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We investigate a degenerate parabolic variational inequality arising from optimal continu-
ous exercise perpetual executive stock options. It is also shown in Qin et al. (Continuous-
Exercise Model for American Call Options with Hedging Constraints, working paper, avail-
able at SSRN: http://dx.doi.org/10.2139/ssrn.2757541) that to make this problem non-trivial
the stock’s growth rate must be no smaller than the discount rate. Well-posedness of the
problem is established in Lai et al. (2015, Mathematical analysis of a variational inequality
modeling perpetual executive stock options, Euro. J. Appl. Math., 26 (2015), 193-213), Qin
et al. (2015, Regularity free boundary arising from optimal continuous exercise perpetual ex-
ecutive stock options, Interfaces and Free Boundaries, 17 (2015), 69-92), Song & Yu (2011, A
parabolic variational inequality related to the perpetual American executive stock options,
Nonlinear Analysis, 74 (2011), 6583-6600) for the case when the underlying stock’s expected
return rate is smaller than the discount rate. In this paper, we consider the remaining case:
the discount rate is bigger than the growth rate but no bigger than the return rate. The
existence of a unique classical solution as well as a continuous and strictly decreasing free
boundary is proved.

Key words: Variational inequality, free boundary, optimal exercise, perpetual executive
stock option

1 Introduction

In the absence of frictions, if assets are priced by arbitrage, the value per-unit is invariant
to the amount of the asset. In particular, the optimal exercise time is independent of the
amount of American style claims. However, it is not necessarily true in the presence of
portfolio constraints or other frictions. This fact motivates Rogers and Scheinkman [15]
to propose a continuous exercise model (claims can be exercised bit by bit) for American
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style claims with a direct application to executive stock options, which are American call
options granted by a firm to an executive as a form of benefit to his or her salary usually
with long maturity, ranging from 5 to 15 years, and hedge constraint (e.g., no short sell of
the underlying stocks). There is an extensive literature on executive stock options, see, for
example, Lambert, Larcker and Verechia [11], Carpenter [1], Hall and Murphy [7], Jain
and Subramanian [9], Grasselli and Henderson [6], Leung and Sircar [12], and references
therein. More precisely, suppose an executive owns A amount of executive stock options
initially, he or she can exercise any fractions of options with strike price K at any time
before or on the maturity T. We denote an admissible exercise strategy, which describes
the amount of remaining options, by an adapted, non-negative, non-increasing, left-
limit, and right-continuous process {m;}o<t<r With conditions that mg- = A and mr = 0.
And the set of all these admissible exercise strategies is denoted by My r(A). Then the
executive’s problem is to choose an optimal exercise strategy to maximize his or her
utility of the present wealth:

T
V(x,s,A,T)= sup ]E[U(x - f e[S - K]+dmt)
meMO,T(A) 0

So =], (1.1)

where r > 0 is a constant discount rate, U is the executive’s utility function which is
increasing and concave. x € IR and s > 0 are the initial wealth of the executive {X;}i0
and initial price of the underlying stock price {S;};»0, whose dynamics are given as
follows respectively:

dXt = —e_”(St - K)+d1’l’lt, XO =X,
dSt = ozStdt + GStth, SO =S5,
with constant expected return rate « € R and constant volatility o > 0. (Wi} is

a standard Brownian motion. As is shown in [14], it is convenient to consider the
discounted number of the remaining options {A};>o (i.e., A; = e”"'m;), which satisfies

dA; = —rAddt + e tdm;, Ag- = A.

In [14], we prove that the value function V defined by (1.1) is a unique viscosity
solution to the following variational inequality:

2
{8_V+rA8_V_ 220V 9V 9V av}

1 +
o TTAGA T30 g s ga K G
=0 for(x,5,A,T)eRx(0,0)3

with appropriate growth conditions, and the following initial and boundary conditions:
Visa=o = U(x), Vlr=o = U(x + [s — K]*A).

Note that besides T, the variable A also plays a role of time. Hence, this variational
inequality is a parabolic type with double time-like variables, which is seldom seen in
the literature.
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On the other hand, the perpetual problem (i.e., the maturity is infinite) is not only easy
to study but also admits some practical meanings. For example, as mentioned before, the
maturity of executive stock options is very long, usually over 10 years, so perpetual one
is not a bad approximation. Besides, this continuous exercise model can also be applied
to real investment decisions where problems are solved usually with an infinite horizon
(see Dixit and Pindyck [4]). In this context, the perpetual problem is naturally defined
as the limit of the finite horizon problem, i.e.,

v(x,s,A) = %im Vix,s,A,T).

However, when a — 62/2 > r, the probability that the discounted underlying stock price
goes to infinite is one. Thus, the executive will never exercise his or her options until
the stock price goes to infinity. So, for the above definition being well-posed, in [14], we
establish some limit properties of the value function V as maturity goes to infinite. In
particular, under exponential utility, i.e., U(z) = —e™7* with y > 0, the condition

a——<r (1.2)

is sufficient and necessary to make the perpetual problem be well-posed. Using dimen-
sionless quantities

S 2r 2 o
z=loglz, a=7yKA, Rzp, —02[

the condition (1.2) is equivalent to v < R. One can further show that v(x, s, A) = e7*u(z, a)
where u solves

min {Raua — Uy — Vlly, Uy + g*u} =0inIRx(0,c0), u(-,0)=-1. (1.3)

The dimensionless certainty equivalent is a function ¢ = @(z,a) such that

V= U(x + y‘lqo).
Then ¢ = — In(—u) solves the following equation:
min {Alp], Bp} =0 inR x (0,0), ¢(,0)=0, (1.4)

where

Alp] := Rag, — po: = v, + @2, By =@, —g",

subscripts represent partial derivatives, g* := max{g, 0}, and g = ¢* — 1. Setting ¢(z, t) :=
¢(z,€'"), the problem can be written as

Rr = max {¢=- + v, — ¢2, Re'g*(2)} in R%, (-, —00) = 0.

This is a fully non-linear degenerate parabolic equation with initial value given at
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t = —co. When v < R — 1, Song and Yu [16] show the existence of a strong solution by a
line method. In [10], we use modified penalty method to prove the existence of a unique
classical solution and the existence of a continuous and strictly decreasing function s(:)
defined on [0, o0) such that

Alp] =0 < By in N :={(z,a) |a > 0,z < s(a)},
Alp] >0=8Bp in T :={(z,a) | a > 0,z > s(a)}, (1.5)
Alpl =0=Bp onT :={(z,a) | a >0,z = s(a)}.

We call I the free boundary. In its original context, N is called no-exercising region and T
the exercising region and the optimal strategy depends only on the free boundary, which
is explicitly constructed in [14] with the following form:

o o1 50
AcPimal() = min (A, min e aIn )}

0<p<t yK ’ (1.6)

where a.(-) is the inverse of s(-), with natural extension a.(z) = oo for z < 0 = s(c0) and
a, = 0 for z > s(0%).

Moreover, in [10], we discover that the function ¢ := ¢, satisfies the following vari-
ational inequality:

min {F¢], ¢ - ¢} =0 in Rx[0,00), (1.7)

where F[¢] := Ray, + R — ¢, + (2 fou V. (z, tdt - v)lpz. It is a great simplification that
g¢" in (1.4) is replaced by g (see also [3]), since options are not exercised when stock
price is below strike price. Also, (1.7) at a = 0 provides the equation for the initial value

Yo :=9P(,0) = @a(-, 0):
min Ry -y —vip), o — g} =0 in R. (1.8)

By establishing a strong solution of (1.7), we obtain a classical solution of (1.4), when
a < r. Furthermore, in [13], we convert (1.4) to a Stefan type free boundary problem for
(¢, ¥, w,s) where w = 1,. Under the condition @ < r, we prove that s € C3/2([0, %)) N
C*((0,)) and ¢ € C* (R X [0, c0)). The analysis in [10,13] relies on @, < 0, due to V
concave in (x, A); see [2] for a derivation.

In this paper, we study the remaining case r < a < r+02/2 or equivalently R—1 < v < R.
Our main result is the following:

Theorem 1 Assume that R > 0and 0 < p := R —v < 1. Then (1.4) admits a unique solution
having the following properties: @, 9z, P2z, 4@, € C(R X [0, 0)), ¢z < O,

0 < pe < max{(ae®)*, ae*}, 0< @, <@g,

0<a9a < ¢, 0<age: <@ +a, (1.9)
0 < @z <Rp —vep, +¢2, a@, € CHH2(R x [0, o)),
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p(z,a) {ez if pu=1

©a(z,0) = li{n VzelR. (1.10)

0 a oo if pe(0,1)

Also, there exists a strictly decreasing and continuous function s such that (1.5) holds and

+12

2Ra

In[(p — p2)/4]V¢ =1Ina if pe(0,1),
In(VR/2) - In va if u=1.

m+In(1+ (1.11)

)>S(a)>{

Remark 1.1 ltis very delicate to prove the uniqueness of the solution, due to the singular
behaviour:

}3{{; lim ¢(z,a) = e, lim y{% ¢(z,a) =0, ?{%S(”) = oo.

We prove the uniqueness as follows. It is shown in [14] that the optimal strategy is given
by (1.6) if the solution of (1.5) has the following property: there exist positive constants
M and 6 such that

ae’'® <M, @(z,a) = M[ae*]° Vz <s(a),ac€(0,1].

Clearly, our upper bounds of s and ¢ validate the above assumptions, so by Theorem 3

in [14],
a
Q(z,a) = - 1r1( - ZJ(O, Ke?, )/_K))
Since the value function V is well-defined, we see that ¢ is unique and (1.6) is the optimal
strategy.

Remark 1.2 When p € (0, 1), the estimate (1.11) implies that

lim@ =

-1.
a\O Ina

In a subsequent paper, we shall show that the above limit is -1 when u = 1.

The semi-discretization scheme of Song and Yu [16] is based on the function u for (1.3).
In terms of (1.4), it can be described as

min{A,[@,], Bulgal} =0, (112)

where A, and B, are implicit time-discretization of A and B, respectively. Different from
Song and Yu [16], here we use a semi-discretization of (1.7):

ap =4do + T‘lh, min{Fn[ll)n]/ an - g} =0, On = Pp-1 t hl#m (113)

where F, is an implicit time discretization of ¥ at time a = a,.. For a given discretization
time step /1, we choose carefully an initial time ag = O( Vh) and initial data (o, 1) at
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time a = a9 such that the solution of (1.13) is actually the solution of (1.12)! Therefore,
the resulting approximation possesses properties of solutions of both discretizations.

The rest of the paper is organized as follows. In Section 2, we construct approximate
solutions of (1.13) and show that they are also solutions of (1.12). In Section 3, we consider
the well-studied case R > v+1, for the purpose of illustrating the idea of the convergence
routine, as i N\, 0. In Section 4, we briefly mention the transition case R = v + 1 and in
Section 5, we consider the case v < R <v + 1.

In the sequel, we use the convention that all functions are left continuous, i.e., f(z) =
lim, », f(x). We use C"*}(R) to denote functions with locally Lipschitz continuous mth
order derivatives and C to denote a generic constant depending only on R and v. We
always assume that R > 0.

2 Approximation

Let b > 0 be a given step size for time discretization. For some initial time a9 > 0
and initial data (¢o, 1) to be determined later, we define {(p,, ,)};7 ; iteratively as the
solution of (1.13), where F, is an implicit time discretization of ¥ in (1.7):

Fu[C] := RhY[a,C — ay1thua] - " —vC +2¢! T+ hT'™. (2.1)

We shall construct initial data (a9, @9, Y0) having the following properties:

(A1) ap =0, go, o € CH*1(R), min{Ryy — 0 = vy + 20000 + h%z, Yo—g*} =0.
(A2) min{Ragipg — @} — vy +@%, o — g} = 0.

(A3) @0 =0, @) =0, gy >0.

(A4) 0< Yy <t +1.

(A5) There exists a positive b such that ¢y = gin [b, o0) and 19 > g in (=00, b).

2.1 Existence

Lemma 2.1 Given mesh size h > 0 and initial data (a, po, o) satisfying (A1), there exists a
sequence {(Qu, Pu)}S, in [CH(R)]? that solves (1.13), where F, is as in (2.1), and satisfies

Yo=Y =P = 2=g"

Proof We use a mathematical induction. Set %, [C] = min{F,[(], C - g}.
Hypothesis (Hy-1):  @u-1, ¥n-1 € CYR), ¢ =1 =0, Fulthua] = 0.

When n =1, (¢o, Y0) is given and satisfies (Hy), by the condition (A1) and the fact that
a1 =ap+hand ¢y — g = ¢y — g > 0. Thus, the hypothesis is true when n = 1.
Next, suppose (H,,—1) is true for some n > 1. We construct ¢, by solving %, [¢,] = 0.

(i) Note that #,[0] = min{-Rh'a,_11,-1, —¢} < 0. Hence, 0 is a subsolution.
(if) By the induction hypothesis, #,[1,-1] = 0. Hence, 1,1 is a supersolution.
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(iii) As the supersolution ¢,_1 is no smaller than the subsolution 0, by a standard pde
argument (c.f. [5] or Step 1 of the proof of Lemma 2.4 below), there exists a C1*}(R)
solution ¢, of F,[1,] = 0, satisfying 0 < ¢, < ,—1. We set ¢, = @1 + hp,,. Then
¢n € CHY(R).

(iv) Now we verify hypothesis (H,). We already know 0 < ¢, < 1,1 < ¢p. Also,

Tn+1[¢n] = min{Fn+l[ll/n]/ l,bn - g} = mln{Fn[l,bn] + 671/ llbn - g} = 7:11[1!)11] =0,

since 6, = Rhla,_1[Yn-1 — ¥u] + 20,2 > 0. Thus, (p,, V) satisfies (H,). This
completes the mathematical induction and also the proof of the lemma.

O

Remark 2.1 We are working on unbounded domain R with unbounded solutions, so
the uniqueness of the solution 1, of ¥, [¢,] = 0 does not follow from any classical pde
theory. We can show the uniqueness, but the proof is too technical so we decide to omit
it here. Nevertheless, under the full assumptions (A1)-(A5), we can work on the half
interval (—oo, b] with boundary conditions 1;,(b) = g’(b) and 1,,(—o0) = 0 to establish the
existence and uniqueness (since R > 0) of solutions. The property 1y = ¢, > g still holds
so Y, (b) = g(b) and we can extend 1, to R by setting ¢, = g on [, 00). The condition (A1)
implies that F,,[{,] = Fu[g] = F1[g] = 0 on [b, o) (since ¢, = ¢o + [a, —ap]g on [b, ©0)), so
the extended function satisfies ¥,[¢,] = 0 on IR.

In the sequel, {(px, Pn)}; is the solution of (1.13) given in Lemma 2.1.

2.2 Variation structure of ¢

Lemma 2.2 Assume (A1) and (A2). Then the solution of (1.13) satisfies (1.12) where

ATL[C] = Ranh_l [C - (Pn—ll - CH - VC/ + CIZI Bn[C] = h_l [C - (Pn—ll -8

Proof For each integer n > 1, using 2¢! ¢, + ;2 = ™' (¢}? — ¢/* ), we obtain

hEu[Yn] = [Rany — @3 — ve, + (pl?] — [Ray-1¢u — @) — v, + (P:12—1 .

Hence, defining y, := Ragpo — @ — v}, + ¢*, we have

Aulpal = Raytpy = @} =vel, + @}2 = yo+ Y hE il

i=1

(i) The condition (A2) implies that 3y > 0. The equation (1.13) implies that F;[i;] = 0
for each i > 1. Hence, A,[p,] = 0in R. Also, B,[¢,] = ¢, — g = 0in IR.
(ii) Suppose z € R is a point at which B, [¢,](z) = ¥,(z) - g(z) > 0. Then gbo(z) P1(z) =
- = Pu(2) > g(z). Consequently, from min{F;[y;], i — 0 and min{yo, ¢o—g} =0,
we have yo(z) = 0 and Fi[¢;](z) =0 fori=1,--- ,n. Thus, An[(pn](z) =0
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In conclusion, min{A,[@,], B.[¢.]} = 0. ]

Remark 2.2 The scheme of Song and Yu [16], based on (1.3), is almost the same as (1.12).
Using (1.13), we can estimate directly ¢ = ¢,, retaining the variation structure (1.12).

2.3 Positivity, monotonicity, and convexity of ¢

Lemma 2.3 Assume (A1)—(A3). Then ¢, = 0,¢;, =0, and ;) = 0in R for everyn > 1

Proof We use an induction argument. Assume that n > 1 and ¢,-1 > 0,¢;_; > 0 and
(Pn—l
For each fixed constant ¢ > 0, we consider the evolution problem, for ¢ = ¢(z, t),
Or = Gz — VP, + X + RE'a,() — @uo1) + Be(d — @1 —hg) =0 in R x (0,00), (2.2)
¢(-,0)=0 on R x {0}.

Here, :(s) = B(s/¢) and f is a smooth function satisfying
B=0in [0,0), B”"<0<pBin (-1,0), B” =0in (—oo,-1]. (2.3)

(i) One can apply maximum principle to obtain an a priori estimate ¢» > 0 in IR X (0, c0).
Also, since min{A,[@,], Bx[@,]} = 0, one can use comparison to obtain an a priori
estimate ¢ < ¢, in R X [0, ). These upper and lower bounds ensure that the
non-linear parabolic equation admits a unique solution in the function space {¢ €
C*12(R x [0,00)) [ 0 < ¢ < ul.

(if) Differentiating (2.2) with respect to z, we obtain

((Pz)t - (sz)zz + [zﬂbz - V](sz)z + [Rhilan + ﬁ‘/c_](i)z
= R aygp;,_ + [y, + 1B, =
((Pzz)t - ((;bzz)zz + [2(;[)2 V](¢zz)z Rh Ay + ‘Bé + 2¢zz]¢zz
= Ri™ anp)_y + (@) + hg"1B. = (9= — @), —hg' B >

Hence, by maximum principle, ¢, > 0 and ¢.. > 0in R x [0, c0).

(iii) Since ¢ > 0, we have ¢4(-,0) = 0. We can differentiate (2.2) with respect to t to
obtain a parabolic equation for ¢; and show by maximum principle that ¢, > 0
in R X [0, 0). Hence, ¢.(x) := lim;,. ¢P(x, t) exists; the limit satisfies ¢, = ¢, = 0,
¢, = 0and ¢y > 0in R, and

V= vl + L%+ RE7 (e — @uo1) + Be(Pe — puo1 —hg) =0 in R, (2.4)

(iv) Finally, sending ¢ \, 0, we obtain ¢, = lim.\g ¢, being the unique solution of the
variational inequality (1.12). The properties ¢, = 0,¢;, = 0, and ¢, = 0 carry over
to the limit so @, = 0,¢;, = 0, and ¢;, = 0inIR.

This completes the mathematical induction argument and also the proof of the
lemma. 0
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Remark 2.3

(1) In step (iv), we need the uniqueness of solutions of (1.12); see Remark 2.1.

(2) The classical approach (e.g. [5]) for the obstacle problem (1.12) uses (2.4) for approx-
imation, where there is a technical difficulty in applying the maximum principle for
¢V, e.g., a priori it is not known if Rhta, + B. + 2¢! is positive. We overcome this
difficulty by the parabolic approximation for which positivity of Rh™'a, + B, + 2¢,.
is not needed for maximum principle.

2.4 Free boundary approximation

Ata = a,, the approximate free boundary is defined as the boundary of the set
{z | n(2) > @) = {z | [Pu(z) + 1]e™* > 1}.

If [, (2) + 1]e7* is decreasing, i.e., i, < ¢, + 1, the free boundary is at most a singleton.
Lemma 2.4 Assume (A1)-(A4). Then foreachn >1,0< ¢, < ¢, +1in R

Proof We use mathematical induction. Assume thatn > 1and 0 < ¢/ _, < ¢, + 1.

n-1 =3

(1) For each fixed ¢ > 0, consider the problem, for 1.(z), that approximates {,,:

Rh™ Y ane — apo1u) = ) + 297+, = v, + B —g) =0 in R, (2.5)

where B.(s) = B(s/€) and B is as in (2.3). One can show that 0 is a subsolution and
1,1 is a supersolution (since ¥, [¢,-1] = 0). Hence, there exists a solution satisfying
0 < ¢, < Py-1. Sending ¢ N\, 0, we obtain a limit ¢, € C'*}(R) which is the solution
of F,[,] = 0 satisfying 0 < ¢, < -1, see, for example, [5] for the standard ¢ \, 0
process.

(2) Differentiating (2.5) with respect to z, we obtain
P+ Q) 2L~ + (RE gy + 207, + B = R a1y, +6.8" > 0. (2.6)

It then follows from the maximum principle that ¢, > 0 in R. Sending ¢ \, 0, we
obtain 1, > 0.

(3) Set C = ¢, + 1+ ¢ — 1. Taking the difference of (2.5) and (2.6), we obtain, using
§=8+1

~C" + 20,y + 2y, —vIC + [Rh™'a, + BLIC
= R+ Rh'age + hpl? + 297 ¢, + R ayq[pnr + 1= 01+ (Ve + € — 9)B. — Be
> s+ DFE) ~ )|, >0

here we have used the following fact: [(s + 1)5(s) — B(s)]’ = (s + 1)"’(s) <0, so

rsI;]il?{(s +1)B'(s) - 5(5)} =(E+DF() - p6) =0 0.

https://doi.org/10.1017/50956792517000031 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792517000031

64 X. Lai et al.
Hence, applying the maximum principle, we obtain C > 0 in IR. This implies that
Y +1+ e -1, = 0.Sending ¢ \, 0, we obtain i, + 1 — ¢}, = 0.

Hence, 0 < ¢;, < ¢, + 1. This completes the mathematical induction and also the
proof. O

Lemma 2.5 Assume (A1)—(A5). Then for each n > 1, there exists z, € R such that
PYp > g in (—00,2,), Py =g in [z,,00).

In addition, b = zg >z > zp > -+ > 0.

Proof Suppose that for some n > 1, there exists z,—1 € (0,b] such that ¢,_1 > g in

(=00,z,-1) and Y1 =gon [z4-1, 00).

(i) Since Y1 = ¢, = ginR, P, = gon [z,-1, ).

(if) Consider the function C,(z) = [¢x(z) + 1]e7*. On [z,-1,0), C; = 1. On (=0, z,-1],
G, =e*[Y;, — (Yn + 1)] < 0. Also, since 1, = 0, {,(—0) = co. Hence, there exists a
unique z, € (—0,z,-1] such that {, > 1 in (-0, z,) and , = 1 on [z,, ©); namely,
Y, > gin (—00,z,) and ¢, = g on [z,, o).

(iif) By strong maximum principle, ¢, > 0 on R. This implies that 1(z,) = g(z,) > 0, so
z, > 0.

(iv) Since ¥, € C(R), that ¢, — ¢ attains a global minimum at z,, implies that v/}, (z,) =
g,(zn)-

(v) On (=00,z,], Fu[n] = 0 < Fulgpu-1]. If z4-1 = z,, we would have 9, (z,) = Pn-1(z4),
from which we can apply Hopf’s Lemma to derive that ¢}, (z,) — ¢/ _;(z,) > 0, con-
tradicting ¥(z,)" = ¢'(zx) and ¢ _,(z4-1) = &'(zu-1). Thus, 2z, < z,,-1. This completes
the mathematical induction and also the proof of the lemma. (]

2.5 The latent heat
We call 17 := (Alp]). = F[¢] the latent heat; see [13].

Lemma 2.6 Assume (A1)—(A5). For n > 1, define
Nn = Fulpnl, L= (@, +¢,_ +R-1-v)-R. (2.7)

For each n > 1, the following holds:

(1) 1 =0in(=00,2,], 0 <1y <Iy in [Z;/anl)/ N = Ly on [z,-1, 00);
2) Ma(zy) = Ma(z) = ¥/ (z0) = 8 (20) > O;
(3) Nu+1 =nn = 0andn, > 0o0n R.

Proof

(i) The definition of ¥, reads min{n,, Y, — g} = 0. Hence, 1, = 0 in R. Also, by the
definition of z,,, we have 1, = 0in (=09, z,] and i, = gin [z,, 00). Since Y,-1 > g = Py,
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on [z, z,-1), the first assertion follows by the definition 1, = R a,_1[v, — ¥u1] +
Ry =gy + [y, + @y = VI,

(ii) Since 1, € C'*!, one sees that 1,(z}}) — Nu(z;) = V) (z;) — Vil (z}h) = Vi (zn) — & (z0) =
C,(zn) > 0, by the Hopf’s Lemma, since C, := ¢;, — (i, + 1) is negative in (—o0, z,),
equals to zero at z,,, and in (-0, z,,),

Rh™'a,Cy = T + (@) + @,y = V)T, = =R+ R a1 Gy — (@) + @ DY, < —R.

(iii) On [z}, 00), Y, = gson, =1, +Rh‘1a,1_1(1/1,1 —Py-1); using P, = ¢ = Y, +1, we obtain

n,=R+n,+ @) + @/ 1+ R ay [y +1 -9, 1>R+1n,>0.

(iv) Assumen = 2.0n(zy-1,), Py = g = Py-1,50 Ny = ly. As 1,1 < [—1 on [z,-1, ), we
have 1, — 1u-1 = Ly = lp-y = e[h), + b1 = 2he* > 0. On (2, 2p-1], 1 > 0 = 1.
On (—o0,z,], 1, = 0 = 1,-1. Thus, n, — 1,1 = 0 on IR. The assertion of the lemma
thus follows.

O

2.6 Holder continuity of aip in a
We write the equation F,[¢,] = 1, as
Rh_l[anlpn - an—llzbn—l] - Qb:z, = fn =1t [v- (P;l - (P;—le;'

Since 1, = 0 in (—o0,z,]and 0 < 1, < I, = [p}, + ¢/, + R—v —1]¢;, —Ron [z}, 00), we
have

|ful < max{(R 1)+,|v|+2g0n}1/)n on R.

For integer 0 < m < n and constant 6 > 0 to be chosen,
A (2) — B u2) = {0 (2) — f By} — anfion () - f P(y)dy)

JC Z [a:¢i(y) — aiagia(y)ldy =1 - 1T+ IIL.

L —

Since ¢! > 0, both I and II are positive so |I — II| < maxu<i<n |4}l ((=o0 21)0-

Next, using equation a;i); — a;1i-1 = R™'h[Y! + fi], we have
= £ Y. )+ ]
i=m+1
Rélgﬂwj @-vie-on+ g £ Z iy
ay —

a —
max ||l ((—co2]) + max o((—o0
S TR m<i<n||¢z||L ((—o0.2]) R m+1<l<nl|fz”L (~o0,2)-
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Hence, taking 6 = +va, — a4/ VRa, and using 0 < ¢! < i+ 1 < ¢y + 1 fori = m, we
obtain the following.

Lemma 2.7 Assume (A1)—-(A5). Then for every integer n > m = 0,

a
|an7~/}n - aml/}ml < Vay —apy \é_n

(2 VR + max{(R = 1)*, W+ 20, })[1 + ¢u].  (28)

3 Thecase u>1

In this section, we assume that i := R—v > 1, which has been well-studied in [10,13,16].
The purpose that we revisit this studied problem is to illustrate the routine convergence
technique that will be used in subsequent Sections for the case 0 < p < 1.

3.1 Construction of the initial data

We setag =0, po = 0 and

N _ byt if x <b,
A= w b:=In L Po(x) = 8(b)e 1 : (3.1)
2 A=1 g(x) if x>b.

Here, A is the positive root of A2 + vA = R. Note that A > 1since R > 1 +v.

Lemma 3.1 Assume that R > max{0, 14+v}. Letag = 0, pg = 0, and 1 be defined in (3.1). Then
foreach h > 0, (ag, po, Vo) satisfies (A1)—(A5). In addition, yo := agyo — Py — vy + <p62 =0.

Proof

(i) First, we show that 1 is the solution of (1.8).
In the set (—oo,b], Ripo — ¢y — vipy = 0 since A% +vA = R. Also, ¢o(b) = g(b) and
Py (b) = Ag(b) = g'(b). Moreover, {o(x) — g(x)} = g'(B)[*™™ — ] < 0 for x < b
(since A > 1). Hence, o — ¢ > 01in (—o0,b) and ¢y € C'*1(R).
In the set (b, ), g = g, and Ryo— ¢ —vp) = (R—1-v)e* =R > (R—1-v)e! =R = A.
Hence, 1 satisfies (1.8).

(if) Since ap = 0 and @g = 0, we see that conditions (A1)-(A3) and (A5) are satisfied, and
yo = 0. In addition, when x > b, o = gso ¢y = o+ 1, when x < b, Py — o —1 =
[¢'(b) — g(b)]e*& D) — 1 = eMxD) — 1 < 0. Hence, (a9, @0, o) satisfies (A1)-(A5).

O

3.2 Convergence routine

For simplicity, we suppress the dependence on h, denoting, for each fixed h > 0, the
solution of (1.13) by {(¢., ¥u)};, and the sequence in Lemma 2.5 by {z,} . Also, 1, =
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Fu[,]. We denote by 14 the characteristic function of the set A: 14(a) = 1 if a € A and
14(a) =0ifa ¢ A.
We define, fora > 0and z € R,

(e8]

Sh(a) = Z Zil[ﬂz;l,ﬂi)(a)/
=1

(e8]

(ph(z, a) = Z (ai }: a(Pi—l + a _hai_l (Pi)llaiq,af)(”)/

i=1

n'(z,a) == Z 11(2)L(ay,01(a),
i1

&'z a) = yo(2) + f n'(z, t)dt.
0

Then s"(-) is a decreasing function, valued in (0,b]. Also, we have the following L*
bounds:

0<¢ = f Y il (Bt < o f Y LByt = ayo,
0 =t 0 =
0< (Pfll = Z ]Pil(ui—lrﬂi](a) < ¢0/
i=1

0< (PZ = f Z w;l(“i—lrﬂi](t)dt < 11[1700 + 1]/
i=1

o

lib;l(ﬂi—l,ﬂ[](a) < HDO +1,

o

N
3
Il

—_

i=

@, < Rapo + Wlalyo + 1] + (@ + h)*[wo + 117,

o
N

where in the last estimate, we have used A,[¢,] = 0 so ¢} < Ra, ¢, —ve), + ¢}
Also, we have, in distribution,

=0, nt=0, =0 &=0 &>0 &=n>0

Hence, there exists a decreasing functions : [0, o) — [0, b], alocally Lipschitz continuous
function ¢, and monotonic non-negative functions & and 1 such that along a sequence

h\ 0,

s"(a) — s(a) Yaz=0,
@" ¢! — (p,p.) in C*(Rx[0,T]) Yael[0,1),T>0,
", & ol o)) — (1, & @u, )  in distribution.

We remark that the following:
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(1) on [b, ) X [0, ), ¢" = ag;

(2) the uniform convergence of (p", ¢!) in the unbounded region (—co,0] X [0, T] is
due to the uniform exponential decay of the solution, as z — —oo;

(3) by Lemma 2.7, ap, € C™*11/2(R X [0, o)) and

ag! — ap, uniformly in any compact subset of R x [0, c0);

(4) the convergence of &" — & is indeed pointwise, by the following argument: (i)
since & > 0, along a sequence of h \, 0, &(z,a) — &(z,a) for every z € R and
every rational a > 0, (ii) since & = 1" is locally bounded, we have &(z,a) — &(z,a)
at every (z,a) € R x [0, 0);

(5) the convergence of nh — 1) can be made in leoc and a.e., since {r)h} is a bounded
family of bounded variation in any compact subset of R X [0, c0).

The limit (&, 1) has the following properties:

n =0 in (—oco,s(a%")), 0<n<!in [s(@*),s(@)], n=11in(s(a"), ),

é(z,a):f I(z, t)dt ae.,
min{a,a.(z)}

where a.(-) is the inverse function of s(-), with natural extension a.(z) = oo for z < s(c0)
and a.(z) =0 forz > b, and

I(z,a) .= e{2¢p,(z,a) + R—=1-v}—R € C(R %[0, 0)).

3.3 The limit equation
Set N = {(z,a) |a> 0,z <s@")},I ={(z,a) | a >0,z € [s(a*),s(a)]},and T = {(z,a) | a >
0,z > s(a”)}. Then @, = g on I' U T since lim_,o ¢! = ¢, uniformly in any compact subset
of R x (0, ). Also, using A,[¢n] = yo + Y.y hni = &M, a,), we have
Alp] = Rap, — @, — v, + (p§ = &(z,a) a.e.and in L2 (R x (0, )).

loc

Applying the Hopf’s Lemma to ¢ + 1 — ¢ on the rectangular domain (—co,s(a™)] X
(a — &,a7], we can show as in [10] that the free boundary has neither horizontal part
nor vertical part; that is, s(-) is continuous and strictly decreasing on (0, ). This implies
that the inverse 4.(-) of s(:) is continuous so &(z,a) = frj\in{u,a*(z)} I(z, t)dt is a continuous
function on R % [0, ). As a@, € C(R X [0, o)), we obtain from Alp] = & in leoc that
@2z = &+ Ragp, + @2 — v, € C(R X [0, 0)) and Alp] = & in C(R X [0, o0)).

Note that &(z,a) = 0 for z < s(a); I(s(a),a) = 0; and ,(z,a) > R + l(z,a) > 0 for z > s(a)
(since @, = 0). Hence, &(z,a) > 0 for z > s(a). This implies that A[@] = 0 when z < s(a)
and A[@] > 0 when z > s(a).

Using comparison, one can show that ¢, < 1+ in N. This implies that By = )—g > 0
in N. Hence, we have the following:
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Theorem 2 Assume that R > max{0,1 + v}. Let (b,1o) be defined as in (3.1). Then (1.4)
admits a classical solution having the following properties: @, ¢, @z, a¢, € C(R X [0, 00)); on
[b, ) X [0, 00), p(z,a) = ag(z); on (—co,b] X [0, c0), Qg, < 0 and

0<@<apy, 0<¢,<alpo+1], 0<q@, <Rayy—ve,+¢?
0< Py < IPOI 0< Pz < I]DO +1, ap, € C0+1’1/2(IR X [0/ oo))

There exists a strictly decreasing and continuous function s : [0, 00) — (0,b] such that (1.5)
holds.

Remark 3.1 Setw, = h‘l[gl}n — ¢y-1]. Then w, < 0. Also, since F,[¢,] = n,, forn =2,

0< it [T]n - T]n—l] = RK* [a,w, — Apowiq] — ZU;{ + [(P;, + (P;H —v]w, + [Eb;z + 1/’:&1]1;[’;#1

Note that w, = 0 when z > b. Constructing a subsolution, we can show that 0 > w, >
—C[1 + a,]. From which, we conclude that ¢, = w is locally bounded. Hence, ¢ = ¢, is
locally Lipschitz continuous; in particular, @,(z,0) = ¥(z,0) = g(b)e*¢™ for z < b.

4 The case u € (0,1]

In the sequel, we assume that R >0and 0 < y:=R-v < 1.

4.1 Construction of initial data
Let 1 > 0 be fixed. We construct ap > 0 and (po, o) by the following steps:

(1) We fix the following relation:

Po(z) = ﬂof Po(x)dx VzeR.
Then ¢ = appo and the condition (A2) is equivalent to

min{- + uo + aolpé, Yo—gt=0in R. 4.1)

This leads to the following definition:

1 #@eu(zfz()) )
Yo@) =11 pro—goem IS (42)
¢(2) if z > z,
_(In(u+0) —In(u + g — e"*®)) if z <z,
Po(z) = {ln(l +o/w) +ao fzj g(x)dx if z > z, *3)
where
1—pu++/(A-p2+4
zp :=1n foro Q, 0:= H =) ao‘ (4.4)

ap ’ 2
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(2) Now we verify that ¢y defined in (4.2) satisfies (4.1).

Direct differentiation shows that 1 satisfies the following:
o = [ +aoolpo in (=00, z0],  o(=00) =0, tho(zo) = 11%'

Note that g(z9) = €* — 1 = g/ap and g is the roots of [u + g]o = a9 + 0. Hence,

o(zo) = g(z0), Yy (20) = [p + a08(20)18(z0) = 1 + g(z0) = &' (20)-

Therefore, Yy € C'*}(R) and ¢, € C>*}(R). In addition, (A3) holds.

In (-0, zp], we have g — [o + 1] = [+ aoPolo — [Yo + 1] = [P0 — g(z0)][a0y0 +
1/g(z0)] < 0. Using integrating factor e, this also implies that 1y > g in (=00, z9).

In (2o, ), o = g, and =) + utpo +ap3 = agg® + (u - 1)g — 1 = [g — g(z0)1[a0g +
1/g(z0)] > 0. Thus, 1P satisfies (4.1).

Therefore, (A2)-(A5) are all satisfied.

(3) It remains to verify the condition (A1). In (—oo,z], differentiating v; = [u +
apYolyo, one finds that ¢ = [u + 2a09o]iPy = [R — v + 2]y Hence,

10 == R — 9 = vy + 2040 + hpy?
= Ry — Ry + hyg?
= PofR(1 — p — agho) + h(u + agiho)* o).

One finds that if 0 < Ray < hy?, then 179 > 0 in (—o0, zo].

For later application, we use a different ay for the case u € (0,1). We consider two
scenarios:

(1) If p + aoho(z) < 1, we have no(z) > 0.
(2) If p +apypo(z) = 1, we have

T—p—appo >1—-p—aog(zo)=1-pu—-o
2&0 ap

- >_ 7
VA= p)2 +4ag+(1-p) 11—

h(1 -
I + ago)*po = hipo Mg

ap

\Y

Thus, 10(z) = 0if Raj < h(1 — p)*.

In conclusion, 1y = 0 in (—o0, 2] if we take

— R_lh if u= 1,
A {(1 —wVh/R if pe(0,1). (4.5)
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In [z, o), o = g, and @} = apPo = apg. Using ¢’ = ¢ = ¢ + 1, we obtain
Mo = Rpo = v = vy + 205 + hp®
=2a0¢* + (2a9 + p — 1)g — 1 —v + hg'.

Then 1, = [4a0g +2a0 + u — 1+ 2hg"]g" > 0 since apg(z) = aog(z0) = 0 > 1 — . Also,
1M0(zg) — 10(20) = ¥y (z0) — & (20) = 0, since Py = g in (=00, 2], Yo(z0) = g(z0), and
Vi(z0) = §'(z0). Thus, 10(2) = 10(z;) = 10(20) = 0.

Hence, g = 0in IR, so (A1) holds.

In conclusion, we have the following;:

Lemma 4.1 Assume that R > 0and 0 < y := R —v < 1. For each fixed h > 0, define ag as in
(4.5) and (o, Yo) as in (4.2)—(4.4). Then (ap, h, po, Vo) satisfies (A1)-(A5).

To end this subsection, we give some remarks on the special case u = 1 as follows.
For each h > 0, we take ap = h/R and

e
& o N
Yo(z) = [1+ vaol - ape”’ ifz<zo:=Inl+ ],
8(2) if2> 20,
~In (1 e )/ if z < zg,

[+ yaP

Po(z) = !
In(1 + /o) +ap | Cgdx  ifz > z.

Then ¢y € C*1(R), @f) = aotpo, o € C**'(R), and

< Yp(z) < €, < @o(z) <ape® VzeRR.

& ape*
[1+ +aol? [1+ +aol?

As shown in this subsection, such a choice satisfies (A1)-(A5). Since 1 is bounded
(independent of I and ap), we can proceed the same proof as that in the case u > 1 to
show the existence of a solution. We omit the details.

4.2 A few properties of ¢y
Lemma 4.2 Let ag € (0, u/3] and g be defined as in (4.3) and (4.4). Then for each z € R and

a>0,
—ag < }(2) — @[l (2) < 31— p)?, (4.6)
w <@ (z+ln i) < ‘u—l max{(aez)“ a€Z} (4 7)
@+orwu+o a) = F ool ~

—In(1 = [1 - p]"#[ae])  if ae <1 -y,

ae —Inpy —(1—p) if a® =21 - pu. (48)

a
D(z,a) .= 1i +In—)=
(z,a) = lim Po(z +1In ao) {

In addition, when z < zo, p((z) — ¢o(z) — ao < 0.
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Proof

(i) When z > zp, we have ¢ = am% =apg’ =aog +ao = )+, SO P — Py = —
When z < zp, we have oy = aoyy = aolu + aolo = [u + @pleg so ¢ — @y =
[1— p = @{leg- Since gy > 0 and ¢((z0) = a0g(z0) = 0 > 1 — p, we find that

1
max (p}(2) ~ ¢ (2) = max(1 -~ —sls = sl

2€(—00,29]

min_(94(z) = 9 () = min[1 - p —sls = [1 - = glo = ~ao,

z€(—00

by the definition of p. Hence, (4.6) holds.
(if) When 0 < ag < u, one sees from the definition of g that 1/ag < o < 1.
When z < zy, by (4.2),

(Pé)(z) — ﬂolPo(Z) < Qe‘u(zfzg) — Qlf‘ue‘u(zﬂnug)ﬂt[lngfln(aw@)] < ey[z+lna0].

When z > zp, we have @((z) = ago(z) = aog(z) < ape” = e#tInm Hence, for every
x €R,

X
@olx —Inap) < f max{et?, e¥}dy < [u’1 max{et*, e*}.

Set x = z + Ina, we obtain upper bound in (4.7).
(iif) When ag € (0, u/3], one can check thatay + o < 1.
When z < zy, by (4.2),
pHz=20)

p+o’

i@ = ayo(@ > L), i) = f iy > 2

When z > zp, ¢((z) = ao(e* — 1) = [ap + g]e*™™ —ag = ge*®. Since u + 0 > 1,

_ 0 _
+oEE™-1)= e,
¢ p+o

Po(2) = Po(z0) +f Poy)dy > U i 0

20

Since max{et@%) gz} = ¢tz=20) for 7z < z; and max{e"@ %), 7%} = ¢*% for z > z;
and ap + 0 < (ap + 0)*, we have

ey(z+ln ap) ez+ln ag

0 0
z) = —max eHE=20) o770} = max ,
(PO() u+o { } U+ {(a0+0)‘u ap+ 0
0 max{ey(zﬂnao)’ ez+lna0 }
(@ + o) (u+0)

Replacing z by z + Ina — Inay, we obtain the lower bound in (4.7).

(iv) The limit (4.8) follows by direct computation.
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(v) When z < zj, using the upper bound of ¢j, in (ii) and the lower bound of ¢, in (iii),
we obtain

Q ‘u(z Z0) < Q[Q+M 1] ao
p+e pwto pto

P)(@) — Po(z) < et ™) — < ag,

since g[o + u — 1] = ap and p + o > 1. This completes the proof of the lemma.

4.3 A comparison principle

When 0 < u < 1, the constructed initial data 19 approaches co as ap \, 0; as a con-
sequence, the a priori estimates used in Section 2 cannot be used in the i Y\, 0 limit
process. We need new a priori estimates. We shall first establish a comparison principle,
and then construct sub/supersolutions to find upper and lower bounds.

Lemma 4.3 Let {(pi}l?'zo be the solution of (1.12). Assume that {cp,-};?gl is a sequence such that
$o = (<) @o and for everyn =1,

ﬁ{n[qbn = min Ran (Pn (Pn—l] - V(Pn + (P/Z h 1[(Pn - (Pn—l] - g} > (<) 0.

Then ¢, = (<) @y for every n.

Proof Consider supersolution case. Suppose n > 1 and ¢,-1 < ¢,-1. Then

min{A,[@,], Bulgal} = 0 < A <¢>n
=m{ e = pual = Py = vy, + 0%, B oy = Pua] = g)
< min{Ra 7 [n = a1l = @y = vy, + O3, W b — ual - 8)
= min{A, [qbn]B [Pal}-

It then follows from comparison for variational inequality that ¢, < ¢,. Hence, by
mathematical induction, ¢, < ¢, for all n > 1. The proof for subsolution is similar. [

Now we consider the sequence {¢,}, defined by
¢n(2) = oz + Ina, —Inag) + h[1 - aoa,_,l].

Set x = z — Inag. We can calculate, forn > 1,

M :ju‘”anl (po(x+1nﬂ) an 1) f —da

— (Pé(x +In a”) "a—ay ’ ’” a0
==t ( 90— i)+ g )da

¢y(z + Ina, —Inag)

7

n
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since (4.6) ¢ — ¢( = —ao. Hence, setting y = z + Ina, — Inay,
Rayh™ [pn = Ppu_1] = P — vy, + ¢}
> Rog(y) — @5 () — voo(y) + 9> (y) = aof =g + o + apyg) = 0,

10 nal =50 > B2 1= Dy -+ ) 50

Thus, A, [¢n] = 0 for all n > 1. It is easy to see that ¢y = ¢o. Hence, @, < ¢y,.
Similarly, we can show that the following is a subsolution:

2
1 4.”) (E—E)—(an—ao).

On(z) = o(z + Ina, — Inag) - i

Hence, we have the following;:

Lemma 4.4 Assume that ay € (0, 11/3]. Then for every integer n = 0,

Ml L

(o)l @)

ap an
h[l - a] = @u(z) — (po(z +1n %) >
In particular, using Lemma 4.2, we obtain

Pu(z) < p max{(@,e®), ane’} + b,
o max{(@,e’)*, ane’} (1 y)z( h h

0+ 0 (i + 0 Ty ) "l

Pn(z) =

4.4 Upper and lower bounds of free boundary

Upper Bound. For each nn > 1, in (-0, z,,),

’2 2
/2_(Pn t+v

il = @) =V + Rapn > @) 5— T Raxg
2 2
o+l . 1+v
L Y R )

Ifz, > Z, :=In[l + ;jggj ], then in [Z,,, z,], we have 29/ > 1+ ¢/?,ie., 1 <29/ /(1 + ¢/?).
After integrating over [Z,, z,], we find that z, — Z,, < 2[arctan ¢;,(z,) —arctan ¢;,(Z,)] < 7.

Lower bound. In [z, o), 0 < 1, < 1, s0

0<I[¢, +¢,; —(1-ple-R (4.10)
Forz e R,
Pr=gp+ Y I <@y + Y I+ 1] = @)+ [ — ol + [a, — aol
i=1 =1
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When z < zg, by Lemma 4.2, ¢, — @9 — ap < 0. Hence, when 0 < z < zg (and a,¢* < 1 if
p€(0,1)),

p u
ayets +a, et 4(ane)t

O+ P S QuFag+ Qa1 +a,q < +h+2a0, < ——;

here we have used a, < a,6* < (a,¢°)¥ (and < 1if u € (0,1))anda’ | +uh < (a1 +h)* = aj,.

(i) If u € (0, 1), then (4.10) gives @}, (z) + @/ _;(2n) = 1—p1, 502, = In[( — ) /4] ~In a,,.
(i) If u =1, then (4.10) gives e*[¢},(z4) + ¢ _,(z0)] = R, 50 2, > %In %'

Hence, we have the following:

Lemma 4.5 Foreveryn >1,

2 1 _ 2 1/u _ H
7'(+11'1(1+1+V)> n>{n[([-l [-1)/4] lnan Zf[JE(O,l),

2Ra, In(VR/2) - In Va, if u=1.

4.5 L* estimates

We start from the basic estimate:
0 < ¢ < p ' max{[ane®], ane®} + h.
Using @, — Qo = Y.ieq i = [a, — agly,, we obtain, for eachn > 1,
o<y, < =P P
a, — aop a, —aop

0<y, <yY,+1,

n n
0< @) =y+ Y Iy <@+ Y hl;+1]

i=1 i=1

= Q)+ @n—@Po+a, —ag < @, +a, (if z<zy, by Lemma4.2),

N

2
0 <@, < Raypy —ve, +¢,°

Finally, we derive from (2.8) that forn >m > 1land = min{%, ut = %,

1- m . 1
|,y — P < Ca, ﬁ[l + (P;](l + a:,p—uo) if a, —a, < %/
EE——— 1-p 1-p

(an - am)‘B 2}8(% + %) if ay—an > %'

4.6 Proof of Theorem 1

(1) Defines" = Y72, 21y, , 4)(a). Then along a sequence h \, 0,
s"(a) — s@) Ya>D0.

In addition, s is decreasing and satisfies (1.11).
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(2) Define ¢" as in §3.2. Then along a (sub)sequence of 1 \, 0, we have
@", ¢t a08) — (@, ¢z a9,) in C* (=T, TIX[0,T]) VT >0,a€ (0, p).

The limit ¢ satisfies the estimates listed in (1.9).
(3) When u € (0,1), we have (1.10) since the lower bound in Lemma 4.4 gives us

o(z,a) = (1- [u)l_“(aez)“ —a.

When p = 1, the upper bound ¢(a,z) < ae* gives us limga'p(a,z) < e
Since the solution is increasing in v (which is a scaled growth rate of stock price),
comparing the solution with ¢ associated with ¥ and using Remark 3.1 or results
in [13] for the case # < v = R — 1, we have

lim ¢(z,0)

2 = @Pu(z,0) = g(b)e/\(z—b) — e/\z[l _ e—b]e[l—/\]h,
a\,0

= lim M
a\,0 a
for z < b, where (b, A) is as in (3.1) with v replaced by 7. Sending # /v =R -1,
we obtain b — oo and li_ma\0 alp(z,a) > ¢. Hence, we obtain (1.10).
(4) Following the same proof as that of Theorem 2 (Sections 3.2 and 3.3) and/or
the techniques in [10] (for continuity and strictly decreasing of s and (1.5)), we
complete the proof of Theorem 1.

Remark 4.1
(i) From (4.9), (4.8), and (4.5), we derive that

0<D(z,a)—p(z,a) <a Y (z,a) € R x (0, ). (4.11)

Here, @ is the solution of the original problem with K = 0, i.e., with g(z) = ¢*; see [14].

(if) Once we have the tight estimate near 2 = 0, uniqueness of solution in the class
satisfying (4.11) follows from the standard technique illustrated in [10]. Indeed, if ¢
is another solution, one can compare il = —¢~? with u = —e™% + ¢[e” + ae™** + ae*-*] to
show that ii = —¢~%; here A, are the two roots of A2 + vA = R.

References

[1] CARPENTER, J. N. (1998) The exercise and valuation of executive stock options. J. Financ. Econ.
48(2), 127-158.

[2] CHEN, X. & Dar1, M. (2013) Characterization of optimal strategy for multi-asset investment
and consumption with transaction costs. Siam J. Math. Fina. 4(1), 857-883.

[3] CHen, X., Hu, B. & L1ang, ]. Finite difference scheme convergence rate for approximated free
boundaries of American options, preprint.

[4] Dixit, A. & PiNDyck, R. (1994) Investment Under Uncertainty, Princeton University Press,
Princeton.

https://doi.org/10.1017/50956792517000031 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792517000031

Variational inequality 77

[5] Friepman, A. (1982) Variational Principles and Free Boundary Problems, John Wiley & Sons, New
York.

[6] Grasserri, M. & Henperson, V. (2009) Risk aversion and block exercise of executive stock
options. J. Econ. Dyn. Control 33(1), 109-127.

[7] Hary, B. J. & Mureny, K. J. (2002) Stock option for undiversified executives. J. Account. Econ.
33(1), 3-42.

[8] IngERrsoLL, ]. (2006) The subjective and objective evaluation of incentive stock options. . Bus.
79(2), 453-487.

[9] JaiNn, A. & SuBramaNIAN, A. (2004) The intertemporal exercise and valuation of employee
options. Account. Rev. 79(3), 705-743.

[10] Lai, X., CHEN, X., WaNG, M., QIN, C. & Yu, W. (2015) Mathematical analysis of a variational
inequality modeling perpetual executive stock options. Euro. J. Appl. Math. 26(2), 193-213.

[11] Lamsert, R., LARCKER, D. & VERRECCHIA, R. (1991) Portfolio considerations in valuing execut-
ive compensation. J. Account. Res. 29(1), 129-149.

[12] Leung, T. & Sircar, R. (2009) Accounting for risk aversion, vesting, job termination risk and
multiple exercises in valuation of employee stock options. Math. Finance 19(1), 99-128.

[13] QIN, C., CHEN, X, La1, X. & Yu, W. (2015) Regularity free boundary arising from optimal
continuous exercise perpetual executive stock options. Interfaces Free Boundaries 17(1), 69—
92.

[14] QiN, C., Cuen, X, Lai, X. & Yu, W. A Continuous-Exercise Model for Amer-
ican Call Options with Hedging Constraints, working paper, available at SSRN:
http://dx.doi.org/10.2139/ssrn.2757541

[15] Rogcers, L. C. G. & ScHEINKMAN, J. (2007) Optimal exercise of executive stock options. Finance
Stoch 11(3), 357-372.

[16] Song, L. & Yu, W. (2011) A parabolic variational inequality related to the perpetual American
executive stock options. Nonlinear Anal. 74(17), 6583-6600.

https://doi.org/10.1017/50956792517000031 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792517000031

