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Abstract 1t is shown that the Grayson tower for K-theory of smooth algebraic varieties is isomorphic to

the slice tower of S 1—spectm. We also extend the Grayson tower to bispectra, and show that the Grayson
motivic spectral sequence is isomorphic to the motivic spectral sequence produced by the Voevodsky
slice tower for the motivic K-theory spectrum KGL. This solves Suslin’s problem about these two spectral
sequences in the affirmative.
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1. Introduction

One of the more significant developments in algebraic K-theory in the 1990s/early 2000s
was the construction of an algebraic analog for the Atiyah—Hirzebruch spectral sequence.
It is a strongly convergent spectral sequence

E} =H TTUX, 7)) = K_p4(X)

that relates the motivic cohomology groups of a smooth variety to its algebraic K-groups.
The existence of this spectral sequence was first conjectured by Beilinson [1]. It is also
called the motivic spectral sequence. Its construction is given in various forms:

(MSS1) the Bloch-Lichtenbaum motivic spectral sequence [2] for the spectrum of a field
together with the Friedlander—Suslin and Levine extensions [4, 14] to the global
case for a smooth variety over a field;
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138 G. Garkusha and I. Panin

(MSS2) the Grayson motivic spectral sequence [5, 9, 26, 34];

(MSS3) the Voevodsky motivic spectral sequence [3, p. 171] produced by the slice
filtration of the motivic K-theory spectrum KGL [30, 31].

A problem of Suslin says that the three types of motivic spectral sequence agree with
each other. In [15], Levine solved the Voevodsky problem for the slices of the spectrum
KGL [30, 31] (over a perfect field). As a consequence he shows that (MSS1) agrees with
(MSS3) over perfect fields.

In this paper we show that over perfect fields the Grayson tower for K-theory of
smooth algebraic varieties agrees with the slice tower of S'-spectra (see Theorem 7.7).
The Grayson tower is then extended to bispectra. Thanks to this it is proved that (MSS2)
agrees with (MSS3) (over perfect fields), answering the Suslin problem in the affirmative
for these two spectral sequences (see Theorem 7.12).

To conclude the introduction, we make the following remark, recommended by the
referee. In [21], Podkopaev claims that (MSS1) agrees with (MSS2) by comparing
Friedlander—Suslin’s and Grayson’s towers. He shows in six steps that the entries of
both towers agree, but does not show the agreement of the tower maps, on which the
differentials in both spectral sequences depend. It may be possible to compare the maps
in the future.

Throughout the paper we denote by Sm/k the category of smooth separated schemes
of finite type over the base field k.

2. Preliminaries

In this section we collect basic facts about the K-theory associated with cubes of additive
categories. We mostly follow Grayson [9)].

2.1. Bivariant additive categories

Let AddCats denote the category of small additive categories and additive functors. Let
AffSm/k be the full subcategory of Sm/k whose objects are the affine smooth k-schemes.
By a bivariant additive category we mean a functor

o (Sm/k)°P x AffSm/k — AddCats.

So to any X € Sm/k and Y € AffSm/k we associate an additive category <7 (X, Y) which
is contravariant in X and covariant in Y.

We also require that there is an action of AffSm/k on </ in the following sense. Given
U € AffSm/k, there is an additive functor

ay : (X, Y)—> (X xU,Y xU),

functorial in X and Y, such that for any morphism f : U — V in AffSm/k the following
square of additive functors is strictly commutative:
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A Axx filyx
A XXV, Y xV) WPV /(X < U Y x V)

]av T-ﬂ(l)(xualyxf)
(X, Y) w (X xU,Y xU).

By the functoriality of oy in X we mean that the following square of additive functors
is strictly commutative for any Y € AffSm/k and any morphism f : X’ — X in Sm/k:

A (fx1y,lyxu)

S X xU.Y xU) S X xU.Y xU)
]au Tmy
of
A (X.Y) (ly) A(X'Y),

By the functoriality of oy in ¥ we mean that the following square of additive functors is
strictly commutative for any X € Sm/k and any morphism g : ¥ — Y’ in AffSm/k:

o (Ixxu.gx1v)

(X xU, Y xU) A (X xU, Y xU)
A(Ix,
(X, Y) (x8) (X, Y.

Below, we shall associate an explicitly constructed bispectrum to any bivariant additive
category. For this we need to collect some facts about the algebraic K-theory of additive
categories.

2.2. K-theory for cubes of additive categories

We let Ord denote the category of finite nonempty ordered sets. For A € Ord we define a
category Sub(A) whose objects are the pairs (i, j) with i < j € A, and where there is a
(unique) arrow (i, j') — (i, j) exactly when i’ <i < j < j'. Given an additive category
M, we say that a functor M : Sub(A) — . is additive if M(i,i) = 0 for alli € A, and for
alli < j <k € Athemap M(i,k) - M(i, j)® M(J, k) is an isomorphism. Here 0 denotes
a previously chosen zero object of .#. The set of such additive functors is denoted by
Add(Sub(A), A ). Given ordered sets Ay, ..., A,, we let Add(Sub(A1) X - - - X Sub(Ay,), A)
denote the set of multiadditive functors, i.e., functors that are additive in each variable.
The Grayson simplicial set S®.# [8, 9] is defined as

(S®.4)(A) = Add(Sub(A), ).

An n-simplex M € SP.# may be thought of as a compatible collection of direct sum
diagrams M (i, j) = M(i,i +1)&---@® M(j — 1, j). There is a natural map S®.# — S.#
(see [9, p. 147]) which converts each direct sum diagram M (i, k) = M (i, j) ® M (j, k) into
the short exact sequence 0 — M(i, j) — M(i, k) — M(j, k) — 0. Here S.# stands for
the Waldhausen S-construction [33].

We follow the same constructions as in [24, §8.7] to define Grayson’s symmetric
spectrum K ©"(.#). Given a positive integer n, one can define the n-fold multisimplicial
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additive category S®".# := S® .n. §®_# . The nth space of Grayson’s K-theory spectrum
is given by

KO (M) = |0b(S®".20)],
where the right-hand side is the diagonal of the n-fold multisimplicial set Ob(S®"*.#).
The nth symmetric group X, acts on K9 (.#), by permuting the order of the
S®_constructions. Each structure map o is the composite

|Ob(S®". )| A S = |0b(S®"S®.2)| D C |0b(S®"5®.2)| = |Ob(S®"H )],

where the superscript (" stands for the 1-skeleton with respect to the last simplicial
direction. The k-fold iterated structure map o* is then defined as the composite

|Ob(S® " #)| A Sk = |0b(S®"S® k. SO 7)) 1D < |Ob(SP"S® k. 5O )]
= |0b(s® ),

where the superscript (b1 indicates the multi-1-skeleton with respect to the k
last simplicial directions. This map is plainly (X, x Xy)-equivariant. With these
definitions K" (.#) becomes a (semistable) symmetric spectrum. If .# happens to
be a multisimplicial additive category, then we define its Grayson K-theory symmetric
spectrum K 67 (.#) by taking diagonals K 9" (.#), := |Ob(S®".#)| of the multisimplicial
sets Ob(S®" . #), n > 0.

In [8, §4] there is presented a construction called C which can be applied to a cube of
additive categories to convert it into a multisimplicial additive category, the K-theory of
which serves as the iterated cofiber space/spectrum of the corresponding cube of K-theory
spaces/spectra. We start with preparations.

We let [1] denote the ordered set {0 < 1} regarded as a category, and we use ¢ as
notation for an object of [1]. By an n-dimensional cube in a category ¥ we shall mean
a functor from [1]* to ¥. An object C in ¥ gives a O-dimensional cube denoted by
[C], and an arrow C — C’ in % gives a l-dimensional cube denoted by [C — C']. If
the category % has products, we may define an external product of cubes as follows.
Given an n-dimensional cube X and an n’-dimensional cube Y in %, we let XX Y

denote the n+ n'-dimensional cube defined by (XX Y)(e1, ..., epan) = X(€1,...,8n) X
Y (€n41s - - - Entn)- Let G denote the external product of n copies of [1 — Gy,] in Sm/k.
For example, Grf is the square of schemes
Speck Gnm
G Gy x Gy,

Let L be a symbol, and consider {L} to be an ordered set. Given an ordered set A,
by {L}A we mean the concatenation ordered set with L declared to be less than every
element of A. Given an n-dimensional cube of additive categories .#, we define an n-fold
multisimplicial additive category C®.# as a functor from (Ord")°P to the category of
additive categories by letting C®.Z (A1, ..., A,) be the additive category whose objects
are the multiadditive natural transformations (we follow here the terminology of [9])

Add([Sub(A1) — Sub({L}YA)IX .- - K [Sub(A,) — Sub({L}An)], ). (1)
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More precisely, every object in (1) maps each vertex of the cube of the domain to the
corresponding vertex of the cube .Z by means of a multiadditive functor. If we regard
each edge of the cube of the domain as a functor between categories, then one has a
commutative diagram of functors, in which one pair of parallel arrows is this edge and
the corresponding edge (which is an additive functor) of the cube .#Z. When n = 0, we
may identify C®.# with .#. We define S®.# to be S®C®.#, the result of applying the
S®-construction of Grayson degreewise. It is an n 4 1-fold multisimplicial set (see [9] for
details).

If we extend the following lemma to Grayson’s K-theory spectra in the obvious way,
then we get that Grayson’s K-theory K" (C®.4) of C®.# serves as the iterated cofiber
space/spectrum of the corresponding cube of Grayson’s K-theory spaces/spectra.

Lemma 2.1 [9, 4.3]. Suppose that we are given an additive map M — M of
n-dimensional cubes of additive categories. Let [.#' — .#] denote the corresponding
n + 1-dimensional cube of additive categories:

(a) there is a fibration sequence
S0 — A — S®LM' — M) — S®LA"— O]

(b) the space S®[.# 4 M is contractible;

(c) S®[0 — A] is homotopy equivalent to S®. 4 ;

(d) S®[AZ — 0] = S®S® A is a delooping of S®.M ;

(e) there is a fibration sequence S®. A" — SO M — S®|M' — M.

Let o : (Sm/k)°P x AffSm/k — AddCats be a bivariant additive category. Given X €

Sm/k, Y € AffSm/k, and n > 0, the cube of schemes G;," gives rise to a cube of additive
categories &7 (X, Y x G,"). Its vertexes are o7 (X, Y x folz), 0 < ¢ < n. The edges of the

cube are given by the natural additive functors is : &/ (X, Y x G,f,(e_l)) — ' (X,Y x G;ff)

induced by the embeddings i : Gjs ™" — G¢ of the form

(xl""7x€71)H (xl""’l""’xefl)’

where 1 is the sth coordinate.
Thus we obtain a cube of bivariant additive categories <7 (G,"). Grayson’s K-theory
of &7 (G}") produces a functor

KO (CO®/ (GM) : (Sm/k)°P x AffSm/k — Sp*, (X, Y) > K (C®/ (X, Y x G\")).

Here Sp¥ stands for the category of symmetric spectra in the sense of [11]. Tt is directly
verified that

KI"(CP/ (X, Y xGp") = K§" (A (X, ¥ x G;"))/Z(is)*(Kg’(;z/(X, Y x GX"hy)).
s=1
(2)

Indeed, the case when n = 1 follows from Lemma 2.1(e), and the general case is checked
by induction.

https://doi.org/10.1017/51474748015000419 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748015000419

142 G. Garkusha and I. Panin

3. The category of bispectra

In this paper we work with the category Pre® (Sm/k) of presheaves of symmetric spectra.
It has three model category structures, each of which we discuss separately.

Definition 3.1. A morphism f in Pre* (Sm/k) is a stable weak equivalence (respectively,
stable projective fibration) if f(X) is a stable weak equivalence (respectively, stable
projective fibration) in Sp¥ for all X € Sm/k. It is a stable projective cofibration if f
has the left lifting property with respect to all stable projective acyclic fibrations.

Recall that the Nisnevich topology is generated by elementary distinguished squares,
i.e., pullback squares
l ¢ & ®3)

where ¢ is etale, ¥ is an open embedding, and ¢! (X \ U) — (X \ U) is an isomorphism
of schemes (with the reduced structure).

Definition 3.2. (1) A stably fibrant presheaf M € Pre* (Sm/ k) is Nisnevich local if for
each elementary distinguished square Q the square of symmetric spectra M(Q) is
a homotopy pullback.

(2) A Nisnevich local presheaf M € Pre* (Sm/k) is Al-local if the natural map
M(X) —> M(X x A

is a stable equivalence of symmetric spectra for all X € Sm/k.

(3) Amap f: A — Bin Pre* (Sm/k) is a local weak equivalence (respectively, motivic
equivalence) if the map of spaces

f* :Map(B, M) — Map(A, M)

is a weak equivalence for any Nisnevich local (respectively, Al-local) presheaf M.

(4) The Nisnevich local model category (respectively, the motivic model category)

on presheaves of symmetric spectra, denoted by Preﬁs(Sm/k) (respectively,
Pre’,,(Sm/k)), is determined by stable projective cofibrations and local weak
equivalences (respectively, motivic equivalences). The fibrations are defined by the
corresponding lifting property. The homotopy category of Pref,‘:m(Sm /k) will be

denoted by SHgq (k).

We define the mapping cylinder cyl(f) of a map f : A — B between cofibrant objects
in a simplicial model category .#. Let A® A' denote the standard cylinder object for A.
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One has a commutative diagram

AUA— A

i=igliy l /

AR Al

in which i is a cofibration and o is a weak equivalence. Each i, must be a trivial
cofibration.
Form the pushout diagram

A————8B

gk

Ao A Lo cy(p).
Then (fo)oip = f, and so there is a unique map ¢ : Cyl(f) — B such that ¢f, = fo
and gigx = 1p. Put cyl(f) = fii1; then f = gocyl(f).
If A, B are cofibrant in ., then so is Cyl(f). Observe also that g is a weak equivalence.
The map cyl(f) is a cofibration, since the diagram

fuly
AUA—BUA

igUiy l li()*l—lcyl(f)

A® Al L cyi(h).
is a pushout.

Consider the category Pre(Sm/ k) of presheaves of pointed simplicial sets. We can define
the projective model category structure on it, where the weak equivalences and fibrations
are defined schemewise. Let ¢ : pt = Speck — G, be the embedding ((pt) = 1 € G,,. The
mapping cylinder yields a factorization of the induced map

Speck; <> Cyl() —> (G4

into a cofibration and a simplicial homotopy equivalence in Pre(Sm/k). Let G denote the
cofibrant pointed presheaf Cyl(t)/ Spec k.

Let PreC(Sm/k) denote the category of G-spectra in Pre” (Sm/k). Its objects are
the sequences (Xg, X1, ...) of presheaves of symmetric spectra X; together with bonding
maps X; = Q¢gXit+1, where Qg X;+1 = Hom(G, X;41). Morphisms are defined levelwise
and must be consistent with bonding maps. This category will also be referred as the
category of (S', G)-bispectra or just bispectra. We define the stable projective model
structure on Pre* G (Sm/ k) (respectively, the Nisnevich local and motivic model structure)
as the stable model category of G-spectra in the sense of Hovey [10] associated with
the model category Pre” (Sm/k) (respectively, Pre,is(Sm/k) and Pre  (Sm/k)). Using
Hovey’s notation [10], it is the model category Sp" (Pre* (Sm/k), G ® —) (respectively,
SpN(PreZ (Sm/k), G® —) and SpN(Pre,fm(Sm/k),GtX)—)). In what follows we shall

nis
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denote the homotopy category of SpV (Pre,%ot(Sm/k), G®—) by SH(k). It is one of
equivalent definitions of the Voevodsky stable motivic category of the field & [29].
The main bispectrum we shall work with is produced by a bivariant additive category

o (Sm/k)°P x AffSm/k — AddCats.

Namely, let
Ay = (Ay(0), Ay(1), Ay(2),...)

be the sequence of presheaves of symmetric spectra
Ay(n) = K (C®/ (—, Y xG)™), n>0.
We want to construct bonding maps
a, : Ay(n) — QgAy(n+1).
Each a, is uniquely determined by a map
B: KO (CP(—, Y xGI") = KO (COP (= x Gy, ¥ x GO TLY) (4)

and a homotopy

h: KO (C®e/(—, Y x G — KO (C®a/(— x Speck, Y x G Hhy)! (5)

such that doh = *B and dh factors trough the zero object levelwise.
We first construct the maps B and h for n = 0. By definition of a bivariant additive
category, there is an additive functor

ag, (X, Y) > X xGp,Y xGy), XeSm/k.
The map B is induced by the composition
Gy P [ Al
(X, Y) — (X XGp, Y XGp) > C¥A (X xGppy, Y XG,),

where p is a natural simplicial functor of simplicial categories (we consider & (X x
Gm, Y x Gp,) as a simplicial category in a trivial way).
One has a commutative square of additive functors

A (1x X4, 1y xGy)

(X x Gy, Y xGp) o (X x Speck, Y x Gy,)

TO[Gm

(X, Y)

T»O{(IXXSpecks]Specle)

XSpec k

o/ (X x Speck, Y x Speck).

On the other hand, there is a commutative diagram of simplicial additive categories,

P

o/ (X x Speck, Y xG,,) C%®</ (X x Speck, Y x G))

] ]

o/ (X x Speck, Y x Speck) - r 9 C®[o/ (X x Speck, Y x Speck) Y 27 (X x Speck, Y x Speck)].
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Recall that the path space PX of a simplicial object X : A°? — 2 in a category Z is
defined as the composition of X with the shift functor P : A — A that takes [n] to [n+ 1]
(by mapping i to i 4+ 1). The right lower corner of the diagram can be identified with the
simplicial path space P(S®./ (X x Speck, Y x Speck)). By [33, 1.5.1], there is a canonical
contraction of this simplicial set into the set of its zero simplices regarded as a constant
simplicial set. Since P(S®.a (X x Speck, Y x Speck)) has only one zero simplex, it follows
that there is a canonical simplicial homotopy

H : P(S®a/(X x Speck, Y x Speck)) — P(S®a7 (X x Speck, Y x Speck))’

such that dyH = 1 and d{ H = const.
Now the map A& (5) is induced by the composite map

(C®o/ (X x Speck, Y x Gh)!

:|

P(S®o7/ (X x Speck, Y x Speck)) 7, P(S®7/ (X x Speck, Y x Spec k!

’
p ]
ASpec k

A (X,Y) —— o/ (X x Speck, Y x Speck).

Since dj o li oH =1,0dj o H = const, dih factors through the zero object. On the other
hand,

I / / /
dopot,oHop oaspeck = txodpo H o p odspeck = Lx 0 P’ 0 QSpeck
= polyospeck = pol*oqg,.

Moreover, pot*oag, =t*opoag,, and therefore doh =(*B. The bonding map ap :
Ay (0) — QgAy(1) is now constructed. The definition of each a, : Ay(n) - QgAy(n+1)
is similar to that of ag. The only difference is that we replace the bivariant additive
category 7 (X, Y) by the multisimplicial bivariant additive category C®«7 (X, Y x G,").

Given an abelian monoid (A, 4), denote by EM (A) its Eilenberg—Mac Lane symmetric
spectrum in the sense of [5, Appendix A]. It is defined in terms of the o-construction
and is similar to the definition of the Waldhausen K-theory spectrum that uses the
S-construction [33]. By definition, oA is a simplicial set whose n-simplices are the
functions

a:O0bArn] - A, (@, )) v a(,j)=a;j,

having the property that, for every j, aj;j =0 and a;x = a; j +a;x whenever i < j < k.

Given an n-dimensional cube of abelian monoids M, we define an n-fold multisimplicial
abelian monoid C®M similar to formula (1). The only difference is that we consider
functions from objects of the corresponding posets ignoring poset arrows. It is worth
mentioning that Lemma 2.1 is valid for the o-construction of cubes of abelian monoids.
For this one uses the additivity theorem for the o-construction, just as in [33, §1.5].
Applying the o-construction to the multisimplicial abelian monoid C®M, one gets a
symmetric spectrum EM(C®M). It serves as the iterated cofiber spectrum of the cube
of Eilenberg—Mac Lane’s spectra EM(M).
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Every n-dimensional cube of additive categories .# gives rise to an n-fold cube of
abelian groups Ké;r (#). There is a natural map S®. 7 — aKgr () induced by the map
sending an object of an additive category to its isomorphism class in the Grothendieck
group. This map induces a map of symmetric spectra

T K9 (C®M) — EM(COKE" (M)).
For each n > 0 we set
Aoy (n) = EM(COKS" (o (—, Y x Gp™M)).

Note that mo(Ag,y (n)) is computed by formula (2), and the other homotopy groups are
zero. We have that the sequence of symmetric spectra

Aoy = (Ag,y(0), Ao,y (1), Ap,y(2),...)

forms a bispectrum, in which the bonding maps are defined like those for the bispectrum
Ay. Moreover, there is a canonical map of bispectra

T:Ay = Aoy.
This map consists of the collection of canonical maps of symmetric spectra
Tt Ay(n) - Aoy(n), n =0,

defined as above.

4. The Grayson tower of bispectra

In this section we work in the framework of simplicial additive categories .# over
contractible simplicial rings R. Given such a pair (#, R), Grayson [9] constructs a tower
of spaces which is also referred to as the Grayson tower. Each space of the Grayson tower
is defined as a K-theory space of some ‘multisimplicial additive category with commuting
automorphisms’ associated with (., R). In practice, the Grayson tower gives rise to a
motivic spectral sequence (see [5, 9, 26, 34]). The Grayson tower for (#, R) can be
extended to symmetric spectra [5]. We shall mostly adhere to [5] in this section.
In our setting, the contractible ring R is

k[IA]:d — k[AY = k[0, 11, ..., ta)/(tlo+ 11 + - +1q — 1).

In what follows, we require
d— o (X x A Y)

to be a k[A]-linear additive category, where &7 : (Sm/k)°P x AffSm/k — AddCats is a
bivariant additive category.

In order to make Grayson’s machinery applicable to our setting, throughout this section
we work with a bivariant additive category

o (Sm/k)°P x AffSm/k — AddCats

satisfying the following property.
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(Rlut) For every X € Sm/k,Y € AffSm/k and n > 0, the additive category &7 (X, Y x G,i"*)
can be identified with the additive category «7(X,Y)(G,") whose objects are
the tuples (P,#6,...,60,), where P € &/(X,Y) and (6y,...,6,) are commuting
automorphisms of P. More precisely, there is an isomorphism of additive categories
(not only an equivalence of categories)

px.yn (X, Y xG") — (X, Y)G,")
such that the diagram of functors

PX,Y,n—1

(X, Y x G (X, Y)(Gx

.| |

(X, Y x Gmy —LXrn A (X, Y)(GX"

is commutative. Here i; (respectively, js;) stands for the functor induced by
the map (x1,...,x,-1) € G;,"_l = (.., Lo x—1) € G owith 1 the sth
coordinate (respectively, (01,...,0,-1) — (61,...,1,...,6,_1)). We also require
each identification px y, to be functorial in both arguments.

We can form a cube of additive categories & (X, Y)(G,") whose vertexes are
(X, Y)((G,ff)7 £ < n, and whose edges are given by the functors j;. The (2lut) property
implies that the cubes <7 (X, Y)(G,") and 7 (X, Y x G,,") are isomorphic.

Consider the map of bispectra

T:Ay = Aoy.

For every n >0 there is a triangle in the homotopy category Ho(Pre* (Sm/k))
(see [5, §7] for details)

ld > Ay(n+ 1) (= x A 25 Qld > Ay(n)(= x A 22 Qld Aoy (n)(— x AY)|.

The map y; is induced by a zigzag map of spectra
KO (C®a/(—, ¥ x GAY)) -5 QKO (S7' 8/ (—, ¥)) <& QKO (o (—, Y)).

Here S!S stands for Quillen’s construction (see §6 for more details), s : K¢ (o (—, Y))
— KO (S71S47(—, Y)) is a stable equivalence induced by the map sending an object
Med(—,Y) to (M,0)e S 1Se7(—,Y) (see [9, 9.3] and §6), and v is a natural map
that exists by [9, 9.4] and [34, p. 16]. The map y, is defined as y; by replacing &7 (—, Y)
with &7 (—, Y x G)"). Note that each map in the zigzag agrees with the bonding map in
G-direction.

Since the category Ho(Pre” (Sm/k)) is triangulated with Xy = — A S! a shift functor,
the latter triangle gives a triangle

Zld = Ay(n+ 1) (= x AY| = |d — Ay(n)(— x AY)| = |d — Agy(n)(— x AY)|.

We shall also call it the Grayson triangle.
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We obtain a tower in Ho(Pre* (Sm/k)),
s 2 d s Ay(n4 D(= x A = ZMd > Ay(n) (= x AN — -
= |d = Ay (0)(= x AD), (6)
in which successive cones are of the form
Zd > Aoy (n)(— x AD)].

We shall also refer to it as the Grayson tower for <.
Given F, G € PreZ (Sm/k) we shall use the following notation:

nis
[F, G] = Homyq prpz (5pnyi) (F> G-
Given X € Sm/k, Y € Affsm/k and p, q € Z, we also set
HDY(X,Y) = [Xq, B 7d = Aoy (@) (= x AD)]

and
KZ(X,Y) :=[Xy, 57d — Ay0)(— x AD]], i €Z

Remark 4.1. Let D(NSh) be the derived category of Nisnevich sheaves of abelian groups
on Sm/k. The Dold-Kan correspondence yields a complex of presheaves of abelian groups

C*(Ao,y(q)
which uniquely corresponds to the simplicial presheaf
d > KE(C®a/ (— x A%, Y x Gp)).

After sheafifying C*(Ag y(q)) degreewise in the Nisnevich topology, we get a bounded
above complex C*(Ag,y (¢))nis € D(NSh) (the indexing is cohomological). It is then proved
similarly to [5, 7.8] that

HDY(X,Y) = HE (X, C*(Ao,y (@))nis[—q]),

where the right-hand side stands for Nisnevich hypercohomology groups of X with
coefficients in C*(Aq,y (¢))nis[—¢q] (the shift is cohomological).

Theorem 4.2 (Grayson). The Grayson tower (6) produces a strongly convergent spectral
sequence

EY =HPTTUX YY) = Kf‘j,_q(x, Y), XeSm/k Y e Affsm/k, (7)

which will also be referred to as the Grayson spectral sequence for <.

Proof. This is proved similarly to [5, 7.9]. O

Corollary 4.3. If the groups H§q (X,Y) are homotopy invariant in the first argument,

then so are the groups Kf‘{(X, Y). In particular, every fibrant replacement of |d —
Ay (0)(— x AY)| in the Nisnevich local model category Preix(Sm/k) is fibrant in the
motivic model category Prel, (Sm/k).
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Below, we shall study conditions when the Grayson spectral sequence (7) is expressed
in terms of bispectra.

Given a bispectrum X = (Xg, X1, ...), the shift in G-direction XgX is the bispectrum
(X1, X2, ...). Similarly, the nth shift X¢ X is the bispectrum (X;, X+1,...). For each
n > 0, we have a triangle in the homotopy category of bispectra Ho(Pre> G (Sm/k))

SEd > Ay(— x A L QEld > Ay (= x AY)| L, QIL|d > Agy(—x AD)].

Since the category Ho(Pre™ ©(Sm/k)) is triangulated with X3 = — A S! a shift functor,
the latter triangle gives a triangle

S50 d > Ay (= x A > Zhld > Ay(— x AD)| 5 ZhId > Agy(— x AY)].

We shall also call it the Grayson triangle of bispectra.
We obtain a tower of bispectra in Ho(PreE’G(Sm/k))

RN 2;’+12&+1|d > Ay(— x AY)| - SPEhd > Ay (= x A = ...
— ld = Ay(= x AD), ®)
in which successive cones are of the form
SUSEld > Aoy (— x AD)].

We shall also refer to it as the Grayson tower of bispectra for <7 .
Given a presheaf .%# of abelian groups and a scheme X € Sm/k, one sets

F(X AGy) = Ker(l* : F(X xG) — F (X x Speck)).
There is a map of complexes
B : C*(Ao,y(q) = C*(Ao,y (g + D)(— x Gp),

where the left arrow is induced by map (4). Homotopy (5) implies that 8 uniquely factors
through C*(Ao,y (¢ + 1))(— A Gy,). Therefore one gets maps

BPaHYI (X, Y) — HIPV T (X AG, V).

Definition 4.4. We say that the bigraded presheaves H;}’*(—, Y) satisty the cancelation
property if all maps BP9 are isomorphisms.

Let X = (Xg, X1,...) and Y = (Yp, Y1,...) be two bispectra. Recall that a map of
bispectra f : X — Y is a level Nisnevich local equivalence if so is each f,: X, — Y,
in Pre (Sm/k). By common facts for model categories (see, e.g., [10]), there is a level
Nisnevich local equivalence of bispectra

u:X > X

such that each map u, : X,, — fn is a cofibration and each fn is fibrant in Prerﬁs (Sm/k).
Moreover, the map is functorial in X.
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Consider the bispectrum Agy = (Ag,y(0), Ap,y(1),...). Denote by Aéy and X&Y the
bispectra
(Id > Aoy (0)(— x AY)|,|d > Aoy ((—x AY)],..)

and

(A A5 Ay,
respectively. Then there is a map of bispectra (see above)

u: Aéy — Zéy.
Observe that there is an isomorphism
HIY(X,Y) = a(Xe, Z)TARY)g).

where the right-hand side stands for the usual homotopy equivalence classes of maps.

Lemma 4.5. The bigraded presheaves H;;*(—, Y) satisfy the cancelation property if and
only if each structure map of the bispectrum AéY

(A§n = QAL In+1
is a stable weak equivalence in Pre® (Sm/k).
We can also define bispectra AIA, and Z? similar to the bispectra Aéy and Z(?y- There

is a map of towers in Ho(Pre* (Sm/k))

= ZI AR 1 —— B AP —— - —— (A})o

| | |

o I A —— ZI(AR) —— - —— (AD)o,

where the upper tower is the Grayson tower and the vertical morphisms are Nisnevich
local equivalences in Preis(Sm / k). Moreover, we have maps of successive cones of both
towers
Sl s ZHAGIn = ZEAGyn-
For every ¢ > 0 and p € Z, one sets
K (X, Y AGl) = [X4., SPT1(AD),.
Observe that there is an isomorphism
K (XY NGl = m(Xy, ZP71AD)).
Theorem 4.6 (Cancelation for K-theory). Suppose that the bigraded presheaves
H;}*(—, Y) ~satisfy the cancelation property. Then each structure map of the
bispectrum A)A,
(AP)g = W(AP)gr1, ¢ 20, 9)
s a stable weak equivalence of symmetric spectra. In particular, the natural map
K7 (XY AGlh) — K7 (X AG, Y AGHT,
induced by (9), is an isomorphism for all p € Z.
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Proof. We have a map of towers in Ho(Pre* (Sm/k))

s DAY —— I (A, aE (A%

| | l

s QG (AB) ) —> ZMQG (AR — - —— QG (AD)),

where the upper tower is the Grayson tower and the vertical morphisms are structure
morphisms of the bispectrum A?. By Lemma 4.5, all maps of successive cones

Eén(géy)n — EélgG(ANéy)n+l

are stable weak equivalences in Pre” (Sm/k).
For every X € Sm/k, Theorem 4.2 implies that the upper tower produces a strongly
convergent spectral sequence

E2 =y (Z(ALy)g(X)) = paq (AP)o(X))
and the lower tower produces a strongly convergent spectral sequence
E}, =71 g(Z)QG (ALY )g+1(X)) = 7piq (s (AP)1(X)).
Since both spectral sequences are isomorphic, we conclude that the map
(A7)0 — Qe(AY)

is a stable weak equivalence in Pre® (Sm/k). It is proved in a similar fashion that all
other vertical maps in the diagram above are stable weak equivalences in Pre* (Sm/k),
and hence so are their desuspensions. O

We are now in a position to prove the main result of the section.

Theorem 4.7. Suppose that the groups Hpq(X Y) are homotopy invariant in the ﬁrst
argument and that they satisfy the cancelatzon property. Then the bispectra A? and A§Y

are motivically fibrant in Prem(,, (Sm/k), and the maps
Ay — Z?, Apy — Zéy
are motivic weak equivalences of bispectra. As a result, one has a tower in SH(k),
- — Z‘SqHEéHAy — ZJSqEéAy — .- — Ay, (10)

in which successive cones are of the form X EéA()’Y. This tower produces a strongly
convergent spectral sequence

Epy = SHK) (X1, 2" S Aoy) = SHKR)(X 4. 277 Ay),

which is isomorphic to the Gayson spectral sequence for <f .
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Proof. By Corollary 4.3, (AA)O is fibrant in Premot(Sm/k) It is proved in a similar
way that each (A )g» g > 0, is fibrant in Premm(Sm/k) So the blbpectrum A is level

motivically fibrant. Theorem 4.6 implies that it is fibrant in Pre ot (Sm /k). The fact
that the bispectrum AO y is fibrant in Prem,,, (Sm/k) follows from Lemma 4.5 and the

homotopy invariance of the groups H, P q(X Y) in the first argument.
Let us show that Ay — A is a mot1v1c weak equivalence of bispectra. This map is the
composition
Ay — AIA, — Z?,

where the right arrow is a Nisnevich local equivalence, and hence a motivic weak
equivalence. The left arrow is a motivic weak equivalence by [18, 3.8]. Similarly, Agy —
Agy is a motivic weak equivalence of bispectra.

The Grayson tower of bispectra (8) in Ho(Pre* ‘G)(Sm/k) yields a tower of bispectra
in SH (k)
o ST s Ay > 2ISlAy - - Ay, (11)

in which successive cones are of the form Xy ZéAo,y. This tower produces a spectral
sequence
E}, =SHK)(Xy, 2 7S¢ Aoy) = SHk) (X1, Z; "7 Ay),

which is the same as the spectral sequence
E}, = SH(k) (X4, B, PSEASY) = SHk)(X 4, 2, 714D,

Since all bispectra involved in the latter spectral sequence are motivically fibrant, it
follows that it is isomorphic to the spectral sequence

2
Epq = HoMy,pre (s k) (X5 s (Ao y)q) == HoMyopre (s k) (X4 2 P AD).

It is plainly isomorphic to the Grayson spectral sequence (7). O

5. Postnikov towers in SHgi(k) and SH (k)

Voevodsky [31] has defined a canonical tower on the motivic stable homotopy category
SHgi(k), which is called the motivic Postnikov tower.

Let X¢SHgi (k) be the localizing subcategory of SHgi(k) generated by objects of the
form Y& E, E € SHgi (k). This gives us the tower of localizing subcategories,

- EéHSHS'(k) C ZESHgi (k) C -+ C SHg (k).
Take E € SHgi(k), and consider the cohomological functor
Homgnsh (= E) SESHgi (k) — Ab.

By [19], this functor is represented by an object r, E of Y7 SHgi (k). Sending E to r, E
defines a right adjoint r, : SHgi (k) — X SHgi (k) to the inclusion i, : X¢SHg (k) —
SHq (k). Let f, :==1i,0r, with counit f, — id. Thus, for each E € SHgi(k), there is a
canonical tower in SHgi (k)

-—= far1E— fLE— ---— fOE=E,
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the motivic Postnikov tower for S'-spectra. We write Sa/nyr E for the cofiber of f,4, —
faE; we use the notation s, := f,/44+1 to denote the nth slice in the Postnikov tower.

Let EM : Ab — Sp* be the Eilenberg-Mac Lane functor in the sense of [5,
Appendix A], and let Z(n), n > 0, be the Suslin—Voevodsky complexes [27].

Proposition 5.1. Suppose that k is a perfect field. Then for every n >0 we have
EM(Z(n)) = sp (EM(Z(n))).

Proof. By [13, 1.4.3], EM(Z(n)) € X¢,SHgi (k). The cancellation theorem of Voevodsky
[32] and [31, 4.2] imply that

QETEM(Z(n)) ) = QG(EM(Z(0) ) = 0,
where EM(Z(n))y is a local fibrant replacement of EM (Z(n)). It follows that EM (Z(n))
is right orthogonal to E"'HSHsl (k), and hence EM(Z(n)) = sp(EM (Z(n))). O

leen an integer £, call E € SHgi (k) £-connected if, for each n < £, the Nisnevich sheaf
mn(E) is zero, where E is a fibrant model for E in PreZ  (Sm/k). We shall also refer to
(—1)-connected spectra as connected.

Lemma 5.2. Suppose that k is a perfect field and that <7 is a bivariant additive category
with the (Aut) property. Suppose further that each Aoy (n) € X SHgi (k). If the presheaves
Hﬁ’;q(— Y) are homotopy invariant, then Ay(n) € X¢SHgi (k) for every n > 0.

Proof. By Corollary 4.3, (AA)O is fibrant in Premm(Sm/k) It is proved in a similar way
that each (AA)n, n > 0, is fibrant in Premm(Sm/k) The map Ay(n) — (AA)n is a motivic
weak equivalence. It is the composition

Ay(n) — (AD), — (AD),,

where the right arrow is a Nisnevich local equivalence, and hence a motivic weak
equivalence. The left arrow is a motivic weak equivalence by [18, 3.8].

We have Aoy (m) = f,(Ag,y(m)) € X;SHgi (k) for all m > n. Applying the functor f,
to the Grayson tower (6), we get a map of towers of motivically fibrant presheaves of
spectra,

= ZH (A1) — Z fu((AB))

| |

s I Ay —— T AP,

in which successive cones are of the form X 1¢ (K@Y)Hq.

Every spectrum Efﬂ (Zﬁ)nﬂ is (n +¢ — 1)-connected. If X € Sm/k is of dimension d,
then E;1+q(X$)n+q(X) is (n+q —d — 1)-connected in Sp%, by [17, 4.3.1]. By [4, 6.1.1],
the lower tower produces a strongly convergent spectral sequence

E}y =y (5 ARG ntq (X)) = Ty (A)a(X)).

To show that the spectral sequence produced by the upper tower
Epy = prg(Z T AG yntq (X)) = g (fu (AP)n) (X))
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is strongly convergent, we need to know that each fn((gié)nﬂ) has the same connectivity
properties as (Z?)nﬂ. Since ESnJrq (Ze)nﬂ is (n+ g — 1)-connected, it follows from
[16, 3.2] and Proposition A.2 that so is Z¢ ™ f,(AB)nig) = fu(Ze T (AR neg). If X €
Sm/k is of dimension d, then Efﬂfn((xé)nw)(X) is (n+q —d — 1)-connected in Sp*,
by [17, 4.3.1].

It follows from [4, 6.1.1] that the second spectral sequence is strongly convergent. We
conclude that the map in Ho(Sp¥)

Fo((AD)(X) = (AP)n(X)

is an isomorphism. We see that Ay(n) is isomorphic in SHgi (k) to fn((gé)n) €
XS Hgi (k). O

The following theorem says that Grayson’s tower of S!-spectra (6) is isomorphic in
SHgi (k) to the motivic Postnikov tower of the K-theory S1-spectrum K9 (7 (—,Y)). In
Theorem 7.10 we shall extend this result to bispectra.

Theorem 5.3. Suppose that k is a perfect field and that <7 is a bivariant additive category
with the (Aut) property. Suppose further that each Ao,y (q) = s4(Ao,y(q)). If the presheaves
H{;’%—, Y) are homotopy invariant, then the Grayson tower (6) is isomorphic in S Hg (k)
to the motivic Postnikov tower

o [ (KO (A (=, Y)) = [y (K (A (=, 7)) — -
— fo(KS (A (=, Y))) = K (A (—, Y)).

Proof. We have fo(K° (o/(—,Y))) = K¢ (o/(—,Y)). Suppose that an isomorphism
0, TIAB(q) = f, (KO (/(—,Y))), q >0, is constructed. Since Z¢T' Ay(g+1) ¢
Eé+lSHS1(k) by the preceding lemma and sq(KG’(,;af(—, Y))) is right orthogonal to
Eé—HS Hg¢i (k), it follows that there is a unique morphism

01t Z T Ay (g +1) > fr1 (K9 (e (=, 1))
making the diagram
MA@+ ) ———— S Av(g)
ol )
Sar1(K9 (o (=, Y))) —— fy(K" (o (=, Y)))

commutative. We claim that 6,41 is an isomorphism in SHg (k).

By assumption, fy11(Z{ Aoy (@) = fyr1(Z]s4(A0y (@) = X fy1154(A0y(9) = 0.
We also have that f,1154 (K9 (o7 (—,Y))) =0, and hence the horizontal arrows of the
commutative diagram

1
for1 (I Ay (g 4+ 1) ————— [ (21 Ay (@)
fq+1(9q+l)l quJrl(eq)

Fa1(Fg1 (KO (A (=, Y)))) —— fy1(f(KO (A (=, Y))))
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are isomorphisms. But f;41(f;) is an isomorphism, and hence so is f;41(04+1). By the
previous lemma, Z;H'IAy(q +1) is in EéHSHSl (k). Since fy41 (K" (o7 (-, Y))) belongs
to Eé—‘rlSHsl (k) as well and f;41(64+1) is an isomorphism, we conclude that 6,,; is an
isomorphism. O

The next result computes the slices of the K-theory S'-spectrum K¢ (o7 (—,Y)). It
will be extended to bispectra in Theorem 7.11.

Theorem 5.4. Under the assumptions of Theorem 5.3 there are isomorphisms in SHgi (k),
sq(K9 (o (=, 1)) = El Aoy (@), >0

Proof. The proof of the previous theorem shows that there is a commutative diagram in
SHg (k),

T Ay (@ + D) ———— Ay (@) ——————— Tl Apy(q) ————— TP Agy(q+ 1D

Og+1 l Le,, L}:xeﬁl

Jort (K (A (=, Y)) —— [y (K9 (' (=, 1)) —— 5,(K (o (=, Y))) —— Z, f:1 (K" ( (=, Y))),

where the vertical arrows are isomorphisms. Since SHgi(k) is triangulated, then there
exists an isomorphism
8 Aoy (9) = 5K (o (=, Y))),

as required. O

Voevodsky [30] defines the slice filtration in SH (k) just as it is defined in SHgi (k).
Let SH¢f (k) be the smallest localizing subcategory of SH (k) containing all suspension
spectra X2° X>° X with X € Sm/k; this is the same as the smallest localizing subcategory
containing all the G-suspension spectra XZ°E for E € SHgi (k). For each integer p,
let Z‘éSHeff(k) denote the smallest localizing subcategory of SH (k) containing the
G-spectra Z‘éé" for & € SH/ (k). The inclusion ip: EéSHeff (k) > SH (k) admits the
right adjoint rp, : SH (k) — EéSHeff(k); setting f), := i, or,, one has for each & € SH (k)
the functorial slice tower

~~~—>fd+1(g)—> fd(g)—>~~—>f()éo—> f_léo—>~-~—>éa.

As for the slice tower in SHgqi (k), the existence of the adjoint follows from [19], and the
map f,& — & is universal for maps & — &, ¥ € EéSHeff(k). The cofiber of f;118 —
fa& is denoted by s4&.

Lemma 5.5. Under the assumptions of Lemma 5.2, the bispectra Ay and Aoy belong to
SHeT (k).

Proof. We prove the assertion for Ay, because the same arguments will hold for Agy.
It is shown similarly to [20, A.33] that every bispectrum & is the colimit of a natural
sequence

Tro& — Tri& — -+,
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where Tr;& stands for the ith truncation. Moreover, Tr;& is naturally stably equivalent
to Q&((EéoEi)f) (‘f’ for fibrant resolution).

Lemma 5.2 implies that (XX Ay (i) € ZLSH (k), and hence QL (X Ay(i))) €
SHeT (k). We see that Ay is the colimit of the sequence

TroAy — TriAy — -- -,

where each Tr;Ay is in SHY/ (k). It follows from [20, A.34] that Ay is isomorphic in
SH (k) to the homotopy colimit of Tr; Ay, which is in SH¢/ (k). We conclude that Ay €
SHT (k). O

6. The bispectrum KGL, y

Given an additive category .#, Quillen defines a new category S~!'S.# whose objects
are pairs (A, B) of objects of .#. A morphism (A, B) — (C, D) in S™'S.# is given by a
pair of split monomorphisms

fiASC, g:B—D

together with an isomorphism 4 : Coker f — Coker g. By a split monomorphism we mean
a monomorphism together with a chosen splitting. The nerve of the category S~!S.#
which is also denoted by S™!S.# is homotopy equivalent to Quillen’s K-theory space of
A by [7].

The set S7'Sy.# of k-simplices of the category S™!'S.# can be regarded as the set of
objects of an additive category in the usual way, and we use exactly the same notation
to denote that category. In this way S™!S.# becomes a simplicial additive category.
Its symmetric Grayson K-theory spectrum will be denoted by K¢ (S™1S.#). It follows
from the proof of [9, 9.3] that the map Ob.# — S™!S.# sending M to (M, 0) induces a
homotopy equivalence

S®u — S®(sTIS)/.

Therefore the induced map of symmetric spectra
KO () — KO (S7's.4)

is a stable weak equivalence, which is a level weak equivalence in positive degrees.
Let 7 be a bivariant additive category. Then S™!S.<7 is a simplicial bivariant additive
category. For any Y € AffSm/k we can form a bispectrum

S7ISAy = (STISAy(0), STISAy (1), .. ),

where each ST1SAy(n) = KO (C®S™ 1547/ (—, Y x G,")), and define a natural map of
bispectra
s Ay — S_lSAy.

This map is a level stable weak equivalence.

In order to construct K-theory spectra with entries being sectionwise fibrant spaces, we
use the category of topological symmetric spectra TopSp> (see [25, §1.1]). We can apply
adjoint functors ‘geometric realization’, denoted by | — |, and ‘singular complex’, denoted
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by .7, levelwise to go back and forth between simplicial and topological symmetric spectra
| —1|: Sp% = TopSp* : .7. (12)

Remark 6.1. By the standard abuse of notation, | — | denotes both the functor from Sp*
to TopSp> and the realization functor from simplicial spectra to spectra. It will always
be clear from the context which of the meanings is used.

Given a (multisimplicial) additive category .#, denote by KO () the symmetric
spectrum .%|K 6" (.#)|. The unit of the adjunction induces a map of symmetric spectra
KO (M) - K9 (M),

functorial in .#. Observe that |K¢"(S™'S.#)| is an Q-spectrum in TopSp*, and hence
S0 is IQG’(S_IS%) in Sp~.

Suppose that o7 is a bivariant additive category satisfying property (2ut). For any
Y € AffSm/k we can form a bispectrum

S7ISAy = (ST'SAy(0), ST'SAy (D), ..)),

where each S™!SAy(n) = KC"(C®S™ 'S/ (—, Y x G,")), and define a natural map of
bispectra
1:S'SAy —» STISAy.

This map is a level stable weak equivalence.
By [9, 9.4] and [34, p. 16], there is a natural map of symmetric topological spectra,

KO (CPSTISa/ (X, Y x GAY)| — QUK (ST (S718)/ (X, V).
It gives a natural map in Pre® (Sm/k),
v STISAY (1) —» QKO (STIS)(STIS) A (—, V).
We can get more generally a map (see [34, p. 16] as well)
vt STISAy(n) — QKOT(CO(STIS)(STI)A (-, ¥ x Gy — ..
— QKO ((STIs)y et (—, ¥)).
One sets
x0 = Qg odg: K (ST'S (=, Y)) = QK ((S7'9)% (-, Y)),

where ag : Ay(O) — Qq;,Ay(l) is the structure map. Applying the above construction to
the multisimplicial bivariant additive category (S™'$)".«7, we get a map

an : QRO (ST (=, V) > QTR (ST (—, V).

Definition 6.2. Let &7 be a bivariant additive category with the (2lut) property, and let
Y € AffSm/k. Then the bispectrum KGL, y is defined by the sequence in Pre* (Sm/ k)
(KO (8718 (—, ¥)), QKO ((S719) 2 (—, ¥)), Q2RO ((S7'8)> 7 (—, ¥)), .. ).

Its structure maps are given by the maps ;.
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The maps v, determine a map of bispectra
v:S7'SAy — KGL,y y.
So we have a map of bispectra
x :=votos:Ay - KGLy y. (13)

In the next section we shall work with the bispectrum KGL o speck for a certain bivariant
additive category . It will be shown that it represents Quillen’s K-theory of algebraic
varieties.

7. Comparing Grayson’s and slice towers for KGL

In this section we prove the main results of the paper. For technical reasons we have
dealt with general bivariant additive categories so far. Below, a concrete example of
such a category 7 is given. It will lead to solutions for the problems mentioned in the
introduction in § 1. Its definition is extracted from [6]. We start with preparations.

Let U, X € Sm/k. Define Supp(U x X/X) as the set of all closed subsets in U x X of
the form A = UA;, where each A; is a closed irreducible subset in U x X which is finite
and surjective over U. The empty subset in U x X is also regarded as an element of
Supp(U x X/X).

Given U, X € Sm/k and A € Supp(U x X/X), let In C Oyxx be the ideal sheaf of
the closed set A C U x X. Denote by A, the closed subscheme in U x X of the form
(A, Oyxx/1}). If m =0, then A, is the empty subscheme. Define SubSch(U x X/X) as
the set of all closed subschemes in U x X of the form A,,.

For any Z € SubSch(U x X/X) we write pg : Z — U to denote poi, where i : Z —
U x X is the closed embedding and p:U x X — U is the projection. If there is no
likelihood of confusion we shall write py instead of pg, dropping Z from the notation.

Clearly, for any Z € SubSch(U x X/X) the reduced scheme Z"¢¢, regarded as a closed
subset of U x X, belongs to Supp(U x X/ X).

For any U, X € Sm/k we define objects of &/ (U, X) as equivalence classes for the triples

n,Z,¢ : pux(Oz) = M,(Oyp)),

where n is a non-negative integer, Z € SubSch(U x X/X), and ¢ is a non-unital
homomorphism of sheaves of Op-algebras. Let p(¢) be the idempotent ¢(1) €
M, (I'(U, Oy)); then P(¢) = Im(p(p)) can be regarded as a py .(0z)-module by means
of ¢.

By definition, two triples (n, Z, ¢), (n’, Z’, ¢') are equivalent if n = n’ and there is a
triple (n”, Z"”, ¢"") such that n =n’ =n", Z, Z' C Z" are closed subschemes in Z”, and
the diagrams

Mn(ﬁU)

Pu(O7) M, (Oy) I’/U,*(ﬁz')

can /" can %
/ (ﬂ

Pu(Ozr) Pu(Ozr)
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are commutative. We shall often denote an equivalence class for the triples by ®. Though
Z is not uniquely defined by ®, nevertheless we shall also refer to Z C U x X as the
support of .
Given @, @' € & (U, X), we first equalize supports Z, Z’ of the objects ®, ®" and then
set
Hom /(y, x)(®, ®') = Hom,,, (g,)(P(®), P(¢").

Given any three objects ®, ®', ®” € &/ (U, X), a composition law
Hom (. x)(®, ®") o Hom gy (yy x)(®', ") — Homy yy x) (P, D)

is defined in the obvious way. This therefore makes o/ (U, X) an additive category. The
zero object is the equivalence class of the triple (0, #, 0). By definition,

OB Py = (n1+n2, Z1UZ, pu(Oz,uz,) = pux(0z) % pu«(Oz,)
— M, (O1)) X My, (Oy)) = My, 40,(O0)).

Clearly, P(¢1 @ ¢2) = P(p1) ® P(¢2).
If f:X'— X and g:Y — Y’ are in Sm/k, then, following [6, 4.13] and [6, 4.14], set

A (f,8)=froge=gso fT 1 A (X, Y) > (X", Y.

By [6, 4.14; 4.12], the assignments (X, Y) — &/(X,Y) and (f, g) — (f, g) determine a
functor
(U, X) € (Sm/k)°P x Sm/k > o/ (U, X) € AddCats.

Throughout this section, by </ we shall mean this bivariant additive category.
Next we shall introduce an action of AffSm/k on o/ in the sense of § 2.1. Following the
notation introduced just below Theorem 4.15 of [6], we set

ay = 1y)* : A X, Y) > A (X xU,Y x U).

To check that the assignment U +— ay defines an action of AffSm/k on &7, we need to
check the commutativity of the three squares in § 2.1. Commutativity of the second and
the third squares follows from [6, 4.17; 4.18]. Commutativity of the first square, that is
the equality @/ (1xxy, ly X floay = & (1xxy, g X ly) oay, is exactly commutativity of
the diagram from [6, 4.24]. Thus the assignment U + «y defines an action of AffSm/k on
<7 . Below we shall consider the bivariant category ./ equipped with this specific action
of AffSm/ k.

For any U, X € Sm/k the bivariant category o/ produces a simplicial additive category

d—> (U x A, X).

It is straightforward to check that this simplicial additive category is a k[A]-linear
additive category in the sense of [9, p. 158].
By [6, 4.27; 4.28], the bivariant category & also satisfies the property (2ut) from §4.
Now we have a spectral category K whose objects are those of Sm/k, i.e., a category
enriched over Sp%. Its morphism symmetric spectra are of the form

KU, X) = K9 («#(U, X)).
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We refer the reader to [6] for details. One can associate a ringoid Ko to it. By definition,
the objects of Kq are those of Sm/k, and

Ko(U, X) =mo(KU, X)), U,X e Sm/k.

In what follows we shall write H]fé’q(U, 7Z) to denote I-{;ﬁq(U, Speck). In Remark 4.1 we
defined complexes of presheaves C*(Ap y(¢)) (indexing is cohomological). We set

Z%(q) == C* (A0 speck (@[ —q Dnis-
It follows from Remark 4.1 that

HEY(U,2) = HE (U, 7% (9)).

ni

We shall also denote by KGL the bispectrum KGL g/ spec k-

There is another ringoid which is important in our analysis. Let PU, X),U, X € Sm/k,
be the additive category of big coherent &y« x-modules P such that Supp P is finite over
U and the coherent Oy-module (py)«(P) is locally free (see [4, 6, 9]). We shall write
@(U) to denote @(U, Spec k). Define a ringoid Kga as

K$(U, X) = Ko(2(U, X)), U,X € Sm/k.

Here the right-hand side stands for the Grothendieck group of the additive category
P U, X).
If X is affine, then there is a natural additive functor (see [6] for details)

Fyx:d U, X) — PU,X)

which is an equivalence of categories whenever U is affine. By [6], Fy x is functorial in
U. These functors can naturally be extended to a map of ringoids

F:Ko— K.

Given n > 0, we denote by Z°" (n) (respectively, Z(n)) the Grayson complex [26, 34]
corresponding to the ringoid KgB (respectively, the Suslin—Voevodsky [27] complex
corresponding to the ringoid Cor). The complexes are defined in the same fashion as
ZX(n). Recall that motivic cohomology is defined as

H"2(X,7) .= HE (X, Z(q)).

Theorem 7.1 (Suslin [26]). For any n > 0, the canonical homomorphism of complexes of
Nisnevich sheaves 76" (n) — Z(n) is a quasi-isomorphism.

Corollary 7.2. For any n > 0, the canonical homomorphism of complexes of Nisnevich
sheaves ZK(n) — Z9"(n), induced by the map of ringoids F:Ko— K&, is an
isomorphism. Hence, for any smooth scheme X € Sm/k, cohomology groups H]fé’q (X,7Z)
coincide with motivic cohomology groups I-{f/’[q (X,72).
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Proof. As we have mentioned above, the additive functor Fy x : & (U, X) - Z(U, X) is
an equivalence whenever U and X are affine. It follows that the map of simplicial abelian
groups

d > Ko(U x A, G") — (d = KU x AT, G™), n >0,

is an isomorphism for every smooth affine scheme U. Hence the map of simplicial abelian
sheaves
(d = Ko(=x A% Gy"nis) = (d = K (= x A, G i)

is an isomorphism of motivic spaces. Our assertion now follows. O

Corollary 7.3. The cohomology groups HH’E’*(X, Z) are homotopy invariant and satisfy the
cancelation property.

Proof. The proof follows from [26, 3.1; 4.13] and Corollary 7.2. O

Corollary 7.4. Let k be a perfect field. Then Ag speck(n) = sn(Ao,speck (1)) for each n > 0.
Proof. The proof follows from Proposition 5.1, Theorem 7.1, and Corollary 7.2. O

By definition, by the K-theory of X we shall mean the Waldhausen algebraic K-theory
symmetric spectrum of big vector bundles (regarded as an exact category)

K(X) = K(Z(X)).

We set Gy := Fx speck- Observe that Gy is functorial in X. So we get a map in
Pre* (Sm/ k),
G : K9 (o (—, Speck)) — K(—),

where the left-hand side spectrum is defined on p. 140.

Proposition 7.5. G is a Nisnevich local weak equivalence and it induces canonical
isomorphisms
K (X, Speck) = K ,(X),

for any smooth scheme X and any integer p, where the left-hand side group is defined on
p. 148.

Proof. The fact that G is a Nisnevich local weak equivalence follows from the fact that
Gy is an equivalence of categories whenever X is affine. So we also have that

KO (o (— x A?, Speck)) - K(—x AY), d >0,

is a Nisnevich local weak equivalence in Pre* (Sm/k).
Consider a commutative diagram in Pre® (Sm/k),

KO (o (—, Speck)) — |KC" (o (— x A+, Speck))| — |KC"(o/ (— x A", Speck))| s

| L,k

K(-) z |K (= x A)] |K(— x A)]f.

(14)
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Here the lower f-symbol refers to a fibrant replacement functor in Preis(Sm/ k). The

vertical arrows are Nisnevich local weak equivalences. The left horizontal arrows are
motivic weak equivalences, by [18, 3.8].

Since K(—) is homotopy invariant, « is a stable weak equivalence. By [28], K(—) is
Nisnevich excisive, and hence B8, y are stable weak equivalences. It remains to observe
that

Kp“y(X, Speck) = np(|KG’(d(— x A, Speck))| (X))

for any X € Sm/k. O

Corollary 7.6. Let K(—) — K(—) be any fibrant replacement of K(—) in the stable
projective model structure of Pre* (Sm/k). Then the composite map

K97 (o (=, Speck)) S K(=) — K(-)
is a motwic fibrant replacement of K" (o7 (—, Speck)) in Pre,fw(Sm/k).

Proof. All maps of diagram (14) are motivic weak equivalences. The proof of the
preceding proposition shows that K(—) is fibrant in PreZ  (Sm/k). O

mot

We are now in a position to prove the following.

Theorem 7.7. Let k be a perfect field. Then the Grayson tower (6) of S'-spectra in SHq (k)
T ESq—HASApeck(q +1)— ESqASApeck(Q) = ASApeck
is isomorphic to the tower
wo = fqr1(K(=) = fg(K(=) = - = fo(K(—)).
Moreover, sq(K(—)) = EM(Z(q)) for every q > 0.

Proof. This is a consequence of Theorems 5.3, 5.4, and 7.1, Corollaries 7.2-7.4, and
Proposition 7.5. O

The next theorem says that the bispectrum KGL represents algebraic K-theory.
Theorem 7.8. For any smooth scheme X, one has canonical isomorphisms
KGLP (X ) = SHK)(EX XX, Z 1 SLKGL) = Koy p(X),
where K (X) is algebraic K -theory of X.

Proof. Given a bispectrum X, let X2 be the bispectrum (| Xo(— x A)|, | X1 (= x A, ...).
Taking a fibrant replacement of X in the level Nisnevich local model structure of
Pre*C(Sm/k), we get a bispectrum X]Ac. So one has maps of bispectra

X—>XA—>X/%,

where the left arrow is a level motivic weak equivalence by [18, 3.8] and the right arrow
is a level Nisnevich local weak equivalence.
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Consider the bispectra (S_ISASAPeCk)f and KGL?. Note that the first bispectrum is
TA

equivalent to ASpec ¢ We claim that each structure map
pn o (KGLY)n = (KGLp) y — QG (KGLy, ) 5

is a stable weak equivalence in Pre* (Sm/k). Corollary 7.6 and [9, 9.3] imply that each
(KGLnA)f has homotopy type of Q"K (=) € Pre* (Sm/k).
By construction, the map pg factors as
S”SAspeck(O)J% — QGS*‘SASpeC,{(l)? — QG(KGLY) .
Corollary 7.3 and the cancelation theorem for K-theory 4.6 imply that the left arrow is

a stable weak equivalence. It follows from [9, 9.6] that a homotopy cofiber of the right
arrow is Q@,Q(Aéspeck)o. By Corollary 7.2, we have

e ~ ,0 ~ .0
T p-1(Q6R(AG speci)0(X)) = HE (X NGy, Z) = HY (X NGy, Z), X € Sm/k, p € Z.

The proof of [31, 4.2] implies that Hj’/j,O(XAGm, Z) =0. So Q(;(Zéspec Qo is zero in
Ho(Pre* (Sm/k)), and hence pg is a stable weak equivalence. The fact that each p, is a
stable weak equivalence is proved in a similar fashion. The only difference with pg is that
one iterates the S~!S-construction at each step.

We conclude that KGL]AC is a motivically fibrant bispectrum. Therefore,

KGLP1(X4) = SH(k)(ZX XX, P EéKGL?)
= SHa (k) (ZX° Xy, ZP7(KGLY),)
SH (k) (ZXX 4, ZFTIQIK (—)) = Koy p(X),

1

as was to be shown. O

Lemma 7.9. Let k be a perfect field. Then the bispectrum Aspeck is isomorphic in SH (k)
to fo(KGL).

Proof. It follows from Corollaries 7.3 and 7.4 and Lemma 5.5 that Agpeck is in SHY/ (k).
Then map (13) of bispectra x : Aspeck — KGL. factors as
Aspeck > fo(KGL) %> KGL.
For any X € Sm/k and any p € Z, the induced map
G SHRN(EX ZX X4, P fo(KGL)) — SH(k)/(EX XXX+, XI'KGL)

is an isomorphism by construction of fy(KGL). On the other hand, Theorem 7.8 implies
that the induced map

Xs t SHKY(EXEX X+, ZF Aspeck) = SHK)(EF XX 4, ZVKGL)
is an isomorphism, and hence so is
Oy : SHK)(EFEX X4, ZF Aspeck) = SHK)(EZX XX 4, Z¥ fo(KGL)).

Since Y& X°X 4 generate the compactly generated triangulated category SH eff (k), we
conclude that 6 is an isomorphism in SH (k). O
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The following result gives an explicit model for the non-negative part of the slice tower
of the bispectrum KGL.

Theorem 7.10. Let k be a perfect field. Then the tower (11) of bispectra in SH (k)
1 1
> Eng E(g,+ Aspeck — Egzg;ASpeck — - = Aspeck
is isomorphic to the tower
<o —> fy+1(KGL) — f4(KGL) — --- — fo(KGL).

Proof. By Lemma 7.9, there is an isomorphism 6 : Aspeck — fo(KGL) in SH (k).
Suppose that an isomorphism 6, : x! Z’éASpec k= fq(KGL), g = 0, is constructed. Since

ST I Agpecr € LT SH (k) and s, (KGL) is orthogonal to L™ SH (k), it follows that
there is a unique morphism

1 1
Ogt1 2 S0 2L Agpeck — fy41(KGL)

making the diagram

+1 +1
EAq Eé Aspeck —> qu E(éASpeck

Og+1 l qu

Jq+1(KGL) ——— f4(KGL)

commutative. We claim that 6,4 is an isomorphism in SH (k).
By Theorem 4.7 and Corollary 7.3, a homotopy cofiber of the upper horizontal arrow
is 7 EéAo,spec k- Therefore,
1
SH(k)(2é+ E(E‘,OE:OX-F, ESPE(Z;AO,SpeCk) = SH(k)(EGE(EOESOX-&-s EspAO,Speck)
= HY'(X NG, Z)
for any X € Sm/k and integer p. The proof of Theorem 7.8 shows that HH{()’O(X NGy, Z) =

0, and hence f; (xd E(g;AO,Speck)) =0.
Since f;+1(s4(KGL)) = 0, we see that the horizontal arrows of the commutative diagram

Fort (EI ST Ao k) — fri1(ZI Z8 Aspeck)
fq-H(eq-H)l/ lfq-%—](eq)
Fos1 (fg+1(KGL)) ———— f,41(f,(KGL))

are isomorphisms. But f;41(8,) is an isomorphism, and hence so is f;41(04+1). Lemma 7.9
implies that Z¢7" 24 Agpecs is in ZLT SH (k). Since f,41(KGL) belongs to LT SH (k)
as well and f;11(8,5+1) is an isomorphism, we conclude that 6, is an isomorphism. [

One of the equivalent models for the motivic Eilenberg-Mac Lane bispectrum Hy is as
follows. Let Cor be the ringoid of finite correspondences over Sm/k (see, e.g., [27]). The
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cube of sheaves Cor(—, G)") is defined similarly to the cube Ké;’ (' (=, Y xGM). Its
vertexes are sheaves Cor(—, (Gf;lk)7 k < n. By definition,

Hy = (EM(Cor(—, Speck)), EM(C®Cor(—, Gﬁ,l)), AR
where EM stands for the Eilenberg-Mac Lane functor in the sense of [5, Appendix A]
from abelian groups to Sp*.
The composite map of ringoids
Ko i KSB — Cor
(see [26, 34] for the definition of the second arrow) yields a map of bispectra
A AO,Speck — Hy.

The proof of Theorem 4.7 and Corollaries 7.2-7.3 shows that A is an isomorphism in
SH (k).

The next result was first conjectured by Voevodsky [30, 31] and solved by Levine [15]
by using the coniveau tower (over perfect fields).

Theorem 7.11. Let k be a perfect field. Then for every g > 0 we have isomorphisms in
SH(k),
sq(KGL) = 3] x> Hy,.

Proof. The proof of Theorem 7.10 shows that there is a commutative diagram in SH (k),

+1 +1 +2 +1
Esq Eé ASpeck - Esq qu;,ASpeck - Esq E((q;,AO,Speck I Zg Eg; ASpeck

Og+1 l l@; tzxeﬁl

fq+1(KGL) ———— f4(KGL) ——— 54(KGL) —— X f41+1(KGL),

where the vertical arrows are isomorphisms. Since SH (k) is triangulated, there exists an
isomorphism
Zd 5L Ao speck = 54(KGL).

It remains to observe that A : Ag speck — Hz induces an isomorphism xa E(Z‘,AO,Spec P =

2! ${ Hy, in SH (k). O
Let @(G;q)(X) be the additive category whose objects are the tuples (P, 0y, ..., 6,)
with P € & (X) and (61, ..., 6;) commuting automorphisms. The cube of affine schemes

G!Qq gives rise to a cube of additive categories @(G,Qq)(X) with vertexes being
,@(G;,q)(X), 0<k<gq. The edges of the cube are given by the additive functors
is : 2(GFNH(X) - PG X,

(P,(01,....,6k—1)) —> (P, (61, ..., 1,...,6k=1)),

where 1 is the sth coordinate.
Grayson’s machinery [9] (see [5, 34] as well) produces a tower in Ho(PreZ (Sm/k)),

nis

= BUKO(CP PG (= x A = - — [KT(P(— x A))]. (15)
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By [9, 10.5], |KCT (P (— x ANl = |K (2 (— % A))|. This tower produces the Grayson
motivic spectral sequence for P (X) (see [5, 9, 26, 34])

EY = HE (X, 297 (—q) = K_p—q(X), X € Sm/k. (16)

nis

In view of Theorem 7.1, it takes the form
EY =HY TTUX, ) = K_p_4(X), X eSm/k.

We are now in a position to prove the following.

Theorem 7.12. Let k be a perfect field. Then the Grayson motivic spectral sequence (16)
is isomorphic to the Voevodsky motivic spectral sequence [3, p. 171]

EY' = SHh)(EXEF X4, 2V 5 Es0(KGL)) = K_p—q(X),
produced by the slice tower for the bispectrum KGL.

Proof. Recall that there is an additive functor Gy : &/ (X, Speck) — ,@(X), functorial
in X, which is an equivalence whenever X is affine. It induces a map of multisimplicial
additive categories,

Gy.x : COd/ (X, Speck)(Gp!) — C®2(G1)(X),

which is an equivalence whenever X is affine. In view of the (2(ut) property for <7, we
can identify <7 (X, Spec k)(G,) with o7 (X, Speck x G .

It follows that Grayson’s tower (15) for BZ(X) is isomorphic in Ho(PreiS(Sm/k)) to
Grayson’s tower (6) for (X, Speck). Corollary 7.2 and Proposition 7.5 imply that
Grayson’s motivic spectral sequence (16) is isomorphic to Grayson’s motivic spectral
sequence (7) for 7,

EY = HZ (X, Z):ﬂ(,p ,(X,Speck), X € Sm/k.
Theorems 4.7, 7.10, and 7.11 now finish the proof. O

Appendix A. Some facts on spectra

We prove here a couple of useful facts. First we wish to compare the agreement of the
bispectrum KGL with the classical K-theory P!-spectrum BGL (see, e.g., [18, 20, 29]).

The functor diag : SHgi (k) = SHg g (k) sending a bispectrum to its diagonal S' A
G-spectrum is an equivalence of categories. In particular, diag(KGL) is isomorphic to the
following ! A G-spectrum:

KGLy = (KO (S7'8a/ (. Speck))', QK" (S~ $)2.e/ (—, Spec k),
QRO (5718 o/ (—, Speck)P. .. ),

where f refers to motivic fibrant replacement with respect to the injective model structure
of motivic spaces (see [12]) and the superscript ™ refers to the nth space of the
S1-spectrum Q”I/(\Gr((SflS)”“d(—, Speck)). Let JZ be a motivic fibrant replacement
of the K-theory presheaf U — K (@(U )). Then we can choose homotopy equivalences

0 QTKOT(STLS)y o (— Speck))(") —~ X, n>=0,
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and maps B, : & A (S'AG) — # which are defined as

H A (S AG) L2 QKO (57 8yt (—, Speck)) |

A (STAG) — QRO ((5718)" e (—, Speck) §T! 25
with y, being some homotopy inverse of a,. We then get a S! A G-spectrum
KGLy = (X, ¢, %, ...)

with structure maps given by 8.
It follows from [22, 6.3] that KGL; and KGL, are isomorphic in SHgi g (k). By the
same result and [23, 1.1.2], KGL, is isomorphic in SHgi ,g (k) to the spectrum

KGLy = (X, %, %, ...)

with each structure map given by Bo.
There is a zigzag of motivic equivalences,

Sl /\G (lAl T :)Al T (:Al P],
where T is the mapping cylinder for the inclusion (G,,)+ — Ah_. By [12, 2.13], the zigzag
induces an equivalence of categories,

6 : SHgi g (k) — SHpi (k).

Consider a P!-spectrum

KGL4=(<}£/,<%/,<%/7--')7

where each structure map & — Qpi1. % is given by
H = Qi g H — QA

Here the left arrow is adjoint to By and the right arrow is a chosen homotopy equivalence
induced by the zigzag above (recall that J# is a motivically fibrant space).

It follows from [22, 6.3] that 6(KGL3) is isomorphic to KGL4 in SHpi (k). It remains to
apply [23, 1.1.2] to show that KGLy is isomorphic in SHpi (k) to the P!-spectrum BGL
defined in [20, 1.2.1].

We document the above arguments as follows.

Theorem A.1. The image of the bispectrum KGL under the equivalence of triangulated
categories 0 odiag : SHg1 (k) — SHpi (k) is isomorphic to the K-theory P! -spectrum
BGL in the sense of [20, 1.2.1].

Although the authors have not found the following result in the literature, they do not
have pretensions to originality. It is used in the proof of Lemma 5.2.

Proposition A.2. If E is a connected motivically fibrant S'-spectrum, then so is QGE.
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Proof. Clearly, Qg E is motivically fibrant. To prove that it is connected, it suffices to
check that for any smooth local Henselian scheme U one has 7, <0(E(Gp,p)) = 0 (recall
that G is sectionwise equivalent to the pointed motivic space (G, 1)). Since Qg,, E is
motivically fibrant, by [17, 6.1.6], it is enough to verify that for any k-smooth variety X
one has 7, <0(E(G,,;,x)) = 0 with K = k(X) its function field.

Sublemma. If .% is a strictly homotopy invariant Nisnevich sheaf of Abelian groups on
Sm/k, then H: (G kxy, #) =0 for alln >0 and X € Sm/k.

nis

Proof. The result is well known for n > 1. One has

(1 ?2)
H: Gy, F) = HE(S' Ay F) =2 [S'AGu i), K(Z, YVRI0)

5
D [B) ). K(F. D1, 00 2 HE, @' 7) 2o
Here (1) is given by the suspension isomorphism, (2) holds because K(%,2) is an
Al-local motivic space, (3) holds because S! A G kx) %IE”}{(X) in Hyi(k), (4) holds
because K (.Z,2) is an Al-local motivic space, and finally (5) follows from the fact that
dimP! =1 < 2. O

Now the spectral sequence
H? (G kx), T, (E)) = 74— p(E (G k(x)))

together with the sublemma above shows that HO(Gm,k(x), 7, (E)) =my (EGmiixy)) =0
for g < 0, because 7,-0(E) =0. O

To conclude the paper, we remark that all presheaves of symmetric spectra forming the
main bispectra Agpeck, Ao,speck We work with are K-modules in the sense of [6]. Moreover,
their structure maps are K-module morphisms. Also, Grayson’s tower (6) for &7 is in
fact a tower in the homotopy category Ho(Mod K) of K-modules. It produces a tower
of compact objects in the motivic homotopy category of K-modules in the sense of [5].
This point of view of the motivic spectral sequence motivated the authors to develop the
‘enriched motivic homotopy theory’ of spectral categories and modules over them [5, 6].
As an application, the motivic spectral sequence is realized in associated triangulated
categories. Though we tried to avoid the use of this language here, it is this theory that
led the authors to the main results of this paper.
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