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Abstract. Analogues of Scott’s isomorphism theorem, Karp’s theorem as well as results on lack
of compactness and strong completeness are established for infinitary propositional relevant logics.
An “interpolation theorem” (of a particular sort introduced by Barwise and van Benthem) for the
infinitary quantificational boolean logic Lo, holds. This yields a preservation result characterizing
the expressive power of infinitary relevant languages with absurdity using the model-theoretic rela-
tion of relevant directed bisimulation as well as a Beth definability property.

§1. Introduction. In these pages we explore the model theory of a twofold nonclas-
sical logic: infinitary relevant propositional logic. By extending the language of relevant
logic by adding infinitary conjunctions and disjunctions, we naturally gain some expressive
power. Such extensions have been toyed with from time to time in the context of relevant
logic in an unsystematic and informal way (cf. [15, 16, 25]). In [25] (p. 336), Routley
reports some unpublished (and, according to him, not overly successful) attempts to study
infinitary relevant logic.

We will be working in the well-known Routley—Meyer semantics [13,26-29]. This is
the more or less standard nonalgebraic semantics for relevant logic ( [24,30] are examples
of quite recent applications). The reader can find a survey of the alternatives in [13],
though.!

Though the heyday of infinitary logic seems to be long gone, important results remain.
In the next sections, we will obtain relevant analogues of some of them such as Karp’s
theorem or Scott’s isomorphism theorem. Karp’s theorem (Corollary 3.5.3 in [17]) is the
claim that for any two models, Lsoq-equivalence is the same as the existence of a family
of partial isomorphisms with the back and forth properties. Scott’s isomorphism theorem
(Corollary 3.5.4 in [17]) says that, for denumerable models, making a single special for-
mula true suffices to characterize a structure up to isomorphism.

The main problem we will solve here, though, is that of characterizing the expressive
power of infinitary relevant logic. This will be accomplished by establishing a generalized
interpolation result for the classical infinitary logic Loy, from which the desired char-
acterization will follow in the form of a preservation theorem involving relevant directed
bisimulations. On a historical note, directed bisimulations were introduced in [20] and
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1 [21] is a recent contender for the quantificational case, where incompleteness had been found by
Fine [16].
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though it was hinted there, it seems like [22] is the first time they were applied to the study
of substructural logics in print. Recently, they have been shown to have a fundamental
place in the model theory of relevant logic in the Routley—Meyer semantic framework
(cf. [2], where the finitary case has been studied) analogous to bisimulations in the Kripke
semantics for modal logic.

The results on expressive power in this paper can be seen as a continuation of the work
in [2], turning our attention this time to the realm of infinitary languages. There are certain
differences in method worth mentioning, though. In [2], there was an appeal to the machin-
ery of saturated models in order to establish a preservation theorem characterizing relevant
formulas as a fragment of first order logic. This was, in fact, unnecessary for a much
more direct proof through a simple application of the compactness theorem of first order
logic was possible. It would have simply required the introduction of the notion of a rele-
vant directed n-bisimulation, a finite approximation of a relevant directed bisimulation.?
This approach is so basic that it generalizes to logics having some minimal forms of
compactness such as L. That is the main motivation behind our introduction of relevant
directed a-bisimulations in Definition 4.3.

In §2, we introduce the Routley—Meyer semantics for infinitary propositional relevant
languages with absurdity. In §3, we show that infinitary relevant languages with absurdity
are, in general, lacking compactness and most reasonable formal systems based on them are
not strongly complete. In §4, we define relevant directed bisimulations establishing some
basic propositions, including a relevant Karp theorem while in §5, we prove a relevant
analogue of Scott’s isomorphism theorem. In §6, we prove an interpolation theorem for the
infinitary quantificational boolean logic Lo, which implies a preservation theorem say-
ing that the formulas of L, preserved under relevant directed bisimulations are exactly
infinitary relevant formulas, as well as a Beth definability result. Finally, in §7 we briefly
summarize our work.

§2. Routley-Meyer semantics. In this section, we will review the Routley—Meyer
semantics for propositional infinitary relevant languages with absurdity and their embed-
dability in more traditional infinitary languages.

Let x be some infinite cardinal. An infinitary relevant language with absurdity L,
contains a possibly finite list PROP of propositional variables p, g, r ... and the logical
symbols L (an absurdity constant), ~ (negation), /\ (conjunction), \/ (disjunction), and
— (implication). Formulas are constructed as expected:

pu=p| L] ~é| Nicr i | Vier ¥ | ¢ — v,
where p € PROP and |I| < . The infinitary relevant language with absurdity L2}, comes
from letting the index I of a disjunction or a conjunction take any cardinality whatsoever.
L is just an ordinary finitary relevant language.

A comment on the presence of L in our languages is in place here, given that L is
not standardly part of the languages of relevant logic (cf. [1]). The results in these pages
cannot dispense with L, since languages without L have no reasonable model-theoretic
characterization. The interested reader is advised to consult §4 in [2].

Note that implications are still finitary in the sense that we can only build formulas of
the form

do—= (1= (o= (= d1)...)

2 Incidentally, this is how the main result of [3] characterizing the expressivity of propositional
bi-intuitionistic languages was obtained.
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when 1 is finite. This is the reason for writing w in L, it basically bounds the possible

number of iterations of a — symbol in a formula. This notation should not be confused
with the classical notation where the second subscript is used to bound the possible length
of a string of quantifiers.’

An example of a connective definable in L7}, (but not in L) is 2 (iterated

entailment), which was introduced by Humberstone (see [10], p. 36). The formula ¢ 5 v
means that for some natural number n > 1,

P> @ (..(d—>y)...))
n—eos

holds. This, of course, boils down to an infinitary disjunction of finitary implications:

Vis1 = @ = (..(¢p—> y)...)).
n—eos

As we announced in §1, we will be working in the Routley—Meyer semantic framework.
In this setting, a model for L will be a structure M = (W, R, *, T, V), where W is
a nonempty set, 7 € W, = is an operation * : W — W (the so called Routley star),
R C W x W x W and V is a valuation function V : PROP — @ (W). In what follows we
frequently omit 7' from the presentation of our models since nothing essential hinges on
that (given that we will not be considering any connectives involving 7 in its semantics)
and the reader can easily fill in the omitted details.

We define satisfaction at w in M recursively as follows:

M,w - L never

M,wl-p iff w e V(p)

M, wlF (~ $) i M, w K

M,wl (\;c; ¢i) iff M, w - ¢; foreveryi € I.

M, wl (e ¢i) iff M, w |k ¢; for somei € I.

M,wlF¢ >y iff for every a, b such that Rwab,
if M,al-¢then M, b IF y.

Note that as L gives us a means to define the empty class of models, T =45 (~ L) allows
defining the class of all models since it is invariably true (for recall that L invariably fails
at w* for any w).

The basic semantic units in relevant logic are (as in modal logic) pointed models, that is,
pairs (M, w) where w is some distinguished element of W. This is simply due to the fact
that formulas are evaluated locally, at worlds.

31tis opaque whether there is a connection here. For instance, ¢ — (¢ = (... (¢ = w)...))
—_—
w—g¢s

could be naively translated—without the intervention of infinitely long strings of quantifiers—
into a “classical infinitary” language with the appropriate signature, using the translation
function given below, as Vypzo(Rxyozo A Te(¢)Y0/* 5 Vyi, z1(Rzoy1z1 A Te($)1/* O
(... Vou(Rzoou A Te(d)P/* D Te(w)*/*)...))). The problem is that this is not a formula of
any classical infinitary language L, ;. The reason is that it violates the well-foundedness of the
subformula relation (Lemma 1.3.3 from [12]). To see this note that the collection of formulas
Vyizi (Rzi—1izi AT (@)% D Vyig1, 2i41(Rzi yig12i41 ATe(@)7+1/% D (.. Vou(Rzgpvu A
Ty ($)*/* D T (w)*/*)...))) (0 < i < w) has no minimal element according to the subformula
relation.
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By considering restricted classes of Routley—Meyer structures where the relation R has
certain properties and only some valuations are admitted, we can get classes of models
corresponding to a number of formal systems of relevant logic like B, T, or R. Next we
will consider some famous examples from [26].

Consider a relevant language with absurdity L. A structure (W, R, %, T, V) is called a
B-model if for any x, y,z, 0 € W:

(i) RTxx.
(i) RTxv and Royz implies that Rxyz.
>iii) x = x**.
(iv) RTxy only if RTy*x*.
(v) x € V(p) and RTxy implies that y € V (p).

An R-model is a B-model where condition (iv) is strengthened to
(iv) Rzxy only if Rzy*x*,

and, furthermore (abbreviating the claim that there is a u such that Rxyu and Ruzv as
R?(xy)zv, and the claim that there is an u such that Rxuv and Ryzu as R>x(yz)v), for any
xX,y,z,0 € W:

(v) R%(xy)zv only if R%x(yz)v.
(vi) Rxxx.
(vil) Rxyz only if Ryxz.

An RM-model is an R-model such that and for any x, y,z € W:
(v) Rxyzonly if either RTxz or RTyz.

When Fis the deducibility relation of some formal system S of relevant logic, a syntactic
claim of the form ¢  y is to be interpreted on the class of corresponding models Vg as
saying that M, T I ¢ only if M, T I+ y for every model M € Vs. In what follows we
will use the symbol Vg as a variable for the class of models corresponding to any system S
described in [26] between B and RM.*

Next we give an example of the increased expressive power of infinitary relevant lan-
guages. Suppose ® and W are sets of formulas. We speak of the pair (®, V) as being
satisfiable or having a model in a class K of pointed models if there is a model (M, w) € K
such that M, w I ¢ for each ¢ € ® and M, w ¥ y for every y € Y. These pairs are
called tableaux in [11] (pp. 37-38).7 Let V be a class of pointed models. A class of pointed
models K C V is said to be axiomatizable in L, with respect to V if there is a set of
formulas I of L_} such that K = Mod(I')—where Mod(I') the class of pointed model
satisfying T'. Let (M, w) be a model for L7 . We say that (M, w) is inconsistent if for
some p € PROP, M, w IF (p A (~ p)).

4 A caveat is in place here. The variable sharing property is a folklore requirement from any formal
system of relevant logic. The property states that whenever ¢ —  is a theorem then ¢ and y
must share some propositional variable in common. When our language has L, the principle
fails quite easily since L — @ (for arbitrary ) would be a theorem, tempting one to claim
that no system involving L should qualify as a system of relevant logic. However, Yang [31]
has suggested recently the strong implicit relevance property as a nice substitute of the variable
sharing property that would allow for systems containing L.

5 See also the bi-theories in [23].
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Inconsistency is definable by a sentence of a propositional relevant language with absur-
dity L, if PROP is finite, for in this case \/ ,cprop(P A (~ p)) expresses that a model
is inconsistent. If the signature is not finite, inconsistency is not in general a property
axiomatizable in L . This has been pointed out for L P essentially in [14] with an argu-

ment using a version of Lo$’s theorem on ultraproducts.

PROPOSITION 2.1. If|PROP| > w, inconsistency is not a property of models axiomati-

zable in L, with respect to any Vs.

Proof. Suppose it were. Say the theory ® axiomatizes the class of inconsistent models.
Now, the pair (®, ®) where ® = {(p A (~ p)) : p € PROP} is finitely satisfiable in V.
To see this take a finite subset {po, ..., p,} C PROP. Consider the model (W, R, x, V, T)
(in Vg since it is in VRyp) such that

W = {t, s}.

* = {(t,s5), (s, 1)}.

R=1{(t,t,1),(t,s,t),{t,s,s), (s, t, 1), (s, t,s),(s,s,t),(s,s,s8)}.
T =1t.

V(pi) =W (fori =0,...,n).

V(q) = {t} (forq € PROP,and q # p; fori =0, ...,n).

We see that if ¢ € PROP but g # p; fori = 0,...,n, then M, I- (g A (~ g)). On the
other hand, M, t ¥ (p; A (~ p;)) i =0,...,n)since t* = s € V(p;), which means that

M, (~ pi).
Finally, by Proposition 2.5 of [2], the pair (®, ®) is satisfiable in Vg, which is a contra-
diction since by definition ® says that at least one of ¢ € ® must hold. U

When |PROP| > w, inconsistency is expressible by a single formula in the extension
LEROPH&) of L . Again, \/pepROP(p A (~ p)) expresses that a model is inconsistent.
This fact shows that L|_P>Rop|+m is a proper expressive extension of L .

Consider an infinitary language with equality and boolean negation admitting conjunc-
tions and disjunctions of size at most x (the standard reference for the study of such
languages is [12]) and quantifications over at most finitely many variables that comes
with an individual constant symbol 7', one function symbol *, a distinguished three place
relation symbol R, and a unary predicate P for each p € PROP. Following the tradition
. . . . N
in modal logic, we might call this a correspondence language L) for L., (cf. [9]).
Now we can read a model M as a classical model for L in a straightforward way:
W is taken as the domain of the structure, the constant 7 denotes the obvious distin-
guished world, V specifies the denotation of each of the predicates P, Q, ..., while =
is the denotation of the function symbol x of L, and R the denotation of the relation
R Of LCO}"F

Kw °

Where ¢ is a term in the correspondence language, we write ¢'/* for the result of replac-
ing x with ¢ everywhere in the formula ¢. As expected, it is easy to specify a translation
from the formulas of the basic relevant language with absurdity to the correspondence
language as follows:

Ty(L) = —Rxxx A Rxxx.
T:(p) = Px.
T(~¢) = —Tu(p)* /"

Tx(/\ie] ¢z) = /\ie] Tx(¢i)~
TX(V[EI b)) = \/iel TX(¢i)'
To(p > w) = Yy, z(Rxyz AT(@)** D T(p)¥/).
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The symbols — and D appear here representing boolean negation and material implica-
tion in quantificational infinitary logic (which should not be confused with the relevant
~and —).

The following proposition gives a bridge between the satisfaction relation I for rele-
vant propositional languages we just defined and the standard satisfaction relation F from
classical logic (where when ¢ is a classical formula, we write M E ¢[w] to mean that the
object w satisfies ¢ in the usual Tarskian sense).

PROPOSITION 2.2. For any w, M, w |- ¢ if and only if M = Ty (¢)[w].

Proof. We simply need to note that, according to the Routley—-Meyer semantics, each
propositional relevant formula ¢ says the same about w as Ty(¢) does in the Tarskian
semantics. (]

The existence of a satisfaction preserving translation function allows us to study relevant
languages with absurdity as fragments of model-theoretically better understood creatures.

§3. Failure of compactness and strong completeness. In this section, we study briefly
a phenomenon pervasive in infinitary logic even at the propositional level: the loss of
compactness. This quickly leads to a loss of strong completeness for any reasonable in-
finitary formal system (cf. [18]). Such seems to be the price to pay for having infinitely
long conjunctions and disjunctions around. Here we will focus our attention on specific
classes of models since we will be discussing questions sensitive to the choice of formal
system such as incompleteness.

DEFINITION 3.1. Let L, be a relevant language with absurdity, K a class of Routley—
Meyer structures for it and (O, ) a pair of collections of relevant formulas. Ly, is said to
be A-compact with respect to K if for every ®g C ® and Yoy C YWY such that | Do, |WYo| < 4,

the pair (®g, Yo) has a model in K only if (®, V) has a model in K.

PROPOSITION 3.2. Let |PROP| > k. Ly is k-compact with respect to some Vg only if
K is a regular limit cardinal.

Proof. Suppose « is a sucessor cardinal & + 1. Without loss of generality, assume PROP
is composed of double indexed propositional variables p;, (4 < {+1,y < ¢&). Consider
the set of formulas

A={V, ¢piy 2 <E+1}Ulppy Apuy = Liu#d,u,h < <41,y < &)

Take any Ag C A such that |Ag| < ¢&. By the axiom of choice, there is a one-to-one
mapping f from the set of all 4 such that p,, for some y appears in a formula of Ag into &.
We build the model where W = {t}, R = {(t,t,t)},* = {(t, 1)}, and we define V as
follows: V(p;rz)) = W,and V(p;,) = 0if y # f(4).Itis clear that M, ¢ |- \/y < &Py
for all disjunctions in Ag with y < ¢+ 1. Now take any p,, A p,, — L € Ag such that
uwFrut < +1,andy < &. Since f is an injection we have that f(u) # f(1),
so p;, and p,, will never hold simultaneously at any world in W by our definition of V.
Hence, M,t I p;, A puy — L by antecedent failure. However, A itself has no model,
contradicting x-compactness.

Suppose on the other hand that x is singular. In [12] (p. 85) it is noted that the infinitary
languages L., where x is singular are exactly as expressive as languages L,+,. The

argument holds for L as well. Hence, without loss of generality, we can take

w

A:{\/Y<Kpiy:/1 < k}U{pM/\pM—>J_:,u;é/1,,u,i < K,y < K}
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to be a perfectly good collection of formulas of L, . As before every subset Ag C A such
that |[Ag| < x has a model in Vg but A does not. [

A Hilbert-style formal system H for a language L, with respect to the class of models
for a standard system for relevant logic will be formed by a set of formulas of L taken
as the collection of axioms and a collection of rules of inference each with less than K
premises. If I is a collection of formulas of L, and ¢ a formula of L., we will write
I' g ¢ if there is a sequence of formulas § of length less than x such that every formula
in § is either an axiom, one of the formulas in I" or it follows from previous formulas in S
using one of the inference rules.

PROPOSITION 3.3. Let |PROP| > . Let H be a formal system for L’?w sound with
respect to some Vs. Then H is not strongly complete.

Proof. Take A in the proof of Proposition 3.2. Since every Ag C A with |Ag| < x has
a model in Vg, by the soundness of H, we see that Ag ¥y L, but that means that A ¥y L.
However A semantically implies L over Vg, since it has no model. (|

§4. Relevant directed bisimulations and Karp’s Theorem. In this section, we in-
troduce relevant directed bisimulations, establish some basic facts that will be needed in
§6 and prove the relevant analogue of Karp’s theorem. The present section as well as §6
focuses on the infinitary relevant language with absurdity L2,

DEFINITION 4.1. The degree of an infinitary relevant formula ¢, in symbols, dg(¢), is
defined inductively in the following way:

dg(L) =0
dgp) = 0,
dg(Nic; ¢i) = supldg(e):iel},
dg(Nicy¢i) = supldg(di) i el
dg(~¢) = dg@),
dg(¢ — y) = supldg(¢),dg(y)}+ 1.
We will say that two formulas ¢ and y are equivalent if for any model (M, w), M, w IF

Giff M, w IF y.

PROPOSITION 4.2. For each ordinal o, there are only set-many nonequivalent formulas
of L2, with degree < a.

Proof. Consider first LE2'". Define the quantifier rank of a formula of LE2'" following [4]
(Definition 10. 4) which deals appropriately with the presence of functlons in the language.
According to Corollary 10.9 in [4], for k some fixed point of the function 3 with cardinality
bigger than the cardinality of the signature of LE2'" (there is always some such x given that
Jis normal), every formula of LE2" with quantlﬁer rank < « is equivalent to a disjunction
of size smaller than x of formulas of a certain class A with fewer than x nonequivalent
members. Clearly, there are only set-many nonequivalent such disjunctions. Hence, there
are only set-many nonequivalent formulas of L2 with quantifier rank < a.

Finally since relevant formulas of degree < a can be seen via the translation as formulas
of LE'" with quantifier rank < f for sufficiently big #, we have established the result. [J

Relevant directed bisimulations—as bisimulations in modal logic—are “nonclassical”
analogues of back and forth games from classical model theory. In this sense, the next
definition introduces the analogue of Definition 5.3.3 from [12].
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DEFINITION 4.3. Let My = (Wy, Ry, *1, V1) and My, = (Wa, Ry, %2, V») be two models.
A relevant directed a-bisimulation for PROP between M| and M3 is a system of pairs of
nonempty relations (Zo1, Z02)» - - - » (Za1, Zo2) Where

Zgt CWy x Waand Zg CWr x Wi (0< S < a)
such that
Zg1 C- Zo

Za2 c- Z
andwhen i, j € {1,2},0<f < aand0 <y < a,

(1) xZ,;y only if y*i Z, jx™

(2) If xZp+1)iy and R jybc for some b, ¢ € W, there areb’, ¢’ € W; such that R;xb'c,

bZp;b" and ' Zgic.
(3) IfxZ,;y and p € PROP,
M;,x = ponlyif M,y p.

PROPOSITION 4.4. Let (My, wy) and (M3, wy) be two arbitrary Routley—Meyer models,
o an ordinal and i, j € {1, 2}. Then, (i) for each relevant formula ¢ of L2, with degree
< a, Mi,w; I ¢ onlyif Mj, w; = ¢ iff (ii) there is a relevant directed a-bisimulation
((Zpi, Zpj)) p<a Such that w; Zgjw; for each p < a.

Iﬂ Iﬁ

Proof. (ii) = (i): Assume that (ii). We argue for (i) for all « simultaneously, by
induction on the complexity of ¢.

The atomic cases as well as L are obvious from (3) in Definition 4.3 and the fact that
L is never true. For negation, let ¢ = (~ ) and suppose that M;, w; |- (~ y), so
M;, w;k[ W w. But w;j Zg; w;‘i by (1) in Definition 4.3 since w; Z,;jw; by assumption, and,
by inductive hypothesis, M, w;j ¥ y,so Mj,w; I (~ y) as desired. Conjunction and
disjunction are routine exercises.

The only remaining case is when ¢ = y — y. By Definition 4.1, say that dg(¢) =
f+1 < a, where f = sup{dg(w),dg(x)}. Suppose that M;, w; IF w — y, which
means that if R;w;b'c’ for some b’,c’, and M;, b’ I+ y, then M;,c’ I+ y. Now, let
R;w;bc for arbitrary b, c. We need to show that M;, b I- y only if M;, c I y. To get the
contrapositive, we will suppose that M, ¢ ¢ y. By the assumption (ii), w; Zg41;w;, SO
using property (2) in Definition 4.3, there are b, ¢’ such that R;w;b'c’, bZp;b’, and ¢’ Zg;c.
Note that (Zo;, Zoj), ..., {Zpi, Zgj) is a directed f-bisimulation between M; and M;.
This follows readily from our assumption that (Zo;, Zo;), ..., (Z4i, Z4j) is a relevant
directed a-bisimulation between M; and M; by verifying (1)=(3) in Definition 4.3. By
inductive hypothesis, since M, ¢ ¥ y and dg(y) < f, M;, ¢’ ¥ yx. Given that M;, w; I+
w — x, it must be that M;, b’ ¥ w. But by inductive hypothesis again using the fact that
bZgib" and dg(y) < p, M;, b ¥ y.Hence, M, w; Iy — .

(i) = (ii): Foramodel S, and world w from S, we denote by rel¢, -tps(w) the relevant
type up to degree y of w, i.e., the set of all infinitary relevant formulas such that S, w IF ¢
and dg(¢) < y . We claim that, on the assumption that (i), the following system of relations
defines a relevant directed a-bisimulation between M; and M :

xZpiy iff rel<g-tpm; (x) C rel<p-tpm; ()0 < f < a)( # j, 1, j € {1,2}).

Let us first note that Z,,, C --- C Zg, (m € {1, 2}) By the asumptlon (1), Zyi 1s
nonempty, since w; Zo; w j, but the latter also implies that w' " Zai j u) " as we will see below,
S0 Z,; is nonempty. Hence, Z,,,, (;m € {1, 2}) has to be nonempty.
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Let0 < f < a,i,j € {1,2}). If xZgpy, ie., relgp-tpy, (x) C relgﬂ-tpMj(y), we
see that rel<p-tpm; (y*7) C relgp-tpum,(x*), i.e., y*/ Zgjx*. It suffices to show that if
M;, y*i I ¢ then M;, x* |- ¢ for every ¢ with dg(¢) < f. We prove the contrapositive.
Suppose that M;, x* I ¢, so M;,x I (~ ¢) and since dg(~ ¢) = dg(¢) and relgg-
tpm;(x) C relgp-tpm;(y), also M,y I (~ ¢). Consequently, Mj,y*J K ¢ as we
wanted. This takes care of (1) in Definition 4.3.

For clause (2) in Definition 4.3, suppose that xZs11);y (8 + 1 < a), ie., relgpy1-
tpm;(x) C relgpii-tpm;(y), and Rjybc for some worlds b,c from M;. Where

Fmla(LZ?,,) stands for the class of propositional relevant formulas of L}, consider

nrel<p-tpm;(c) ={p: Mj,cl¥ ¢,¢ € Fmla(L2,), dg(¢) < B

By Proposition 4.2 we see that rel<g-tpu; (b) as well as nrel<p-tpy; () can be taken
as sets. It is clear that

M,y ¥ Nrelgg-tpy;(b) — \/ nrel<p-tpm;(c)
since Rjybe, Mj, b= N\ rel<p-tpu;(b) but Mj, c ¥ \/ nrel<p-tpu;(c). Observe that

dg(N\ rel<p-tpy;(b) = V nrel<p-tpy;(c))
= sup{dg (A rel<p-tpm; (b)), dg(\/ nrel<p-tpy;(c))} + 1,

but
dg(N\rel<p-tpu; (b)) = sup{dg(d) : 0 € rel<p-tpm;(b)} < B
and
dg(\/ nrel<p-tpm;(c)) = sup{dg(o) : 0 € nrel¢p-tpy;(c)} < B,
o)

dg(N\relgp-tpu;(b) = \ nrelgp-tpy;(c)) < f+ 1.
Thus, since rel<pt1-tpm; (x) C relgpti-tpu; (y), contraposing,
M;,x ¥ Nrel<p-tpm;(b) — \/ nrel<p-tpm;(c),

which means that there are b’ and ¢’ such that Rixb'c’, M;, b’ |- Arel<p-tpm; (D),
and M;, ¢’ W \/ nrel<p-tpm;(c). Hence, rel<p-tpm;(b) C rel<p-tpm, (b'), i.e., bZp;b'.
On the other hand, we have that if M;,c ¥ ¢ then M;,c" ¥ ¢ whenever dg(¢) < B.
Contraposing, rel<g-tpuy; (c') C rel<p-tpy;(c), ie., ' Zgic.

Condition (3) in Definition 4.3 follows given that atomic formulas have degree 0. ]

DEFINITION 4.5. Let M\ = (Wq, Ry, *1, V1) and My = (Wa, Ry, 3, V2) be two models.
A relevant directed bisimulation for PROP between M| and M is a pair of nonempty
relations {(Z, Z,) where

Z1 C W x Waand Z, C Wy x W
such that when i, j € {1, 2},
() xZ;y only if y*i Z jx™
(2) If xZ;y and R;ybc for some b,c € W, there are b',c’ € W; such that R;xb'c’,
bZ;b" and c'Zc.
) IfxZ;y and p € PROP,
M;,x - ponlyifM;,yl- p.
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Next we show an analogue of Karp’s celebrated theorem characterizing Loog-
equivalence in terms of partial isomorphisms. The corresponding result for modal logic
is regarded as a “folklore” theorem.

THEOREM 4.6 (Relevant Karp’s Theorem). Let (M1, w) and (M3, w2) be two models and
i, j € {1, 2}. Then the following are equivalent:

(i) for every formula ¢ of L, M, w; |- ¢ only if M;, w; |- ¢.

(ii) there is a relevant directed bisimulation (Z;, Z;) between My and M» such that
wj Zi w;j.

Proof. (ii) = (i): This direction follows from Proposition 4.4, and the facts that

(Zi, Z;) can be taken to be a relevant directed a-bisimulation for any a and that every

formula of L2, has some degree a.

(i) = (ii): We claim that
xZ;y iff rel-tpy, (x) C rel—tpMj NG #j,i,je{l,2})

defines a relevant directed bisimulation where rel-tp ;. (x) (i = 1, 2) is the collection of all
formulas of L2, holding at x in M;.

For clause (1) in Definition 4.5, suppose xZg; y, i.e., rel-py; (x) C rel—tpMj (y). We
have that that rel-tpMj (y*7) C rel-tpy, (x™), i.e., y* Zgjx*. It suffices to show that if
M, y*i I ¢ then M;,x* I~ ¢ for every ¢. We prove the contrapositive. Suppose that
M;, x* ¥ ¢, 50 M;, x I (~ ¢) and since rel-tp (x) C rel—tpMj (y),also M, y Ik (~ ¢).

Consequently, M, y*' I ¢ as we wanted.

Now we have to take care of clause (2) in Definition 4.5. Assume that xZ;y, i.e.,
rel-tpy, (x) C rel-tp M; (), and R ybc for some worlds b, ¢ from M ;. Suppose for reductio
that there are no ', ¢’ € W; such that R;xb'c’, bZ b’ (i.e., rel-ipy; (b) C rel-tpy,, (b)) and
c'Zic(ie., rel-tpy, (c') C rel-ipy, (c)). We first notice that {b’, ¢’ € W; : R;xb'c’} # @, for
otherwise M;,x I T — 1,so M;,yIF T — L, which implies that M, ¢ I L, which is
impossible. Now, for any ', ¢’ € W; such that R;xb’c’ there are formulas ¢ and ¢ such
that either (i) M;, b |- ¢y and M;, b’ ¥ ¢y or (ii) M;, ¢’ IF ¢ and M, ¢ ¥ ¢, . For any
b’, ¢’ € W; such that R;xb’c’ define the transformation 7 as follows:

@) T if (i) does not hold,
T ) =
b ¢ otherwise.
(6) 1 if (ii) does not hold,
T /’) =
¢ ¢ otherwise.

Next, it suffices to consider the formula

/\ JoRxb'v T (¢b/) - \/ JvR; xoc! T (¢C/)'
b'ew; ew;
A moments reflection shows that
M] 5 y 'Hé /\ HUR,’Xb/U T (¢b’) — \/ EIuRl-xuz:/ T (¢c’)
b ew; eW;
but
Mi; X “_ /\ JoR;xb'v T(¢b/) — \/ JoR;xvc! T(¢C/)9

beW; ew;
contradicting the assumption that rel-1py;, (x) C rel-tp M; (y)-
Finally, clause (3) in Definition 4.5 is immediate. O
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Theorem 4.6 is nothing but the infinitary version of Theorem 13.5 from [22]. Quite
frequently in infinitary logic we are able to obtain counterparts to results provable for
finitary languages with the restriction that the models under consideration be finite.

§5. Scott’s theorem. Next we establish a result implying a corollary analogous to
Scott’s isomorphism theorem in classical infinitary logic. The corresponding theorem for
modal logic was proven in [8].

Since finitary relevant logic is considerably weaker than first order logic and modal
logic in terms of expressive power, it only seems natural that to get a version of Scott’s
isomorphism theorem one has to go beyond the expressive power gained by merely adding
countable conjunctions. In fact, Corollary 5.2 requires us to add conjunctions of cardinality
at most |2?].

There is another difference between the following result and Scott’s isomorphism the-
orem or van Benthem’s modal version of it. Scott’s theorem gives a formula ¢, charac-
terizing up to isomorphism a given countable model M among the class of all countable
models, so Scott’s formula only depends on the model M. In contrast, we give a formula
that implies that there is a relevant directed bisimulation between two arbitrary countable
models but which depends on both. This difference is due to the nature of relevant directed
bisimulations. Contrary to isomorphism or bisimulation, a relevant directed bisimulation
between M| and M, demands things from both models. Recall that it is not a relation from
Wi x W, but a pair of relations from W; x W, and Wy x Wj respectively.

THEOREM 5.1. Let (M1, w) and (M>, w>) be two models in some K such that K C Vg, k
the least infinite cardinal > sup{|W1|, |W2|}, and 2 = sup{|PROP|, 2*}. Then, when i, j €
{1, 2}, there is a formula 6% ofL;rw such that (1) M;, w; I- 0", and 2) Mj, w; 1= 0" iff
there is a relevant directed bisimulation (Z;, Z ;) between M; and M ; such that w; Z;w ;.

Proof. We start by defining for each world a of M; the formula ¢;’,Z —simultaneously

with ¢X,Ibl_ for b € W;—by induction on the ordinal < AT as follows:

¢24“j = the set of all literals satisfied by (M;, a),
,Z@_ = /\ni 3 n¢§;’j if 5 is a limit ordiz;ﬂ, y
P, = ¢ AN by, m; = Vaex Pu;
AN e (~ @}, = Vaex #11,)-
oW,

Misal (@ > Vaex 447,
Observe that wheny < B < AT,
a - . ya
M;j,d I+ ¢f,1j implies that M;, a" I- P,
This can be seen by induction on £. The case when f = 0 is true by antecedent failure.

If f=n+1,eitherp =y ory < n.If the first, since

ya yb yd . . ya
Mj,d" I P, A A e bu. = Vaex ¢y, implies that Mj,d |- P,
cW;,

yd
Mi,aIF¢X4bi—> VdeX ¢M,~
we have that
M;,d IF $** implies that M;,d’ IF ¢/*.
j.a ¢Mj1mplestat j>a ¢M,
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If the second, since

Mj,d I qﬁf,;; implies that M;, a’ I ¢ ,
and, by inductive hypothesis,

Mj,d I ¢,’7ij implies that M;, a’ I ¢;;;,

we get what we needed.
Now let us define amap f : Wi x Wy —> A7 in the following way:

the least ordinal & < A% such that M, a’ ¥ 4515;2 if there is some,
0 otherwise.

f(a,a’)=[

Given that |W; x Wa| =« < cf(1T) = AT, we see that there must be & < A% such that
the range of f is a subset of &. Consequently, for every S suchthat &y < f < AT,

Ma,d I 43 implies that M, a’ I gy,

for otherwise we have that there is an ordinal y with & < y < f which is the smallest
ordinal such that M5, a’ ¥ qﬁ}(,,‘;, contradicting the fact that the range of f is a subset of &.
Similarly, we define g : W x Wi —> AT as

the least ordinal & < A% such that My, a’ ¥ gbi,lal if there is some,

0 otherwise,

f(a,a/)Z{

and obtain ¢; < AT such that the range of g is a subset of &|. As before, for every S such
thaté < f < A%,

My, a |- ¢§,117 implies that M, a’ I- ¢f,1al
Choose ¢ to be sup{&y, &1}. By the above, when & < g < AT,
Ma,d I~ 437, implies that Ma, a' I ¢y,
and
My, d I+ 45 implies thatMy, @’ I ¢}, .
We claim that the relations uZv iff M>, v |- qﬁffz and uZov iff My, o I+ qﬁf}’l satisfy all

clauses in Definition 4.5.
For (1) in Definition 4.5, we will show by induction that when i, j € {1, 2}, for all g,

if u is a world of M; and M, v I gbﬂMul then M;, u* I+ qﬁf,}j j. In particular, if uZ;v, i.e.,
My, o I @5 then My, ui I ¢35 e, 0 Zju*.

Let f = 0, and assume that M;, v I~ ¢%. We need to show that every literal satisfied
by v*/ at M; is also satisfied by u™ at M;, that is: (a) M;,v* I ponly if M;,u* I- p,
and (b) M;,v* |- (~ p) only if M;,u* I~ (~ p). To prove the contrapositive of (a)
assume that M;, u* W p, so M;,u I- (~ p), but M;, v I~ (/5%, hence M;,v IF (~ p),
i.e, Mj,v* J¥ p. Now, for the contrapositive of (b) assume that M;, u* W (~ p), so
M;, u*i*i |- p but u** = u, so M;,u |- p. However, M;,v IF ¢%, which implies that
M;j,v - p,ie., M;j,0** I p,hence M;,v*/ ¥ (~ p) as desired.

If B is a limit ordinal and M;, v I+ ¢f/,uj, then M;,v I+ qﬁ,{,,“/ forall y < p, and by

inductive hypothesis, M;, u*i |- %Z " for all y < B, which implies that M;, u* |- ¢f,2 .
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Iff=y+land M;, 0 IF qﬁ%;;l”, Mj,v - ng/(,,'j, and by inductive hypothesis, M;, u* I+

K,}j " Recall that

D P vb vd
" = ¢y A A bew;, v, =~ Vaex ¢M,—
XCW;, 1

M0 kL) > Vaex 4y,

J 13
yb yd

AN b, (~ (¢Mj = Viex )
= j,

Y w+<~(¢}{}’j >Vaex 40

Hence, it remains to show that (a) M;, v*/ |- %/11; - Vyex %/Iil for some world b of M;
and X C Wj only if Mi,u |- ¢}, = Vgey $hpis and (0) My, 0% IF (~ () —
Vyex $)) for some world b of M; and X C W; only if My, u* I (~ (g}, —

V dex ¢X,;f)). These two follow similarly to (a) and (b) in the case when £ = 0.
The proof of (2) in Definition 4.5 requires us to notice first that for i € {1, 2}, M;, u I+

f;j for all . We argue by induction on . The case f = 0 is trivial. If £ is a limit ordinal
and, by inductive hypothesis, M;, u I+ ¢X,]”/ for all y < p, then clearly M;, u I+ qﬁff/
Finally let # = y + 1. By inductive hypothesis, M;, u I- ¢3{,;; But trivially both (a)
M;,u - ¢X,}; - Vyex ¢1}(Z for some world b of M; and X C W; only if M;,u I+

3{,}? - Vyex q%[i, and (b) M;, u I+ (~ ((;SXZ - Vyex gzﬁg,;j)) for some world b of M;
and X C W; only if My, u - (~ (¢} = Vyex ¢7V;j)). Hence, M;, u I ¢£}j.

Now, suppose that uZ;v, ie., Mj,v I- qﬁ;}'], which implies that M;,v I+ ¢§;;1" by
choice of £. Assume further that Rjvbc and consider the disjunction \/ .y gbijj where
d € W; is such that M;, c ¥ ¢§4dj. By a previous observation, M;, b |- ¢§,Z and clearly
Mj,c ¥V ex ¢§fj, so Mj,v ¥ ¢;,2 - Vyex ¢ij/ Hence, given that M;, v I- qﬁi,;:l”,
M;,u ¥ qﬁﬁfi - Vex ¢ijj Thus, there are b’, ¢’ € W; such that R;jub’'c’, M;, b’ I+ ¢i,2
ie.,bZ;b' and M;, ' W \/ 4oy gbffj The latter means thatif d € W; and M, c ¥ ¢i,;ij then
M;, ¥ ¢§,;1/ Again by a previous observation M;, ¢’ I+ ¢f‘;;, so we see that M, ¢ I- ¢i/;;
contraposing the previous sentence, i.e., ¢’ Z;c.

Clause (3) in Definition 4.5 follows as if 7, j € {1,2} and uZ;v,i.e., M;, v I- ¢§;j then
M;j,vl- c;S%, so every propositional variable satisfied at # in M; is also satisfied at v in M ;.

The right to left direction of the theorem follows since if M;, w; I ¢§,}’]’_" then Z; and

Z» are both nonempty, so we have the required relevant directed bisimulation between M;
and M ;.
J

For the other direction if there is one such relevant directed bisimulation M, w; I+ ¢ﬁ !

M

for all £, so in particular, M;, w; I+ ¢i,,u;’ This can be be seen by recalling that for any /3,
ﬁf" since all formulas of
L/I_>+w are preserved under relevant directed bisimulations. O

M;, w; I+ ¢f,;;)i and since w; Z;w; by assumption, M;, w; I- ¢

COROLLARY 5.2 (Relevant Scott’s Theorem). Let (M1, wy) and (M3, w;) be two mod-
els in some K such that K C Vg, and suppose LIE)‘“IJWH has at most |2%| propositional
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variables. Then, when i, j € {1, 2}, there is a formula 0" of LEm|+w such that M;, w; I+
0" iff there is a relevant directed bisimulation (Z;, Z;) between M; and M; such that
wj Z,-wj.

§6. Interpolation, preservation, and Beth definability. In this section, following the
analogous case for modal logic [5, 7], we obtain a preservation theorem for relevant infini-
tary formulas as a corollary to a generalized interpolation result. Interpolation theorems
have a history of implying preservation results (some examples in infinitary logic can be
found in [19]).

Let M be a structure for a language Loy, if X C dom(M) and X is closed under all the
functions in the signature of M, then [X 1M is the submodel obtained by restricting all the
relations in the signature of M to X. Note that if X fails to be closed under the required
functions, then [X]M is not defined.

LEMMA 6.1 (Relativization Lemma). Let Lo, be a language with a unary predicate P.
Then for any formula ¢ (X) Loow not containing P there is a first order formula ¢ such

that if M is a structure where [ PM M is defined then for every sequence @ of elements from
[PMIM,
M = ¢P[a) iff (PMM E glal.
Proof. This is just Theorem 5.1.1 from [17]. O

Given a language L, by Ell (L) and H} (L) we will mean the languages resulting from
admitting, respectively, second order existential quantifications in front of a formula of L
and second order universal quantifications in front of a formula of L.

LEMMA 6.2. If Loog, has a signature containing a binary symbol <, ¢ (x) and y are
formulas of Lo, and Ell (Loow) respectively such that for each ordinal o. there is a model
M such that <M is a linear ordering on ¢ (M) in order type > a, then y has a model N
such that <V is a linear ordering on ¢ (N) which is not well-ordered.

Proof. This is essentially Theorem 11.5.4 in [17] or Theorem 1. 8 in [6]. [

Lemma 6.2 is known as the property of the model-theoretic language L, of being
bounded, a substitute for compactness when establishing that a property is not expressible
in Loog ([17], p- 581). It is a useful property that can be seen to characterize L, in terms
of expressive power via a Lindstrom theorem (cf. [4]).

Let (R, S) be a pair of binary relations between two structures M| and M, while ¢
and y are formulas of LE". Following [5, 7] we say that ¢ implies y along (R, S) if
whenever M{RM>, M| F ¢ only if M F w and if MoSM, My E ¢ only if M| F w.
This can be seen as a generalization of the usual notion of consequence (note that standard
consequence is the case when R and S are the identity). When the relation in question is
relevant directed bisimulations, ¢ implies y along relevant directed bisimulations if when
(Z1, Z») is a relevant directed bisimulation between two models M| and M», and aZ;b
(i, j € {1, 2}) for elements a, b of the domains of M; and M respectively, then M; = ¢[a]
only if M; = ¢[b].

If ¢ is a formula of LEY]), we will write PROP for the collection of predicates appearing
in ¢ corresponding to propositional variables in PROP.

LEMMA 6.3. Let ¢, y be formulas of 211(ng2;), H%(ngg) respectively. Suppose ¢
implies y along relevant directed bisimulations for PROPg N PROP,, over some class of

Routley—Meyer structures K defined by some formula o of L. Then there is an ordinal
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o such that for every M, N € K if M F ¢p[w] and u satisfies in N all the infinitary relevant
Sformulas of degree < a satisfied by w in M, then N F y[u].

Proof. Suppose for reductio that for each a there are (M1, w;) and (M3, wy) such that
M E ¢lw1] and M ¥ w[w>] while w, satisfies in M» all the infinitary relevant formulas
of degree < « satisfied by w1 in M. Hence, by Proposition 4.4, there is a relevant directed
a-bisimulation ((Zg1, Zg2)) < such that w1 Zg w, for each f < a.

Suppose for simplicity that PROP, M PROP,, has a single nonlogical symbol p. So
the correspondence language LS2'T has signature K = {, R, P, Qo, Q1, ...} where Q;
(i =0,1,...) are the predicates corresponding the propositional variables not in PROPy M
PROPy,. Expand this signature by adding the set of symbols (U;, Uz, <, O, By, Bz, I, G},
where Uy, U, , By, B> and O are unary predicates, < and [ are binary predicates, while
G is a ternary predicate.

Consider the infinitary formula A ®, where © is the theory containing the following
formulas:

O-Ul,O-UZ

“There are x, y such that U x, Uy, ¢U1x, —|1//U2y and for all z, u such that Oz, Biu
and /zu, we have that Guxy”

“< is a discrete total ordering with first and last elements”

“0 is the field of <”

“If Ujx, then U;x*” (i € {1,2})

“If Ujx and Rxyz, then U;y and U;z” (i € {1,2})

“If Biz, Ou, Iuz and Gzxy, then U;x and U;y” (i € {1,2})

“For all z such that Oz, there is u with B;u and Izu” (i € {1,2})

“If Bz, Ou, luz and Gzxy, then there is v such that Bjv, Juv, and Goy*x*”
(i e{1,2})

“If Biz, Ou, Tuz and Gzxy, then Px only if Py” (i € {1,2})
“IfUijx,U;y,U;jb,Ujc, Oz, luz, Biz, Gzxy, Rybc, Ov and v < u, then there are
w, w’" such that Jow, Iow’, Bjw, Bjw’ and there are b'c’ such that U;b’, U;c/,
Rxb'c’, Gwbb' and Gw'c’'c” (i € {1,2}).

The last three classes of sentences described in our presentation of @ are simply restate-
ments in first order logic of conditions appearing in the definition of a directed
o-bisimulation.

For each ordinal @, /\ ® has a model M, such that the ordering <Ma on OMe has order
type > a. To see this consider (M1, w1) and (M>, w) as given by our reductio assumption,
that is, M| E ¢[w;] and My ¥ w[w;] while there is a relevant directed a-bisimulation
({Zp1, Zp2)) p<a such that wy Zg wy for each f < a.

We can suppose without loss of generality that Wi N W, = @ (if this is not the case
already simply take isomorphic copies of M| and M, satisfying the proviso). Let M, be
any model M3 such that:

Wis=WiUWUa+1U{Zg : f<a,iell,2}}
R3 = R UR>,
*3:*1U*2,
M; .
Uusm=w, G efl,2},
PMs = pMiy pMa,
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o =0MuQ™ (=01,...),

B =(Zp:p<a) (ie{l,2),

oM =g +1,

<M3 ig the natural orderingon a + 1,

IM3ﬂy iff < aandy = Zp; for somei € {1,2},
GMsxabiff x = Z € {Zp; : p < o,i € {1,2}} and aZb.

It follows that M3 = /\ ©. The sentences ¢!, 6¥2 hold in M3 by Lemma 6.1, the fact that
both M| and M, make y true, and that [U1M3]1"13 = M; and [U2M3]M3 = M>.

Since for each ordinal o, /\ ® has a model M,, such that the ordering <™« on O™« has
order type > a, by Lemma 6.2, /\ ® has a model My such that <M* is a linear ordering
which is not well ordered. This means that O™* being the field of <M contains an infinite
descending sequence:

(¥) ...ez <Mi gy Mi o) Mi g

Let M4|K be the restriction of My to the signature K. Now, since M4 makes /\ © hold,
there are a € UlM4 and b € UZM4 such that My F ¢Y1[a] (ie., [UIM“]M“'K E ¢lal),
My ¥ wY2[b] Gee., [UZM“]M‘”K ¥ w[b]) and for all z, u such that z € OM4, y € B{VI“ and
My E I[zu], we have that My E Gluab].

The pair (Z1, Z>) defines a relevant directed bisimulation for PROP4 N PROP,, between
[UIM“]M“K and [U2M4]M4|K where

xZy iff there is ¢, (n € w) in the sequence (*) such that there is u € Bf” My E
I[e,u] and M4 E Gluxy],
xZyy iff there is ¢, (n € w) in the sequence (*) such that there is u € Béw“, My E
I[eyu] and M4 E Gluxy].

First note that Z1 # @ # Z,. For all u and arbitrary e, such that u e B{VI “and My
I[e,u], we have that M4 F Gluab], and given that there is such a u, we have that aZb.
But one of the formulas in ® implies that there is also v € Béw 4 such My F I[e,v] and
My = Glob*a*]. Hence, aZ1b and b* Zoa*, ie., b 12" 1" 7,4

To show (1) in Definition 4.5 suppose that i € {1,2} and xZ;y. By essentially the

. . * o Ma My 1K *uMa Myl K
argument in the above paragraph it follows that y "~ Zjx Vi .

For clause (2) in Definition 4.5, suppose that i € {1, 2} and xZ;y, so there is ¢, (n € w)

in the sequence () such that there is u € BlM“, My E Ileyu] and My F Gluxy]. Now

let R[UM4]M4|K ybc for some b, ¢ € UJM“, i.e., R4ybc by Lemma 6.1. But since ¢, < ey,
j

* M,
w, 41M4lK

there is formula in ® which implies that there are w, w’ such that My &= I[e,w], My F
Ileppiw'], w € B;.VI“, w' e BZ.M4 and there are b'c’ such that b’, ¢’ € UZ.M“, R4xb'c'(s0, by
Lemma 6.1, R[UiM4]M4|Kxb/C/)’ My E Glwbb'] and My F Glw'c’c] (hence bZ;b" and
c'Zio).

Condition (3) in Definition 4.5 follows as if i € {1, 2} and aZ;b, there is formula in ®
implying that My F Pla] only if M4 E P[b], and, by the Lemma 6.1, [UiM4]M4|KP[a]
only if (U1K P(p].

Finally, since the pair (Z;, Z;) defines a relevant directed bisimulation for PROPy M
PROP,, between [UM MK and [U)*IM4IK with aZib, [UY#]M4K ¥ y[b] and
[U lM 4IMalK = p[a] we have a contradiction with the assumption that ¢ implies y along
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relevant directed bisimulations. Also, [U 1M 4 MalK ang [U2M 41MalK gre in the class of models
K since y holds in both by Lemma 6.1. (]

THEOREM 6.4 (Interpolation). Let ¢, y be formulas of T\ (L), ! 1 (LSS ) respectively
and K a class of Routley—Meyer structures axmmatlzable by some formula o of LY.
Then, ¢ implies y along relevant directed bisimulations for PROPg, M PROP,, over K iff
there is a relevant interpolant 0 for ¢ and w over K according to the standard consequence
relation, with propositional variables in PROP4 M PROP,,.

Proof. For the right to left direction of the theorem suppose that there is a relevant
infinitary interpolant € for ¢ and y over K with propositional variables in PROP,NPROP,,.
That ¢ implies y along relevant directed bisimulations for PROPsPROP,, over K follows
from Theorem 4.6 and the fact that 6 is an interpolant for ¢ and y according to the usual
consequence relation.

For the converse, by Lemma 6.3, we know that there is an ordinal o such that for every
M,N € K it M F ¢[w] and u satisfies in N all the infinitary relevant formulas of degree
< o satisfied by w in M, then N F w[u]. Consider the disjunction VM,:¢[M]
(A rel<q (M, w)), where rel, is the set of all translations of formulas of L2, of degree
< a with propositional variables in PROPy, M PROP,,. The class of all nonequivalent
formulas of L, of degree < « is a set according to Proposition 4.2. Thus, \/ MEpw]
(Arelga(M, w)) is a perfectly good formula of LE2'". This formula is the desired inter-
polant of ¢ and . It is easy to see that ¢ implies \/M,:¢ (0] (/\ rel<q (M, w)), while the
latter implies w by choice of a. (]

COROLLARY 6.5 (Preservation). Let ¢ be a formula of L2 and K a class of Routley—
Meyer structures defined by some formula y of L. Then, ¢ is preserved under directed
bisimulations in K iff ¢ is equivalent to an infinitary relevant formula over K.

Proof. Right to left follows from Theorem 4.6. For the converse, just set ¢ = w in
Theorem 6.4. t

COROLLARY 6.6 (Beth definability). Let P be a unary predicate not in L!", ¢(P) a

Sformula of LT U{P} and K a class of Routley—Meyer structures defined by some formula
wof LT U {P} Then the following are equivalent:

(i) There is a relevant formula 6(x) of LS such that §(x) = Px is a logical conse-
quence of ¢ (P) in the standard classzcal sense.

(i) If (M1, w1, PM) and (Ma, wy, PM2) are models of ¢ (P) such that (Z1, Z5) is a
relevant directed bisimulation between the restrictions (M1, w1) and (M3, wy) of
(M1, w1, Py and (My, wy, PM2) 10 L, then (Zy, Z>) is a relevant directed
bisimulation between(My, wi, PMV) and (M, w,, PM?2).

Proof. (i) = (ii): It suffices to show that when (My, wi, PM1) and (M>, wy, PM?)
are models of ¢(P) such that (Z;, Z,) is a relevant directed bisimulation between the
restrictions (M1, wy) and (M, wy) of (M1, w1, PMI) and (M, w), PMZ) to LT, if
x € PMiand xZ;y then y € PMi. The result follows by the assumption (i) and the
easy direction of Proposition 4.4.

(i1) = (i): It is enough to establish that AP (¢ (P) A Px) implies VP (¢ (P) D Px) along
relevant directed bisimulations for PROP3p(4(P)aPx) 1 PROPyp(4(P)oPx) OVEr K, since
then, by Theorem 6.4, it follows that there is a relevant formula & (x) of LE2'" which is an
interpolant for 3P (¢ (P) A Px) and VP (¢p(P) D Px) over K according to the standard
consequence relation. Consequently, (i) holds. (]

https://doi.org/10.1017/51755020317000132 Published online by Cambridge University Press


https://doi.org/10.1017/S1755020317000132

680 GUILLERMO BADIA

§7. Conclusion. We have shown that many facts from the model theory of classical
infinitary logic have analogues in the context of relevant logic and the Routley—Meyer
semantics. In particular, versions of Karp’s theorem and Scott’s isomorphism theorem can
be obtained. Also, most infinitary relevant languages with absurdity are incompact, from
which we can derive incompleteness of most Hilbert systems based on them (in the sense of
there being a semantic consequence of a certain set of formulas which cannot be deduced
from the set in the formal system).

We have also showed that the formulas of classical infinitary relevant logic correspond-
ing to infinitary relevant formulas are exactly those preserved under relevant directed
bisimulations. This was obtained as a consequence of a certain interpolation result, from
which a Beth definability theorem followed as well.
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