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Abstract

As is well known, the holomorphic sectional curvature is just half of the sectional curvature in a holomorphic plane
section on a Kéhler manifold (Zheng, Complex differential geometry (2000)). In this article, we prove that if the
holomorphic sectional curvature is half of the sectional curvature in a holomorphic plane section on a Hermitian
manifold then the Hermitian metric is Kéhler.

1. Introduction

Let M be an n-dimensional complex manifold. Suppose % is a Hermitian metric on M with g=Reh
the background Riemannian metric. There are two canonical connections associated to & and g, the
Hermitian (or Chern) connection D and the Riemannian (or Levi-Civita) connection V. As is well
known, the Chern connection D coincides with the Levi-Civita V if and only if % is K&hler [2]. Hence,
curvatures associated with these two canonical connections are tightly related on Kéhler manifolds.

Suppose that z=(z',--- ,z") is a local holomorphic coordinate system on M. Denote by h=
he3(z)dz* ® dz’ a Hermitian metric on M, where h,;(z) are smooth functions and H = (h,5(z)) is an
n X n positive definite Hermitian matrix. Let D denote the Chern connection of the Hermitian manifold
(M, h). Its connection 1-forms are given by

0y = Iy, d7",

Y

where
< 0hgs
a __ 1,8a Bé
Iy, =3 (1.1)
Since 80g — 9}; A 9; =0, the curvature form of the Chern connection D is
005 = 5 . d" AdZ,
where
ary - 0%hgs < Ohg: . 0h,;
Z S=— _ﬂ# — _hﬁa_ﬂf tha _lshsy __V‘S (12)
” az" 0z107" azt 7’
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The holomorphic sectional curvature tensor is defined by
32/10,5 0h,; s ohp

Oupus = NypOps = — = —. 1.3
P = e dz1dz" 7t 97 (1)
The holomorphic bisectional curvature in two dlrectlons y=1 a_w w=w"-= b e Tl OM and the holomor-
phic sectional curvature in the direction v = v* 3 € T'"M are, respectlvely, deﬁned by
Oy gV VW WY
HBSC(z; v, w) = —22 1.4
@&v.w) hogve VP - hgwiwy’ 14
®ot " 581,05V
HSC(z;v) = P P20 (1.5)
(hagv"‘\_/ﬂ )
An n-dimensional complex manifold M is also a 2n-dimensional real manifold. Set
x = (Re(2), Im (z)) € R*,
and
A(x)=Re(H(z)), B(x)=Im(H(2)), (1.6)
then
G0 = (5) A B (17)
X ey = .
J 2n><2n —B(x) A(x)
is a positive definite real symmetric matrix and
. Ai(x)  Bi(x)
G = (5'W),, , = (1.8)
S —Bi(x) Ai(x)
where
A(x)=Re(H'(2)), Bi(x)=Im(H '(2)). (1.9)
Therefore, g = Re h = g;(x)dx’ ® dx’ is a Riemannian metric on M, where
1 .
dx" = > d* +dz%), dx*"= —% (dz* —dz") . (1.10)
Let us denote by V the Levi-Civita connection, then its connection 1-forms are given by
wf =y, dx,
where
1 dgu | 08y 08y
= ol | 22 282 1.11
Yi=38 ( ox + axi  ox! (11D
The curvature form of the Levi-Civita connection V is
1
dw), — o} A ), = Riudx Adx,
where
W= oy " Do syt =i, (1.12)
In local coordinates, we denote by R =R} d¥ ® 7 ® dx* ® dx'. The sectional curvature tensor is
defined by
Rijkl =8 th/’-lkl-

In local coordinates,

1 d%g; 9%g. d%g; 9%g. )
Ry = ( Sl S U )+g” Uik, s1Lil, 1] — L, slik. £]) . (1.13)

oxXaxk  oxox!  Oxox!  Oxiox
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where

0g;s  0&ks 8gjk> (1.14)

1
’ks == PR —
Uk-s1=7 (E)x" T o,

The sectional curvature of the 2-plane Il(u, y) spanned by two linearly independent tangent vectors

u=u'rs, y=y € T.M of the Riemannian metric g is defined by

g(R(u, y)y, u) _ R@/klui}’/“kyl
8, )8, y) — 8, Y (858 — Luguwy y!
For a Hermitian manifold (M, ), a 2-plane I1(u, Ju) is called a holomorphic plane section in [4], where
u € TM and J is the complex structure on M.

Assume £ is a Kéhler metric, then the holomorphic sectional curvature is just half of the sectional
curvature in a holomorphic plane section [4], i.e.,

K u,y)= (1.15)

1
HSC(z;v) = §K(x; u,Ju), VYve TZI’OM, u=v+veTlM. (1.16)

A nature question arises, when a Hermitian metric % satisfies (1.16), must it be Kdhler? In this article,
we give a positive answer.

Main Theorem Let (M, h) be a Hermitian manifold. If the holomorphic sectional curvature is just
half of the sectional curvature in a holomorphic plane section, i.e., (1.16) holds, then h is a Kdhler
metric.

2. Proof of main theorem

In this section, we consider a Hermitian manifold such that the holomorphic sectional curvature is half
of the sectional curvature in a holomorphic plane section.
For simplicity, we introduce some notations. Denote by

9 (0 9 (9 9 9 (9 9
ax  \ax"  Coax>)’ 9z \az'"  az)’ az \az"" oz )’

dy=(dx',---,d¥"), de=(dZ',---.dZ"), dz=(dZ',---,dZ").
Then
3 3 9 el
ﬁ‘(a?a?)F dx = (dz, d7) (F) ", 2.1)
where

1o at L1 il
F=(1 —iI)’ () =5(1 i1>’

I is the n X n unit matrix, and F* means transposition of F'. We will denote by

=17

the 2n x 2n matrix associated with the complex structure J when no confusion can rise. Then

. (0 1 = (I O
FF_Z(I o) FF=2{, ;) (2.2)
FJF' = =2iJ, FJFlzi((I) _OI>. (2.3)
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For any v=v"% e T''M, we setu=u' 2%, ii=1it' ;= € T,M such that

axt

- - - i _
MD( :ua+n — (Vu +Va) , ua+n — _ua — (va _va) .
2 2
Then
u=v+v, u=-—iv—v)=-Ju.
Setv=0',...,v),u=®!,...,u*), 0= (=@,...,u*"), we have

It is easy to check that JG = GJ, JGJ' = G, and

1

uG = (vH, VH) (F’)‘ , 0uG=—i(vH,—vH) (F')

Given w =w" -2 € T''M, we sety y'&, 3=y € T.M such that

o

ym :5]&+n — 5 (Wa + wa) , ya+n — _y

andw=W'...,.w), y=0"....9"), y=G"...,9"). Then

1
uGy' =uGy' = 3 (wHﬁv’ + WHYY/’) ,

uG&’:—ﬁGy’:é

Especially, g(u, u) = uG ' = —uGu’' = 0.

Lemma 2.1. Given a Hermitian manifold (M, h), then
1 0hyp

lR WU WYy = ———(v"‘v_v*“w”\_/” + W“T/ﬁv"“ﬁ/”)
2 2 0z407"
1 0hy; s 0h,5 ,_ -
+ I VW +wvh) ﬁhwgyf(w”vﬁ +v'w
_ lva ahuk _ ahaﬁ hky ahyﬁ _ 8h#.5
4 82 a7+ az+ 97"

1 Ohy;  Ohys
— = %)\ —— | nY
4 0z’ az

Proof. For simplicity, we denote by
2

oo’ Lom =V

Loy=uy

Ly =Ly =v'wf PR Lsw =

dhyz 08
— y__ %P _ k ij
v(H) = <v Py )nxn , wG)= (u ot

and
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Oy Mg
az* 97¥

—1

i o — o
__E(W _W)’

)

) whp?

> VAP

2.4)

(2.5)

(2.6)

2.7

(2.8)

(2.9)

(2.10)

2.11)
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A 82gk1 = 82h v
L,y G)=|uy —— Ly (H) = (v ——
«(©) (uyaxtaxf o =\ )

In addition, we set

a=vHwW — wHvV', b=vHW + wHV',

- _ da

o= v(w(H)) +wW(H)) + v(w(H)) — w(W(H)) — P
- - da

B=wW(H)) + v(w(H)) + wi(H)) — viw(H)) + a_z’

€= vOn(H)) + W (H) = vPH)) = w(H) + 5.
ab

P =w(H)) + v(w(H)) + w(i(H)) + v(w(H)) — P

A direct computation shows
Loy + Lagy =2 (me + L(\'},w)) ) (2.12)

Ly — Lug =2i (L — Low) - (2.13)

Hence,

1 3%giz + 82.gjk . 32vgik _ 32?8,‘1 u l}iykj)l
4 \oxoxk  oxox! oxox  Oxioxt

1 o
=;u (Lay(G) — Lus(G) 7' — yia (Las(G) + Luy(G)

1
=-— 5 [v (L (D) ' + w (Lo (D) ¥']

0%h,5 _ 9%h,
==3 |: L ob v’ 4 i

o= B
0z7407" 0z7407" :|

By a direct computation, we have

O Gy =L (29 99 p_ ;i (29 9
o (105) = 2<az’az>F_ ’(az’az>(F) :
3y . , o
y(ﬁG)—i—ljt(yG)—a(UGy’)Z—l(M—ﬂ) (F) 1,
9 o
u(FG) +3 (uG) — - (FGu) = ~i (%, ~#) (F') L

Hence,

ag/s agks %) I’:t/yk gsz (% + % . agil) uij}l

B ox! ox! ox!

1 -
_ o .k, ‘l, flu l’:t/ k=1 :
S8 Uk sllil, quw Wy y = o\ =5+ =5 = 500

1
8
1 9 - )
g (0G) + it (yG) — — (uGy )) G (u FG) +y (uG) — o (yGu))
—= (@ —a) (F)" _]F_'(%’—%)l

0 H!

=—— (7%~ (Hl 0 )(%‘,—53)'

>—~°°|_‘/‘\/‘\
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Similarly,
I @565) = 2 Gy = (22,22 ()"
52 367 = g (o) = (. 32) 0
.- . 9 . . - -1
—(u(yG)+y(1uG)—a(UGYI))=(%%) (F)
0 o (o
u(yG) +ymG) - o (uGy’) = (2. 9) (F)

and

| i ko~ 1 (g, 08 0gi\ -~ 0gi  0gu 08w\
_ o8 l, k, A it kol — J _ ot W L5t | ZoH oK Ok ik
28 Ul sllik e iy y = =4 <8x’ Toaw e )V o T T )Y

1
= ( (F6) +7 (16)
9 nGy') | G G G 9 Gy' t
- (167) ) 6 (456 +y @) — 1 (a6 )
_ % ©%) (F)" 6 " (2.9)
1 - 0 H! -\t
- —%))(H_l A )(@,—_@)

_ 1 (er7 + 2177

16
Therefore,
1 st (s . . . i~j kol
Eg ([]k’ S][ll, t] - []l’ S][lk’ t]) u ul y y
1 y
=1 [v(w(H)) + w(v(H)] H™'[v(w(H)) + w(v(H))]
1 _ d (VHwW") 0 (VHw'")
— 5 [V - === | vy - =
z 0z
1 _ 0 (wHv J (wHv'
1 [w(v(H)) - %} [ () — ﬁ}
z a9z
1(vw“+w“ v ahuh 8811;5( P4+ vwf)
_ lvav—vv % _ % th ahyﬁ _ ahP«B W;/_‘—/ﬁ
4 07" bo s o+ 0z¥
_ lww{,v Ohai _ Bhay W Oy Ohup VAP
4 07" a7 ozH 0z¥
This completes the proof. O

Now we prove Main Theorem.

Theorem 2.2. (Main Theorem). Let (M, h) be a Hermitian manifold. If the holomorphic sectional
curvature is just half of the sectional curvature in a holomorphic plane section, i.e., (1.16) holds, then
h is a Kdhler metric.
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Proof. Take y =u in (2.11), then

745

1 - 1 oh,;:  Ohyi\ s (0h,;  0h,; _
Ryt Wil — © g,V VPV = — v [ 22— 2 ) (2L - ) ef, (2.14)
2 2 ke a7+ azt az¥
We can see
1 .
ERUklull}]“kﬁl = ®a/§uﬁva‘_’ﬂvu‘_’u’
if and only if
- 8hui ahm_)
N o T ) (2.15)
07" 07+
1,0 0hys ol
holds for any veT'’M. Take v=e¢,=(1,0,...,0), then oo = P 1<Xi<n. Take v=
‘ z z
8]”12}L 8h2§ 8hni ahnﬁ
e,=(0,1,...,0), then — =——, 1<A<n. --- Take v=¢,=(0,0,...,1), then — = —,
8Z2 8Z'“ ah ah 8z” azk
1 <A < n. Take v=e¢, + ¢4, where | <a <B<nor 1 <B <a<n, then ?‘?: 8_":, I<i<n.
Z z
Hence, if
1
HSC(z;v) = EK(X; u, Ju),
then
dohy;  Ohyg
ﬁ_ 82)" IEO[?ﬁ’)"Sn,
i.e., his a Kdhler metric. O
As is well known, if 4 is a Kidhler metric, then [1,3]
2R,jk,ui)/uky’ = @a[;,w(vc‘v'vﬁ — w“\'/ﬁ)(w“f/” — v“v‘v"). (2.16)

Now we have the following result.

Proposition 2.3. Let (M,h) be a Hermitian manifold such that (2.16) holds for any two directions u, y €

T.M. Then h is a Kiihler metric.

1 .
Proof. Take y = i, it follows from (2.16) that ER,-jk,u’z}’ukﬁl — OV VV*9" =0 holds for any u €

T.M. By the proof of Main Theorem, we complete the proof.

O
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