
Thus, az(Kil,z) = 4612(K) =0. |

Therefore, Y, = f(X,) appears as a JSJ piece of —E(K); hence, we have a JS] piece
X3 of E(K) which is homeomoprhic to —Pp g m,n-

Then we repeat the argument; for each i > 2, we have a JSJ piece X; that is
homeomorphic to =P, 4., (if i is odd) or Py 4, (if i is even). Then by assumption
(i) and Claim 2.8 (if i is odd) or by assumption (ii) and Claim 2.9 (if i is even), we
see that f(X;) # —Pp g,m,n"- Hence, Y; := f(X;) gives a new JSJ piece of —E(K). This
means that we find a new JSJ piece X, in E(K), homeomorphic to —Pp g m,» (if i is
even) or Py g m n (if i is odd) (see Figure 1 for a schematic illustration). Thus, E(K)
contains infinitely many JSJ pieces, which is absurd.

https://doi.org/10.4153/5S0008439520000338 Published online by Cambridge University Press


https://doi.org/10.4153/S0008439520000338

Chirally Cosmetic Surgery on Cable Knots 171

>< mEm
by Claim 2 % by Claim 3
* and k and

assumption (i) Assumption (ii)

G

Figure I: Proof of Lemma 4: S;M (n/m) ¢ —S}M (m/n") imposes infinitely many JS] pieces.

3 Iterated Cables

For a sequence (p1,q1), ..., (pn>qn) of coprime integers with g; > 1 and a knot K,
we define an iterated cable K, 4.).....(px.qv) inductively by

.....

Kipa) = Kpnao K((prgi)sen(pwoan)) = (K((Pl»ql) ~~~~~ (PN—qu—l)))(PN»qN)'

When K is the unknot U, the iterated cable U, 4.).....(px.qy) IS called the iterated torus

knot.
We prove a theorem that is slightly more general than Theorem 1.2, by adding more

arguments to Lemma 2.6.

Theorem 3.1 Let K be a non-satellite knot. Then an iterated cable K(p, 4.),....(px.qn)
for N > 1that is not a (2, p)-torus knot does not admit chirally cosmetic surgery.

Proof of Theorem 3.1  An iterated cable of torus knot is an iterated torus knot, so
we can assume that K is either hyperbolic or unknot. We put p = py, g = gy and

.....

K* = K(Pb‘]l) ~~~~~ (PN-1,gN-1)"
The JS] decomposition of E(K*) is given by

E(K*) = E(prql) ur CPz,qz Ur, = UTy_, CPN—]"ZN—]
if K is unknot, and
E(K*) = E(K) U, CPl)ql ur, CPZ)% U, Uty , CPN—lJ{N—l

otherwise (i.e., K is hyperbolic). When K is hyperbolic, no JSJ piece of Eg~ is
homeomorphic to the torus knot exterior so by Theorem 11, K , does not admit
chirally cosmetic surgery. Thus, we assume that K* is an iterated torus knot. Since the
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classification of chirally cosmetic surgery of torus knots are known [IIS, Ro], in the
following, we assume that K is not a torus knot.
Assume, to the contrary that S}. (m/n)=z-Sy. (m/n’), so there is an
Pq Pq

orientation preserving homeomorphism f:S}. (m/n) - -S;. (m/n"). By
P9 pq
Lemmas 2.3, 2.4, and 2.5, |npq — m|,|n’pq — m| > 1; hence, S3. (m/n) = E(K*) ur
Pq

Pp.g.m.ns qu’q (m/n") = E(K*) Ur Py g mn-

By isotopy we assume that f induces homeomorphisms of JSJ pieces. By Claim 2.7
in the proof of Lemma 2.6, f(Pp,q,m,») is a JS] piece of —~E(K*). Since the cable space
Cp,,q; has two boundary components, whereas the boundary of P, ;4 . is connected,
we have f(Py g.mn) = —E(Tp,q,)- Since f(E(Tp, q,)) isaJS] piece of =S . (m/n’) =

—E(K*) Ut =Py g.m,» other than —E(T,, 4,), wehave f(E(Tp,,q,)) = Pp q.m,n- This
shows that f gives an orientation preserving homeomorphism

f: _f(Pp,q,m,n) = E(Tpl,ql) — —Ppqmn-

By Claim 2.8 in the proof of Lemma 2.6, we have q; =2,p; =—p and K =
K;,q is an L-space knot. On the other hand, by [Hom] an iterated torus knot
K(=p.2)(pr-1.qn-1).(p,2) 18 an L-space knot implies that —p, py, p3,..., p has the
same sign. This is a contradiction. [ ]

Acknowledgment The author is grateful to Kazuhiro Ichihara for invaluable
comments and discussions.

References

[BL] S. Boyer and D. Lines, Surgery formulae for Casson’s invariant and extensions to homology lens
spaces. ]. Reine Angew. Math. 405 (1990), 181-220.

[BHW]  S. Bleiler, C. Hodgson, and J. Weeks, Cosmetic surgery on knots. In: Proceedings of the
Kirbyfest (Berkeley, CA, 1998), Geom. Topol. Monogr., 2, Geom. Topol. Publ., Coventry.
1999, pp. 23-34. https://doi.org/10.2140/gtm.1999.2.23

[Go] C. Gordon, Dehn surgery and satellite knots. Trans. Amer. Math. Soc, 275 (1983), 687-708.
https:/doi.org/10.2307/1999046

[Ha] A. Hatcher, Notes on basic 3-manifold topology.
https://pi.math.cornell.edu/hatcher/3M/3Mdownloads.html

[Hom]  J. Hom, A note on cabling and L-space surgeries. Algebr. Geom. Topol. 11 (2011), 219-223.
https:/doi.org/10.2140/agt.2011.11.219

[11S] K. Ichihara, T. Ito, and T. Saito, Chirally cosmetic surgeries and Casson invariants. Tokyo J.
Math., to appear.

(1] K. Ichihara and I. D. Jong, Cosmetic banding on knots and links, with an appendix by H.
Masai. Osaka J. Math. 55 (2018), 731-745.

[It] T. Ito, On LMO invariant constraints for cosmetic surgery and other surgery problems for knots
in §3. Comm. Anal. Geom. 28 (2020), 321-349.

[Ki] R. Kirby (ed.), Problems in low-dimensional topology. AMS/IP Stud. Adv. Math., 2.2,

Geometric topology (Athens, GA, 1993). Amer. Math. Soc., Providence, RI, 1997, pp. 35-473.

[OS1] P. Ozsvéth and Z. Szab6, On knot Floer homology and lens space surgeries. Topology 44 (2005),
1281-1300. https://doi.org/10.1016/j.top.2005.05.001

[0S2] P. Ozsvath and Z. Szabd, Knot Floer homology and rational surgeries. Algebr. Geom. Topol. 11
(2011), no. 1, 1-68. https://doi.org/10.2140/agt.2011.11.1

[Ro] Y. W. Rong, Some knots not determined by their complements. In: Quantum topology, Ser.
Knots Everything, 3, World Sci. Publ., River Edge, NJ, 1993, pp. 339-353.

https://doi.org/10.4153/5S0008439520000338 Published online by Cambridge University Press


https://doi.org/10.2140/gtm.1999.2.23
https://doi.org/10.2307/1999046
https://pi.math.cornell.edu/hatcher/3M/3Mdownloads.html
https://doi.org/10.2140/agt.2011.11.219
https://doi.org/10.1016/j.top.2005.05.001
https://doi.org/10.2140/agt.2011.11.1
https://doi.org/10.4153/S0008439520000338

Chirally Cosmetic Surgery on Cable Knots 173

[Sc] M. Scharlemann, Producing reducible 3-manifolds by surgery on a knot. Topology 29 (1990),
481-500. https://doi.org/10.1016/0040-9383(90)90017-E

[Ta] R. Tao, Cable knots do not admit cosmetic surgeries. . Knot Theory Ramifications 28 (2019),
1950034. https://doi.org/10.1142/50218216519500342

[Wa] K. Walker, An extension of Casson’s invariant. Annals of Mathematics Studies, 126, Princeton

University Press, Princeton, NJ, 1992. https://doi.org/10.1515/9781400882465

Department of Mathematics, Kyoto University, Kyoto 606-8502, JAPAN
e-mail: tetitoh@math.kyoto-u.ac.jp

https://doi.org/10.4153/5S0008439520000338 Published online by Cambridge University Press


https://doi.org/10.1016/0040-9383(90)90017-E
https://doi.org/10.1142/S0218216519500342
https://doi.org/10.1515/9781400882465
mailto:tetitoh@math.kyoto-u.ac.jp
https://doi.org/10.4153/S0008439520000338

	1 Introduction
	2 Dehn Surgery of Cable Knots
	3 Iterated Cables



