40 THE MATHEMATICAL GAZETTE
Piecing it together
JOHN D. MAHONY

1. Introduction

‘All the King's horsesand all the King's men couldn't put Humpty
togetheragain’. Suchis how it goesin the nurseryrhyme books about
Humpty Dumpty and his greatfall from the top of a wall. Oddly enough,
that is how it seemsalso to be going now in respectof efforts to piece
togetherthe dynamicsof Felix Baumgartner'greatfall (flight) from the
capsuleof a very high altitude balloonat nearly 40 km MSL (aboveMean
Sealevel). During his flight he reacheda maximumvelocity fairly early
on, after which he sloweddown until deploymentof a droguethat arrested
his free fall. Graham Hoare raised issuesin the Letters column of
MathematicsToday[1] aboutthe mathematicainodellingof thefall andthis
stimulateddiscussionghat resultedin various efforts seekingto reconcile
the dynamicsof the fall to factsthatwereknown aboutit. Suchfactshave
beenrefined over time and the purposeof this note is to presenta very
simple mathematicalmodel incorporatingthe latest data that an A level
studentfamiliar with Newton'slaws of motioncanwell understand Briefly,
the problemis treatedas one of gravitationalmotion through a seriesof
adjacenthorizontally stratified layerswhereinresistanceo motion at any
point within a layer is presumedo vary with the squareof the velocity at
that point. To this end, a multiplicative motion resistancefactor is
introduced as a staircasetype function, one which is presumedto be
constant within each layer but varying from one layer to the next.
Following a descriptionbasedon Newton'sequationsof motion, outputs
from one layer provide inputs to the next, and so on. In this respectthe
approachto the problemis much the sameas one commonly adoptedin
other sciencesfor examplein ElectromagneticTheory, where planewave
propagatiorthrougha layeredmedia,suchasa Radomeusedto protectan
antenna, is treated in a similar fashion, again to very good effect.

2. The equations of motion

Theseare well known andthe relevantonesfor a typical layer appear
below. In suchalayer,thenth onesay,it will be assumedhatthe distance
fallen to any point is denotedoy x, (x,_1 < X < X,). Theforcesactingonthe
body are downwards(gravitational)and mk,v?> upwards(motion resistive),
wherek, is the constantmotion resistancdactor for the layer, v (x) denotes
the velocity, m denotes the point mass of the falling body and
g(= 9.78 ms?) is the accelerationdue to gravity. In the usual notation,
these equations are

— = ky(uz - V) (1)
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and
V— = ka(uz - V) 2
whereu, = /g/k.

Solutionsto theseequationsnvolve standardntegrationtechniques. It
is assumedhat, for example the falling body reacheghe layer entry point
Xn_1 atavelocity v,,_; afteratime t,_ 1, andexits the layerwith a velocity
Vv, at the point x, afteratimet,. Accordingly, from (1) it follows that the
time spent in thath layer, T, (= t, — t,_1) say, is given by

T, = Un In (Un + V) (Un = Vn-1) - (3)
2g (Un - Vn) (Un + Vn—l)

Similarly, denotingthe thicknessof the nth layer by D,, it may be deduced
from (2) that

Va = UA(L - exp(-2k:Dy)) + Va1 exp(-2kiDy). (4
Providedstartinginformation aboutthe fall is availableand providedalso
that the motion resistanceterm k,, (and hencethe term u,) is known it is
possibleto trackthe velocity andassociatedimesat the entry anddeparture
points through eachlayer. For example,if the start velocity v, and the
motion resistanceterm k; in the first layer are known togetherwith the
thicknessD;, then (4) will determinethe exit velocity v;, and (3) will
determinesubsequentlythe associatedime T, takento traversethe layer.
Equation(4) canthenbe usedagainwith aninput velocity v; (the previous
exit velocity) to determinean outputvelocity v, for the secondayer, after
havingtakeninto accountthe otherinput parametergthicknessand motion
resistanceassociatedvith it. Then,asbefore,thetime parameteil, for the
secondayercanbe determinedrom (3). Thusit is possibleto put together
the bits andpiecesof the motion. However for this procesgo be successful
it is necessaryo determineor at leasthaveavailableacrossthe spectruma
description of the discrete motion resistancefactor k,. This issue is
addressed below.

3. The motion resistance factor

Generally,thereis a consensusf opinion that resistancgo motion in
the etherssurroundingrFelix Baumgartner'gireatfall increasesnoreor less
exponentiallywith distancefallen. Thus,it seemseasonabldéo assumean
exponentialformat for the motion resistancefactor. This notion was
exploitedin [2], whereit was shown that with this type of modelit is
possibleto achievea prescribednaximumvelocity at a given heightsuchas
was the casein Baumgartner'slescent. Specifically, a continuousmotion
resistance factde(x) was assumed in the form

k(x) = exp(xa - f) (5
wherex denotedthe distancefallen, anda and were parameterghosento
ensurethat a specifiedmaximumvelocity could be met at a given distance
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of fall. This particular model can thus be sampledto determine a
representativer averagedvalue for the motion resistancdactor k, in the
nth layer, as follows:

K(X:-1) + K(Xn) 6)
—

Thek valueson the right-handside of (6) aredeterminedusing(5). Having
shownhow a discretespectrumof valuesmight be obtainedfor the motion
resistancdactor, it remainsto address casestudy of the fall to appreciate
just how well the bits and pieces of it might be put together.

kn =

4. Case study, discussion and conclusion

The latestknown facts aboutBaumgartner'greatfall [3] indicatethat
his drop off point was at an altitude of 38.9694km (MSL), and that he
reacheca maximumvelocity of 377.1ms™* after havingfallen a distanceof
11.1364km in about50 seconds. Drogue deploymentoccurredat 2.5668
km (MSL) after a total free fall time of about260 seconds. This implied a
free fall distanceof 36.4026km. The analysisin [2] showedthat the
maximumvelocity information (speedand associatedlistancefallen) could
be met here with values for the parameteasdp given by

a = 1.703224 x 107* and B = 11.4814594.

Calculations based on the above input values and procedures are
accommodatecetasily on a spreadsheet. The free fall atmospherewas
consideredto comprise 400 equal-depthlayers, so that x, = 0 and
Xq0 = 36402.6 m with a layer depthof D,, = 91.0065 m. A selectionof
datarows from the ensuingspreadshees shownin the table below. It is
largely self explanatoryand, not surprisingly, the data confirms that the
magnitudeof the maximum velocity occurredpretty much at the alleged

TimeT Total
Xn (M) Alt. (m) K Kn KiDh  Un Vaor Vo Ta(s) T(s)
0  38969.401.032E-05 0.00 0.00 0.00

91.006538878.391.048E-051.040E-059.465E-04969.72 0.00 42.17 431 431
182.01338787.391.064E-051.056E-059.613E-04962.24 42.17 59.61 1.79 6.10
273.02 38696.381.081E-051.073E-059.763E-04954.81 59.61 72.97 1.37 7.48

W N PP OS5

12111011.827957.616.733E-056.681E-056.080E-03382.60377.00377.07 0.24 49.62
12211102.827866.616.838E-056.786E-056.175E-03379.64377.07377.20 0.24 49.86
12311193.827775.606.945E-056.892E-056.272E-03376.71377.20377.09 0.24 50.10
12411284.827684.397.053E-056.999E-056.370E-03373.80377.09377.05 0.24 50.34

397 36129.6 2839.82 4.885E-034.817E-034.384E-0145.67 45.67 45.31 2.00 264.90
39836220.6 2748.81 4.931E-034.893E-034.453E-0144.71 45.31 44.96 2.02 266.92
39936311.6 2657.81 5.008E-034.969E-034.522E-0144.36 44.96 44.61 2.03 268.95
40036402.6 2566.80 5.086E-035.074E-035.057E-0144.02 44.61 44.26 2.05 271.00

TABLE: Data selection from the spreadsheet
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altitude after about 50 seconds. The results show also that drogue
deploymentoccurredat about271 secondswhich is 11 seconddater than
whenit wasobserved. This represents time error of about4.2%,which is
not unreasonablagiven the assumptionsmplicit in the argument. For
example,Baumgartner'dalling body has beentreatedsimply as a point
massundertheinfluencesonly of gravity andanair resistancehathasbeen
relatively easyto model. The following figure showinghow the velocity
varied as a function of time during the fall was producedfrom datain the
complete table:
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FIGURE 1: Descent velocity as a function of time

Theresultin thefigure is similar to thatwhich may be found on various
web sitesconcerningthe fall andit is of coursealso possibleto producea
plot of the altitude variationwith time from the spreadsheedata. This is
left asanexercis€for thereader. The sameexercisevasrepeatedisingdata
gleanedfrom other sources[4], where Baumgartner'sirop off point was
assumedo be atanaltitudeof 39.045km (MSL) andhis maximumvelocity
was 372.6 ms?! after having fallen a distanceof 11.165km in about50
secondsdroguedeploymentoccurredat 2.516km (MSL) after a total free
fall time of, again,260 seconds.This implied a free fall distanceof 36.529
km. Theanalysisin [2] showedhatthe maximumvelocity informationnow
given could be met with the following values for the parametensds:

a = 1.556362 x 1074, B = 11.298350.

This description differs marginally from the one cited earlier, but the
ramificationsin respecbf time arepertinent. For example whilst thereader
might care to employ this latest data in a spreadsheeto see that the
maximumvelocity conditionshave beenmet, it will be seenalso that the
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free fall time is now predictedto be about248.9seconds.Again thereis a
difference comparedto the reality of 260 seconds,indicating that the
predictedarrival time for drogue deploymentis about 11 secondsearly,
whereasthe previousresults showeda late arrival by a similar amount.
Thusit seemsthat this particularmodel is sensitiveto variationsin input
data,at leastasfar astime calculationsare concerned.Nonethelessit is a
simplemodelthat goessomeconsiderablevay to accommodatinghe facts
and it is particularly amenableto treatmentsusing a spreadsheetfor
examplein a classroomsetting, providedthe requiredinput parameterga
andp) obtainedelsewhereretakenon trust. Not least,this latestgreatfall
providesfor the opportunityto analyseand appreciatea recentand historic
event using some very simple sums in the field of elementary dynamics.
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