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Abstract
As is well known, the holomorphic sectional curvature is just half of the sectional curvature in a holomorphic plane
section on a Kähler manifold (Zheng, Complex differential geometry (2000)). In this article, we prove that if the
holomorphic sectional curvature is half of the sectional curvature in a holomorphic plane section on a Hermitian
manifold then the Hermitian metric is Kähler.

1. Introduction

Let M be an n-dimensional complex manifold. Suppose h is a Hermitian metric on M with g = Re h
the background Riemannian metric. There are two canonical connections associated to h and g, the
Hermitian (or Chern) connection D and the Riemannian (or Levi-Civita) connection ∇. As is well
known, the Chern connection D coincides with the Levi-Civita ∇ if and only if h is Kähler [2]. Hence,
curvatures associated with these two canonical connections are tightly related on Kähler manifolds.

Suppose that z = (z1, · · · , zn) is a local holomorphic coordinate system on M. Denote by h =
hαβ̄(z)dzα ⊗ dz̄β a Hermitian metric on M, where hαβ̄(z) are smooth functions and H = (hαβ̄(z)) is an
n × n positive definite Hermitian matrix. Let D denote the Chern connection of the Hermitian manifold
(M, h). Its connection 1-forms are given by

θα

β
= Γ α

βγ
dzγ ,

where

Γ α

βγ
= hδ̄α

∂hβδ̄

∂zγ
. (1.1)

Since ∂θα
β

− θ
γ

β ∧ θα
γ

= 0, the curvature form of the Chern connection D is

∂̄θα

β
= 	α

βμν̄
dzμ ∧ dz̄ν ,

where

	α

βμν̄
= −∂Γ α

βμ

∂ z̄ν
= −hδ̄α

∂2hβδ̄

∂zμ∂ z̄ν
+ hδ̄α

∂hβε̄

∂zμ
hε̄γ

∂hγ δ̄

∂ z̄ν
. (1.2)
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The holomorphic sectional curvature tensor is defined by

	αβ̄μν̄ = hγ β̄	
γ

αμν̄ = − ∂2hαβ̄

∂zμ∂ z̄ν
+ ∂hαλ̄

∂zμ
hλ̄κ

∂hκβ̄

∂ z̄ν
. (1.3)

The holomorphic bisectional curvature in two directions v = vα ∂

∂zα
, w = wα ∂

∂zα
∈ T1,0

z M and the holomor-
phic sectional curvature in the direction v = vα ∂

∂zα
∈ T1,0

z M are, respectively, defined by

HBSC(z; v, w) = 	αβ̄μν̄vα v̄βwμw̄ν

hαβ̄vα v̄β · hμν̄wμw̄ν
, (1.4)

HSC(z; v) = 	αβ̄μν̄vα v̄βvμv̄ν(
hαβ̄vα v̄β

)2 . (1.5)

An n-dimensional complex manifold M is also a 2n-dimensional real manifold. Set

x = (Re (z), Im (z)) ∈R
2n,

and

A(x) = Re (H(z)), B(x) = Im (H(z)), (1.6)

then

G(x) = (
gij(x)

)
2n×2n

=
(

A(x) B(x)

−B(x) A(x)

)
(1.7)

is a positive definite real symmetric matrix and

G(x)−1 = (
gij(x)

)
2n×2n

=
(

A1(x) B1(x)

−B1(x) A1(x)

)
, (1.8)

where

A1(x) = Re (H−1(z)), B1(x) = Im (H−1(z)). (1.9)

Therefore, g = Re h = gij(x)dxi ⊗ dxj is a Riemannian metric on M, where

dxα = 1

2
(dzα + dz̄α) , dxα+n = − i

2
(dzα − dz̄α) . (1.10)

Let us denote by ∇ the Levi-Civita connection, then its connection 1-forms are given by

ωk
i = γ k

ij dxj,

where

γ k
ij = 1

2
gkl

(
∂gil

∂xj
+ ∂gjl

∂xi
− ∂gij

∂xl

)
. (1.11)

The curvature form of the Levi-Civita connection ∇ is

dωl
k − ωh

k ∧ ωl
h = 1

2
Rl

kijdxi ∧ dxj,

where

Rl
kij =

∂γ l
kj

∂xi
− ∂γ l

ki

∂xj
+ γ h

kjγ
l

hi − γ h
kiγ

l
hj. (1.12)

In local coordinates, we denote by R= Ri
jkldxj ⊗ ∂

∂xi ⊗ dxk ⊗ dxj. The sectional curvature tensor is
defined by

Rijkl = gihR
h
jkl.

In local coordinates,

Rijkl = 1

2

(
∂2gil

∂xj∂xk
+ ∂2gjk

∂xi∂xl
− ∂2gik

∂xj∂xl
− ∂2gjl

∂xi∂xk

)
+ gst ([jk, s][il, t] − [jl, s][ik, t]) , (1.13)
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where

[jk, s] = 1

2

(
∂gjs

∂xk
+ ∂gks

∂xj
− ∂gjk

∂xs

)
. (1.14)

The sectional curvature of the 2-plane �(u, y) spanned by two linearly independent tangent vectors
u = ui ∂

∂xi , y = yi ∂

∂xi ∈ TxM of the Riemannian metric g is defined by

K(x; u, y) = g(R(u, y)y, u)

g(u, y)g(y, y) − g(u, y)2
= Rijkluiyjukyl

(gijgkl − gilgjk)uiujykyl
. (1.15)

For a Hermitian manifold (M, h), a 2-plane �(u, Ju) is called a holomorphic plane section in [4], where
u ∈ TM and J is the complex structure on M.

Assume h is a Kähler metric, then the holomorphic sectional curvature is just half of the sectional
curvature in a holomorphic plane section [4], i.e.,

HSC(z; v) = 1

2
K(x; u, Ju), ∀v ∈ T1,0

z M, u = v + v̄ ∈ TxM. (1.16)

A nature question arises, when a Hermitian metric h satisfies (1.16), must it be Kähler? In this article,
we give a positive answer.

Main Theorem Let (M, h) be a Hermitian manifold. If the holomorphic sectional curvature is just
half of the sectional curvature in a holomorphic plane section, i.e., (1.16) holds, then h is a Kähler
metric.

2. Proof of main theorem

In this section, we consider a Hermitian manifold such that the holomorphic sectional curvature is half
of the sectional curvature in a holomorphic plane section.

For simplicity, we introduce some notations. Denote by
∂

∂x
=
(

∂

∂x1
, · · · ,

∂

∂x2n

)
,

∂

∂z
=
(

∂

∂z1
, · · · ,

∂

∂zn

)
,

∂

∂ z̄
=
(

∂

∂ z̄1
, · · · ,

∂

∂ z̄n

)
,

dx = (
dx1, · · · , dx2n

)
, dz = (

dz1, · · · , dzn
)

, dz̄ = (
dz̄1, · · · , dz̄n

)
.

Then
∂

∂x
=
(

∂

∂z
,

∂

∂ z̄

)
F, dx = (dz, dz̄)

(
Ft
)−1

, (2.1)

where

F =
(

I iI
I −iI

)
,

(
Ft
)−1 = 1

2

(
I −iI
I iI

)
,

I is the n × n unit matrix, and Ft means transposition of F. We will denote by

J =
(

0 −I
I 0

)
the 2n × 2n matrix associated with the complex structure J when no confusion can rise. Then

FFt = 2

(
0 I
I 0

)
, FF̄t = 2

(
I 0
0 I

)
, (2.2)

FJFt = −2iJ, FJF−1 = i

(
I 0
0 −I

)
. (2.3)
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For any v = vα ∂

∂zα
∈ T1,0

z M, we set u = ui ∂

∂xi , ũ = ũi ∂

∂xi ∈ TxM such that

uα = ũα+n = 1

2
(vα + v̄α) , uα+n = −ũα = − i

2
(vα − v̄α) .

Then

u = v + v̄, ũ = −i(v − v̄) = −Ju. (2.4)

Set v= (v1, . . . , vn), u= (u1, . . . , u2n), ũ= (ũ1, . . . , ũ2n), we have

u= (v, v̄)(Ft)−1, ũ=uJ. (2.5)

It is easy to check that JG = GJ, JGJt = G, and

FGFt = 2

(
0 H̄
H 0

)
, (Ft)−1GF−1 = 1

2

(
0 H
H̄ 0

)
, (2.6)

FG−1Ft = 2

(
0 H̄−1

H−1 0

)
, (Ft)−1G−1F−1 = 1

2

(
0 H−1

H̄−1 0

)
, (2.7)

uG = (
vH, v̄H̄

) (
Ft
)−1

, ũG = −i
(
vH, −v̄H̄

) (
Ft
)−1

. (2.8)

Given w = wα ∂

∂zα
∈ T1,0

z M, we set y = yi ∂

∂xi , ỹ = ỹi ∂

∂xi ∈ TxM such that

yα = ỹα+n = 1

2
(wα + w̄α) , yα+n = −ỹα = − i

2
(wα − w̄α) ,

and w= (w1, . . . , wn), y= (y1, . . . , y2n), ỹ= (ỹ1, . . . , ỹ2n). Then

uG yt =ũGỹt = 1

2

(
vHw̄t +wHv̄t

)
, (2.9)

uG ỹt = − ũGyt = i

2

(
vHw̄t −wHv̄t

)
. (2.10)

Especially, g(u, ũ) =uG ũt = −ũGut = 0.

Lemma 2.1. Given a Hermitian manifold (M, h), then
1

2
Rijklu

iũjykỹl = −1

2

∂hαβ̄

∂zμ∂ z̄ν

(
vαw̄βwμv̄ν + wα v̄βvμw̄ν

)

+ 1

4
(vαwμ + wαvμ)

∂hαλ̄

∂zμ
hλ̄γ

∂hγ β̄

∂ z̄ν

(
w̄ν v̄β + v̄νw̄β

)

− 1

4
vαw̄ν

(
∂hαλ̄

∂ z̄ν
− ∂hαν̄

∂ z̄λ

)
hλ̄γ

(
∂hγ β̄

∂zμ
− ∂hμβ̄

∂zγ

)
wμv̄β (2.11)

− 1

4
wα v̄ν

(
∂hαλ̄

∂ z̄ν
− ∂hαν̄

∂ z̄λ

)
hλ̄γ

(
∂hγ β̄

∂zμ
− ∂hμβ̄

∂zγ

)
vμw̄β .

Proof. For simplicity, we denote by

L(u,y) = uiyj ∂2

∂xi∂xj
, L(v,w) = vαwβ

∂2

∂zα∂zβ
,

L(v,w̄) = L(w̄,v) = vαw̄β
∂2

∂zα∂ z̄β
, L(v̄,w̄) = v̄αw̄β

∂2

∂ z̄α∂ z̄β
,

and

v(H) =
(

vγ
∂hαβ̄

∂zγ

)
n×n

, u(G) =
(

uk ∂gij

∂xk

)
2n×2n

,
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L(u,y)(G) =
(

uiyj ∂2gkl

∂xi∂xj

)
2n×2n

, L(v,w̄)(H) =
(

vαw̄β
∂2hμν̄

∂zα∂ z̄β

)
n×n

.

In addition, we set

a = vHw̄t −wHv̄t, b = vHw̄t +wHv̄t,

A = v(w(H)) +w(v(H)) + v(w̄(H)) −w(v̄(H)) − ∂a

∂ z̄
,

B =w(v(H)) + v(w(H)) +w(v̄(H)) − v(w̄(H)) + ∂a

∂ z̄
,

C = v(w(H)) +w(v(H)) − v(w̄(H)) −w(v̄(H)) + ∂b

∂ z̄
,

D =w(v(H)) + v(w(H)) +w(v̄(H)) + v(w̄(H)) − ∂b

∂ z̄
.

A direct computation shows

L(u,y) + L(ũ,ỹ) =2
(
L(v,w̄) + L(v̄,w)

)
, (2.12)

L(ũ,y) − L(u,ỹ) =2i
(
L(v̄,w) − L(v,w̄)

)
. (2.13)

Hence,

1

4

(
∂2gil

∂xj∂xk
+ ∂2gjk

∂xi∂xl
− ∂2gik

∂xj∂xl
− ∂2gjl

∂xi∂xk

)
ui ũj yk ỹl

=1

4
u
(
L(ũ,y)(G) − L(u,ỹ)(G)

)
ỹt − 1

4
u
(
L(ũ,ỹ)(G) + L(u,y)(G)

)
yt

= − 1

2

[
v
(
L(v̄,w)(H)

)
w̄t +w (L(v,w̄)(H)

)
v̄t
]

= − 1

2

[
∂2hαβ̄

∂zμ∂ z̄ν
wα v̄βvμw̄ν + ∂2hαβ̄

∂zμ∂ z̄ν
vαw̄βwμv̄ν

]
.

By a direct computation, we have

∂

∂x

(
ũGyt

)= − i

2

(
∂a

∂z
,
∂a

∂ z̄

)
F = −i

(
∂a

∂ z̄
,
∂a

∂z

) (
Ft
)−1

,

y (ũG) + ũ (yG) − ∂

∂x

(
ũGyt

)= −i
(
A, −Ā

) (
Ft
)−1

,

u (ỹG) + ỹ (uG) − ∂

∂x

(
ỹGut

)= −i
(
B, −B̄

) (
Ft
)−1

.

Hence,
1

2
gst[jk, s][il, t] ui ũj yk ỹl = 1

8

(
∂gjs

∂xk
+ ∂gks

∂xj
− ∂gjk

∂xs

)
ũj yk gst

(
∂git

∂xl
+ ∂glt

∂xi
− ∂gil

∂xt

)
ui ỹl

= 1

8

(
y (ũG) + ũ (yG) − ∂

∂x

(
ũGyt

))
G−1

(
u (ỹG) + ỹ (uG) − ∂

∂x

(
ỹGut

))t

= −1

8

(
A, −Ā

) (
Ft
)−1

G−1F−1
(
B, −B̄

)t

= − 1

16

(
A, −Ā

) ( 0 H−1

H̄−1 0

) (
B, −B̄

)t

= 1

16

(
AH−1B̄

t + BH−1Ā
t
)

.
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Similarly,

∂

∂x

(
ũGỹt

)= ∂

∂x

(
uGyt

)=
(

∂b

∂ z̄
,
∂b

∂z

) (
Ft
)−1

,

−
(

ũ (ỹG) + ỹ (ũG) − ∂

∂x

(
ũGỹt

))= (
C, C̄

) (
Ft
)−1

,

u (yG) + y (uG) − ∂

∂x

(
uGyt

)= (
D, D̄

) (
Ft
)−1

,

and

−1

2
gst[jl, s][ik, t]ui ũj yk ỹl = −1

8

(
∂gjs

∂xl
+ ∂gls

∂xj
− ∂gjl

∂xs

)
ũj ỹlgst

(
∂git

∂xk
+ ∂gkt

∂xi
− ∂gik

∂xt

)
uiyk

= −1

8

(
ũ (ỹG) + ỹ (ũG)

− ∂

∂x

(
ũGỹt

) )
G−1

(
u (yG) + y (uG) − ∂

∂x

(
uGyt

))t

= 1

8

(
C, C̄

) (
Ft
)−1

G−1 (F)
−1
(
D, D̄

)t

= 1

16

(
C, −C̄

) ( 0 H−1

H̄−1 0

) (
D, −D̄

)t

= 1

16

(
CH−1D̄

t + DH−1C̄
t
)

.

Therefore,

1

2
gst ([jk, s][il, t] − [jl, s][ik, t]) ui ũj yk ỹl

=1

4
[v(w(H)) +w(v(H))] H−1[v(w(H)) +w(v(H))]

t

− 1

4

[
v(w̄(H)) − ∂ (vHw̄t)

∂ z̄

]
H−1

[
v(w̄(H)) − ∂ (vHw̄t)

∂ z̄

]t

− 1

4

[
w(v̄(H)) − ∂ (wHv̄t)

∂ z̄

]
H−1

[
w(v̄(H)) − ∂ (wHv̄t)

∂ z̄

]t

=1

4
(vαwμ + wαvμ)

∂hαλ̄

∂zμ
hλ̄γ

∂hγ β̄

∂ z̄ν

(
w̄ν v̄β + v̄νw̄β

)
− 1

4
vαw̄ν

(
∂hαλ̄

∂ z̄ν
− ∂hαν̄

∂ z̄λ

)
hλ̄γ

(
∂hγ β̄

∂zμ
− ∂hμβ̄

∂zγ

)
wμv̄β

− 1

4
wα v̄ν

(
∂hαλ̄

∂ z̄ν
− ∂hαν̄

∂ z̄λ

)
hλ̄γ

(
∂hγ β̄

∂zμ
− ∂hμβ̄

∂zγ

)
vμw̄β .

This completes the proof.

Now we prove Main Theorem.

Theorem 2.2. (Main Theorem). Let (M, h) be a Hermitian manifold. If the holomorphic sectional
curvature is just half of the sectional curvature in a holomorphic plane section, i.e., (1.16) holds, then
h is a Kähler metric.
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Proof. Take y = u in (2.11), then
1

2
Rijklu

iũjukũl − 	αβ̄μν̄vα v̄βvμv̄ν = −1

2
vα v̄ν

(
∂hαλ̄

∂ z̄ν
− ∂hαν̄

∂ z̄λ

)
hλ̄γ

(
∂hγ β̄

∂zμ
− ∂hμβ̄

∂zγ

)
vμv̄β . (2.14)

We can see
1

2
Rijklu

iũjukũl = 	αβ̄μν̄vα v̄βvμv̄ν ,

if and only if

vα v̄ν

(
∂hαλ̄

∂ z̄ν
− ∂hαν̄

∂ z̄λ

)
= 0 (2.15)

holds for any v ∈ T1,0
z M. Take v= e1 = (1, 0, . . . , 0), then

∂h1λ̄

∂ z̄1
= ∂h11̄

∂ z̄λ
, 1 ≤ λ ≤ n. Take v=

e2 = (0, 1, . . . , 0), then
∂h2λ̄

∂ z̄2
= ∂h22̄

∂ z̄λ
, 1 ≤ λ ≤ n. · · · Take v= en = (0, 0, . . . , 1), then

∂hnλ̄

∂ z̄n
= ∂hnn̄

∂ z̄λ
,

1 ≤λ ≤ n. Take v= eα + eβ , where 1 ≤ α < β ≤ n or 1 ≤ β < α ≤ n, then
∂hαλ̄

∂ z̄β
= ∂hαβ̄

∂ z̄λ
, 1 ≤ λ ≤ n.

Hence, if

HSC(z; v) = 1

2
K(x; u, Ju),

then
∂hαλ̄

∂ z̄β
= ∂hαβ̄

∂ z̄λ
, 1 ≤ α, β, λ ≤ n,

i.e., h is a Kähler metric.

As is well known, if h is a Kähler metric, then [1,3]

2Rijklu
iyjukyl = 	αβ̄μν̄

(
vαw̄β − wα v̄β

)(
wμv̄ν − vμw̄ν

)
. (2.16)

Now we have the following result.

Proposition 2.3. Let (M,h) be a Hermitian manifold such that (2.16) holds for any two directions u, y ∈
TxM. Then h is a Kähler metric.

Proof. Take y = ũ, it follows from (2.16) that
1

2
Rijklu

iũjukũl − 	αβ̄μν̄vα v̄βvμv̄ν = 0 holds for any u ∈
TxM. By the proof of Main Theorem, we complete the proof.
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