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Abstract

Asymptotics deviation probabilities of the sum S, = X1 + - - - + X, of independent and
identically distributed real-valued random variables have been extensively investigated,
in particular when X; is not exponentially integrable. For instance, Nagaev (1969a,
1969b) formulated exact asymptotics results for P(S, > x;,) with x, — oo when X
has a semiexponential distribution. In the same setting, Brosset et al. (2020) derived
deviation results at logarithmic scale with shorter proofs relying on classical tools of
large-deviation theory and making the rate function at the transition explicit. In this
paper we exhibit the same asymptotic behavior for triangular arrays of semiexponentially
distributed random variables.
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1. Introduction

Moderate and large deviations of the sum of independent and identically distributed (i.i.d.)
real-valued random variables have been investigated since the beginning of the 20th century.
Kinchin [13] in 1929 was the first to give a result on large deviations of the sum of i.i.d.
Bernoulli-distributed random variables. In 1933 Smirnov [23] improved this result, and in 1938
Cramér [5] gave a generalization to sums of i.i.d. random variables satisfying the eponymous
Cramér condition which requires the Laplace transform of the common distribution of the
random variables to be finite in a neighborhood of zero. Cramér’s result was extended by Feller
[8] to sequences of not necessarily identically distributed random variables under restrictive
conditions (Feller considered only random variables taking values in bounded intervals), thus
Cramér’s result does not follow from Feller’s result. A strengthening of Cramér’s theorem was
given by Petrov [20] together with a generalization to the case of non-identically distributed
random variables. Improvements of Petrov’s result can be found in [21]. Deviations for sums
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of heavy-tailed i.i.d. random variables were studied by several authors: an early result appears
in [15], and more recent references are [2, 3, 7, 16].

In [17, 18], A. V. Nagaev studied the case where the commom distribution of the i.i.d.
random variables is absolutely continuous with respect to the Lebesgue measure with den-
sity p(t) ~ exp {— 7] —8 } as |t| — oo, with ¢ € (0, 1). He distinguished five exact-asymptotics
results corresponding to five types of deviation speeds. These results were generalized in
[19] to the case where the tail writes as exp {—tl_sL(t)}, where ¢ € (0, 1) and L is a suit-
ably slowly varying function at infinity. Such results can also be found in [2, 3]. In [4],
the authors considered the following setting. Let ¢ € (0, 1) and let X be a Weibull-like (or
semiexponential, or stretched exponential) random variable, i.e. there exists ¢ > 0 such that
log P(X > x) ~ —gx'~¢ as x — 0o. Assume also that there exists y > 0 such that E[|X|*17] <
oo. For all n e N*, let X1, Xo, ..., X, be i.i.d. copies of X and set S, =X; +---+ X,,. The
asymptotic behavior of the large-deviation probability P(S, > x,) is given for any positive
sequence x, > n'/2. According to the asymptotics of x,, three types of behavior emerge for
log P(S,, = x5):

e Maximal jump range [4, Theorem 1]: When x,>> n'/0+9  logP(S, > x,)~
log P(max (X1, ..., X,) = xp).

e Gaussian range: [4, Theorem 2]: When n'? « x, < n!/0+8), log P(S, > x,)~1log (1 —
o(n~12x,)), ¢ being the cumulative distribution function of the standard Gaussian law.

e Transition: [4, Theorem 3]: The case x, = @(nl/ (”8)) appears to be an interpolation
between the Gaussian range and the maximal jump range.

The main contribution of the present paper is a generalization to triangular arrays of the
results in [4, 17, 18]. Such a setting appears naturally in some combinatorial problems, such as
those presented in [12], including hashing with linear probing. Since the 1980s, laws of large
numbers have been established for triangular arrays [9-11]. Lindeberg’s condition is standard
for the central limit theorem to hold for triangular arrays [1, Theorem 27.2]. Dealing with tri-
angular arrays of light-tailed random variables, the Gértner—Ellis theorem provides moderate-
and large-deviation results. Deviations for sums of heavy-tailed i.i.d. random variables have
been studied by several authors [2—4, 15, 17-19], and a good survey can be found in [16].
Here, we focus on the particular case of semiexponential tails (treated in [2—4, 17, 18] for
sums of i.i.d. random variables), generalizing the results to triangular arrays. See [14] for an
application to hashing with linear probing.

The paper is organized as follows. In Section 2 we state the main results, the proofs of
which can be found in Section 3. The assumptions are discussed in Section 4. Section 5 is
devoted to the study of the model of a truncated random variable which is a natural model
of a triangular array. This kind of model appears in many proofs of large deviations. Indeed,
when dealing with a random variable, the Laplace transform of which is not finite, a classical
approach consists in truncating the random variable and letting the truncation go to infinity. In
this model we exhibit various rate functions, especially non-convex ones.

2. Main results

In the following, for any sequences (x;), >1 and (¥,), > 1, it will be more convenient to
write x,, Xy, for x, = O(y,) asn — oo. Foralln > 1, let ¥, be a centered real-valued random
variable, and let N,, be a natural number. We assume that N, — oo as n — o0o. Foralln > 1,
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let ( )l <i<N, be a family of i.i.d. random variables distributed as Y,. Define, for all k €

[, N, Ty = Zi:l Y,,;. To lighten the notation, let T, := T, y, .

Theorem 2.1. (Maximal jump range.) Let ¢ € (0, 1), ¢ > 0, and o > 1/(1 + €). Assume that:

(H1) For all sequences (y,)n > 1 such that N;y* <y, < Ny, log P(Y,, > yn) ~ —qyn

(H2) E[Y,ﬂ = 0<N;f(l+8)_l> as n— oo.

Then, forally > 0,

1 o 1—¢
lim 09 log P(T, = N)y)=—qy .
n—oo N

In this paper we have chosen to make explicit the deviations in terms of powers of N,
as is now standard in large-deviation theory. Nevertheless, as in [4, 17, 18], the proof of
Theorem 2.1 immediately adapts to show that log P(T,, > x,) ~ —qx,]fs as soon as x >

n—oo

Nl/a+re, assuming that E[Y2] =o0(x}™*/N,) as n— oo and that there exists § >0 such
that, for all sequences (y,), > 1 such that x;, < y, < x,(1+49), logP(Y,, > yn) ~ —qyn

Theorems 2.2 and 2.3 adapt analogously.

Theorem 2.2. (Gaussian range.) Let ¢ € (0, 1), ¢ > 0, 0 > 0, and % <a < 1/(1 4+ ¢). Suppose
that (H1) holds together with:

(H2') E[Y?] e o2.

(H2*%) There exists y € (0, 1] such that IE[ 1Y, |2t ] = o(N,Jf(lfa)) as n— oo.

Then, forally > 0,

y2

1
lim ——log (T, > Niy)y=— 257

Theorem 2.3. (Transition.) Let € € (O, 1),g>0,0>0ando=1/(1+ ¢). Suppose that (HI),
(H2'), and (H2") hold. Then, forall y > 0,

22

lim ——— log (T, > foy):—0<mf< {q(l —t)l—syl s+_} — — 1)

n—oo

Notice that the speed of deviation is continuous in « since, at the transition (¢ =
1/(1+¢)), 2a — 1 = a(l — ¢). Moreover, let us make explicit the rate function 1. Let f(7) :=
g(1 —n'=#y1=¢ 1242 /(26?). An easy computation shows that, if y < yo:=((1 —&*)(1 +
1/8)?qo?)!/0+8)_ £ is increasing and its minimum y?/(20%) is attained at t=1. If y > yo, f
has two local minima, at #(y) and at 1; the former corresponds to the smaller of the two roots
in [0, 1] of the equation f’(¢) = 0, which is equivalent to

(1 —g)go?

& __
= =
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Ifyoy<y<yi:=(1+4¢) (qoz/(Zg)S)l/(l"'s)

a consequence, for ally > 0,

» then f(#(y)) = f(1); if y > y1, f(1(y)) < f(1). As

2

y .

5 ify < yi,
I)=1%

2.2
g(1 — 1) —ey! = + 057 iy sy

202

Remark 2.1. Consider the following generalization of (H1). Let L be a slowly varying function
and assume that:

(H1") For all sequences (yu),>1 such that NY°/L(NY) <y, <NY, logP(Y, > yu)~
—L(yn)yy "

Then, the proof of Theorem 2.1 (resp. Theorem 2.2) immediately adapts to show that if
Assumptions (H1") and (H2) (resp. (H1"), (H2'), and (H2")) hold, then, forall y > 0,

. 1 )
lim ————— log B(T, > Nfy)=—y'~".
n—od L(Ng)Nn

(resp. the conclusion of Theorem 2.2 holds). However, Theorem 2.3 requires additional
assumptions on L to handle such a generalization of (H1).

3. Proofs

3.1. Preliminary known results
First, we present a classical result, known as the principle of the largest term. The proof is
standard (see, e.g., [6, Lemma 1.2.15]).

Lemma 3.1. (Principle of the largest term) Let (v,), > 1 be a positive sequence diverging to
00, let r be a positive integer, and, for i€ [1, r], let (ay,i)n > 1 be a sequence of non-negative
numbers. Then,

1 d 1
lim sup — log (Z an,l) = i_nllaxr (hm sup — log an)l-) .

n—oo Vn i1 n—oo Vn
The next theorem is a unilateral version of the Girtner—Ellis theorem, which was proved
in [22].

Theorem 3.1. (Unilateral Girtner—Ellis theorem) Let (Z,), > 1 be a sequence of real-valued
random variables, and let (v,), > 1 be a positive sequence diverging to oo. Suppose that there
exists a differentiable function A defined on Ry such that A’ is a (increasing) bijective function
from Ry to Ry and, forall . > 0,

1 log E[e"”)‘z"] — AQV).
n—oo

Vn
Then, forall z > 0,
1 1
—inf A*(7) < liminf — logP(Z, > z) < limsup — logP(Z, > z) < — inf A*(?),
>z n—0o0 vy n—oo Vn 1>z

where, for all t > 0, A*(t) :=sup{it — A(L); L > 0}.
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The proofs of Theorems 2.1, 2.2, and 2.3 are adaptations of those in [4] to the case of
triangular arrays. We decided to detail these proofs here to introduce Sections 4 and 5, where

the proofs are mainly sketched.

3.2. Proof of Theorem 2 (Maximal jump range)

Assume that Theorem 2.1 has been proved for y > 0. Then, the case y =0 follows by

monotony. Indeed, for all y > 0,

1 1
0 > liminf —— =) logP(T, > 0) > lim Na<1*8) log (T, > Niy)=—

n—00 NZZ - n—o00 “

From now on, we assume that y > 0. First, we define

P(T, > N;y)=P(T, > Nyy;forallie[1, Ny], Yn;<Nyy)

+ P(T,, > Nyy; there exists i € [1, N,] such that ¥, ; >

=:P,+R,..
Theorem 2.1 is a direct consequence of Lemmas 3.1, 3.2, and 3.3.

Lemma 3.2. Under (HI) and (H2), for o > % andy >0,

1 1—e¢
R ST N6 log Ry = =gy

Proof of Lemma 3.2. Using (H1),

lim sup ——
n—o0

1
N(l €)

n

1—¢

y—0

Nyy)

: 1 o 1—¢
logR, < lim leog (NnP(Yy = N, y)) = —qy

Let us prove the converse inequality. Let § > 0. We have R, > P (T,, = Ny, Y1 2 N,‘fy)
> P (Tyn, , = —N%8)P(Y, > N%(y+8)). By Chebyshev’s inequality, observe that

Var(Y,)

]P)(Tn,Nn_l = _Nna(s) > 1- NZoz 152

)

using (H2). Finally, by (H1), we get

n—oo
n n

We conclude by letting § — 0.
Lemma 3.3. Under (HI) and (H2), for ¢ > 1/(1 +¢€) and y > 0,

lim sup ——— log P, < —qy'~°.

1
n— 00 N a(l-¢)
Proof of Lemma 3.3. For all ¢ € (0, q), we have

Py =E [17, > noyvie[1.N,1. Y, <Noy |

1 1
liminf ——~ logR > lim ——logP(Y, > Ny (y+98)) = —q(y—i—(S)l_g.
o n— 00 N“(]*s)

/ Ny
< exp {_q/(Ngy)l_s} E [exp {(]VZWYn} 1Y,,<N;7yi| y
n
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using the inequality 1,>¢ < e* for the first indicator function above. If we prove
/

that [E [exp {(Ngwyn}lyn</vffyi| <1+ 0(N2‘(1—8)-1>’ then logP, < _q/(NZ[y)l—s +

0( o (1_£)> and the conclusion follows by letting ¢’ — g. Write

/

q q
= o] Ny tof v | <2 o {<N;-:y>f Bt |
q/
+ E |:eXp {(Na_y)a Yn} lelts < Yn<Nﬁyi| .
n
First, using the fact that, forallx < g’y %,e* < 1 +x+ %eq/y’a 22, and (H2), we get
/—¢
q q (@) s
E —Y, 1 ae g E 1 Y, Y 1 e
[eXp { (Nfl‘y)s n} Y, <N¢ :| |:< + (Ngy)g n+ 2(Ngy)2€ n Y, <N¢
(@ye™"  E[Y2]

2 (Neyye
=1+oWNy!=97h),

< 1+

the second inequality stemming from the following lemma.

Lemma 3.4. Under (HI), for all y > 0, for all ¢’ < q there exists no(q') > 1 such that, for all
n > no(q") and for all u € [Nfl‘g, Nfl‘y], logP(Y, > u) < —q'u'~®.

Proof of Lemma 3.4. By contraposition, if the conclusion of the lemma is false, we can

construct a sequence (i), > 1 such that, foralln > 1, u, € [N*¢, N%y] and log P(Y,, > u,) >

—q’u,ll_s, whence (H1) is not satisfied. O

Secondly, integrating by parts (Lebesgue—Stieljes version), we get

q/ NYy q/
E [exp {WY,,} Tyee < Yn<Ngty} = /NM exp { Ny u} P(Y,, € du)
n n n

q/ Ny q/ N%y q/
= —| exp u{lP(Y, > u + / exp utlP(Y, > u)du
(Ney)® oo (NEYF e (Ngyy*

e / Ny /
<e?? P(Y, = N+ (NZ G / exp { (Nf"] G u— q”ul_s} du
nY Ny ny

A 17y ae(1—¢)
< (14 ¢/ (N%y) =5)ed Y4 N
ZO(Ng(l—s)—l)

for n large enough, using (H1) and Lemma 3.4 with ¢”’ € (¢/, ¢), and taking the supremum of
ur> g/ (N2y) " u — q''u' ¢ over [N¥*, N%y]. The proof of Lemma 3.3 is now complete. [

3.3. Proof of Theorems 2.2 (Gaussian range) and 2.3 (Transition)

The conclusions of Theorems 2.2 and 2.3 follow from Lemmas 3.5, 3.6, and 3.9 below,
and the principle of the largest term (Lemma 3.1): Lemma 3.5 (resp. Lemma 3.6) provides the

https://doi.org/10.1017/jpr.2021.58 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2021.58

Large-deviation results for triangular arrays of semiexponential random variables 405

leading term in Theorem 2.2 (resp. in Theorem 2.3), and Lemma 3.9 bounds the remaining
terms. The structure of the proof follows [4].

Let us fix y > 0. The result for y =0 follows by monotony (see the beginning of the proof
of Theorem 2.1).

3.3.1. Principal estimates For all m € [0, N, ], we define

1-In,m:IP(Tn P> N,‘fy;
foralli e [1, m], Yn; > N3%;foralli€ [m+ 1, Ny, Yni <N°‘8), (3.1)

so that

Na

P(Ty > Niy)=) (151) M- (3:2)

m=0
Lemma 3.5. Under (HI), (H2'), and (H27), for % <a < 1/(0+¢e)andy >0,
2

1
lim —— log IMy0= 5357

Proof of Lemma 3.5. For all n > 1, we introduce the variable Y~ distributed as L(Y,, | ¥, <
NY®). Let T, = ZN” Y,~;, where the Y,~; are independent random variables distributed as ¥,
Then I, 0 =P(T,; > Nyy)P(Y, < N;‘l‘s)N". On the one hand, P(Y,, < N,‘;‘E)N" — 1 by (H1). On
the other hand, in order to apply the unilateral version of the Girtner—Ellis theorem (Theorem
3.1), we compute, for u > 0,

Ap(u) = 1 ——7 logE |:exp {]WT; }]

I’l

:Nr%(l—a) logE |:€Xp {]VILYH

n

} 1Yn<Ngs} — N2 1og P(Y, < N%). (3.3)

By (H1), the second term above goes to 0. As for the first term, for y € (0, 1) given by (H2T),
there exists a constant ¢ > O such that, for all ¥ < u, /2| <c |t|2+y, whence

u u M2
P IFYn _I_Nﬁ_"y N1 Yy ) Ly, <nge

cu*tv

- 24y
< —gmyas 1. 34
Ny

since a(1 + ¢) < 1. Now,

u 2o
‘E |:exp {WY,,} 1Yn<N;75] — €Xp W '

2
u u u 2
< E|: GXP{WYn}_l—N’%aYn 2N2(1 @) n) lY,l<Nag:|
+ |E 1+ ! Y, + e 1 1+—2E[Y2]
Yy Nmf —
Ny g2 Fi ) 1. 2N

https://doi.org/10.1017/jpr.2021.58 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2021.58

406 T. KLEIN ET AL

- qu[Y,%] ula?
e | TP Ay
T T
2
u u
= ]E 1 + Y + 1Yn 2 NatE
[( Nize " g2 ")

using (3.4), (H2T), the fact that E[Y,,] =0, a Taylor expansion of order 2 of the exponential
function, and (H2'). Finally, for n large enough, applying Holder’s inequality,

El{1+-2 u’ 1
+N,£—0l Yn+2N2(1 —0 n Yn2N"‘5

+

+ o(N, 217y, (3.5)

< E[Y;1y, > g ]

< E[ |Y |2+}/ ]2/(2+y)P(Yn > NO[&)V/(2+V)

X = n

=o(N;217%) (3.6)
as a consequence of (H1) and (H2"). Combining (3.3), (3.5), and (3.6), we get

252
A(u) — —— =: A(u),
n—oo 2

and the proof of Lemma 3.5 follows from the fact that A*(y) = y?/(202). O

Lemma 3.6. Under (HI1), (H2'), and (H2%), fora=1/(1+¢)andy >0,
1
hm 1nf 5o log 1 = —1(y).
% N~

Proof of Lemma 3.6. Remember that for « = 1/(1 + ¢) we have 2a — 1 = a(1 — ¢). So, for
allre (0, 1),

1 .
——7 log Myt > N 10gIF’( wN,_; = Npty;forallie[1, N, — 11, Yy, <N,°z‘€)

n n

1
+N log]P’(N“(l—t)y Y;S, Ny <NZy)
n

?y* l-e 1
— gy
n—oo 20

by Lemma 3.5 (applied to the array (Y, )1 <i<n,—1) and by (H1). Optimizing in ¢ € (0, 1)
provides the conclusion. U

3.3.2. Two uniform bounds
Lemma 3.7. Under (H2') and (H27), for all § € (0, 1) and y > 0, there exists n(8, y) > 1 such
that, for alln > n(8,y), for all m € [0, N,], for all u € [0, N;‘l‘y],

(1= 8)u?

log P(Tyy,;m > u;forallie[[1, m], Y, <Ni%) < — o2

Proof of Lemma 3.7. Using the fact that 1, > o < ¢, forall 2 > 0,

P(Tym > w;forallie [1,mll, Y,; <N) < e ™E[e1y, cyue "
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For y € (0, 1) given by (H2T), there exists c(y) > 0 such that, for all s < yo 2, we have e* <
145+ 352+ c()s|**”. Hence, for A := u(N,02)~! < N;*¢yo =2,

A2 1202
E[e!" 1y, onge] < 1+ SE[V]+ o TE[ 1%, =1+ == +5,).

where

o2

2
5 (]EE_Y;] B 1) N 2c(y)AY E[ 1%, ].

By (H2'), the first term in §,, goes to 0 as n — oo. Moreover, A < N,‘f_lyo_2 s0, using (H21),
we obtain that, for n > n(8, y) large enough, |5,| < §. Finally, since m < N,, we have, for
n =z n@,y),

log P(Tyy,;m > u; forallie[1, m], Yn; < N;®)
(1 —8)u?

. O
2N, 02

Nn)\202

Lemma 3.8. Under (H1), forall § € (0, 1) and y > 0, there exists n(8,y) > 1 such that, for all
n = n(8,y), forallm e 1, N,], forallu € [O, Nfl‘y], log P(Ty. = w;forallie[[1, ml, Y, >

NE&) < —(1—8)g(u! =8 + (m — 1)(1 — 275Ny 7).
Proof of Lemma 3.8. Let ¢’ be such that (1 — 8)q < ¢’ < q. First, we establish that there
exists ng(8) such that, for all n > ng(5),
P(Tym = u; foralli € [1,m], Y,; > N°) (3.7
exp [ — q’mN,‘i““’”] if u <mN2¢,

~X

™ + m) exp [ - c/((u —(m— I)N,‘fg)l_g +(m— 1)N,‘55“‘”)] it mNy® < u < Nyy.

The result is trivial for u < mN;* or m =1, using Lemma 3.4. Now, we suppose u > mN;°
and m > 2. We have
P(Tym = u;forallie[1, m], Y,; > NI%)
< P(Tym > wyforallie 1, mll, Ny® < Y, <u)
+ P(there exists ig € [1, m] such that Y, j, > u — (m — 1)N;*;
forallie[[1, m], Yn; > N°).

First,

P(there exists ig €[1, m] such that ¥, ;, > u; forallie[1, m], Y,,; > Nf,“s)
< mP(Y, > u—(m— DNSOPY, > N3
< mexp[—q ((u— (m — DNZ)' ™ + (m — DNZE179)] (3.8)
as soon as n = ni(8) = np(8), where n1(8) is the integer no(¢q’) given by Lemma 3.4 (remem-

ber that NY® < mNy® < u < Niy). Secondly, denoting by a; integers and ¢” a number such
thatg < ¢’ <gq,
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P(Tym = w;forallie [1, ml, Ny° < Y,i<u—(m—1)NS?)

m
= / 1u1+--~+um >u 1—[ (Y, € du;)
Vi,N9¢ L uj<u

n i=1

m
< Z 1a1+~--+am >u l_[ Pa;—1<Y, < a)
Vi, [Nge] < a;p < [ul i=1
n /! 1
_ 1)l
< Z Loyt tay >u l_[ e™d @D
Vi, [Nge] < ai < ul i=1

m

/! 1—¢
—d" (=2
1u1+--~+um >u | | e ! (i=2) dl/tl‘
i=1

I, 1—¢ 1—¢
—-q (”1 +tu )
") duy - - - duyy,

< /
Vi,NY& < uj<u+2

<
= fv’i,Nﬁ“8 Luj<u+2 ©
up+ iy > u

as soon as n is large enough (n > ny(8) > ny(8)) so that, for all v > N2, ¢""(v —2)!=¢ >
q/vl_’“‘". Now, the function s,,,: (uy, ..., i) — u%_s +--- 4+ u,ln_‘s is concave, So s, reaches its
minimum on the domain of integration at the points where all the u; equal N, except one

equal to u — (m — 1)N5®. Therefore,
P(Tym = u, forallie[1, m], Y,; = N°)
< u"exp[—¢' ((u— (m — DNZ)' ¢ + (m — DNZI=)]. (3.9)

Equations (3.8) and (3.9) yield (3.7).

The conclusion of Lemma 3.8 for u <mNZ® stems from (3.7) and the following easy
inequality: for all m > 1, m'™ +(m — 1)1 —27¢) < m. As for u > mNY¢, we notice
that the function g(u):= —u'"¢ + (u — (m — 1)N38)1_8 +(m— I)N,?g(l_g) is increasing on
[mN%¢, 00) and g(mNe®) = Na ' m(1 —m=¢) = Na*' = m — 1)(1 — 279), so, using (3.7)
and the fact that, form > 1, u™ +m < (u+ 1™,

P(Tym = u, forallie[[1, m], Y,; = NJ°)
< (w+ D" exp[—q’(ul—*? +(m—1{ — 2—8)N218(1—8))]

< exp[—(1 = 8)q(u! ™ + (m — 1)(1 — 27 )NE=1=9)]

as soon as
log (u+ 1) < log(N%y +1)
S %(‘I' — (1= 8)g)(1 —27)Nee =)
< mT_l(q/ -1 =38)g)(1 - 2*8)]\7218(175),
ie. forn > n(d,y) = na(). .
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3.3.3. Upper bound for the sum of the I, ;, Using the uniform bounds of Lemmas 3.7 and 3.8,

we are able to bound above the remaining term ) _; (7)1,

Lemma 3.9. Assume (HI), (H2'), and (H2%). If% <a <1/(1+¢), then, forall y > 0,

Yy
lim sup — log Z ( ) _ﬁ'

n— oo o

Ifa =1/(1 +¢), then, forally > 0,

lim sup — log Z ( ) m < —1(y).

n—o0
Proof of Lemma 3.9. Fix some integer r > 1. Noticing that

[@be®?|a+h> 1}CU{(a,b)e(R+)2‘a >l s 1—’5},
r

r

we have, for all m € [1, N, ],

Hn’mz]P)( Nay, fOra.Hle[[l m]] Ynl = Nag
forall i € [m+ 1, Nyl Y,; < N%°)

r

k—1
< ZP(T,,,Nn_m > ——N%; forallie[l,n—ml, Yn,i<N;;€)
r
k=1

k
X ]P’(Tn,m > (1 — —>N,‘fy; forallie[1,m], Y,; > Nf,‘s)
k—1 2 Noz 2
Zexp[ a —8)(( ) ( y)

+a((1- j—i)N,‘;‘y)l_S +qm — (1 — 2—6>N,‘;‘8<‘—8>>]

for n large enough, applying Lemmas 3.7 and 3.8. Hence,
N,
“ (N 2t (k= 1)/
1 <1 (1= N T —
gz(m) ogzeXP[ ( o
k 1-¢
o (14"
N,
z Nn —_eynae(l—e)
1 —(1=8)g(m—1)(1=27%)Ny, ,
+ ogmz_:1 <m>e

where the latter sum is bounded.
For o € (%, 1/(1+ 8)), we have 2o — 1 < a(1 — ¢). Therefore, applying the principle of the
largest term (Lemma 3.1), we get

Al r—1\2 1
i e 25 () < 2000

n— oo
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SO, letting r—ooand§ — 0,
lim s p 10 E < ) m — —]
u g < 5
n—oo B 20

For o =1/(1 4 €), remember that 2o — 1 = (1 — ¢). Therefore, applying the principle of
the largest term (Lemma 3.1), we get

k—1 2y2 k 1—51
—&
hfisuP IOgZ( ) nm\—(l—S)mnll<<T)gjtq(l—;) y )

so, letting r — oo and 6 — 0,

2.2
e e 1—
hmsup logE ( ) nm —tgﬁ(%}}](% +q(1 — )1 syl e)Z—I()’)- O

n—oo

Remark 3.1. Notice that, using the contraction principle, we can show that, for all fixed m, if
a e (5, 1/(1+e)), then
y?

. 1
llm ? log H,Lm = —P, 5

n—00 erl

andif o =1/(1 + ¢), then

1
nllfgo N2 log My = —1(y).

4. About the assumptions

Looking into the proof of Theorem 2.1, one can see that Assumption (H1) can be weakened
and we may only assume the two conditions that follow.

Theorem 4.1. The conclusion of Theorem 2.1 holds under (H2) and:

(Hla) Forally, =®NY), logP(Y, > yn) ~ —qyyF

(H1b) For all N < y, < N%, limsup y, '~ log P(Y, > y,) < —q.

n—oo
Lemma 4.1. (Hla) is equivalent to:
(H1a') Forally>0,1ogP(Y, > Njjy) ~ —q(Nyy )=
Proof of Lemma 4.1. If Nic1 < y, < Njcp, then —ger < N;a(lfs) logP(Y,, > y,) <

—qc. First, extract a convergent subsequence; then, again extract a subsequence such that
N, %y, is convergent and use (H1a) to show that N, a(1=¢) log P(Y,, > y,)is convergent. [

The following lemma is straightforward.

Lemma 4.2. (H1b) is equivalent to the conclusion of Lemma 3.4:

(H1Y) For all y> 0, for all ¢’ < q, there exists ny such that for all n > ny and for all u €
[Noe, Ney], log P(Y, > u) < —q'u'~%.
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Theorem 4.2. The conclusion of Theorem 2.1 holds under (Hla), (H1b), and
1+y/2
E[ 1%,/ J/E[ 1Y |77 = o(N}/2)
as n— oo.

Proof of Theorem 4.2. The only modification in the proof is the minoration of R,:
Ry > P(Tyn,_, = 0)P(Y, > N%y). Now Lyapunov’s theorem [1, Theorem 27.3] applies, so
P(Ty.N,_, = 0)—> %asn—>oo. O

As for Theorem 2.2, Assumption (H1) can be weakened and we may only assume (H1b),
or even the following weaker assumption.

Theorem 4.3. The conclusion of Theorem 2.2 holds under (H2'), (H2V), and:

(Hlc) For all y> 0 there exists ¢ >0 and ng such that, for all n > no and for all u e
[N,‘:““‘",N,‘fy], logP(Y, > u) < —qul_g.

Finally, in Theorem 2.3, Assumption (H1) can be weakened and we may only assume (H1a)
and (H1b).

5. Application: Truncated random variable

Let us consider a centered real-valued random variable Y, admitting a finite moment of order
2 4 y for some y > 0. Set o= E[YZ]. Now, let 8 > 0 and ¢ > 0. For all n > 1, let us intro-

duce the truncated random variable Y,, defined by L(Y}) = E(Y |Y < N,’f c). Such truncated

random variables naturally appear in proofs of large-deviation results. Foralln > 1,let N, be a

natural number. We assume that N, — ocoasn — oo.Foralln > 1, let (Y,M-)1 <i<N be a fam-

ily of i.i.d. random variables distributed as Y,,. Define, for all k € [1, N, ], T x := ZLI Yo.i,
andlet 7, :=T), n,.

If Y has a light-tailed distribution, i.e. Ay(1):=log E[¢*"] < oo for some > 0, then (the
unilateral version of) the Gértner—Ellis theorem (Theorem 3.1) applies: if @ € (1/2, 1), then

y2

. 1
lim —— logP(T, > Nyy)= —557°

n—00 Nr%a_l

and if « = 1, then

lim ~log P(T, > NIy =—A}(0) = — sup {iy — Ay,
n—o00 N A0
Note that we recover the same asymptotics as for the non-truncated random variable Y. In other
words, the truncation does not affect the deviation behavior.

Now we consider the case where log P(Y > y) ~ —gy'~¢ for some ¢ > 0 and ¢ € (0, 1). In
this case, the Gértner—Ellis theorem does not apply directly; indeed, the Gartner—Ellis theorem
always provides a convex rate function (A* in Theorem 3.1) but, as can be seen in Figures 1 to
3, some of the rate functions obtained are not convex. Observe that, as soon as y, — oo,

lim sup s log P(Y,, > y,)=Ilim sup =

n—>00  yp n—>00  yp

g _qa

(logP (yo < Y <NPc) —logP (Y <NFc))
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Gaussian Maximal jump Truncated maximal jump
2
ol y— i/ (20%) wfl— g gyt // dl— g qye”
X \.
w /

2 i
. 04 08
03 00

1-
/ 0z 0.4
o5 / 01 024
o ' 18 H 25 H a8 4 0% 4 15 2 28 a a8 4 o

_~

FIGURE 1. Representation of the rate functions. Here, g =1, 02=2¢= 1/2, and ¢ = 1. Left: Gaussian

range. The typical event corresponds to the case where all the random variables are small but their sum

has a Gaussian contribution. Center: Maximal jump range. The typical event corresponds to the case

where one random variable contributes to the total sum (Ngy), regardless of the others. We recover the

random variable tail. Right: Truncated maximal jump range. The typical event corresponds to the case
where N/ —# y/c variables take the saturation value N,"? ¢, regardless of the others.

so (HIlb) is satisfied. If, moreover, y, < Nf ¢ with ¢ <c, then logP(Y, > y,)~
—gyl ™, so (H1) is satisfied for o < B. In addition, E[Y,], E[(Y, — E[Y,])*] — E[¥?], and
IE[ Y, — ]E[Y,,]|2+V ] — E[Y2+V] are exponentially decreasing to zero. Therefore, (H2") and
(H27) are satisfied, and our Theorems 2.1, 2.2, 2.3, and 4.3 directly apply (to ¥, — E[Y,,]) for
o <max (8, 1/(1 +¢)).

Fora > max (B8, 1/(1 + ¢)), the proofs easily adapt to cover all cases. To expose the results,
we separate the three cases 8 > 1/(14+¢), B <1/(1 +¢), and B =1/(1 4 ¢). We provide the
graphs of the exhibited rate functions (Figures 1 and 3) and a synthetic diagram (Figure 4).

5.1. Case B>1/(1+¢)
5.1.1. Gaussian range When o < 1/(1 + ¢) Theorem 2.2 applies and, for all y > 0,

1 . y
P et (o8 E I = =750

5.1.2. Transition I When o = 1/(1 + ¢) Theorem 2.3 applies and, for all y > O,

. 1 o . . l—e 1-¢ t2y2
lim WlogP(Tn > Nyy)=—-I(y):= —I(y)=—0<1rt1f<1 gl =07y "+ :

n—o00 <t < 202

5.1.3. Maximal jump range When 1/(1 + ¢) < a < B Theorem 2.1 applies and, for all y > 0,

: 1 o N 1—¢
lim ———1loglP(T, > N,)y)=—qy ".

n—00 Ng(l_é‘)

5.1.4. Transition 2 When o = B, forall y > 0,

1
lim —o— log (T, > Nyy) = ~h(e,y):=—q (y/e] ¢!~ + (= Ly/e] 0 ).

n—o00 Ng(l—g)
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Transition 1 Transition 2 Transition 3

wd—y— Li(y) w|—u— bicy) N—v=Liew

FIGURE 2. Representation of the rate functions. Here, g =1, 02=1,e=1/2,and ¢ = 1. Left: Transition
1. The typical event corresponds to the case where one random variable is large (N (1 — #(y))y) and
the sum of the others has a Gaussian contribution (two competing terms). Center: Transition 2. The
typical event corresponds to the case where |y/c| random variables take the saturation value Nf ¢ and
one completes to get the total sum. Right: Transition 3. The typical event corresponds to the case where

some random variables (a number of order N,ll_ﬂ (H_S)) take the saturation value N,/,S ¢, and the sum of the
others has a Gaussian contribution (two competing terms).

Observe that I is continuous on (0, co) x [0, 00). For all ¢ > 0,

0= ]P’(Tn > Ny, forallie[1, N, Y < NZ“)
a(l—e) —ae
< eftyNn E[eth Yn lYn<Nf{8]Nn

— et D)

(see the proof of Theorem 2.1). Therefore, letting t — co, Lemma 3.5 updates into

1

N—a(l_g) log I, 0 n:; —0Q.
n

For all fixed m > |y/c|+1, let ¢ <c be such that |y/c'|+1 < m. Then, I, >
P(forall i€ [1, [y/c'] 1, Yai = N [¥, 0 +1] = Ne = [y/e'] ) so

1
lim inf —i 9 log IMym = —h(c,y).

n—>00 Ng(l—E

Letting ¢’ — ¢, Lemma 3.6 updates into: for allm > |y/c] + 1,

1
liminf —=——log Iy m > —h(c. ),

n—00 Ng(l—s

which provides a lower bound for the sum of the I, ,,. To upper bound the sum of the IT, ,,
Lemma 3.7 still applies. Lemma 3.8 (more precisely (3.7)) adapts as follows: for all § € (0, 1),
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Transition Tps (¢ > ¢)

—— y—=Inle,y)

1 you(c)

Ny Tnsle,w)
324

02 04 oa oa 1 12

14 18 1 2

FIGURE 3. Representation of the rate functions. Here, ¢ =1, ol= 1, and e =1/2 (so co=1). Left:
Transition 1, for ¢ < c¢g (here, c =0.7). The typical event corresponds to the case where k3(c, y) variables
take the saturation value Nfc, and the sum of the others has a Gaussian contribution. Right: Transition
1, for ¢ > ¢g (here, c =2). The typical event corresponds to the case where k(c, y) variables take the

saturation value Nf ¢, one is also large (Nf (A =ty — ka(c, Y)O)y — ka(c, y)c)), and the sum of the others

has a Gaussian contribution.
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7
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LSS S S S S S Y
LSS S ST Y
S S S 4
LSS Y
LSS S Y
S S S S 4

P
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1/2
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Transition 1 11 (y)

FIGURE 4. Speed and rate function diagram.
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there exists n(§) > 1 such that, for all n > n(s), forallm > 1,forallu e [O, Ny y],

log P(Tyy,;m > u; forallie[1, mll, Yo > Ni°)

—q’mN,‘fs(l_E) if u < mN%®
—q' (IN%c +2)!7¢ + (u — I(N%c + 2))!=¢
= +(m—1—(m— DN ) if mN* < u<mN%c,
—00 if mNyc <
=: — M(n, m, u),
with
. { u — mNy® J
N¢c+2— N |’
Here, following the proof of Lemma 3.8, the concave function s,,: (up, ..., Uy)— ul ¢4+

St u,ln’e attains its minimum on the domain of integration at the points with all coordi—
nates equal to Ny, except for [ coordinates equal to Njc+ 2 and one coordinate equal to
u—I(NYc+2)— (m—1—1)N3°. Finally, Lemma 3.9 adapts as follows: for a(1 — el <y <
a(l—¢),

hmsup (1 5 logZ( )

r Ny

1 (k — 1)%y?
< limsup ——— e logZZexp[ (1 — 8N~ 1ﬁ—M(n, m,(l—k/r)N,‘;‘y)]
n—oo k=1 m=1
1 Al
=limsu lo exp| —M(n, m, (1 — 1/r)N%
S i ngI p[ (n,m, (1—1/r) y)]

since 2a — 1 > (1 — ¢) and, for n large enough,

1

— i log Z exp[—M(n, m, (1 — 1/N%)]
N m>Ny
1
< —0 log Z exp —gm—1—(m—D'~ ‘S)N"‘s(1 8)]
Na m>N,J{
SN e E
m>N,J{
4N’)1/ a(l s)z
— —00.
n—oo
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Now, form < N,
M(n, m,(1 —1/r)N7y)
> N2 = 8)q (LA = 1/ny/e) '~ 4+ = 1/ny = L = 1/ny/e] o' ~)
+ N1 = 8)g(m — Ly/c) —m' ™)
> N7 = ), (1= 1/ry) + Ny 71 = 8)qm — Ly/e) —m'™*).

Eventually,
N,
1 n Nn
lim sup —~—— log ( )1'[ )
n—00 Nfl[(l =€) m2=:l m o

< —(1=38)h(c, (1 —1/r)y)

Z eXp[—(l —8)qg(m— |y/c] — ml—S)st(l—s):|

mgNy’f
= —(1 — 8)]2(6‘, (1 - 1/"))’),

1
+ lim sup —~— log
Ng(lfg)

n— oo

since the latter series is convergent. The result follows letting r — oo and § — 0.
5.1.5. Truncated maximal jump range When <o <f+1andy > 0, or =8+ 1 and
y < ¢, the proof of Theorem 2.1 adapts and provides

lim
n— 00 N}f‘;—ﬁg

log P(T,, > Nyy)=—qyc™".

The upper bound stems from
o — C’SN,‘;H& ‘C’SN;‘SS Y, Nu
P(T, > Nny) <e > E[C) (1Yn<Nf£ +1N55<YH<N50)]

and the same lines as in the proof of Theorem 2.1. As for the lower bound, we write, for ¢’ < c,

log P(T, > N%) > log P(foralli € [1, [N*Py/c'11, Yui = NEC')
~ =Ny Py g '
= =N Peqy(c)*,
and we recover the upper bound when ¢’ — c.
5.1.6. Trivial case When a=f4+1 and y > ¢, or a>pB+1, we obviously have
P(T, > N;y)=0.

52. CaseB=1/(1+¢)

Here, Theorem 2.2 applies for o < 1/(1 + ). The notable fact is that the Gaussian range is
extended: it spreads up to o < 1 — Be.

5.2.1. Gaussian range When o < 1 — Be the proof of Theorem 2.2 adapts and, for all y > O,

2

log P(T,, > N%y) = — 2.

lim
202

n—00 N,%a_l
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As we said, the result for « < 1/(1 + ¢) is a consequence of Theorem 2.2. Now, suppose
B<1/(1+¢) < a<1— Be. Here, we adapt the decomposition (3.1) and (3.2) as

N

N,
(T, > Ngy)= Z <”:l>nn,ms

m=0
where, for all m € [0, N,],

My m=P(T, > Noy;forallie [, ml, Y,; > NE;forallie[m+ 1, Ny, Yu; < NE¥).

Lemma 3.5 works for o <1 — Be, adapting the proof with L(¥,) = E(Y,, | Y, < Nfs). To
upper bound the sum of the I, ,,, Lemma 3.7 still applies. Lemma 3.8 (more precisely (3.7))
adapts as follows: for all § € (0, 1), there exists n(§) > 1 such that, for all n > n(§), for all
m > 1, forall u € [0, N%y],

log (T, > u;forallie[1,m], Y,; > Nfs)

—q’mN,’?g(lfg) ifu< mN,/‘?E,
q’(l(Nfc—l— 2)178 + (u — l(Nfc—i—Z))]ig
—l—(m—l—(m—l)l’g)Nfg(l_g)) imefa < u<mN,’fc,
—00 if mec <u
=: —M(n, m, u,
with
= u— mN,’?"3
Neceyo—nNEE |

Here, following the proof of Lemma 3.8, the concave function s,,: (ug, ..., iy) — ul 4

-4 u,ln_g reaches its minimum on the domain of integration at the points with all coordi-
nates equal to Nf ¢, except for [ coordinates equal to N,’f ¢+ 2 and one coordinate equal to
u— l(N,fc +2)—(m—1- 1)NP? . Finally, Lemma 3.9 adapts as follows: for 2a — 1 — Be(1 —
&)<y <o — fe (note that 200 — 1 < ¢ — Be),

lim sup — log Z ( )

n—oo
1 ((k 1>/r)2y2>}
< limsup ———lo exp| —(1 =346 N2°‘ 1= 777
Ny
x Z e—M(n,m,(l—k/r)N;,"y).
m=1

For k < r — 1 and n large enough,

1 log Z e—M(nm(l k/r)Nyy)
A2a—1
N m>Njy
1
< = —— log Z exp —gdm—1—m—-D"" E)N’fg(l_a)]

m>N,l
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—— log Z exp[ mNﬂs(] 5)]

m>N,,
2a—1—Be(1—
4N,71’ (Qa—1-PBe(1—¢))
— —00
n—oo
and
1 M ”
(n,m,(1—=k/r)Nyy)
N2 a7 log Z ©

m <Ny
< —(1 = 8)gNe=Pe=Ca =1 1y (re) | !¢

1 1- (1—¢)
+N20¢—1 log Z exp[—(1 = 8)g(m — I — (m — 1) £)NPe ]
" m< NY
— > —o0,

n—oQ

since the latter series is convergent. Eventually,

lim sup——— 2 logz< ) nm

n— o0

1—1/r%? 1 pe(l—e)
< —(1- S)i + lim sup ——— log Z ¢4 N

202 n—oo N2

n m=1

(A= 1/ry?

——(1-3 :

since the latter series is convergent. The result follows letting r — oo and § — 0.

5.2.2. Transition 3 When o = 1 — B¢ the proof of Theorem 2.3 adapts and, for all y > 0,

1 t2y2
1 _— > o = — = — 1 — —€ _—
lim N log P(Ty > Nyy)=—I3(c,y):=— inf 1{q(l nye ™ + }

n— 00 <t< 202
i .
_ 3z if y < y3(0),
I
&~ 520 ify>y3(0),

&

with y3(c) := go2c™
5.2.3. Truncated maximal jump range When 1 — fe <o <1+ Bandy > O,ora =1+ B and
y < ¢, as before, the proof of Theorem 2.1 adapts and

lim e,

n—oo Nn

1
—5z l0g P(T, = Nyy) = —qyc

5.2.4. Trivial case When a«=f4+1 and y > ¢, or a>pB+1, we obviously have
P(T, > N%y)=
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53. Case B=1/(1+¢)
5.3.1. Gaussian range When o < 1/(1 + ¢) = B Theorem 2.2 applies and, for ally > 0,

1 2
Tim. e log P(T,, > Ngy)z—%.
5.3.2. Transition Ty As in Section 2 after the statement of Theorem 2.3, we define #(y) and y;
for the function f(r) = g(1 — 1) ~¢y1 ¢ 4+ 12y2 /(202). Define (y) := 1 for y < y; and (y) := 1(y)
for y > yj, and notice that 7 is decreasing on [yl, 00) (and 7(y) = 0 as y — 00). Set ¢y :=
(1 =7yDy1 = (2ego)! /(0.
Whena=1/(1+¢)=p8and c < cg, then

L 0= ko o? _

. > NY%) — — 1—¢ _—
nll>ngo N’%a_l log ]P)(Tn = Nny) ko,l(Ca J’)C 20_2 IO,l(C’ y)a
where
ko,1(c, y) := max <VL01(C)J +1, O) , and yp i(c):= g +go’ct
c
(v0.1(c) is the unique solution in y of y> — (y — ¢)> = 202gc! ).
Whena=1/(1+¢)=p8and c > co, then
lim ———log P(T;, > Niy) = —gkoa(c, y)c' = +I(y — ko.a(c, y)o) =: —Ioa(c, y),
n—od Nl’l
where
ko 2(c, y) := max <\\L02(C)J +1, O) , and yp2(c):=c+(1— 8)6]0’20_8
c

(¥0.2(c) is the unique solution in y of (1 —#(y))y = c).

We remark that, for all ¢ < ¢, yo,1(c) > y1, so the Gaussian range in the truncated case is
extended compared with the range in the non-truncated case (where it stops at y;). Moreover,
Y0,1(c0) = y1 = y0,2(co) and o, (co, ) = Io,2(co, -) (since I1(y) = y*/(20%) for y < y1).

5.3.3. Truncated maximal jump range When 1/(1 +e)=B8<a<B+1landy > 0, or o =
1 4 B and y < ¢, as before, the proof of Theorem 2.1 adapts and

lim
n—00 N —Be

log (T, > NYy) = —qyc™°.

5.3.4. Trivial case When «a=pf+1 and y > ¢, or «>pB+1, we obviously have
P(T, > Niy)=0.
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