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Reconstruction of the global velocity field in the
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orthogonal decomposition
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Buffalo, NY 14260, USA

(Received 23 May 2000)

Experimental data are presented from 138 synchronized channels of hot-wire anemom-
etry in an investigation of the large-scale, or coherent, structures in a high Reynolds
number fully developed, turbulent axisymmetric shear layer. The dynamics of the
structures are obtained from instantaneous realizations of the streamwise velocity
field in a single plane, x/D = 3, downstream of a round jet nozzle. The Proper
Orthogonal Decomposition (POD) technique is applied to an ensemble of these real-
izations to determine optimal representations of the velocity field, in a mean-square
sense, in terms of an orthogonal basis. The coefficients of the orthogonal functions,
which describe the temporal evolution of the POD eigenfunctions, are determined by
projecting instantaneous realizations of the velocity field onto the basis.

Evidence is presented to show that with a partial reconstruction of the velocity field,
using only the first radial POD mode, the large-scale structure is objectively educed
from the turbulent field. Further, it is shown that only five azimuthal Fourier modes
(0,3,4,5,6) are necessary to represent the evolution of the large-scale structure. The
results of the velocity reconstruction using the POD provide evidence for azimuthally
coherent structures that exist near the potential core. In addition to the azimuthal
structures near the potential core, evidence is also found for the presence of counter-
rotating, streamwise vortex pairs (or ribs) in the region between successive azimuthally
coherent structures as well as coexisting for short periods with them. The large-scale
structure cycle, which includes the appearance of the ring structure, the advection
of fluid by the ribs in the braid region and their advection toward the outside of
the layer by a following ring structure, repeats approximately every one integral time
scale. One surprising result was that the most spatially correlated structure in the
flow, the coherent ring near the potential core which ejects fluid in the streamwise
direction in a volcano-like eruption, is also the one with the shortest time scale.

1. Introduction
Large-scale structures in turbulent flows have been known to exist for a number of

years but their contribution to the dynamics of turbulent motion has only recently
been investigated. The wealth of knowledge on the structure in the plane mixing
layer (see Winant & Browand 1974; Browand & Weidman 1976; Breidenthal 1981;
Pierrehumbert & Widnall 1982; Bernal & Roshko 1986; Lasheras, Cho & Maxworthy
1986; Corcos & Sherman 1984; Corcos & Lin 1984; Lin & Corcos 1984; Metcalfe
et al. 1987; and Rogers & Moser 1992) has produced a theory for the life cycle of
the coherent structures in the layer. The layer is dominated by spanwise vortices,
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138 J. H. Citriniti and W. K. George

or ‘rollers’, of the Kelvin–Helmholtz type which control growth and mixing in the
layer. Streamwise-oriented rib vortices develop in the high-strain braid region between
consecutive spanwise rollers. The streamwise ribs, in some cases, collapse into compact,
round vortex tubes. The ribs are not very dynamic and are considered passive entities
which do not contribute much to the mixing and growth of the layer (Lin & Corcos
1984), these aspects being dominated by the spanwise roller. The formation of the rib
vorticity is, however, considered one signal of the transition to turbulence (Rogers &
Moser 1992).

The state of knowledge of large-scale structure dynamics in the near field of the
axisymmetric jet is, unlike the plane layer, much less advanced. The literature in
this area begins with the work of Crow & Champagne (1971) who suggested that
the jet shear layer contains orderly vortical structure. Subsequent measurements by
Yule (1978) using conditional sampling techniques led to the concept that the vortical
structure interacts and coalesces. Further indication of this is given by Lau & Fisher
(1975) who proposed a ‘vortex street’ model for the evolution of the azimuthal rings.

Flow visualization experiments concentrating on high-Reynolds-number turbulent
jets by Hussain & Clark (1981) demonstrated the presence of coherent structures in
situations more typical of engineering flows. Further work by Hussain and his cowork-
ers using controlled excitation in combination with conditional sampling techniques
(reviewed in Hussain 1986) confirmed the existence of azimuthal vortex pairing and
produced detailed topographical measurements of the coherent rings. Vortex pairing
was found to occur in two distinct modes, the jet column mode and the shear layer
mode, the determination of which is based on the Strouhal number.

In the past five or six years, a great deal of effort in the study of large-scale
structures in the jet shear layer has focused on the role streamwise vorticity plays in
the shear layer dynamics. The streamwise structure is similar to that found in the plane
mixing layer, i.e. pairs of counter-rotating rib vortices with predominately streamwise
orientation are formed in the high-strain braid region between azimuthally coherent
rings. The work of Liepmann (1991) and Liepmann & Gharib (1992) demonstrated the
importance of the streamwise vorticity in the mixing processes in the layer, especially
near the end of the potential core. Their DPIV and LIF visualizations of a relatively
low-Reynolds-number mixing layer show the clear presence of streamwise ribs in the
braid region and their entrainment measurements demonstrate the importance of the
streamwise structure in the mixing processes of the layer. Martin & Meiburg (1991)
show how two competing induction effects control the formation of the streamwise
structure and how they become wound into the core of the azimuthal rings.

Streamwise vortices have also been seen in a high-Reynolds-number jet by Paschereit
et al. (1992) but their interaction and evolution was not considered. An experimental
and numerical investigation into the dynamics of the streamwise structures was
performed by Grinstein et al. (1995b), who suggest that this structure is an important
mechanism in the breakdown to three-dimensional turbulence and therefore for
increased molecular mixing. Their numerical simulations also show the clear presence
of streamwise ribs in the braid region and the authors discuss the effect of these ribs
on the combustion process in the mixing layer.

What is missing in the above studies is a detailed study of the temporal sequencing
of the naturally occurring large-scale structure in the axisymmetric mixing layer. The
difficulty in utilizing the techniques mentioned above is that it is not possible to truly
study the structure dynamics because of the inability of the various techniques to
objectively define the large-scale structure. Only after the structure is rigorously de-
fined can its evolution be accurately described. For instance, the conditional sampling
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POD reconstructed velocity field in the axisymmetric mixing layer 139

technique requires that the structure be phase locked in space so that sufficient sta-
tistical measures of the structure can be made. Flow visualization techniques do not
normally have the sampling rate necessary to handle high-Reynolds-number struc-
ture interaction, though they can be used to study these processes at low Reynolds
numbers (Liepmann & Gharib 1992). However, to understand the structure dynamics
at a Reynolds number typical of engineering applications another technique needs to
be introduced.

In 1967 Lumley proposed a method by which the most energetic structures of
a turbulent flow field could be objectively recovered. Called the Proper Orthogonal
Decomposition or POD, Lumley suggested that the large-scale, or coherent, structure
occurs in an identifiable manner in a given ensemble of random vector fields, and
this structure makes a significant contribution to the total kinetic energy in the field.
Lumley further suggested that the lowest-order eigenfunction be identified with the
large-scale structure. Glauser & George (1987) (see also George 1988) subsequently
modified Lumley’s hypothesis and suggested instead that the POD merely represented
an optimal basis for examining the life cycle of the coherent structures, with different
eigenfunctions representing it at various times in its life cycle. In this view, not only
were the POD eigenfunctions of interest, but also the coefficients which turned the
POD modes on and off at various points in the structure evolution.

In the late 1970s an ambitious project began at SUNY at Buffalo to utilize the
POD to extract the large-scale structure in the jet mixing layer without having to use
controlled excitation of the layer. The results of this work are presented in Glauser
(1987), Glauser, Leib & George (1987) and Grinstein, Glauser & George (1995a)
(collectively referred to as I in the remainder of this article). The integral eigenvalue
equation resulting from the application of the POD to the axisymmetric jet mixing
layer was solved experimentally in (I). The most energetic structure recovered by
the POD in this decomposition contained 40% of the total turbulent kinetic energy
in the flow with the second and third structures combining to contribute another
40%.

It was suggested that the naturally occurring coherent structures in the field behave
much like the interaction of two round vortices in which the trailing vortex is pulled
through the centre of the leading ring in a classic leap-frog effect. As the second ring
is pulled through the first, it enlarges the radius of the first causing its core diameter
to shrink and making it more susceptible to instabilities in the azimuthal direction.
This outer ring develops a wavy azimuthal shape which is stretched and bent by the
mean velocity field, aligning the vorticity vector with the mean flow in some positions.
The result is a strong ‘ring’ structure near the potential core with less azimuthally
coherent vorticity in the outer part of the layer.

One interesting observation of the Glauser et al. (1987) experiment was the similarity
between the full vector POD decomposition and the streamwise-only decomposition,
i.e. most of the information obtained in the full vector decomposition was available
in the streamwise-only decomposition. This prompted the present experiment which
focused only on the streamwise velocity field in the application of the POD, thereby
reducing the complexity of the experimental investigation to a level which made an
attempt at recovering the instantaneous dynamics of the POD modes feasible.

This paper reports on the results of an application of the POD to the streamwise
velocity field in the axisymmetric mixing layer utilizing 138 simultaneously operating
hot-wire anemometer probes. Life cycles of the dynamic events extracted using the
POD are presented in §§ 5.3–5.4, following a brief description of the POD, the
experiment and the data analysis techniques.
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Axisymmetric
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Figure 1. Schematic of the jet mixing layer.

2. Proper orthogonal decomposition
2.1. General decomposition

The Proper Orthogonal Decomposition seeks the most energetic fluctuations in a ran-
dom vector field, and in turbulent flow the vector field of interest is the instantaneous
velocity ui(x, t). The POD basis functions, ϕi(x, t) are defined by the maximization
of their normalized mean-square projection on the velocity vector (Lumley 1967;
Holmes, Lumley & Berkooz 1996):〈∫

ui(x, t)ϕ
∗
i (x, t)dx dt

∫ [
uj(x

′, t)ϕ∗j (x′, t)
]∗

dx′dt
〉

∫
ϕl(x, t)ϕ

∗
l (x, t)dx dt

= λ, (2.1)

where the asterisk denotes complex conjugation and angle brackets denote ensemble
averaging. The normalization of the projection is done to eliminate amplitude depend-
ence on the resulting functions and instead emphasize the degree of the projection.

The maximization of λ is performed via the calculus of variations and the result is
an integral eigenvalue equation of the Fredholm type (Lumley 1967),∫

Ri,j(x, x
′, t, t′)ϕj(x′, t′)dx′dt′ = λϕi(x, t), (2.2)

where the symmetric kernel of this equation is the two-point correlation tensor

Ri,j(x, x
′, t, t′) = 〈ui(x, t)uj(x′, t′)〉. (2.3)

The solution to equation (2.2) for fields of finite total energy, i.e. statistically
inhomogeneous fields, and symmetric kernels is governed by the Hilbert Schmidt
theory of linear integral equations.

2.2. Axisymmetric mixing layer

The axisymmetric mixing layer formed at the exit of a round jet as the high-velocity
fluid exiting a round nozzle creates a turbulent shear layer with the quiescent fluid
into which it flows. A schematic of the axisymmetric mixing layer is shown in figure
1 and the coordinate definitions for this analysis are (x1, x2, x3) = (x, r, θ). For this
application, the streamwise coordinate was fixed at a position 3 diameters downstream
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POD reconstructed velocity field in the axisymmetric mixing layer 141

of the jet exit. Therefore the implicit dependence on the streamwise, or x-direction
has been dropped.

The velocity field in the mixing layer is statistically stationary in time and therefore
the POD eigenfunctions are the familiar harmonic functions. The statistical properties
of the velocity vector in the azimuthal direction of the mixing layer are axisymmetric
(I and Sreenivasan 1984). Consequently, periodic functions in this direction are then
discrete Fourier modes. It is then easier to Fourier transform the time signal (using
an FFT) and work with the double Fourier transform given by

ûi(r, m, f) =

∫ ∞
0

∫ ∞
0

e−i(2πft+mθ)u(r, θ, t) dθ dt. (2.4)

From this, the two-point cross-spectrum Si,j(r, r
′, m, f) can be formed with

Si,j(r, r
′, m, f) = 〈ûi(r, m, f)û∗j (r

′, m, f)〉. (2.5)

The integral eigenvalue equation for the POD for this flow is then given by∫
Si,j(r, r

′, m, f)ϕj(r
′, m, f)r′dr′ = λ(m, f)ϕi(r, m, f). (2.6)

In order to make the kernel Hermitian symmetric with respect to the integrand,
which is a requirement of the Hilbert–Schmidt theory (Lumley 1970) we define

Bi,j(r, r
′, m, f) = r1/2Si,j(r, r

′, m, f)r′1/2 (2.7)

and

φi(r, m, f) = r1/2ϕi(r, m, f) (2.8)

so that the integral equation (2.6) becomes∫
Bi,j(r, r

′, m, f)φj(r
′, m, f)dr′ = λ(m, f)φi(r, m, f), (2.9)

where λ is now an eigenspectrum, decomposed into azimuthal Fourier modes.
Equation (2.9) is now a homogeneous integral equation of the second kind. For fixed

limits of integration it is referred to as a Fredholm equation and the Hilbert–Schmidt
theory provides a series of useful properties for the eigenvalues and eigenfunctions:

(a) There exists a denumerable set of discrete solutions to equation (2.9) (φ(n)
i

corresponding to the eigenvalues λ(n)) so equation (2.9) may be written∫
Bi,j(r, r

′, m, f)φ(n)
j (r′, m, f)dr′ = λ(n)(m, f)φ(n)

i (r, m, f), (2.10)

where n = 1, 2, 3 . . . represents the discrete nature of the solution set.
(b) The eigenvalues are real and ordered such that

λ(1)(m, f) > λ(2)(m, f) > λ(3)(m, f) . . . . (2.11)

(c) The eigenfunctions are orthogonal and can be normalized so that∫
φ

(p)
i (r, m, f)φ(q)

i (r, m, f)dr = δpq. (2.12)

(d) The velocity field, decomposed into azimuthal modes m and frequency f, can
be expressed as a linear combination of the eigenfunctions, i.e.

r1/2û
nmf
i (r, m, f) =

N∑
n=1

ân(m, f)φ(n)
i (r, m, f), (2.13)
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where the ‘hat’ superscript is used to indicate a transformed quantity and the m, f
superscripts indicate which transformations have been performed, i.e. azimuthal mode
and frequency respectively. The n superscript is to emphasize that the velocity is
reconstructed from the eigenfunctions. The random coefficients are obtained using
the orthogonality of the eigenfunctions, i.e.

ân(m, f) =

∫
r1/2û

nmf
i (r, m, f)φ(n)∗

i (r, m, f)dr. (2.14)

(e) The turbulent kinetic energy is the sum of the eigenvalues (see equations (2.12)
and (2.13))

E =

∫
〈ûnmfi (r, m, f)ûnmf∗i (r, m, f)〉dr =

∑
n

∑
m

∫
f

λ(n)(m, f)df. (2.15)

An important property of the eigenfunctions obtained via the POD is illustrated
by equation (2.15). Since the eigenvalues are known to be ordered (see (b) above)
and the sum over all eigenvalues gives the total turbulent kinetic energy in the flow,
the first eigenvalue will contain the largest amount of kinetic energy and successive
eigenvalues will contain a decreasing amount, i.e. the energy in the flow has been
recovered in an optimal manner. This implies that the first (or first few) POD mode(s)
can be used to represent the ‘large eddies’ in the flow. For more on this aspect of
the POD, a summary of the relationship between the POD eigenfunctions and flow
structure is given by George (1988) and Moin & Moser (1989).

2.2.1. This application

The streamwise velocity component in the axisymmetric mixing layer at x/d = 3
was measured at numerous radial and azimuthal locations to both recover the
eigenfunctions and eigenvalues defined in equation (2.10) and perform the projection
specified by equation (2.14). Since only the streamwise velocity was measured, the
equations simplify to∫

B1,1(r, r
′, m, f)φ(n)

1 (r′, m, f)dr′ = λ(n)(m, f)φ(n)
1 (r, m, f) (2.16)

and

ân(m, f) =

∫
r1/2û

nmf
1 (r, m, f)φn∗1 (r, m, f)dr. (2.17)

An important observation here is that unlike the cross-spectra in equation (2.16), the
kernel of equation (2.17) is non-deterministic since it is the instantaneous realization
of the random velocity decomposed into frequency and azimuthal mode numbers.
Therefore, whereas equation (2.16) allows sequential measurements of the velocity field
in order to obtain a sufficient statistical measure of the cross-spectra, in equation (2.17)
the streamwise velocity must be measured simultaneously on a grid of sufficient spatial
resolution, to retain the proper phase relationships in û

nmf
1 (r, m, f). This requirement

for simultaneous measurement and the experimental difficulties it presented were the
primary reasons for performing the experiment at only a single downstream location
and measuring only one component of the velocity vector. The probe array designed
to accomplish this task is described in detail in § 3.2.3.

2.3. Numerical approximation

Since the kernel in equation (2.16) can be known only at discrete positions where
there are probes, the integral in the equation must be replaced by an appropriate
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POD reconstructed velocity field in the axisymmetric mixing layer 143

quadrature rule. For each m, f combination,

Nr∑
i=1

B1,1(ri, rj)φ
(n)
1 (ri)Hi = λnφ

(n)
1 (rj), (2.18)

where Nr is the number of radial measuring positions and Hi is the quadrature
weighting function defined by

Hi =
∆r

3
ki (2.19)

where

∆r =
ro − ri
Nr − 1

(2.20)

is the grid spacing in r and ki is the weighting factor.
Similarly, the equation for the coefficients of the POD eigenfunctions is,

ân(m, f) =

Nr∑
i=1

r1/2û
nmf
1 (ri, m, f)φ(n)∗

1 (ri, m, f)Hi. (2.21)

2.4. Numerical implementation

This application of the POD required the double-transformed, instantaneous velocity,
û
nmf
1 (r, m, f), for the determination of the random coefficients, ân(m, f) (see equation

(2.21)) and for calculation of the kernel in equation (2.18). It was computationally
advantageous to first transform the original velocity signals from all probes in time
and decompose them into azimuthal Fourier modes.

The procedure for calculating the double-transformed velocity and forming the
POD kernel was follows. For each of the blocks of data:

(a) Fourier transform in time, using an FFT algorithm, the instantaneous velocity
obtained from each of the 138 hot-wire probes. The result is a set of Fourier
coefficients, ûk1(r, θ), representing the temporal transform of the streamwise velocity.
The coefficients are discretely known at each of the k = 1, 2, 3, . . . frequencies where
f = k∆f, ∆f = 1/T and T is the record length of each block.

(b) For each radius in the measurement grid (see figure 2 below), carry out a spa-
tial decomposition of the Fourier coefficients in (a) to create a double-decomposed
velocity, ûlk1 (r). Note that this is a complex Fourier transform since the Fourier
coefficients in (a) were complex. The result is another set of Fourier coefficients,
ûlk1 (r), representing the double-transformed velocity. The discrete mode number,
l = 1, 2, 3, . . ., is given by m = l∆θ where ∆θ = 2π/Nθ and Nθ is the number of
azimuthal probe positions at each radius (figure 2).

(c) With the results of (b), form the kernel of equation (2.18) using its estimator
given by

BE1,1(ri, rj) =
〈ûlk1 (ri)û

lk∗
1 (rj)〉

T
, (2.22)

where the E superscript signifies an estimator of the POD kernel and the asterisk
indicates a complex conjugate. The i, j subscripts represent the six radial positions.

This estimator was then utilized in the numerical approximation to the integral
eigenvalue equation as outlined in § 2.3. In the numeric implementation of this
procedure the IMSL package of Fourier transforms was used. More details of the
numeric implementation of the POD to the mixing layer are presented in Citriniti
(1996).

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/S

00
22

11
20

00
00

10
87

 P
ub

lis
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/S0022112000001087


144 J. H. Citriniti and W. K. George

3. Experiment
3.1. Facility

The jet facility for this experiment was the same as that in (I). For this experiment,
the exit velocity was 12.5 m s−1 which translates to a Reynolds number based on exit
diameter of 80 000 for the 9.8 cm diameter nozzle. The turbulence intensity at the
jet exit was 0.35% and the boundary layer there was turbulent with an approximate
thickness of 0.0012 m. The mean velocity profile was flat to within 0.1%.

The measurements were made at a position 3 diameters downstream of the jet exit,
which corresponded approximately to the peak in the radiated noise sources. Because
of the high Reynolds number, the shear layer turbulence was fully developed well
upstream of this location (x/d ∼ 2, see I). Since the turbulence is also very nearly
self-similar, this location is by no means special, but is representative of the entire
shear layer.

For this experiment, the extent of the mixing layer at x/d = 3 was defined as
0.156 r/d6 0.80 where r is the radial position in the flow and d the diameter of the
jet at the exit (figure 1). These values were chosen using the results of I such that
95% of the streamwise kinetic energy in the flow was recovered by a grid of extent
0.156 r/d6 0.80.

3.2. Spatial measurement-grid design

3.2.1. Azimuthal direction

Since this application of the POD seeks only the most energetic of the structures in
the flow field, it is not necessary to resolve all of the azimuthal Fourier modes present
in the flow; it is sufficient to recover only those modes which contribute significantly
to the streamwise kinetic energy. The results of (I) show that near the potential core,
only azimuthal modes 0 and 1 contain significant energy but near the outside of the
mixing layer modes up to 15 contain some energy. It is important, however, to ensure
that information from the modes that are not of interest is not aliased into those
which are of interest by inadequate resolution in space.

For a Fourier, mode-limited field, the number of measurement positions necessary
to recover a particular mode must be at least twice the number of modes needed to
minimize spatial aliasing, Glauser & George (1992) Thus,

N> 2m+ 1,

where N is the number of measuring positions and m is the mode number that must
be resolved. This is an exact analogy to temporal Fourier mode reconstruction and in
this respect the equation above is a spatial Nyquist criterion. Using this criterion, only
six measurement positions are necessary to recover the first two important azimuthal
Fourier modes at the high-speed side of the mixing layer and at least 32 positions
are required at the low-speed side to recover the 15 important modes. Note that data
from all these positions are needed simultaneously.

3.2.2. Radial direction

The radial direction is of finite extent and strongly inhomogeneous so the Hilbert–
Schmidt theory is used in this direction to determine the basis set. Lumley (1970) has
shown that the number of modes required to represent the field in an inhomogeneous
direction is L/L where L is the extent of the field and L is the integral scale.
For this experiment L/L ≈ 3, consistent with (I) where the POD was performed in
the radial direction of the mixing layer and first eigenmode contained 40% of the
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2.92 cm

1.27 cm

15.62 cm

Figure 2. Probe array showing the location of 138 probes. Note that each circle represents a
single-wire hot-wire probe.

turbulent kinetic energy, with the second and third eigenmodes contributing another
40%. The first three eigenmodes contained 80% of the turbulent kinetic energy and
thus three eigenmodes are sufficient to represent the dynamics of the large-scale
turbulent structures in the radial direction. This experiment obtained six, of which
only the first proved to be important. The POD sampling theorem of Glauser &
George (1992) dictates that at least six measurement positions are necessary in the
radial direction if the field can be described by only six eigenmodes. This criterion is
based on the application of Nyquist diagrams to mode-limited fields in a way similar
to that applied in Fourier mode-limited fields.

3.2.3. Probe array

The preceding considerations have determined the number of probes needed to
resolve the flow field to a sufficient level of accuracy for this application and in
figure 2 the results are shown. There are six radial positions, r/d = 0.15, 0.28, 0.41,
0.54, 0.67, 0.80, and the azimuthal distribution of probes at these radial positions is,
starting at the centre and proceeding outward, 6, 12, 24, 32, 32, 32. Thus there are
138 measurement positions in the mixing layer. Each position in the array contains a
single-wire hot-wire anemometer probe.

Flow blockage was of primary concern in the design of the probe array shown in
figure 2. With the miniature hot-wire probes used in this experiment the blockage
is less than 4% at the point of the probes’ main body. The interference at the
actual transducer position is considerably less because the probe sensing element
extends forward of the probe body by 1.3 cm. The concerns about flow interference
downstream of the measurement position due to boundary layer growth and probe
cable interference were addressed by utilizing flow visualization techniques to examine
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Figure 3. Single image taken from the smoke visualization video showing the straight streamlines
into the probe front and negligible effect of probe array on the growth of the shear layer.

the flow field before and after the probes were put into position. Using a smoke wire
to mark the fluid flow exiting the round jet, a series of videos were recorded to
qualitatively asses the effects of the probe array on the formation of the axisymmetric
mixing layer. Specifically, we searched for the instances of flow blocking to determine
if the probe array impeded flow propagation. Blocking was assumed to exist if bent
or irregular streamlines were seen entering the probe array. Over the entire range
of operation of the smoke wire (0.5–10 m s−1) no instances of flow blocking were
observed on the video. One image, which is representative of the smoke visualization
study, is shown in figure 3. These images were compared with others taken with the
probe array removed and the streamlines and outer bounds of the mixing layer were
similar. For this photo the Reynolds number was reduced to about 8000 in order to
accommodate the smoke wire visualization technique in this facility.

3.2.4. Spatial aliasing reduction

The difficulty with using a spatial grid is that there will always be some scales
which cannot be resolved. Consequently, the information in these unresolvable scales
is placed into other modes, i.e. it is spatially aliased. This effect was minimized in
two ways: first, by choosing a spatial grid in which nearly all spatial scales which
contain energy are resolved; second, by using spatial filtering to reduce information
in the unresolvable scales before measurement. The filtering device was a lengthened
hot-wire anemometer probe which removed the unwanted spatial scales, thereby
acting like spatial filters (Glauser & George 1992). The basic principle is the same as
averaging over a time interval in place of low-pass anti-aliasing filters.

A detailed study of the long-sensing-length hot-wire anemometer probe was per-
formed by Citriniti & George (1997). The basic conclusion of this study was that
such a probe can be used to reduce spatial aliasing because the hot-wire spatially
filters the turbulent scales along the length of its sensing element. Citriniti (1996) has
shown that a 1.02 cm wire in a turbulent mixing layer at x/d = 3 will reduce 25%
of the kinetic energy in azimuthal modes greater than 3 near the potential core and
greater than 16 near the outside of the mixing layer. The technique is valid as long
as the probe element is not long enough to incur a non-uniform heating distribution.

The hot wires were made of unplated, 12.7 µm tungsten wire (Sigmund-Cohn, Mt.
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Vernon, NY) that was welded to in-house probe holders using the DISA 55A12/13
welder and micro-manipulator. The probe holders were made using an injection
moulding technique out of Ciba-Geigy Araldite epoxy in which two 0.05 cm steel
music wires were used as leads. The l/d ratio for the wires was approximately 800,
and they were operated at an overheat ratio of 1.8.

3.3. Sampling overview

As shown in (I), it is not necessary to resolve frequencies in the spectrum greater than
about 800 Hz to obtain the large-scale structure, so low-pass, anti-aliasing filters were
used to filter fluctuations higher than 800 Hz. Accordingly, the sampling rate of the
individual anemometers was set at 2048 Hz to satisfy the temporal Nyquist criterion
and avoid temporal aliasing. Note that because disturbances are primarily convected in
the streamwise direction, temporal variations are really streamwise spatial variations
(or mostly so). Hence, temporal filtering is analogous to streamwise filtering, and
complements the azimuthal spatial filtering of the long wires described above. Since
there is usually strong spatial–temporal coherence of structures in turbulent fields,
the combination of the long wires and temporal filtering significantly reduces the
possibility of radial aliasing of the turbulent structure.

The record length of each block of data was 1024 samples giving a bandwidth of
2 Hz and a length of 0.5 s. To reduce the variance of the cross-spectra to less than
5%, 290 such blocks were utilized in the statistical analysis. The blocks of data were
separated by at least one integral scale to ensure that they each make an independent
contribution to the statistical convergence (George, Beuther & Lumley 1978).

The velocity field at all 138 probes was captured at every ∆t = 0.5 s ÷ 1024
samples = 0.488 ms. The temporal integral scale in the flow can be estimated from

L =
l

Uc

, (3.1)

where l is the longitudinal integral scale and Uc the convection velocity. The lon-
gitudinal integral scale grows at a rate proportional to 0.07x in the streamwise, x,
direction (Khwaja 1981). Therefore at x/d = 3,

L =
0.21d

0.6Ucl

, (3.2)

where the convection velocity is assumed to be 60% of the centreline velocity, Ucl

(Khwaja 1981). For an exit velocity of 12.5 m s−1 and a jet diameter of 0.098 m, the
integral scale is 0.003 s. In the present experiment, this means there are about six time
samples per integral scale. Each of the 290 0.5 s blocks represents approximately 150
integral scales of data.

3.4. Anemometry

The anemometers used in this study were also made in-house. The description of them
is provided in Citriniti et al. (1994) and Citriniti (1996), but the design follows that
of Perry (1982) with some modifications to account for the long sensing element of
the anti-aliasing, hot-wire probes and to allow for the simultaneous sampling of 138
separate anemometer channels. The characteristics of the 138 channel, simultaneous-
sample Buffalo anemometer are comparable to the DISA M systems with respect to
frequency response, signal-to-noise ratio and stability (Citriniti et al. 1994 and Citriniti
1996). Typical operating frequency response for the anemometers was greater than
12 kHz based on square-wave tests with a test velocity of 10 m s−1. Each channel of
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Figure 4. Mean velocity contours in the axisymmetric mixing layer
normalized by the exit velocity.

anemometry contained its own anti-alias, low-pass, eighth-order Bessel filter with a
48 dB per octave roll-off and a linear phase shift with frequency. The linear phase
shift was essential for the simultaneous sampling because a linear phase shift simply
causes an identical time delay for all channels and at all frequencies (Citriniti &
George 1996).

To ensure that all channels were sampled simultaneously, each channel also had
its own sample-and-hold circuit. All channels were strobed at the same instant and
then read by the A/D through a 16 channel multiplexer. Since the overall sampling
rate was small for each channel (2 kHz), it was possible to connect 16 channels of
anemometry to one channel of a high-speed A/D through the multiplexer. The A/D
has a maximum sampling rate of 325 kHz which, when divided by the total number
of channels, 138, produced a sampling rate of 2350 Hz. This exceeded the Nyquist
frequency of the low-pass filtered flow, 1600 Hz.

4. Preliminary results
4.1. Flow field

4.1.1. Mean and RMS statistics

Contours of mean velocity of the streamwise velocity field using the 138 probe
array described in § 3.2.3 are presented in figure 4. These are axisymmetric to within
statistical error, thus confirming that an axisymmetric shear layer has been formed
and consistent with the observations of (I) in the same facility.

Radial profiles of the mean and RMS velocities normalized by the exit velocity
are shown in figure 5. Also shown for comparison are several profiles from similar
experiments. The plot shows that much of the velocity field in the mixing layer at
x/d = 3 is within the bounds of the probe array. The lower RMS values are consistent
with the removal of energy by the spatial and temporal filtering. The higher values
near the axis are problematic, but are at least partly attributable to electrical noise as
discussed in the next section.
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Figure 5. Mean and RMS values of the streamwise velocity along a line (y/d = 0) in the mixing
layer. Comparisons with other experiments. (a) Normalized mean velocity, (b) normalized RMS
velocity.
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Figure 6. Spectra at each of the six radii in the mixing layer.

4.1.2. Spectra

The velocity spectra in the mixing layer can be seen in figure 6. The spectra near
the high-speed side of the mixing layer, r/d6 0.41, peak away from the origin, which
is consistent with (I) and other researchers (cf. Zaman & Hussain 1984 and the
references therein). As the mixing layer is traversed radially, the peak in the spectra
shifts to the low frequencies shows at least one full decade of f−5/3 range denoting
high-Reynolds-number turbulent flow. Note that the frequency of the preferred mode
in the axisymmetric mixing layer corresponds to the peak in the spectra near the
high-speed side in figure 6 (as discussed in I; Zaman & Hussain 1980; and Hussain
1983). The frequency at which this occurs is approximately 100 Hz which corresponds

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/S

00
22

11
20

00
00

10
87

 P
ub

lis
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/S0022112000001087


150 J. H. Citriniti and W. K. George

0
1

Original data

1 POD mode

2 POD modes

3 POD modes

4 POD modes

5 POD modes

Frequency (Hz)

0.2

0.4

1.0

2.0

2.0

S11

10 100 1000

0.6

0.8

1.0

1.0

2.0
(×10–3)

Figure 7. POD reconstruction of the spectrum in the mixing layer for the first five POD modes.
Spectrum obtained from the hot-wire probe at r/d = 0.54.

to a Strouhal number (StD = fd/Uexit) of about 0.8, consistent with the presence of
the ‘jet column’ instability mode.

Note that the spectra presented in figure 6 have been post-processed to remove
a spike that was discovered in the data from the probes located near the potential
core, i.e. r/d ≈ 0.15. The spike was found to have been added after the anemometers
and is uncorrelated with the velocity, therefore it could have no effect on the POD.
It could have affected the reconstruction of the original velocity signal, however, and
therefore it was removed using a digital filter.

4.2. Evaluation of the POD decomposition

4.2.1. Spectral reconstruction

The one-dimensional spectrum can be recovered from the POD eigenfunctions as
shown by (I):

S11(r, m, f) =

N∑
n=1

λ(n)φ
(n)
1 φ

(n)∗
1 . (4.1)

A plot of the longitudinal spectrum determined from the instantaneous velocity
near the centre of the mixing layer, r/d = 0.54, and the POD reconstructed spectrum
(from equation (4.1)) for N = 1, 2, 3, 4, 5 is shown in figure 7. Clearly, a nearly complete
reconstruction of the longitudinal spectrum by the POD is accomplished with only
the first few POD modes, consistent with the findings in (I). Integrating under the
curves in figure 7 produces the results in table 1 that show a 93% recovery of the
original spectrum by the first three POD modes. The POD modes higher than about
3 appear to fill out the reconstruction so that by the fifth POD mode the original
spectrum is 99% recovered.
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Energy
percentage

POD modes (%)

1 68.5
1+2 82.9

1+2+3 93.2
1+2+3+4 96.0

1+2+3+4+5 99.6

Table 1. Percentage of energy contained in the first five radial POD modes from a single position
in the mixing layer, r/d = 0.54.
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4.2.2. Instantaneous velocity reconstruction

The instantaneous velocity at a single position in the mixing layer can be recovered
using equation (2.13). The coefficients, ân(m, f), in the expansion are obtained via a
projection of the POD eigenfunctions onto the instantaneous signal using equation
(2.17). The coefficients can then be used to reconstruct the original signal to see how
the various POD modes contribute to the instantaneous events occurring in the layer.

Such a reconstruction is presented in figure 8 where a trace of the original instan-
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Figure 9. Azimuthal-mode energy distribution in the first five POD eigenvalues.

taneous velocity is presented along with the reconstructed signal from the first few
POD modes. In part (a) of the figure the first radial POD mode is presented. As
expected this mode nearly matches the original velocity trace. As more modes are
added more of the signal is recovered and with the addition of the third POD mode
nearly all of the trace is recovered. Note especially that near the large peaks in the
signal the POD reconstruction and the instantaneous velocity signal are nearly indis-
tinguishable. These results are virtually identical to those first presented by Glauser
(1987) and illustrate how the POD can be used to efficiently reconstruct statistically
stationary and stochastic events in turbulent fields.

5. Results
5.1. Energy distribution in mixing layer

In this section, a quantitative measure of the kinetic energy distribution in the first
POD mode is presented. Recall from § 2.2 that the total kinetic energy in the flow
is equal to the sum of the POD eigenvalues, λ(n)(m, f) (equation (2.15)). Since the
eigenvalues are already dependent on azimuthal mode number, m, it is useful to look
at the distribution of energy for each azimuthal mode within each eigenvalue. Again
following (I), a normalized measure of this quantity can be defined by

ξ =

∑
f

λ(n)(m, f)∑
n

∑
m

∑
f

λ(n)(m, f)
, (5.1)

where the denominator is the total streamwise kinetic energy in the flow.
The results of this energy decomposition are presented in figure 9. The first POD

mode, represented by λ(1), is found to contain nearly 67% of the streamwise kinetic
energy in the flow. This agrees well with the value of 68% which was determined in
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m λ(1) λ(2) λ(3) λ(4) λ(5)

0 0.14699 0.20192× 10−1 0.10220× 10−1 0.53688× 10−2 0.31942× 10−2

1 0.34754× 10−1 0.13498× 10−1 0.70824× 10−2 0.42293× 10−2 0.26098× 10−2

2 0.44416× 10−1 0.13615× 10−1 0.84099× 10−2 0.50862× 10−2 0.35658× 10−2

3 0.64448× 10−1 0.20748× 10−1 0.12471× 10−1 0.68928× 10−2 0.27021× 10−2

4 0.74914× 10−1 0.24522× 10−1 0.12653× 10−1 0.67353× 10−2 0.26648× 10−2

5 0.62810× 10−1 0.13140× 10−1 0.80876× 10−2 0.43501× 10−2 0.23953× 10−2

6 0.56385× 10−1 0.12881× 10−1 0.69537× 10−2 0.24473× 10−2 0.57095× 10−8

7 0.45118× 10−1 0.11649× 10−1 0.63502× 10−2 0.22333× 10−2 0.46394× 10−8

8 0.34995× 10−1 0.92133× 10−2 0.47121× 10−2 0.20356× 10−2 0.40232× 10−8

9 0.25998× 10−1 0.84217× 10−2 0.43730× 10−2 0.19125× 10−2 0.25930× 10−8

10 0.19795× 10−1 0.64195× 10−2 0.27688× 10−2 0.15937× 10−2 0.19117× 10−8

11 0.17427× 10−1 0.60642× 10−2 0.24923× 10−2 0.14397× 10−2 0.17019× 10−8

12 0.14022× 10−1 0.50064× 10−2 0.15172× 10−2 0.14904× 10−8 0.74520× 10−9

13 0.11901× 10−1 0.43410× 10−2 0.14233× 10−2 0.12537× 10−8 0.62686× 10−9

14 0.89735× 10−2 0.38086× 10−2 0.13779× 10−2 0.95364× 10−9 0.47682× 10−9

15 0.64362× 10−2 0.34234× 10−2 0.13454× 10−2 0.67696× 10−9 0.33848× 10−9

Total 0.66938 0.17695 0.092238 0.044325 0.017132

Table 2. Kinetic energy distribution, ξ, in the azimuthal modes for each POD mode.

§ 4.2.1 at a single position in the mixing layer and again stresses the effectiveness of
the POD. Another interesting feature of figure 9 is the energy distribution among
azimuthal modes. In the first eigenvalue, there is a definite predominance of the m = 0
azimuthal mode with 15% of the total kinetic energy. The next largest azimuthal mode
is m = 4 with 2.5% and the next three largest modes are 3, 5 and 6. Table 2 lists
the numerical values for the kinetic energy distribution and shows that 40% of the
kinetic energy is contained in these five azimuthal modes. This implies that although
the zero, or ring, mode is dominant, it is also important to consider the effect of these
higher azimuthal modes.

5.2. Global velocity field reconstruction

5.2.1. Definition of velocity terms

The reconstruction of the double Fourier-transformed (frequency and azimuthal
modes) velocity field, ûnmf1 (r, m, f) via the POD basis was shown in § 2 to be

r1/2û
nmf
1 (r, m, f) =

N∑
n=1

ân(m, f)φn1(r, m, f), (5.2)

where N is the number of POD modes to sum over and the coefficients, ân(m, f) are
in turn given by

ân(m, f) =

∫
r1/2û

nmf
1 (r, m, f)φn∗1 (r, m, f)dr. (5.3)

The most interesting form of equation (5.2), at least from a visual standpoint, is the
inverse Fourier transform in time of ûnmf1 :

unm1 (r, m, t) =

∫
ei2πftû

nmf
1 (r, m, f)df (5.4)
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since it is the time-dependent contribution of each n, m pair. This quantity and various
partial sums (i.e. n = 1, 2, 3 . . . and/or m = 0, 1, 2, 3 . . .) will be examined in detail,
along with its inverse transform in the azimuthal direction, un(r, θ, t), given by

un1(r, θ, t) =

N∑
n=1

M∑
m=0

e−imθunm1 (r, m, t). (5.5)

5.2.2. Presentation techniques

The magnitude of the streamwise velocity at each of the 138 channels of anemom-
etry is known at x/d = 3 for each of the 1024 time steps. Applying the POD to these
realizations has produced an orthogonal basis set which, along with the instantaneous
coefficients, can be used to reconstruct the velocity field using equation (5.4). The
analysis of the previous section has shown that the POD has organized the kinetic
energy in the flow so that the first mode contains the most kinetic energy. It is now
possible to examine, in a visual sense, the effectiveness of the POD in extracting the
structure from the flow. In essence, the POD is being used to filter the small-scale,
less-energetic structure from the flow.

The absolute time for each block of data has been indexed by tp where 1 <
tp < 1024. The real time can be calculated from the index time, t = tp∆t where
∆t = 0.488 ms. Each of the p ‘frames’ (i.e. the magnitude of the velocity at each
time step, tp, from all 138 anemometer channels) was imported into a graphics
package (Matlab) which mapped the data onto a square grid. The grid density varied
for the different presentations but was never less than 40 × 40. In the following
frames, the local mean velocity for each of the probes, determined by integrating
over time and ensemble averaging over all 290 blocks, was subtracted before plotting.
Temporal evolution of the structure was performed by plotting sequential data sets,
i.e. tp, p = 413, 414, 415, . . . for instance.

The real power of this approach is best demonstrated by a series of ‘videos’
produced by temporal sequencing of the 1024 frames. These videos cannot be pre-
sented well in a journal article format but they can be accessed via the internet
through the Turbulence Research Laboratory home page at SUNY at Buffalo:
http://www.eng.buffalo.edu/Research/trl/.

5.2.3. Extraction of large-scale structure

The POD reconstructed velocity field can be compared to the original velocity to
see if it is truly extracting structure from the seemingly random flow. Figure 10 shows
surface mesh plots of the magnitude of the streamwise velocity at a single time step,
tp = 413, obtained directly from the hot-wire probes and from the corresponding POD
reconstruction using only the first radial POD mode (i.e. N = 1 in equation (5.5)). Part
(a) of this figure shows the original velocity which contains many peaks. It is difficult
to determine which peaks are due to spatially coherent structures and which are due
to small-scale perturbations. In part (b) of this figure, the POD reconstruction is
shown in which only the first radial POD mode and all azimuthal modes are included
(i.e. N = 1 and m = 0–15 in equation (5.4)). The POD modes not used have in effect
filtered out many of the small-scale perturbations while those used have retained the
features representative of the spatially coherent structure. Since the higher azimuthal
modes, m> 7, do not contribute significantly to the spatially coherent structures,
they can also be removed as is done in figure 10(c). This is accomplished by setting
the appropriate azimuthal Fourier modes to zero in equation (5.4) and then inverse
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Figure 10. Surface mesh of streamwise velocity field at x/d = 3 with tp = 413 from (a) the original
hot-wire measurements and the POD reconstruction (equation (5.4)) using only the first POD mode
and including (b) all azimuthal modes, i.e. m = 0− 15 (c) m = 0− 6 and (d) m = 0, 3, 4, 5, 6.

Fourier transforming in time to get the temporal reconstructed velocity in equation
(5.5).

Further refinement of the large-scale structure is accomplished by removing other
unimportant azimuthal modes from the POD reconstruction. The results of § 5.1
indicated that much of the energy in the flow was contained in azimuthal modes 0, 3,
4, 5 and 6 (figure 9). If only these modes are included in the representation, a further
filtering of the small-scale structure can be accomplished, figure 10(c). It should be
noted that this decision is not made arbitrarily since the POD has provided the
information that led to the exclusion of these unimportant modes, namely through
figure 9. This is in contrast to conditional sampling approaches where the basic
structure is defined by threshold criteria which are determined by observation rather
than by the statistical nature of the flow.

This process of reducing the information in the reconstruction can obviously
continue until all that remains is the mean velocity. However, figure 10(d) shows that
the first POD mode including the azimuthal modes 0, 3, 4, 5 and 6 sufficiently recovers
the large-scale structure. Thus the POD has reduced a very large dimensional problem
to one involving only five parameters while retaining all of the essential features of
the large-scale motion.

5.3. Large-scale structure dynamics

To illustrate the dynamics of the structure in the mixing layer, a sequence of frames
will be presented which show the interaction and shape of the large-scale structure
typifying the events in the layer at x/d = 3. The block number for this presentation
is 234 (out of 300) and the time index begins at tp = 413 and continues to tp = 433
which corresponds to a real time span of 9.765 ms. Only the first radial POD mode is
used to reconstruct the magnitude of the streamwise velocity, including only azimuthal

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/S

00
22

11
20

00
00

10
87

 P
ub

lis
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/S0022112000001087


156 J. H. Citriniti and W. K. George

1

0

–1

V
el

oc
it

y 
(m

 s
–1

)

1

0

–1 –1 y/d
z/d

( j) tp = 422

0
1

1

0

–1
1

0

–1 –1 y/d
z/d

(k) tp = 423

0
1

1

0

–1
1

0

–1 –1 y/d
z/d

(l ) tp = 424

0
1

1

0

–1

V
el

oc
it

y 
(m

 s
–1

)

1

0

–1 –1

(g) tp = 419

0
1

1

0

–1
1

0

–1 –1

(h) tp = 420

0
1

1

0

–1
1

0

–1 –1

(i) tp = 421

0
1

1

0

–1

V
el

oc
it

y 
(m

 s
–1

)

1

0

–1 –1

(d ) tp = 416

0
1

1

0

–1
1

0

–1 –1

(e) tp = 417

0
1

1

0

–1
1

0

–1 –1

( f ) tp = 418

0
1

1

0

–1

V
el

oc
it

y 
(m

 s
–1

)

1

0

–1 –1

(a) tp = 413

0
1

1

0

–1
1

0

–1 –1

(b) tp = 414

0
1

1

0

–1
1

0

–1 –1

(c) tp = 415

0
1

Figure 11 (a–l). For caption see facing page.

modes 0, 3, 4, 5 and 6. In the following discussion, the emphasis will be on two main
mechanisms for large-scale structure evolution in the mixing layer.

5.3.1. Bursting event of an azimuthally coherent structure

The first presentation will utilize the three-dimensional surface projection technique
described in § 5.2.2. An especially interesting sequence of frames from one section of
a reconstructed velocity ‘movie’ is presented in sequential order in figure 11. The
most prominent feature is the volcano-like event which appears in its fullest form in
figure 11(k). The shape of the structure causing the volcano cannot be determined
precisely by the streamwise-only measurements made here, but it appears obvious
that this is one of the azimuthally coherent vortex rings (or the azimuthally perturbed
remnants of a ring) observed in many visualization and conditional sampling exper-
iments (e.g. the pictures by Wille and Michalke in Van Dyke 1982 and Zaman &
Hussain 1984), and also the proposed model of the mixing layer dynamics in (I). The
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Figure 11. Surface mesh of streamwise velocity field at x/d = 3 using only the first POD mode and
including azimuthal modes m = 0, 3, 4, 5, 6. The time indices are indicated in the individual captions.

azimuthally coherent, but short-lived, eruption forces high-velocity fluid through its
centre causing a peak in the streamwise velocity near the potential core and extending
in the layer to r/d ≈ 0.5 thus producing the volcano-like structure in figure 11(j–m).
Simultaneously, the velocity is driven below the mean outside the half-width of the
mixing layer. Note that at this diameter, the ‘ring’ does not appear circular but rather
has been perturbed into a multi-lobed structure. This point will be discussed further
in a later section where the shape of structure will be presented in a more obvious
manner.

5.3.2. Dynamics of streamwise vortex pairs

The appearance of the volcano event in figure 11(k) is preceded in time by a six-
mode structure (or structures) which has a large impact on the streamwise component
of the velocity field as shown in figure 11(a–e). A possible explanation for these
regions of increased streamwise velocity could be the outward advection of high-
velocity, potential core fluid by counter-rotating streamwise vortex pairs. (These have
been described in Liepmann 1991, Liepmann & Gharib 1992 and Martin & Meiburg
1991 for the axisymmetric layer and Bernal & Roshko 1986, Corcos & Lin 1984 and
Metcalfe et al. 1987 for the plane mixing layer.) The streamwise vortex pairs advect
high-velocity fluid from the potential core (causing the six-mode peaks in the velocity
field in figure 11a) and also advect slow-moving fluid from the low-speed side of
the layer to the potential core. The ‘valleys’ corresponding to the reduced streamwise
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U

3
2

1

(a)(b)(c)(d )(e)

Figure 12. Sketch of coherent structure interaction with (1) the azimuthally coherent ring, (2) the
braid region and (3) the streamwise component of the large-scale motion.

velocity are not easily visible in figure 11 but will become more evident in the next
section. Note that the six-mode peaks near the outside of the layer tend to remain in
the measurement plane for long periods of time, most likely because they are on the
outside of the mixing layer where the mean advection velocity is very low.

Subsequent to figure 11(a), the streamwise velocity peaks in the outer portion of
the layer increase for a short time. However, by figure 11(e), which is about 2 ms after
figure 11(a), the peaks begin to reduce in magnitude as the bursting event begins to
enter the measurement grid. In frames (n–p) the streamwise structures are pushed to
the outside of the layer and coexist with the coherent ‘ring’ which passes through the
x/d = 3 plane by figure 11(o). A new set of ribs arrives with the azimuthal ring in
figure 11(p). As the ring passes the measurement plane and its effect decreases, the
streamwise vortices appear to gain strength due to the large extensional strain between
the azimuthal ‘rings’, thereby increasing their influence on the velocity field (Martin
& Meiburg 1991). One life cycle of the large-scale structure ends in figure 11(u) when
the characteristic multi-peak streamwise velocity profile returns. The length of time
for one life cycle is typically 10 ms.

It is interesting to note the modal structure at the beginning of the cycle, figure 11(a),
contains a 6-mode symmetry but by the end of the cycle has only a 5-mode symmetry.
The authors have witnessed 3-, 5- and 6-mode structure in the movies with the 5-mode
structure being the most prevalent. These observations support the conclusions of the
POD energy decomposition presented in § 5.1 and in (I) that the important azimuthal
modes are 0, 3, 4, 5 and 6.

5.4. Interaction of large-scale structure in the mixing layer

In the following analysis, a different presentation technique, the plane projection
method, will be used to illustrate in more detail the large-scale structure dynamics. The
plane projection method maps the streamwise velocity of all 138 probes onto a two-
dimensional plane, i.e. an (r, θ) plane at x/d = 3, with a 60×60 grid. The magnitude of
the velocity is represented by a range of colours. In the format of a journal paper it is
not possible to present all of the full-colour frames but a series of images is presented
to give a view of the structure in the layer. The frames presented below correspond
roughly to the time index frames of the three-dimensional surface projection of § 5.3.1
and so the same structural events are presented. The red areas in the images represent
regions of the plane where the streamwise velocity is greater than the local mean
velocity and regions of blue colour indicate a velocity less than the local mean.

Figure 13(a) shows a typical two-dimensional projection in which the distinct six-
mode structure of alternating high-momentum (red) and low-momentum (blue) fluid
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occurs near the middle of the mixing layer, r/d ≈ 0.5. The position of the frame in
figure 13(a) relative to the emergence of the azimuthal ring structure (discussed in
§ 5.3.1) is sketched as (a) in figure 12. This provides a rough guide to the temporal
sequencing of events displayed in figure 13(a–u). The dashed lines in figure 12
represents the position of the measurement grid as the spatially developing rings and
streamwise structures move past.

The plus and minus signs which have been added to the first frame of figure 13 are
meant to indicate the suspected position of the counter-rotating streamwise vortex
centres. Positive vorticity would mean that the induced velocity field would rotate
counterclockwise, centred on the plus sign. Note that the counter-rotating nature of
the vortices creates alternating positive and negative radial fluid advection patterns.
For example, to the right of a (+) vortex the induced velocity field would advect fluid
from the potential core to the outside of the layer, i.e. a positive mean radial velocity.
The (−) vortex to the right of the (+) vortex would add to this advection velocity
since its induced velocity field is also directed in the positive radial direction. The
combined effect would create an ejection of high-streamwise-momentum fluid from
the core to the outside of the mixing layer, in essence a side jet. The induced velocity
field to the left of this (+) vortex would be directed toward the jet centreline and the
induced velocity field of the (−) vortex to its left would add to this effect. In this case
the combination would advect low-streamwise-momentum fluid from the outside of
the layer to the potential core.

The hypothetical advection pattern described in the previous section is consistent
with what is found in the layer. In figure 13(a–h), the streamwise vortices advect the
regions of high streamwise velocity toward the potential core while moving fluid with
low velocity toward the outside of the layer. This process continues until figure 13(i)
where it appears that the induced velocity field of the ‘ring’ structure begins to enter
the x/d = 3 plane.

In figures 13(i) and 13(j) the strength of the streamwise vortex pairs begins to
decrease and there is a definite increase in the overall velocity of the fluid near the
potential core. Figures 13(l) and 13(n) show the effect of the ring passing through
the measurement plane; the fluid near the middle of the jet is accelerated due to
the induced velocity field of the coherent ring and the streamwise vortex pairs are
advected toward the outside of the layer. The coherent structure causing the star-
shaped pocket of high-momentum fluid in figure 13(l–n) is definitely not circular.
Nonetheless, because of its ability to accelerate fluid through its core while advecting
the streamwise vortices to the outside of the layer, it is natural to consider this volcano-
like eruption to be the consequence of an axisymmetric ring, or, more appropriately,
the azimuthally perturbed remnant of a ring. As these figures show, it is convected
by the flow and its immediate effects on the flow are very short lived (only about
20% of the life-cycle time span). These are very similar to the vortex rings previously
suggested to play an important part in the entrainment and growth in this layer (Yule
1978 and Lau & Fisher 1975)

It is interesting to notice that in figure 13(j) there is a definite 4-mode structure
appearing near the centre of the mixing layer. This location of the m = 4 structure
explains the dominance of the fourth mode in the decomposition of the kinetic energy
in the flow (§ 5.1 and I), since it is associated with the portion of the layer containing
the highest velocities and therefore contains the most kinetic energy.

Figure 13(l) marks the centre of the passing coherent ring (corresponding to (c)
in figure 12). As the ring passes the measurement plane, a new set of ribs emerges.
These structures have been wound into the core of the ring by its induced velocity
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Figure 13 (a–l). For caption see facing page.

field and in figure 13(n) two concentric sets of streamwise vortex pairs are evident.
This situation is represented by (d) in figure 12. The outer set of streamwise vortices
is quickly destroyed by the high shear gradient in the mean field and by figure 13(r)
there is only one set apparent. The cycle of large-scale structure interaction completes
at approximately figure 13(u) which corresponds roughly to (e) in figure 12. The
interaction of the rings and streamwise structure described above varies slightly from
cycle to cycle, but the basic mechanism is the same.

5.5. Large-scale structure properties

Some interesting observations can be drawn with respect to the azimuthally coherent
ring which appears near the potential core. The length of time for the volcano (or
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Figure 13. Surface mesh plot of the streamwise velocity field with the mean subtracted at x/d = 3
using only the first radial POD mode and including azimuthal modes m = 0, 3, 4, 5, 6. The time
indices are indicated in the individual captions. The colour scale for the velocity is given in the last
frame.

ring) to pass through the measurement plane can be estimated to be about 10 frames
long, frames 13(g–p), or about 5 ms. Note that the actual passage time of the ring is
smaller than this because the induced velocity field extends well beyond the vorticity.
However, from the two-dimensional plane projections in the previous section it is
possible to define the ring proper as entering the measurement plane at frame 421,
figure 13(i), and exiting the plane at frame 426, figure 13(n). This corresponds to a
residence time of 2.9 ms. If the azimuthal ring is assumed circular in cross-section, its
diameter can be estimated from figure 13(j) to be about 2.1 cm. Then, the convection
velocity of the ring can be calculated:

Uc =
d

∆t
=

0.021

0.0029
= 7.2 m s−1 (5.6)
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Figure 14. Plot of instantaneous velocity profile compared with block mean: —, original velocity
from hot-wire probes; · · ·, POD reconstructed velocity with N = 1, m = 0, 3, 4, 5, 6; – – –, block
mean velocity. (a) tn = 423, (b) tn = 433.

which is identical to the velocity obtained using 60% of the centreline velocity
(12 m s−1 at x/d = 3).

It is also interesting to note that the passage time of these coherent ‘ring’ structures
corresponds to the Strouhal frequency in this flow (≈ 0.8). That is, one ring passes the
measurement plane (x/d = 3), on average, every 20 frames or every 20×0.488×10−3 =
9.76× 10−3 s. The frequency of this passage is 1/∆t = 102 Hz. This corresponds to a
Strouhal frequency based on exit diameter of

Std =
fd

Ucl

=
102(0.098)

12
= 0.8. (5.7)

Obviously the volcano event observed here is the same as has been used for
conditional sampling by many investigators (e.g. Hussain 1986). As suspected by
them, but never proven (since they were only able to sample radial slices of the
flow instead of the cross-section available here), it is indeed a spatially coherent
burst covering most of the flow field. This is quite unlike Townsend’s picture of large
turbulent eddies which are associated with slower motions nor is it anything like the
normal picture of energetic eddies the size of the integral scale. In fact, paradoxically,
the largest spatial structure is also the most energetic and the shortest lived.

5.6. Mean flow perturbations

An interesting question which often arises in stability and dynamical system analyses
of turbulence is: what is the base flow for turbulent shear layers? Generally it has
been assumed that the base flow more or less corresponds to the mean flow (e.g.
Crow & Champagne 1971). This presumes that the mean flow is really present and
the fluctuations are perturbations around it. It is possible, however, that the mean
flow never exists at any instant in time, but is simply the average of the events which
transpire. For this one case at least, it is possible to show that the mean flow is
indeed usually present. To see this a slice of the flow field in its POD reconstructed
and original form is presented in figure 14 where the magnitude of the instantaneous
streamwise velocity at z = 0 is shown. In figure 14(a) the azimuthally coherent ‘ring’ is
passing through the measurement grid and the velocity near the centre of the mixing
layer is obviously being accelerated above the mean. The POD reconstructed velocity
is also seen to follow the original velocity. After the ring has passed the measurement
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plane, the instantaneous and POD reconstructed fluid velocity is found to be less
than the mean, indicating that low-momentum fluid has been advected toward the
potential core, as seen in figure 14(b). Further influence of the streamwise vortices
is shown in figure 14(b) where a small region of high-momentum fluid is advected
toward the outside of the mixing layer near y/d = −0.6. Note that the timing of these
events is consistent with the modified two-ring model where the streamwise vortices
are found in the region between the rings.

It is apparent from this figure (and even more so from movies showing many such
images) that there is indeed a ‘base’ profile for this flow and it is the mean velocity
profile. The figure clearly shows a perturbation of the instantaneous velocity about
the mean profile. The passage of a ring structure corresponds to the centre of the
profile growing at the expense of the outer region, while during the braid region
the opposite effect is seen. It is also interesting to note that the position where the
mean and instantaneous profiles cross occurs, on average, at about 7 m s−1 which is
the convection velocity of the ring structure (§ 5.5). This would tend to explain the
success of linear stability analyses (Michalke 1965). It also gives credence to the use
of linearized, POD decomposed Navier–Stokes equations as suggested by Lumley
(1967) who noted their relation to the Orr–Sommerfeld equation.

6. Summary and discussion
The Proper Orthogonal Decomposition has been shown to be a useful tool in large-

scale turbulent structure identification. The ability of the POD to extract structure
objectively has been shown by visual and numerical means. Because of the rigour
with which the POD defines the structure, the dynamics of these structures can now
be studied.

It is possible to define a life cycle of the large-scale structure dynamics in the mixing
layer at x/d = 3 by using the POD to filter the small-scale turbulent fluctuations
which obscure the view of the large structures. The most obvious event in the life of
the coherent structures is the volcano-like bursting event associated with the passage
of an azimuthally coherent structure, or ‘ring’, near the potential core. The volcano
(or ‘ring’) is typically not round but contains higher modes as well. These ‘rings’ eject
high-streamwise-momentum fluid through their core, creating the aforementioned
bursting event. The induced velocity field between successive rings creates a high
strain field that seems to play an important role in the evolution of counter-rotating
streamwise vortex pairs, or ribs. The ribs are found throughout the large-scale-
structure life cycle, so they both coexist with the ring structure and are strengthened
in the strain region between successive rings. The ribs seem to be an integral part of
the entrainment process in the mixing layer as they advect high-velocity fluid directly
from the potential core to the outside part of the layer and low-velocity fluid from the
outside directly to the potential core. This process also involves the induced velocity
field of the ring structure, so the entrainment process is therefore a result of the
induced velocity field of both.

In the high-strain region between the rings, the ribs become elongated by the strain
field. Also, a portion of the structure is wound into the core of a following ring while
some escapes and is pushed to the outside of the mixing layer. The radial gradient
of the mean velocity field near the outside of the layer causes the ribs to stretch and
become more compact in a process that may signal an energy transfer from larger to
smaller structures.

The physical production mechanism for the streamwise vortex pairs cannot be
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determined from this data set but two possible explanations are considered. First,
the vorticity may be the remnants of an outer ring which has been driven unstable
by the action of a rearward ring which has been advected through its core in a
classical leap-frog interaction. The outer ring would be susceptible to instability
mechanisms because of its reduced core size (Widnall & Sullivan 1973) and would
typically adopt a multi-lobed, sinuous core shape. The mean velocity field would
tend to advect the portions of the multi-lobed ring which are closer to the potential
core at a faster rate than those further out in the flow and thus stretch and turn
the vorticity into the streamwise direction, i.e. by a ‘global induction’ mechanism
(Martin & Meiburg 1991). The azimuthally perturbed outer vortex ring is strained
due to the mean velocity field producing the counter-rotating streamwise vorticity
pairs described above. This mechanism is consistent with the two-ring model of the
mixing layer dynamics suggested in (I) and Glauser (1987) and also affirmed by Lim
(1997). This model not only describes many of the physical interactions witnessed in
the figures presented in this report, but also describes an instability mechanism for
the destruction of the large-scale structure which must occur before the beginning of
the self-similar region of the layer.

A second generation mechanism could be the creation of streamwise vorticity in the
so-called ‘braid’ region between azimuthally coherent rings. In this hypothesis, a global
instability mechanism would be amplified by the strong extensional strain field existing
between two successive rings in the mixing layer (D. Ewing, private communication).
The layer has been shown to be susceptible to instability mechanisms in this braid
region which result in the production of counter-rotating streamwise vortex pairs as
demonstrated by Martin & Meiburg (1991). The coherent ring near the potential
core is produced by natural instabilities in the shear layer downstream of the nozzle
lip. What is missing in this hypothesis is an actual instability mechanism for the
production of streamwise vorticity and the subsequent breakdown to small-scale
turbulence.

Whatever the generation mechanism, the impact of the streamwise structure on the
dynamical processes of the mixing layer is quite significant. The velocity field induced
by the streamwise structure directly injects fluid into and out of the potential core.
This suggests that the impact of ribs on the entrainment field is similar to that of
the azimuthal ring structure. In this regard, the streamwise eddies are much more
influential than their more passive counterparts in the plane mixing layer (see Corcos
& Lin 1984). This may be one reason why stimulation of the m = 5 and m = 6 modes
in the mixing layer produces increased mixing in the jet (Zheng & Glauser 1991;
Corke, Glauser & Berkooz 1994; and Citriniti 1997). By stimulating these higher
azimuthal modes, one is directly adding energy to the rib structures and increasing
their ability to entrain fluid.

The videos produced via sequential presentation of the full field measurements
have shown that the azimuthal distribution of the streamwise structure in the jet is
not completely described by an m = 5 structure. Its structure can exhibit 3-mode,
5-mode or even 6-mode tendencies. Also, the m = 4 mode is typically seen near the
potential core in the mixing layer, which together with the high velocities of the fluid
in this region explains why the m = 4 mode makes such a large contribution to both
the streamwise kinetic energy in the flow (figure 9) and the total kinetic energy in the
flow (I).
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