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For positive rational integers ¶ , we study the Hecke L-series attached to elliptic
curves y2 = x3 ¡ 24 33 D ¶ over the quadratic ¯eld Q(

p
¡3) and obtain various bounds

of p(= 2; 3)-adic valuations of their values at s = 1 according to the cases of D and ¶ .
In particular, for the case of even ¶ , we obtain a criterion of reaching the bounds of
3-adic valuations. From this, combining with the work of Coates and Wiles and
Rubin, we obtain some results about the conjecture of Birch and Swinnerton-Dyer of
these curves.

1. Introduction

We consider the p(= 2; 3)-adic valuations of L(1) of the Hecke L-series attached to
elliptic curves

ED ¶ : y2 = x3 ¡ 2433D ¶ ;

where D is a square-free integer in Q(
p

¡ 3) and ¶ 2 Z is a positive rational integer
not divisible by 6. The 3-power divisibility problems of L(1) have been studied
in [5,6,10] in some cases. In fact, Stephens [10] proved that if D > 2 is a cube-free
rational integer, then 31=2D1=3L(ED2 =Q; 1)=« is a rational integer, divisible by 3
when 9 j D. And recently (see [5, 6]) we proved that if D is a square-free integer
in Q(

p
¡ 3) with n distinct prime factors, then L( ·ÁD2 ; 1)=« is divisible by 3n=2¡1,

where ÁD2 is the Hecke character of Q(
p

¡ 3) attached to ED2 .
In this paper, for ED ¶ over Q(

p
¡ 3), we further study the 3-adic valuation of L(1)

in the case of ¶ = 2; 4, and study the 2-adic valuation of L(1) in the case of ¶ = 3.
We obtain lower bounds of these valuations. In particular, for ¶ = 2; 4, we obtain a
criterion of reaching the bound of 3-adic valuation. Then, by the results of Coates
and Wiles [2] and Rubin [7], we can deduce some results about the conjecture of
Birch and Swinnerton-Dyer of these curves. For example, if D ² 1 (mod 6) is a
prime integer of Q(

p
¡ 3), and the 3-adic valuation of the di¬erence of its complex

conjugate and 1 is equal to 1, then the Mordell{Weil group and Shafarevich{Tate
group of ED ¶ over Q(

p
¡ 3) are  nite. In particular, if D is a rational integer, the

 rst part of the conjecture of Birch and Swinnerton-Dyer for ED ¶ over Q is shown
to be true in some cases (see corollary 2.4 below).
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2. Main results

Throughout this paper, let ½ = 1
2 ( ¡ 1 +

p
¡ 3) be a primitive cubic root of unity

and OK = Z[ ½ ] the ring of integers of the quadratic  eld K = Q(
p

¡ 3). We study
the elliptic curves

ED ¶ : y2 = x3 ¡ 2433D ¶ ; with D = º 1 ¢ ¢ ¢ º n;

where º k are distinct prime elements in OK (k = 1; : : : ; n), ¶ = 1; : : : ; 5. Let ÁD ¶ be
the Hecke character (i.e. Gr�ossencharacter) of K attached to the elliptic curve ED ¶ :
y2 = x3 ¡ 2433D ¶ , and L( ·ÁD ¶ ; s) the Hecke L-series of ·ÁD ¶ (the complex conjugate
of ÁD ¶ ). For the de nition of such a Hecke L-series attached to an elliptic curve,
see [9]. Also, we let « 0 denote the real period of the Weierstrass § -function satisfying
the di¬erential equation § 0(z)2 = 4 § (z)3 ¡ 1 (as stated in lemma 2.1 below). Then,
from [2,7], it can easily be seen that the values « ¡k

0 L( ·Ák
D ¶ ; k) (k = 1; 2; : : : ) are all

algebraic numbers. We will discuss the case k = 1.
Let Qp be the completion of Q at p-adic valuation for any rational prime p,

·Q and ·Qp be the algebraic closures of Q and Qp, respectively, and let vp be the
normalized p-adic additive valuation of ·Qp (i.e. vp(p) = 1). Fix an isomorphic
embedding ·Q ,! ·Qp. Then vp( ¬ ) is de ned for any algebraic number ¬ in ·Q. The
value vp( ¬ ) for ¬ 2 ·Q depends on the choice of the embedding ·Q ,! ·Qp, but this
does not a¬ect our discussion in this paper. We will discuss two cases: p = 2 and
p = 3.

In order to state our main results, we  rst give a fundamental lemma to express

L(1) by the values of Weierstrass § -functions. To see this, let S = f º 1; : : : ; º ng. For

any subset T of the set f1; : : : ; ng, de ne

DT =
Y

k 2 T

º k; D̂T =
D

DT

and put D; = 1 when T = ; (empty set). Let ÁD ¶
T

be the Hecke character of

Q(
p

¡ 3) attached to the elliptic curve ED ¶
T

: y2 = x3 ¡ 2433D ¶
T , and let LS( ·ÁD ¶

T
; s)

be the Hecke L-series of ·ÁD ¶
T

(the complex conjugate of ÁD ¶
T

) with the Euler factors

omitted at all primes in S. We have the following uniform formulae for special values

LS( ·ÁD ¶
T

; 1) of the above Hecke L-series at s = 1, which are expressed by the values

of Weierstrass § -functions.

Lemma 2.1. Let ¶ = 1; : : : ; 5, and let D = º 1 ¢ ¢ ¢ º n, where º k ² 1 (mod 6 £ 2 ¼ ( ¶ ))
are distinct prime elements of Z[½ ] (k = 1; : : : ; n). Then, for any factor DT of D
and the corresponding Hecke character ÁD ¶

T
as de¯ned above, we have

D

« 0

µ
3 £ 4 ¼ ( ¶ )

DT

¶6¡ ¶

6

LS( ·ÁD ¶
T

; 1)

=
1

2
p

3

X

c2 C

µ
c

DT

¶¶

6

1

§ (4 ¼ ( ¶ )c« 0=D) ¡ 1
+

1

3
p

3

X

c 2 C

µ
c

DT

¶¶

6

;

where ¼ ( ¶ ) = 1
2
(1 ¡ ( ¡ 1) ¶ ), (¢)6 is the sextic residue symbol, C is any complete set

of representatives of the relatively prime residue classes of OK modulo D, § (z) is
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the Weierstrass § -function satisfying § 0(z)2 = 4§ (z)3 ¡ 1 with period lattice L « 0 =
« 0OK (corresponding to the elliptic curve y2 = x3 ¡ 1

4
) and « 0 = 3:059 908 : : : is

an absolute constant.

2.1. The 3-adic valuation of L(1) of ED ¸ in the even-¸ case

Now we come to state our main results. The  rst one is about the 3-adic valuation
of L(1) of ED ¶ with even ¶ .

Let ¶ = 2; 4. For D = º 1 ¢ ¢ ¢ º n as above, we de ne the functions ¯
( ¶ )
n (D) (where

n = n(D) is the number of distinct prime factors of D in Z[½ ]) inductively as
follows,

¯
( ¶ )
1 ( º ) = ·º ¡ 1 (n = 1; D = º ); where ·º is the complex conjugate of º ;

¯ ( ¶ )
n (D) = ¯ ( ¶ )

n ( º 1 ¢ ¢ ¢ º n)

=
X

;6 = T $f1;:::;ng

( ¡ 1)n + 1¡t ¢
µ Y

º k jD̂T

µ
º k ¡

µ
DT

º k

¶¶

6

¶¶
¢ ¯

( ¶ )
t (DT ) (n > 2);

where T runs over all non-trivial subsets of f1; : : : ; ng and t = t(T ) = #T is the
cardinal of T .

Theorem 2.2. For ¶ = 2; 4, let D = º 1 ¢ ¢ ¢ º n, where º k ² 1 (mod 6) are dis-
tinct prime elements in Z[ ½ ] (k = 1; : : : ; n), and let ÁD ¶ be the Hecke character
of Q(

p
¡ 3) attached to the elliptic curve ED ¶ : y2 = x3 ¡ 2433D ¶ . Then, for the

3-adic valuation of the algebraic number L( ·ÁD ¶ ; 1)=« 0, we have

v3(L( ·ÁD ¶ ; 1)=« 0) > 1
2
n ¡ 1;

and the equality holds if and only if

v3( ¯ ( ¶ )
n (D)) = 1

2
(n + 1):

Remark 2.3. The lower bound for the case ¶ = 2 was obtained in [5,6]. However,
the condition for reaching the bound was not determined there. Here, for ¶ = 2 as
well as the new case ¶ = 4, by a new method, we solve this problem when obtaining
the lower bounds (see the proof in the following).

Corollary 2.4.

(i) Let ¶ ; D be as in theorem 2.2. If

v3( ¯ ( ¶ )
n (D)) = 1

2(n + 1);

then the Mordell{Weil group E(K) and the Shafarevich{Tate group Sha(E=K)
are ¯nite and there is a u 2 OK [1

6 ]£ such that

#(Sha(E=K)) = u ¢ (#E(K))2 ¢ L(E=K; 1)

« ·«
;

where the elliptic curve E = ED ¶ : y2 = x3 ¡ 2433D ¶ and « 2 C£ generates
the period lattice of a minimal model of E=K.
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(ii) In particular, if D in (i) is a rational integer, and v3( ¯
( ¶ )
n (D)) = 1

2
(n + 1),

then the ¯rst part of the conjecture of Birch and Swinnerton-Dyer is true for
the elliptic curve ED ¶ : y2 = x3 ¡ 2433D ¶ over Q, that is,

rank(ED ¶ (Q)) = ords = 1(L(ED ¶ =Q; s)) = 0;

where n = n(D) is the number of distinct prime factors of D in Z[ ½ ].

Proof of corollary 2.4. (i) If v3( ¯
( ¶ )
n (D)) = 1

2 (n + 1), then, by theorem 2.2, we get

v3(L( ·ÁD ¶ ; 1)=« 0) = 1
2 n ¡ 1:

In particular, L( ·ÁD ¶ ; 1) 6= 0, so, by [7, theorem 11.1], we obtain the result.
(ii) If D is a rational integer, then L(ÁD ¶ ; 1) = L( ·ÁD ¶ ; 1), which is equal to

L(ED ¶ =Q; 1) up to a  nite number of non-zero Euler factors at s = 1 (see [2]). So,
if v3( ¯

( ¶ )
n (D)) = 1

2
(n + 1), then, by theorem 2.2, we get L(ED ¶ =Q; 1) 6= 0, and then,

by [2], we obtain the result.

Remark 2.5. There is much literature studying the 3-descent on elliptic curves
y2 = x3 +A. Unfortunately, at present, we cannot obtain good enough results about
the Selmer group of ED ¶ via 3-isogeny under the condition of our theorem 2.2. If
this could be well established, then, by theorem 2.2, some further results about the
full conjecture of Birch and Swinnerton-Dyer for ED ¶ may be obtained.

Proposition 2.6. If º k ² 1 (mod 18) for all k = 1; : : : ; n, then, for ÁD ¶ in theo-
rem 2.2, we have

v3(L( ·ÁD ¶ ; 1)=« 0) > 1
2 (n ¡ 1):

2.2. The 2-adic valuation of L(1) of ED 3

Our second main result concerns the 2-adic valuation of the special values at
s = 1 of the Hecke L-series attached to ED ¶ with ¶ = 3.

Theorem 2.7. Let D = º 1 ¢ ¢ ¢ º n, where º k ² 1 (mod 12) are distinct prime ele-
ments of Z[½ ] (k = 1; : : : ; n), and let ÁD3 be the Hecke character of Q(

p
¡ 3)

attached to the elliptic curve ED3 : y2 = x3 ¡ 2433D3. Then, for the 2-adic valu-
ation of L( ·ÁD3 ; 1)=« 0, we have

v2(L( ·ÁD3 ; 1)=« 0) > n:

Remark 2.8.

(i) Our results in theorem 2.7 are consistent with the predictions of the conjecture
of Birch and Swinnerton-Dyer in a certain sense. In fact, by the methods
in [11], it is easy to verify that, under our hypothesis of D, the Tamagawa
factor cv = 1; 2; 4 for any  nite place v satisfying v j NE and v - 6, where
NE is the conductor of E = ED3 in theorem 2.7. Let « 2 C£ be an OK -
generator of the period lattice of a minimal model of E. Consider the case
L(E=K; 1) 6= 0. (The case L(E=K; 1) = 0 does not need to be considered since
v2(L(E=K; 1)) = 1.) Then the conjecture of Birch and Swinnerton-Dyer [1,8]
predicts that L(E=K; 1)=« ·« has the factor

Y

vjN(E) an d v-6

cv = 2m2 for certain exponent m2:
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Furthermore, when the number n(D) of distinct prime factors of D becomes
greater, N (E) would have more prime factors v, so m2 would become greater.
This is consistent with our results of theorem 2.7, since we have (see, for
example, [9])

L(E=K; 1) = L(Á; 1)L( ·Á; 1); where Á = ÁD3 :

(ii) For the families of elliptic curves ED ¶ in lemma 2.1 with ¶ = 1; 5, it can
also be easily veri ed by the same methods in [11] that the Tamagawa factor
cv = 1 for any  nite place v j NE and v - 6, where NE is the conductor of
E = ED ¶ . This means that the product of the Tamagawa factors

Y

vjN(E) an d v-6

cv

does not increase. So we do not consider the problem of p(= 2; 3)-adic valua-
tion for these cases.

(iii) For the elliptic curves E = ED ¶ in lemma 2.1 with ¶ = 2; 4, which were
studied in [5,6] and theorem 2.2, it can be easily shown that the product of
the Tamagawa factors

Y

vjN(E) an d v-6

cv = 3m3 for certain exponent m3:

Furthermore, m3 varies depending on the number of distinct prime factors
of D. This was exactly the problem of 3-adic valuation that we studied in [5,6]
and theorem 2.2 in this paper for these cases.

3. Proofs of the main results

Proof of lemma 2.1. The case of ¶ = 2 has been proved in [5, 6], and the case of
¶ = 4 can be similarly proved. Now we give a sketch of the proof for the odd-¶
cases. So we let ¶ = 1; 3; 5. By the method in [11], it can be veri ed that the
conductor of ÁD ¶

T
is (

p
¡ 3DT ) or (3DT ) (as integral ideals of OK). Then, by the

results (especially proposition 5.5) in [3], as done in [5,6], we can get

3D

« 0
¢ LS( ·ÁD ¶

T
; 1) =

X

c 2 C
E ¤

1

µ
ÁD ¶

T
(12c + D) « 0

3D
; « 0OK

¶
;

where C is as in lemma 2.1, a complete set of representatives of (OK=(D))£ and
E ¤

1(z; L) is the Eisenstein E ¤ -function (see [12]).
Since ¶ is odd by assumption, º k ² 1 (mod 12) for all k = 1; : : : ; n. Hence

D = º 1 ¢ ¢ ¢ º n ² 1 (mod 12), DT ² 1 (mod 12) and 12c + D ² 1 (mod 12) for all
c 2 C . Since (c; D) = 1, we have (12c + D; DT ) = 1. Thus, by the de nition [9] of
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ÁD ¶
T

and the law of sextic reciprocity [4], we get

ÁD ¶
T

(12c + D) =

µ
DT

12c + D

¶¶

6

¢ (12c + D)

=

µ
12c + D

DT

¶¶

6

¢ (12c + D)

=

µ
12c

DT

¶¶

6

¢ (12c + D) for all c 2 C :

Since E ¤
1 (wz; wL) = w¡1E ¤

1(z; L), we have

D

« 0

µ
12

DT

¶6¡ ¶

6

¢ LS( ·ÁD ¶
T

; 1) =
1

3

X

c 2 C

µ
c

DT

¶¶

6

¢ E ¤
1

µ
4c« 0

D
+ 1

3 « 0; « 0OK

¶
:

Then, by the results and a similar calculation in [5,6], we can obtain

D

« 0

µ
12

DT

¶6¡ ¶

6

LS( ·ÁD ¶
T

; 1) =
1

2
p

3

X

c 2 C

µ
c

DT

¶¶

6

1

§ (4c« 0=D) ¡ 1
+

1

3
p

3

X

c 2 C

µ
c

DT

¶¶

6

:

This proves lemma 2.1.

3.1. Proofs of theorem 2.2 and proposition 2.6

Lemma 3.1. Let ¶ , D be as in theorem 2.2. Then we have

v3( ¯ ( ¶ )
n (D)) > 1

2 (n + 1):

Proof. If n = 1, then, by de nition, ¯
( ¶ )
1 ( º 1) = ·º 1 ¡ 1. Since º 1 ² 1 (mod 6), we

also have ·º 1 ² 1 (mod 6), so

v3( ¯
( ¶ )
1 ( º 1)) = v3(·º 1 ¡ 1) > 1 = 1

2
(1 + 1):

Assume that the conclusion is true for 1; 2; : : : ; n ¡ 1 and consider the case n,
D = º 1 ¢ ¢ ¢ º n. For every non-trivial subset T of f1; : : : ; ng, since

µ
DT

º k

¶¶

6

= 1; ½ or ½ 2 for any º k j D̂T ;

we have

v3

µ
º k ¡

µ
DT

º k

¶¶

6

¶
> 1

2
:

Hence

v3

µµ Y

º kjD̂T

µ
º k ¡

µ
DT

º k

¶¶

6

¶¶
¢ ¯

( ¶ )
t (DT )

¶

=
X

º kjD̂T

v3

µµ
º k ¡

µ
DT

º k

¶¶

6

¶¶
+ v3( ¯

( ¶ )
t (DT ))

> 1
2 (n ¡ t) + 1

2 (t + 1) = 1
2(n + 1):
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Therefore, by de nition and properties of valuation, we get v3( ¯
( ¶ )
n (D)) > 1

2
(n + 1).

This proves lemma 3.1.

Proof of theorem 2.2. For ¶ = 2; 4 and each subset T of f1; : : : ; ng, multiply the
two sides of the corresponding formula of lemma 2.1 by 2n¡t(T ) (where t(T ) = #T
is the cardinal of T ). Adding them up, we obtain

X

T

2n¡t(T ) D

« 0

µ
3

DT

¶6¡ ¶

6

LS( ·ÁD ¶
T

; 1)

=
1

2
p

3

X

T

2n¡t(T )
X

c 2 C

µ
c

DT

¶¶

6

1

§ (c« 0=D) ¡ 1
+

1

3
p

3

X

T

2n¡t(T )
X

c2 C

µ
c

DT

¶¶

6

= S ¤
¶ (D) +

1

3
p

3

X

T

2n¡t(T )
X

c 2 C

µ
c

DT

¶¶

6

;

where

S ¤
¶ (D) =

1

2
p

3

X

c 2 C

1

§ (c« 0=D) ¡ 1

X

T

2n¡t(T )

µ
c

DT

¶¶

6

:

It could be easily veri ed that

X

T

2n¡t(T )
X

c2 C

µ
c

DT

¶¶

6

= 2n¡t(;)
X

c 2 C

µ
c

D;

¶¶

6

= 2n ¢ # C :

Thus
X

T

2n¡t(T ) D

« 0

µ
3

DT

¶6¡ ¶

6

LS( ·ÁD ¶
T

; 1) = S ¤
¶ (D) +

2n

3
p

3
¢ #C : (3.1)

Now we prove
v3(S ¤

¶ (D)) > 1
2
n ¡ 1: (3.2)

In fact, since (c=º k) ¶
6 = 1, ½ or ½ 2, and v3(1 ¡ ½ ) = 1

2 , we have

v3

µ
2 +

µ
c

º k

¶¶

6

¶
> 1

2

(we always write v3(0) = +1). Thus

v3

µX

T

2n¡t(T )

µ
c

DT

¶¶

6

¶
= v3

µ nY

k = 1

µ
2 +

µ
c

º k

¶¶

6

¶¶
=

nX

k = 1

v3

µ
2 +

µ
c

º k

¶¶

6

¶
> 1

2 n;

that is,

v3

µX

T

2n¡t(T )

µ
c

DT

¶¶

6

¶
> 1

2n for all c 2 C : (3.3)

Now for the Weierstrass § -function § (z; L « 0 ) in lemma 2.1. By [10, p.128, lemmas 1
and 2], it could be easily veri ed that

v3

µ
§

µ
c« 0

D
; L « 0

¶
¡ 1

¶
= 1

3
for all c 2 C : (3.4)
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Therefore, by properties of valuation, we obtain

v3(S ¤
¶ (D)) > v3

µ
1

2
p

3

¶
+ v3

µ
1

§ (c« 0=D) ¡ 1

¶
+ min

c 2 C
v3

µX

T

2n¡t(T )

µ
c

DT

¶¶

6

¶

> 1
2
n ¡ 5

6

> 1
2 n ¡ 1:

This proves (3.2).
Also, for C in (3.1) above, by assumption, we have #C =

Qn
k = 1( º k ·º k ¡ 1), and

then

v3

µ
2n

3
p

3
¢ # C

¶
= v3

µ
2n

3
p

3

¶
+

nX

k = 1

v3( º k·º k ¡ 1) > n ¡ 3
2

> 1
2n ¡ 1; n > 1:

It is obvious that LS( ·ÁD ¶
T

; 1) = L( ·ÁD ¶ ; 1) when T = f1; : : : ; ng. And when T = ;
we have

LS( ·ÁD ¶
;

; 1) = LS( ·Á1; 1) = L( ·Á1; 1)

nY

k = 1

µ
1 ¡ 1

º k

¶
:

From [10], we know that

L( ·Á1; 1) = L(Á1; 1) = L1(1) = 1
9

p
3 « 0;

where Á1 is the Hecke character of Q(
p

¡ 3) attached to the elliptic curve E1 : y2 =
x3 ¡ 2433. Thus

LS( ·Á1; 1) = 1
9

p
3 « 0

nY

k = 1

µ
1 ¡ 1

º k

¶
:

Now we come to prove the following assertion, which is the core of our proof.

Assertion 3.2. Let

§ ( ¶ )
n (D) =

D

« 0

µ
3

D

¶6¡ ¶

6

L( ·ÁD ¶ ; 1) + ( ¡ 1)n ¢ 1
9 (2n

p
3) ¢ ¯ ( ¶ )

n (D):

Then
v3( § ( ¶ )

n (D)) > 1
2n ¡ 1:

In fact, if n = 1, then D = º 1. So, by (3.1),

21¡1 º 1

« 0

µ
3

º 1

¶6¡ ¶

6

L( ·Á º ¶
1
; 1) + 21¡0 º 1

« 0

µ
3

D;

¶6¡ ¶

6

L º 1
( ·ÁD ¶

;
; 1)

= S ¤
¶ ( º 1) + 1

9(2
p

3)(º 1·º 1 ¡ 1):

Hence

º 1

« 0

µ
3

º 1

¶6¡ ¶

6

L( ·Á º ¶
1
; 1) = S ¤

¶ ( º 1) + 1
9
(2

p
3)( º 1·º 1 ¡ 1) ¡ 2º 1

« 0
¢ 1

9

p
3« 0

µ
1 ¡ 1

º 1

¶

= S ¤
¶ ( º 1) + 1

9
(2

p
3)( º 1·º 1 ¡ º 1)

= S ¤
¶ ( º 1) + 1

9(2
p

3)( º 1 ¡ 1)(·º 1 ¡ 1) + 1
9 (2

p
3)̄

( ¶ )
1 ( º 1);
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since, by de nition, ¯
( ¶ )
1 ( º 1) = ·º 1 ¡ 1. Thus

§
(¶ )
1 ( º 1) =

º 1

« 0

µ
3

º 1

¶6¡ ¶

6

L( ·Á º ¶
1
; 1) + ( ¡ 1)1 ¢ 1

9
(21

p
3)̄

( ¶ )
1 ( º 1)

=
º 1

« 0

µ
3

º 1

¶6¡ ¶

6

L( ·Á º ¶
1
; 1) ¡ 1

9 (2
p

3)̄
( ¶ )

1 ( º 1)

= S ¤
¶ ( º 1) + 1

9
(2

p
3)(º 1 ¡ 1)(·º 1 ¡ 1):

From (3.2), v3(S ¤
¶ ( º 1)) > 1

2
¡ 1, and obviously

v3( 1
9 (2

p
3)(º 1 ¡ 1)(·º 1 ¡ 1)) > ¡ 3

2 + 1 + 1 = 1
2 > 1

2
¡ 1:

Therefore, v3( §
( ¶ )
1 ( º 1)) > 1

2
¡ 1.

Assume that our assertion is true for 1; : : : ; n ¡ 1 and consider the case n (n > 2),
D = º 1 ¢ ¢ ¢ º n. For any non-trivial subset T of f1; : : : ; ng, put t = t(T ) = #T . Then
0 < t < n and, by the inductive assumption, we have

§
( ¶ )
t (DT ) =

DT

« 0

µ
3

DT

¶6¡ ¶

6

L( ·ÁD ¶
T

; 1) + ( ¡ 1)t ¢ 1
9(2t

p
3) ¢ ¯

( ¶ )
t (DT )

and

v3( §
( ¶ )
t (DT )) > 1

2 t ¡ 1:

Therefore,

DT

« 0

µ
3

DT

¶6¡ ¶

6

L( ·ÁD ¶
T

; 1) = §
( ¶ )
t (DT ) ¡ ( ¡ 1)t ¢ 1

9(2t
p

3) ¢ ¯
( ¶ )
t (DT );

and then

2n¡t(T ) D

« 0

µ
3

DT

¶6¡ ¶

6

LS( ·ÁD ¶
T

; 1)

= 2n¡t(T ) D

« 0

µ
3

DT

¶6¡ ¶

6

¢ L( ·ÁD ¶
T

; 1) ¢
Y

º kjD̂T

µ
1 ¡

µ
DT

º k

¶¶

6

¢ 1

º k

¶

= 2n¡t(T )

µ
DT

« 0

µ
3

DT

¶6¡ ¶

6

¢ L( ·ÁD ¶
T

; 1)

¶
¢

Y

º kjD̂T

µ
º k ¡

µ
DT

º k

¶¶

6

¶

= 2n¡t(T ) ¢ ( §
( ¶ )
t (DT ) ¡ ( ¡ 1)t ¢ 1

9 (2t
p

3) ¢ ¯
( ¶ )
t (DT )) ¢

Y

º kjD̂T

µ
º k ¡

µ
DT

º k

¶¶

6

¶

= 2n¡t(T ) ¢ §
( ¶ )
t (DT )

Y

º kjD̂T

µ
º k ¡

µ
DT

º k

¶¶

6

¶

¡ ( ¡ 1)t ¢ 1
9
(2n

p
3)̄

( ¶ )

t (DT )
Y

º k jD̂T

µ
º k ¡

µ
DT

º k

¶¶

6

¶
:
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Since, from (3.1),

X

T

2n¡t(T ) D

« 0

µ
3

DT

¶6¡ ¶

6

LS( ·ÁD ¶
T

; 1) = S ¤
¶ (D) + 1

9 (2n
p

3) ¢
nY

k = 1

( º k ·º k ¡ 1);

we have

D

« 0

µ
3

D

¶6¡ ¶

6

L( ·ÁD ¶ ; 1)

=
X

T

2n¡t(T ) D

« 0

µ
3

DT

¶6¡ ¶

6

LS( ·ÁD ¶
T

; 1) ¡ 2n¡t(;) D

« 0

µ
3

D;

¶6¡¶

6

LS( ·ÁD ¶
;
; 1)

¡
X

;6 = T $f1;:::;ng

2n¡t(T ) D

« 0

µ
3

DT

¶6¡ ¶

6

LS( ·ÁD ¶
T

; 1)

= S ¤
¶ (D) + 1

9(2n
p

3) ¢
nY

k = 1

( º k ·º k ¡ 1) ¡ 2n ¢ D

« 0
¢ 1

9

p
3 « 0 ¢

nY

k = 1

µ
1 ¡ 1

º k

¶

¡
X

;6 = T $f1;:::;ng

µ
2n¡t(T ) ¢ §

( ¶ )
t (DT ) ¢

Y

º kjD̂T

µ
º k ¡

µ
DT

º k

¶¶

6

¶

¡ ( ¡ 1)t ¢ 1
9 (2n

p
3) ¢ ¯

( ¶ )
t (DT ) ¢

Y

º kjD̂T

µ
º k ¡

µ
DT

º k

¶¶

6

¶¶

= S ¤
¶ (D) + 1

9
(2n

p
3) ¢

nY

k = 1

( º k ·º k ¡ 1) ¡ 1
9
(2n

p
3) ¢

nY

k = 1

( º k ¡ 1)

¡
X

;6 = T $f1;:::;ng

µ
2n¡t(T ) ¢ §

( ¶ )
t (DT ) ¢

Y

º kjD̂T

µ
º k ¡

µ
DT

º k

¶¶

6

¶¶

+
X

;6 = T $f1;:::;ng

µ
( ¡ 1)t ¢ 1

9
(2n

p
3) ¢ ¯

( ¶ )
t (DT ) ¢

Y

º kjD̂T

µ
º k ¡

µ
DT

º k

¶¶

6

¶¶

= § 0
n + 1

9(2n
p

3) ¢
X

;6 = T $f1;:::;ng

( ¡ 1)t ¢
µ Y

º kjD̂T

µ
º k ¡

µ
DT

º k

¶¶

6

¶¶
¢ ¯

( ¶ )
t (DT );

where

§ 0
n = S ¤

¶ (D) + 1
9 (2n

p
3) ¢

nY

k = 1

( º k ·º k ¡ 1) ¡ 1
9(2n

p
3) ¢

nY

k = 1

( º k ¡ 1)

¡
X

;6 = T $f1;:::;ng

µ
2n¡t(T ) ¢ §

( ¶ )
t (DT ) ¢

Y

º kjD̂T

µ
º k ¡

µ
DT

º k

¶¶

6

¶¶
:
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Note that ( ¡ 1)t = ( ¡ 1)n + 1 ¢ ( ¡ 1)n + 1¡t, so

D

« 0

µ
3

D

¶6¡ ¶

6

L( ·ÁD ¶ ; 1)

= § 0
n + 1

9 (2n
p

3) ¢ ( ¡ 1)n + 1

¢
X

;6 = T $f1;:::;ng

( ¡ 1)n + 1¡t ¢
µ Y

º kjD̂T

µ
º k ¡

µ
DT

º k

¶¶

6

¶¶
¢ ¯

( ¶ )

t (DT )

= § 0
n + ( ¡ 1)n+ 1 ¢ 1

9 (2n
p

3) ¢ ¯ ( ¶ )
n (D)

= § 0
n ¡ ( ¡ 1)n ¢ 1

9 (2n
p

3) ¢ ¯ ( ¶ )
n (D):

Therefore,

§ ( ¶ )
n (D) =

D

« 0

µ
3

D

¶6¡ ¶

6

L( ·ÁD ¶ ; 1) + ( ¡ 1)n ¢ 1
9(2n

p
3) ¢ ¯ ( ¶ )

n (D) = § 0
n:

From (3.2), we know that v3(S ¤
¶ (D)) > 1

2n ¡ 1. Also, we have

v3

µ
1
9 (2n

p
3) ¢

nY

k = 1

( º k·º k ¡ 1)

¶
> ¡ 3

2 + n > 1
2n ¡ 1 for n > 2;

v3

µ
1
9 (2n

p
3) ¢

nY

k = 1

( º k ¡ 1)

¶
> ¡ 3

2 + n > 1
2n ¡ 1 for n > 2

and

v3

µ
2n¡t(T ) ¢ §

( ¶ )
t (DT ) ¢

Y

º kjD̂T

µ
º k ¡

µ
DT

º k

¶¶

6

¶¶

= v3( §
( ¶ )
t (DT )) +

X

º kjD̂T

v3

µµ
º k ¡

µ
DT

º k

¶¶

6

¶¶

> 1
2 t ¡ 1 + 1

2 (n ¡ t)

= 1
2n ¡ 1:

Therefore, by properties of valuation, we get

v3( § (¶ )
n (D)) = v3( § 0

n) > 1
2n ¡ 1 (n > 2):

This completes the proof of our assertion by induction.
Now, by the above assertion,

D

« 0

µ
3

D

¶6¡ ¶

6

L( ·ÁD ¶ ; 1) = § ( ¶ )
n (D) ¡ ( ¡ 1)n ¢ 1

9(2n
p

3) ¢ ¯ ( ¶ )
n (D)

and

v3( § ( ¶ )
n (D)) > 1

2n ¡ 1:
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From lemma 3.1, we know that v3( ¯
( ¶ )

n (D)) > 1
2
(n + 1), and so

v3(( ¡ 1)n ¢ 1
9 (2n

p
3) ¢ ¯ ( ¶ )

n (D)) > ¡ 3
2 + 1

2 (n + 1) = 1
2n ¡ 1:

Therefore, by the properties of valuation, we get

v3(L( ·ÁD ¶ ; 1)=« 0) = v3

µ
D

« 0

µ
3

D

¶6¡ ¶

6

L( ·ÁD ¶ ; 1)

¶
> 1

2
n ¡ 1;

and the equality holds if and only if

v3(( ¡ 1)n ¢ 1
9 (2n

p
3) ¢ ¯ ( ¶ )

n (D)) = 1
2n ¡ 1;

which is equivalent to
v3( ¯ ( ¶ )

n (D)) = 1
2
(n + 1):

This completes the proof of theorem 2.2.

Proof of proposition 2.6. Since º k ² 1 (mod 18), we have º k ·º k ² 1 (mod 18), and
then v3( º k ·º k ¡ 1) > 2, so

v3(# C ) = v3(#(OK=(D))£) = v3

µ nY

k = 1

( º k ·º k ¡ 1)

¶
=

nX

k = 1

v3( º k ·º k ¡ 1) > 2n:

Obviously, we also have º k ² 1 (mod 6), and thus D = º 1 ¢ ¢ ¢ º n completely satis es
the condition of D in theorem 2.2. Therefore, from the proof of theorem 2.2, we
also have (see (3.1) above)

X

T

2n¡t(T ) D

« 0

µ
3

DT

¶6¡ ¶

6

LS( ·ÁD ¶
T

; 1) = S ¤
¶ (D) +

2n

3
p

3
¢ #C

and

S ¤
¶ (D) =

1

2
p

3

X

c 2 C

1

§ (c« 0=D) ¡ 1

X

T

2n¡t(T )

µ
c

DT

¶¶

6

;

where T runs over all the subset of f1; : : : ; ng.
Now we prove that

v3(S ¤
¶ (D)) > 1

2(n ¡ 1): (3.5)

Since º k ² 1 (mod 18) (k = 1; : : : ; n), we have

N (DT ) ² N (D) ² 1 (mod 18);

µ
½

DT

¶2

6

= ½ (N(DT )¡1)=3 = 1:

We also have

# C =

nY

k = 1

(N ( º k) ¡ 1) ² 0 (mod 18);

so we may choose the set C properly such that §c; § ½ c; § ½ 2c 2 C (when c 2 C ). That
is, when c 2 C , all its associated elements are in C . Let V = fc 2 C : c ² 1 (mod 3)g.
Then

C =
[

· 2 f§ 1;§ ½ ;§ ½ 2g

· V:
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Obviously,
µ

¡ c

DT

¶2

6

=

µ
c

DT

¶2

6

;

§

µ
¡ c« 0

D
; L « 0

¶
= §

µ
c« 0

D
; L « 0

¶
;

§ ( ½ z; L « 0 ) = ½ § (z; L « 0 );

§ ( ½ 2z; L « 0 ) = ½ 2 § (z; L « 0 ):

Thus

S ¤
¶ (D) =

1p
3

X

c 2 V

1

§ (c« 0=D; L « 0 ) ¡ 1

X

T

2n¡t(T )

µ
c

DT

¶¶

6

+
1p
3

X

c 2 V

1

§ ( ½ c« 0=D; L « 0 ) ¡ 1

X

T

2n¡t(T )

µ
½ c

DT

¶¶

6

+
1p
3

X

c 2 V

1

§ ( ½ 2c« 0=D; L « 0 ) ¡ 1

X

T

2n¡t(T )

µ
½ 2c

DT

¶¶

6

=
1p
3

X

T

2n¡t(T )

½X

c 2 V

3

® (c)
¢
µ

c

DT

¶¶

6

¾

=
p

3
X

c 2 V

1

® (c)

X

T

2n¡t(T )

µ
c

DT

¶¶

6

;

where

® (c) =

µ
§

µ
c« 0

D

¶
¡ 1

¶µ
½ §

µ
c« 0

D

¶
¡ 1

¶µ
½ 2 §

µ
c« 0

D

¶
¡ 1

¶
:

Since

½ §

µ
c« 0

D

¶
¡ 1 =

( § (c« 0=D) ¡ ½ 2)

½ 2
=

1

½ 2

µµ
§

µ
c« 0

D

¶
¡ 1

¶
+ (1 ¡ ½ 2)

¶
;

½ 2 §

µ
c« 0

D

¶
¡ 1 =

( § (c« 0=D) ¡ ½ )

½
=

1

½

µµ
§

µ
c« 0

D

¶
¡ 1

¶
+ (1 ¡ ½ )

¶
;

by (3.4) in the proof of theorem 2.2, we obtain

v3

µ
½ §

µ
c« 0

D

¶
¡ 1

¶
= v3

µ
½ 2 §

µ
c« 0

D

¶
¡ 1

¶
= v3

µ
§

µ
c« 0

D

¶
¡ 1

¶
= 1

3
:

Thus

v3( ® (c)) = 3v3

µ
§

µ
c« 0

D

¶
¡ 1

¶
= 3 ¢ 1

3 = 1:

Hence, by (3.3) in the proof of theorem 2.2 and the properties of valuation, we get

v3(S ¤
¶ (D)) > 1

2 +v3

µ
1

® (c)

¶
+min

c 2 V
v3

µX

T

2n¡t(T )

µ
c

DT

¶¶

6

¶
> 1

2
¡ 1+ 1

2n = 1
2 (n ¡ 1):

This proves (3.5).
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Also by the above discussion, we have

v3

µ
2n

3
p

3
¢ # C

¶
= ¡ 3

2 + v3(#C ) > 2n ¡ 3
2 > 1

2 (n ¡ 1) (n > 1):

So, by properties of valuation, we obtain

v3

µX

T

2n¡t(T ) D

« 0

µ
3

DT

¶6¡ ¶

6

LS( ·ÁD ¶
T

; 1)

¶
> 1

2
(n ¡ 1): (3.6)

By de nition, we know that LS( ·ÁD ¶
T

; 1) = L( ·ÁD ¶ ; 1) when T = f1; : : : ; ng. When
T = ;, by our assumption, we have that

v3

µ
2n¡t(;) D

« 0

µ
3

D;

¶6¡ ¶

6

LS( ·ÁD ¶
;

; 1)

¶
= v3(LS( ·Á1; 1)=« 0)

= v3

µ
1
9

p
3 ¢

nY

k = 1

µ
1 ¡ 1

º k

¶¶

> 1
2

¡ 2 + 2n

= 2n ¡ 3
2

> 1
2(n ¡ 1) (n > 1): (3.7)

Now we use an induction method on n to prove that

v3(L( ·ÁD ¶ ; 1)=« 0) > 1
2
(n ¡ 1):

If n = 1, D = º 1 and S = f º 1g, then

v3(LS( ·ÁD ¶
;
; 1)=« 0) = v3(LS( ·Á1; 1)=« 0) > 1

2(1 ¡ 1) = 0:

Also, by (3.6), for n = 1, we have

v3

µ
2

º 1

« 0

µ
3

D;

¶6¡ ¶

6

LS( ·ÁD ¶
;

; 1) +
º 1

« 0

µ
3

º 1

¶6¡ ¶

6

L( ·Á º ¶
1
; 1)

¶
> 1

2(1 ¡ 1) = 0:

Therefore, by the properties of valuation, we obtain

v3(L( ·Á º ¶
1
; 1)=« 0) = v3

µ
º 1

« 0

µ
3

º 1

¶6¡ ¶

6

L( ·Á º ¶
1
; 1)

¶
> 0 = 1

2
(1 ¡ 1):

Assume that our conclusion is true for 1; 2; : : : ; n ¡ 1, and consider the case n,
D = º 1 ¢ ¢ ¢ º n and S = fº 1; : : : ; º ng. For any non-trivial subset T of f1; : : : ; ng, put
t = t(T ) = #T . Then 1 6 t < n. So, by our induction assumption, we have

v3

µ
2n¡t(T ) D

« 0

µ
3

DT

¶6¡ ¶

6

LS( ·ÁD ¶
T

; 1)

¶

= v3(L( ·ÁD ¶
T

; 1)=« 0) +
X

º kjD̂T

v3

µ
1 ¡

µ
DT

º k

¶¶

6

1

º k

¶

> 1
2 (t(T ) ¡ 1) + 1

2(n ¡ t(T ))

= 1
2 (n ¡ 1): (3.8)
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Therefore, by (3.6){(3.8) and the properties of valuation, we obtain that

v3(L( ·ÁD ¶ ; 1)=« 0)

= v3

µ
2n¡n D

« 0

µ
3

D

¶6¡¶

6

LS( ·ÁD ¶ ; 1)

¶

= v3

µX

T

2n¡t(T ) D

« 0

µ
3

DT

¶6¡ ¶

6

LS( ·ÁD ¶
T

; 1)

¡
X

;6 = T $f1;:::;ng

2n¡t(T ) D

« 0

µ
3

DT

¶6¡ ¶

6

LS( ·ÁD ¶
T

; 1)

¡ 2n¡t(;) D

« 0

µ
3

D;

¶6¡ ¶

6

LS( ·ÁD ¶
;
; 1)

¶

> 1
2 (n ¡ 1):

This proves our conclusion by induction, and completes the proof of proposition 2.6.

3.2. Proof of theorem 2.7

Proof of theorem 2.7. For ¶ = 3, sum the identity of lemma 2.1 over the 2n subsets
T of f1; : : : ; ng to obtain

X

T

D

« 0

µ
12

DT

¶3

6

LS( ·ÁD3
T

; 1)

=
1

2
p

3

X

T

X

c 2 C

µ
c

DT

¶3

6

1

§ (4c« 0=D) ¡ 1
+

1

3
p

3

X

T

X

c 2 C

µ
c

DT

¶3

6

:

It can easily be veri ed that

X

T

X

c 2 C

µ
c

DT

¶3

6

=
X

c 2 C

µ
c

D;

¶3

6

= # C :

Hence
X

T

D

« 0

µ
12

DT

¶3

6

LS( ·ÁD3
T

; 1) = S ¤
3(D) +

1

3
p

3
¢ #C ; (3.9)

where

S ¤
3(D) =

1

2
p

3

X

c 2 C

1

§ (4c« 0=D) ¡ 1

X

T

µ
c

DT

¶3

6

:

Since (c=º k)3
6 = §1, we have v2(1 + (c=º k)3

6) > 1 (we always write v2(0) = +1).
Thus

v2

µX

T

µ
c

DT

¶3

6

¶
= v2

µ nY

k = 1

µ
1 +

µ
c

º k

¶3

6

¶¶
=

nX

k = 1

v2

µ
1 +

µ
c

º k

¶3

6

¶
> n;
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that is,

v2

µX

T

µ
c

DT

¶3

6

¶
> n for all c 2 C : (3.10)

We also have

# C = #(OK=(D))£ =
nY

k = 1

( º k ·º k ¡ 1):

Since º k ² 1 (mod 12) for all k = 1; : : : ; n, we get v2( º k ·º k ¡ 1) > 2. Thus

v2

µ
#C
3
p

3

¶
= v2(# C ) =

nX

k = 1

v2( º k ·º k ¡ 1) > 2n: (3.11)

For the Weierstrass § -function § (z) in (3.9), by lemmas 1 and 2 in [10, p. 128], it
can be easily veri ed that

v2

µ
§

µ
4c« 0

D

¶
¡ 1

¶
= 0 for all c 2 C : (3.12)

(See the calculation of the 3-adic valuation of ( § (c« 0=D) ¡ 1) in [5] and [6, lemma 4].)
By assumption, we may choose C in such a way that ¡ c 2 C when c 2 C .

Since § (z) is even and ( ¡ c=DT )3
6 = (c=DT )3

6, by (3.10), (3.12) and the properties
of valuation, we know that the  rst term in the right-hand side of (3.9) has 2-adic
valuation greater than or equal to n, That is,

v2(S ¤
3 (D)) > n: (3.13)

Together with (3.11), we obtain

v2

µX

T

D

« 0

µ
12

DT

¶3

6

LS( ·ÁD3
T

; 1)

¶
> n: (3.14)

It is obvious that LS( ·ÁD3
T

; 1) = L( ·ÁD3 ; 1) when T = f1; : : : ; ng. When T = ;, we
have

LS( ·ÁD3
;
; 1) = LS( ·Á1; 1) = L( ·Á1; 1)

nY

k = 1

µ
1 ¡ 1

º k

¶
:

From [10], we know that

L( ·Á1; 1) = L(Á1; 1) = L1(1) = 1
9

p
3 « 0;

where Á1 is the Hecke character of Q(
p

¡ 3) attached to the elliptic curve E1 : y2 =
x3 ¡ 2433. Thus

LS( ·ÁD3
;
; 1) = LS( ·Á1; 1) = 1

9

p
3 « 0

nY

k = 1

µ
1 ¡ 1

º k

¶
:

So we get

v2(LS( ·ÁD3
;
; 1)=« 0) = v2( 1

9

p
3) +

nX

k = 1

v2( º k ¡ 1)

> 2n (since º k ² 1 (mod 12)): (3.15)
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Now we use induction on n to prove our assertion v2(L( ·ÁD3 ; 1)=« 0) > n. If n = 1,
then D = º 1, S = f º 1g and LS( ·ÁD3

;
; 1) = (

p
3=9)« 0(1 ¡ 1=º 1). By (3.15), we have

v2

µ
º 1

« 0

µ
12

D;

¶3

6

LS( ·ÁD3
;
; 1)

¶
= v2(LS( ·ÁD3

;
; 1)=« 0) > 2:

Also, by (3.14), for the case n = 1, we have

v2

µ
º 1

« 0

µ
12

D;

¶3

6

LS( ·ÁD3
;
; 1) +

º 1

« 0

µ
12

º 1

¶3

6

LS( ·Á º 3
1
; 1)

¶
> 1:

Therefore, by the properties of valuation,

v2(L( ·Á º 3
1
; 1)=« 0) = v2

µ
º 1

« 0

µ
12

º 1

¶3

6

LS( ·Á º 3
1
; 1)

¶

= v2

µµ
º 1

« 0

µ
12

D;

¶3

6

LS( ·ÁD3
;
; 1)

+
º 1

« 0

µ
12

º 1

¶3

6

LS( ·Á º 3
1
; 1)) ¡ º 1

« 0

µ
12

D;

¶3

6

LS( ·ÁD3
;
; 1)

¶

> 1:

Now assume our assertion is true for 1; 2; : : : ; n ¡ 1 and consider D = º 1 ¢ ¢ ¢ º n.
For any subset T of f1; : : : ; ng, set t = t(T ) = #T . Then, by de nition,

D

« 0

µ
12

DT

¶3

6

LS( ·ÁD3
T

; 1) =
D

« 0

µ
12

DT

¶3

6

¢ L( ·ÁD3
T

; 1) ¢
Y

º kjD̂T

µ
1 ¡

µ
DT

º k

¶3

6

1

º k

¶
:

Since (DT =º k)3
6 = §1 (for all º k j D̂T ), we have

1 ¡
µ

DT

º k

¶3

6

1

º k
=

º k ¡ ·

º k
; · 2 f1; ¡ 1g:

Note that º k ² 1 (mod 12). Therefore, v2( º k ¡ · ) > 1. Thus, when T is non-trivial
(i.e. 1 6 t < n), by our inductive assumption,

v2

µ
D

« 0

µ
12

DT

¶3

6

LS( ·ÁD3
T

; 1)

¶

= v2

µ
D

« 0

µ
12

DT

¶3

6

¢ L( ·ÁD3
T

; 1)

¶
+ v2

µ Y

º kjD̂T

µ
1 ¡

µ
DT

º k

¶3

6

1

º k

¶¶

= v2(L( ·ÁD3
T

; 1)=« 0) +
X

º kjD̂T

v2

µ
1 ¡

µ
DT

º k

¶3

6

1

º k

¶

> t + #fº k : º k j D̂T g
= t + (n ¡ t)

= n:
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Furthermore, when T = ;, by (3.15), we get

v2

µ
D

« 0

µ
12

D;

¶3

6

LS( ·ÁD3
;
; 1)

¶
= v2(LS( ·ÁD3

;
; 1)=« 0) > 2n > n:

Therefore, by the properties of valuation, we obtain

v2(L( ·ÁD3 ; 1)=« 0)

= v2

µ
D

« 0

µ
12

D

¶3

6

LS( ·ÁD3 ; 1)

¶

= v2

µX

T

D

« 0

µ
12

DT

¶3

6

LS( ·ÁD3
T

; 1)

¡
X

;6 = T $f1;:::;ng

D

« 0

µ
12

DT

¶3

6

LS( ·ÁD3
T

; 1) ¡ D

« 0

µ
12

D;

¶3

6

LS( ·ÁD3
;
; 1)

¶

> n:

This proves our conclusion by induction, and completes the proof of theorem 2.7.

Remark 3.3. If the inequalities (3.5) and (3.13) can be improved more explicitly
such that they become as strict as (3.2), then similar criteria for reaching the bounds
of valuations in proposition 2.6 and theorem 2.7, like the ones in theorem 2.2, can
also be obtained.

Remark 3.4. For any positive rational integer ¶ , by a simple change of variables,
the elliptic curve ED ¶ : y2 = x3 ¡ 2433D ¶ is always Q(

p
¡ 3)-isomorphic to

ED ¶ 0 : y2 = x3 ¡ 2433D ¶ 0 ; with ¶ 0 = 0; 1; : : : ; 5:

In particular, when ¶ 0 = 0,

ED ¶ 0 = E1 : y2 = x3 ¡ 2433;

which is the trivial case. Therefore, the study of the p(= 2; 3)-adic valuation of L(1)
of ED ¶ is reduced to the  ve essential cases ¶ = 1; : : : ; 5 that we consider in this
paper.
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