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ABSTRACT

We show a rigidity theorem for the Seiberg—Witten invariants mod 2 for families of spin
4-manifolds. A mechanism of this rigidity theorem also gives a family version of 10/8-
type inequality. As an application, we prove the existence of non-smoothable topological
families of 4-manifolds whose fiber, base space, and total space are smoothable as man-
ifolds. These non-smoothable topological families provide new examples of 4-manifolds
M for which the inclusion maps Diff (M) < Homeo(M) are not weak homotopy equiv-
alences. We shall also give a new series of non-smoothable topological actions on some
spin 4-manifolds.

1. Introduction

The Seiberg—Witten invariant is an integer-valued differential topological invariant of a Spin®
4-manifold, which reflects the smooth structure for various examples of 4-manifolds. Nevertheless,
if the Spin® structure is induced from a spin structure, one may expect a sort of ‘rigidity theorem’
for the Seiberg—Witten invariant mod 2. Namely, the value of the Seiberg—Witten invariant mod
2 may depend only on some underlying topological structure of the smooth manifold, such as on
its homotopy type. Such results have been obtained by Morgan and Szabé [MS97], Ruberman
and Strle [RS00], Bauer [Bau08] and Li [Li06b, LLO1].

Various authors developed gauge theory not just for a single 4-manifold, but for families of
4-manifolds with many interesting applications, such as [Rub98, Rub99, Rub01, LLO01, Szy10,
Barl19a, Nak10]. In particular, for a smooth family of 4-manifolds, the families Seiberg—Witten
invariant has been defined as a Z- or Z/2-valued invariant.

In this paper, we study a family version of rigidity results on the Z/2-valued Seiberg—Witten
invariant. Namely, for a given family of spin 4-manifolds with some topological conditions, we
consider the Z/2-valued families Seiberg—Witten invariant, and verify that it depends only on
weaker information than is a priori expected. Roughly speaking, we verify that the Z/2-valued
families Seiberg—Witten invariant is determined by the linearization of a family of Seiberg—Witten
equations. A mechanism of this rigidity theorem also gives a family version of Furuta’s 10/8-
inequality [Fur0O1] in a suitable situation.

This family version of 10/8-type inequality gives us the following topological applications:
we prove the existence of a non-smoothable family of 4-manifolds whose fiber, base space, and
the total space are smoothable as manifolds. To our knowledge, this interesting topological
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phenomenon has not been discussed so far. This non-smoothability result gives a new approach
to detecting homotopical difference between the diffeomorphism and homeomorphism groups of
4-manifolds. For example, let M be a smooth 4-manifold which is homeomorphic to K3#nS? x
S? with 0 < n < 3. Then it follows from our non-smoothability result that the inclusion map
from the diffeomorphism group to the homeomorphism group

Diff (M) < Homeo(M)

is not a weak homotopy equivalence. This result has not been known even when M is diffeo-
morphic to K3#nS? x S? with n > 0. As another application, we shall also detect a new series
of non-smoothable topological actions on some spin 4-manifolds using the family version of the
10/8-inequality.

Let us summarize the statements of our main theorems and their applications. Henceforth,
all manifolds are assumed to be connected. Let B be a closed smooth manifold, M a closed
smooth 4-manifold equipped with a spin structure s and M — X — B be a fiber bundle whose
structure group is Diff (M), the group of diffeomorphisms preserving orientation. Assume that
X admits a fiberwise spin structure sy whose fiber coincides with the given spin structure on M.
We call it a global spin structure modeled on s (See §2.2). In this situation, we have two real
bundles over B: Ht — B and ind D, where the fiber of H* is H (M) which is a maximal-
dimensional positive-definite subspace of H?(M;R) with respect to the intersection form, and
ind D is the virtual Dirac index bundle associated to X — B. Note that the Dirac operator D
is Pin(2)-equivariant since D is H-linear. We define the Pin(2)-action on H* via the surjec-
tive homomorphism Pin(2) — Pin(2)/S! = {£1} and the multiplication by {£1} to real vector
spaces. Then ind D and H* determine an element in the Pin(2)-equivariant K O-group:

@ = a(X,sx) = [ind D] — [H*] € KOpin(z)(B).

Let by (M) := dim H (M).
If by (M) > dim B + 2, we can define the (mod 2) families Seiberg—Witten invariant

FSW(X,sx) € 7)2

of (X,5x) (see §2.2). The first main result in this paper claims that F.SW?%2(X,sx) depends only
on a(X,syx) which is determined by the linearization of a family of Seiberg—Witten equations.

THEOREM 1.1 (Theorem 4.1). Let M; and My be oriented closed smooth 4-manifolds with spin
structures s1 and so, respectively. Assume the following conditions:

o bi(My) =b1(My) =0, by (M) =0by(My) > dim B+ 2;
o —sign(M;)/4—1—0by(M;)+dimB =0 (i =1,2).

Fori=1,2, let X; — B be a smooth fiber bundle whose fiber is M; equipped with a global
spin structure sx, modeled on s;.
If a(X1,5x,) = a(X2,5x,) holds in KOpiy,2)(B), then the equality
FSW%(X1,sx,) = FSW"(Xy,sx,)

holds.
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In general, it is not easy to calculate F'SW?2(X,s), since it is defined by counting the solu-
tions to a system of nonlinear partial differential equations. Compared with FSW?%2(X,s), the
linearized data a (X, sx) is easier to handle. This allows us to obtain some interesting applications
described below.

Combining the rigidity result in Theorem 1.1 with a non-vanishing theorem for a specific
family of 4-manifolds in [BK20], we can obtain non-vanishing of the families Seiberg—Witten
invariants for some class of families. This non-vanishing result and a family version of the argu-
ment in [FKMO1] give us a family version of 10/8-type inequality as follows. Let ¢ be the unique
non-trivial real line bundle over S!, and 7;: 7" = S! x --- x S' — S! be the projection to the
ith component. Let us define the real vector bundle &, over T by

fp =TS DL

THEOREM 1.2 (Corollary 4.3). Let M be a 4-manifold with sign(M) = —16 and by(M) = 0.
Let s be a spin structure on M and f1, ..., f, be self-diffeomorphisms on M whose supports
supp fi1, - - .,supp fp, are mutually disjoint. Let Ht — T™ be the bundle of H" (M) associated to
the multiple mapping torus of fi,..., f,. Suppose that each of fi,..., f, preserves s and that
there exists a non-negative integer a such that

Hr=¢, R,
where R® denotes the trivial bundle over T™ with fiber R*. Then the inequality

b (M) >n+3 (1)
holds.

Let us make two remarks on Theorem 1.2.

Remark 1.1. Denote by K3 the underlying smooth 4-manifold of a K3 surface. Recall that K3
admits no diffeomorphisms reversing orientation of H (K 3), which was shown first by Donaldson
[Don90], and later proven also using Seiberg—Witten invariants (for example, see the proof of
[Nic00, Theorem 3.3.28]). This fact follows also from the case where n =1 and M = K3 in
Theorem 1.2, and therefore Theorem 1.2 can be regarded as a generalization of this fact.

Remark 1.2. One may check that inequality (1) is sharp as follows. Let us consider the 4-manifold
M = K3#nS? x S%. Let f1,..., f, be copies on nS? x S? of an orientation-preserving diffeo-
morphism on S? x S? which reverses orientation of H(S? x S?) and has a fixed disk. Then
f1,- -, fn have mutually disjoint supports, and each of them reverses the orientation of H™(M).
Moreover, the bundle H™ — T™ associated to the multiple mapping torus of f1,..., f, is isomor-
phic to &, ® R3. Therefore M and fi, ..., f, satisfy all the assumptions in Theorem 1.2. Since
by (M) = n+ 3, this example ensures that inequality (1) is sharp.

Theorem 1.2 claims that, even when H ™ for given fi,..., f, is just stably equivalent to the
above example, one still cannot eliminate the part corresponding to ‘nS? x §2.’

As applications of Theorem 1.2 and its generalization, Theorem 4.2, we shall present two non-
smoothability results: non-smoothable families and non-smoothable actions. First we describe
the background to our study of non-smoothable families. One of the motivations of this study
is comparison between the diffeomorphism and homeomorphism groups of a given manifold.
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For lower-dimensional manifolds, it is known that there is no essential difference between these
two groups from a homotopical point of view: for an arbitrary orientable closed manifold M of
dimension no greater than 3, the inclusion

Diff(M) — Homeo(M) (2)

is known to be a weak homotopy equivalence, where Homeo(M) and Diff (M) are equipped with
the C°-Whitney topology and the C*°-Whitney topology, respectively. (One can check this fact
directly in both cases of dimension 1 and of dimension 2 with genus less than 2. The case of
dimension 2 and genus greater than 1 can be reduced to a consideration about the mapping class
groups (see, for example, [FM12]). For the three-dimensional case, see [Hat80].) Dimension 4 is
the smallest dimension in which the inclusion (2) may not be a weak homotopy equivalence.

Here we summarize known results in dimension 4. First, Donaldson’s result on his polynomial
invariant [Don90, § VI (i)] and Quinn’s result [Qui86, 1.1 Theorem] imply that the natural map
mo(Diff (K3)) — mo(Homeo(K3)) is not a surjection. This follows also from a property of the
Seiberg—Witten invariant (see [Nic00, Theorem 3.3.28], for example). Using Morgan and Szabd’s
rigidity result on the Seiberg—Witten invariant [MS97], one may also show that mo(Diff(M)) —
mo(Homeo(M)) is not a surjection also for a homotopy K3 surface M. Ruberman [Rub99] gave
the first example of 4-manifolds M for which 7o(Diff (M)) — mo(Homeo(M)) are not injections.
Ruberman’s work is based on one-parameter families of Yang—Mills anti-self-dual equations, and
this is the first striking application of gauge theory for families. Later, Baraglia and the sec-
ond author [BK20] generalized Ruberman’s result using 1-parameter families of Seiberg—Witten
equations, and it was confirmed that mo(Diff(M)) — mo(Homeo(M)) is not an injection for
M = n(K3#5? x S?) with n > 2 or M = 2n CP? #m(— CP?) with n > 2, m > 10n+ 1. By a
totally different approach, Watanabe [Wat18] showed that m; (Diff (S*)) — 71 (Homeo(S?)) is not
an injection using Kontsevich’s characteristic classes for sphere bundles.

In this paper we propose a new approach to the comparison problem between Diff (M)
and Homeo(M) in dimension 4. Our strategy is that, developing gauge theory for families, we
shall obtain a constraint on a smooth fiber bundle of a 4-manifold, and detect non-smoothable
topological families of smooth 4-manifolds. The existence of such a family implies that Diff (M) —
Homeo(M) is not a weak homotopy equivalence for the fiber M. Here let us clarify the meaning
of ‘non-smoothable’ topological families. Let M be an oriented topological manifold admitting a
smooth structure, B be a smooth manifold and M — X — B be a fiber bundle whose structure
group is in Homeo(M). We say that the bundle X is non-smoothable as a family or X has no
smooth reduction if for any smooth structure on M there is no reduction of the structure group of
X to Diff (M) via the inclusion Diff (M) < Homeo(M ). Namely, we say that X is non-smoothable
as a family if there is no lift of the classifying map ¢ : B — B Homeo(M) of X to B Diff(M)
along the natural map B Diff (M) — B Homeo(M) with respect to any smooth structure on M:

BDiff(M)

P
7
e
e
e

B /T> B Homeo(M)

Now we can describe our non-smoothability results. Let —FEg denote the (unique) closed
simply connected oriented topological 4-manifold whose intersection form is the negative-definite
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Es-lattice. For a subset I = {i1,...,ix} C {1,2,...,m} with cardinality k, denote by TI’“ the
k-torus embedded in the m-torus 7™ defined as the product of the iq,...,ixth S'-components.
The following theorem claims that there exist non-smoothable families over the torus 7" for
n € {1,...,4} whose fibers are the topological (but smoothable) 4-manifolds 2(—Eg)#mS? x 52
with m = n + 2. Moreover, we shall ensure that the total spaces of the families are smoothable
as manifolds.

THEOREM 1.3 (Theorem 5.2). Let 3 <m < 6. Let M be the topological (but smoothable)
4-manifold defined by

M = 2(—Eg)#mS? x S2.
Then there exists a Homeo(M )-bundle
M—-X-—-Tm

over the m-torus satisfying the following properties. Let I = {i1,...,ix} be an arbitrary subset
of {1,2,...,m} with cardinality k.

e The total space X admits a smooth manifold structure.
o Ifk <m — 3, the restricted family
X ‘T}“ — 17

admits a reduction to Diff (M) for some smooth structure on M.
o Ifm —2 <k <m, the restricted family

k
X|T}“ — T7
has no reduction to Diff (M) for any smooth structure on M.

Non-smoothability as families in Theorem 1.3 is detected by Theorem 4.2, which generalizes
Theorem 1.2. To apply this theorem, we need to calculate the Dirac index bundle. To do this,
we shall use (a variant of) the celebrated Novikov theorem on topological invariance of rational
Pontryagin classes. Smoothability as manifolds is verified using Kirby—Siebenmann theory.

Remark 1.3. As noted above, for a homotopy K3 surface M, it was shown that mo(Diff(M)) —
7o(Homeo(M)) is not a surjection. Let M — X — S! be the mapping torus for a representative
of a non-zero topological isotopy class in the cokernel of 7y(Diff(M)) — mo(Homeo(M)). Then
X is an example of a non-smoothable family. Theorem 1.3 contains this simplest example M —
X — S'. To our knowledge, non-smoothable families over higher-dimensional base spaces and
the problem of smoothing of the total spaces have not been discussed so far.

From the last property of X in Theorem 1.3, non-smoothability as a family, we immediately
obtain the following corollary.

COROLLARY 1.1. For 0 <n <3, let M be a smooth 4-manifold which is homeomorphic to
K3#nS? x S%. Then the inclusion

Diff (M) — Homeo(M)

is not a weak homotopy equivalence.
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Here are three remarks on Corollary 1.1.

Remark 1.4. The result of Corollary 1.1 in the case where n = 0 follows also from the combination
of Morgan and Szabé [MS97] and Quinn [Qui86]. However, to the best of our knowledge, the
result in the case where n > 0 is new even when M is diffeomorphic to K3#nS? x S2. To
see that the case where n = 0 follows from [MS97, Qui86], consider the unique spin structure
on a smooth 4-manifold homeomorphic to K3. This 4-manifold has non-zero Seiberg—Witten
invariant for the spin structure by [MS97], and from this we can deduce that there does not exist
an orientation-preserving diffeomorphism which reverses the orientation of H™.

Remark 1.5. We note that there exist exotic K3#nS? x S? not only for n = 0. To see the exis-
tence of exotic K3#nS? x S? for some positive n, we may use a result of Park and Szabé

[PS00]. By Theorem 1.1 or Proposition 3.2 of [PS00], we may ensure that there exist exotic
K 34#2k(S? x S2) for all k > 0.

Remark 1.6. By results of Wall [Wal64] and Quinn [Qui86], any algebraic automorphism of
the intersection form of K3#nS? x S? is realized both by a homeomorphism and a diffeo-
morphism for n > 1. Therefore we cannot find any difference between Diff (K3#n.S5? x S?) and
Homeo(K 3#nS? x S?) only using realizability of an automorphism on the intersection form.

Furthermore, combining Theorem 1.3 with an observation relating to results of Wall [Wal64]
and Quinn [Qui86] (Proposition 5.1), we can also obtain information about a sort of quotient
of Homeo(M) divided by Diff(M) for M = K3#52 x S2. To be precise, since Diff(M) is not
closed in Homeo(M) with respect to a natural topology such as the C°-topology, we consider
the homotopy quotient

Homeo(M) / Diff (M) := (E Diff (M) x Homeo(M))/ Diff(M).
THEOREM 1.4 (Corollary 5.1). Let M = K3#5?% x S?. Then we have
71 (Homeo(M) / Diff (M)) # 0.

As another application, on the topological 4-manifold 2(—FEg)#mS? x S? with m > 3, we
shall construct non-smoothable Z™~2-actions. Note that the 4-manifold 2(—Eg)#mS? x S? is
homeomorphic to K3#(m — 3)5% x S? and hence admits a smooth structure.

THEOREM 1.5 (See Theorem 5.1). Let m > 3. The topological (but smoothable) 4-manifold M
defined by

M = 2(—Eg)#mS? x §?

admits commuting self-homeomorphisms f1,..., f, satisfying the following properties. Let I =
{i1,...,ix} be an arbitrary subset of {1,2,...,m} with cardinality k.

o If k<m —3, then there exists a smooth structure on M such that f;,...,f; are
diffeomorphisms with respect to the smooth structure.
o If k> m — 2, then there exists no smooth structure on M such that all f;,...,f; are

diffeomorphisms with respect to the smooth structure.

Non-smoothable group actions on 4-manifolds has been studied by many authors. The main
tool to detect them is equivariant gauge theory, but the third author of this paper found that
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gauge theory for families can be also used to study non-smoothable actions in [Nak10], and
this direction was developed by Baraglia [Bar19a]. The proof of Theorem 1.5 is based on a
technique different from [Nak10, Bar19al, and the result itself is new. We will compare the result
of Theorem 1.5 with previous research in Remark 5.1 in detail.

As a further research direction, once one can establish a Bauer—Furuta version of the gluing
result in [BK20], then we one get results on non-smoothable actions and families on any spin
4-manifold with signature —32 following the same strategy of this paper. However, we are also
considering developing a way to deal with more general signature and b, .

A Dbrief outline of the contents of this paper is as follows. In § 2 we shall recall some materials
of the families Seiberg—Witten invariant. In § 3 we shall discuss when the tangent bundle along
fibers admits a fiberwise spin structure. In §4 we shall prove the main results in this paper, the
rigidity theorem, and its consequences, such as a 10/8-type inequality. In §5 we shall give two
applications, non-smoothable actions and families, of the results given in §4. Sections 6 and 7
are devoted to proving some results needed to establish the applications in §5. The main tool
in §§6 and 7 is Kirby—Siebenmann theory, and arguments there may be of independent interest
even outside the gauge-theoretic context. In § 6 we shall calculate the Dirac index bundle. More
precisely, we shall give a few sufficient conditions for families of spin 4-manifolds to have trivial
index bundles. In §7 we shall show the smoothability as manifolds of the total spaces of the
non-smoothable families given in § 5.

Addendum

After the first version of this paper appeared on the arXiv, David Baraglia informed the second
author about a draft of his paper [Bar19b]. Adapting the construction of examples of families
in this paper for his constraints on families of 4-manifolds, he generalizes Corollary 1.1 of this
paper as Theorem 1.8 and Corollary 1.9 of [Bar19b]. We note that his way to prove these results
is different from ours: to prove his Theorem 1.8 and Corollary 1.9, Baraglia used a family version
of Donaldson’s diagonalization theorem (corresponding to Theorems 1.1 and 1.2 in [Barl9b]),
while we use a family version of the 10/8-inequality to prove Corollary 1.1.

2. Families Seiberg—Witten invariant

In this section we shall recall some materials of the families Seiberg—Witten invariant. In par-
ticular, we shall recall an interpretation of the families Seiberg—Witten invariant as a kind of
mapping degree in §2.2.

2.1 Seiberg—Witten equations with j-action

First we recall some basics of the Seiberg-Witten equations on a spin 4-manifold in the unpa-
rameterized setting. A special feature of the Seiberg—Witten equations on a spin 4-manifold
is that the equations have an extra symmetry, written as the ‘j-action’, compared with the
Seiberg-Witten equations on a general Spin® 4-manifold. We refer the reader to [Mor96] for the
generality of the Seiberg-Witten equations, and to [Fur0l, Fur, BF04] for the monopole maps
on spin 4-manifolds.

Let M be a closed Riemannian 4-manifold with a spin structure s. Let S = ST ® S~ be
the spinor bundle. Note that S has a quaternionic structure; in particular, the multiplication
of j € H is defined. The j-action is anti-linear with respect to the complex structure of S. Let
us abbreviate the tangent bundle TM to T and identify T with the cotangent bundle 7™M
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by the metric. Let C(T") be the Clifford bundle of T'. As a vector bundle, the bundle C(T) is
identified with the bundle of exterior product A*T. The Clifford multiplication is given by a
bundle morphism

p: A*T — Endg(95).

Namely, for v € A*T,, p(v) is an endomorphism of S,. Here T, S, are the fibers over z. The
spinor bundle has a Zs-grading S = ST @ S~, and we have also A*T' = A®¥"T @ AT If v is
in A®V"T', p(v) preserves the Zs-grading of St @ S~. If v € A°YT, then p(v) switches ST and
S7. Note that the Clifford multiplication p(v) commutes with the j-action:

p(v)j = jp(v).
The complexified Clifford multiplication is also defined,

p: N*T @ C — Endc(S5),

which anti-commutes with the j-action, that is, for v ® ¢ € A*T ®g C, we have
p(v©0)j = jp(v® ).

The Levi-Civita connection on 1" induces a spin connection Vg on S, and the spin Dirac operator
Do: T'(S1) —=T'(S7)

is defined by
Do =Y p(e:)(Vo)e,

2

where {e;} is a local orthonormal frame of 7. Then Dy commutes with j. Note that the spin
connection V( induces a trivial flat connection Ag on Lo = det ST = M x C. The j-action on
ST induces the j-action on Ly given by complex conjugation. Let A be a U(1)-connection on Ly.
If we write A as A = Ag + a for an imaginary-valued 1-form a € iQ!(M), then the j-action on
Lg induces the j-action on U(1)-connections given by

j'A:AQ—CL.

For a U(1)-connection A = Ay + a, we have a unique Spin®(4)-connection Vo + a/2 on S which
induces the Levi-Civita connection on T" and A on Lg. We have the Dirac operator associated
with Vo + a/2 as follows:

Da¢ = Do+ 1p(a)¢.

In fact, D4 is a Dirac operator on the Spin® structure associated to the spin structure s. Note
that D, is j-equivariant:

Dj.1)(j#) = jDad.

As mentioned above, p(v) for even degree v preserves the components S +_ In particular, it can
be seen that p(v) for a self-dual 2-form v is an endomorphism of ST, that is, p(A2T ® C) C
Endc(ST).

T
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PROPOSITION 2.1 [Mor96, Lemma 4.1.1]. For ¢ € T'(S™), define the traceless endomorphism
q(¢) by

2
q(¢)—¢®¢*—wﬁ2’

Then q(¢) can be identified with a section of A% (T) ® iR.

id .

Now we can write down the Seiberg—Witten equations:

{amza

Ff = (), ®)

where F; is the self-dual part of the curvature of A. If we write A = Ay + a, then equations (3)
are rewritten as

Day¢+ 3p(a)¢ = 0,
d*a—q(¢)=0.

As we have already seen, the first equation is j-equivariant. Since we have

Fja=Faya=—da, q(jo)=—q(s),

the second equation is also j-equivariant.
The gauge transformation group G = Map(M,U(1)) acts on the space of U(1)-connections
of Ly and positive spinors by

u(A, ¢) = (A — 2u™ du, ug)

for u € G. The Seiberg—Witten equations (3) are G-equivariant. The gauge action anti-commutes
with the j-action:

u(x)j = ju(x) for x € M.
The moduli space of solutions to the Seiberg—Witten equations is the set of gauge equivalence
classes of solutions:

M = {solutions to (3)}/G.

Roughly speaking, the Seiberg—Witten invariant is defined by ‘counting of #M’. Furthermore,
the number ‘#M’ can be interpreted as the ‘mapping degree’ of a map, called the monopole
map, whose zero set is essentially M. (The precise meaning of these will be explained in §2.2 in
a parameterized setting.)

The monopole map is defined by

m:iQN (M) e T(ST) -1 a QM) (M) aT(S7),

m(a” ¢) = (d*av d*a— q(¢)’ Dagp + %p(a>¢)’
where Q2(M) = Im(d*: Q' (M) — Q°(M)). The map m is decomposed into the sum m = [ + ¢ of
the linear map | = (d*,d*, Dy,) and the quadratic part ¢ given by c¢(a, ¢) = (0, —q(¢), %p(a)tﬁ).
For the purpose of carrying out a suitable analysis, we take the Li—completion (k > 4) of the

domain, and the Li_l—completion of the target, and extend m to the completed spaces. Denote
by U' and U the completed domain and target, respectively. Then m: U’ — U is a smooth map

(4)
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between Hilbert spaces. The linear part [ is a Fredholm map of index

_ sign(M)

=+ b (M) = by (),

and c is a nonlinear compact map.
We take the Li 1-completion of the gauge group G. Then the G-action is smooth. The space
ker(d*: iQ (M) — iQ°(M)) is a global slice of the G-action at (0,0), and we have

m~1(0) = {solutions to (3)} Nkerd*.

The slice ker d* still has a remaining gauge symmetry. Let Harm(M, S') be the kernel of the
composition of the maps
2 1\ 4 72/ d*+dt 9 .0 +
Liy1(Map(M, §7)) = Li(iQ(M)) ——— L, (i(2" & Q7)(M)).
Denote by Harm(M, S') the space of harmonic maps from M to S'. Then m is Harm(M, S')-
equivariant, and we have

M = m~1(0)/Harm(M, S1).
We also have an identification
Harm(M, S') = S' x HY(M; Z),
which is obtained by fixing a splitting of the exact sequence
1 — S' — Harm(M, S*) — HY(M;Z) — 0.

The monopole map m is also j-equivariant, when j acts on the spaces iQ2*(M) of imaginary-
valued forms by multiplication by —1. The j action anti-commutes with the Harm (M, S*)-action
in the sense that

for (z,a) € S' x HY(M;Z).

Set Pin(2) = (S, ), the group generated by S! and j in H. Assuming b;(M) = 0, we have
Harm(M, St) = S1, and m is Pin(2)-equivariant. Since M = m~1(0)/S, the j-action descends
to a Pin(2)/S-action on M, where Pin(2)/S! = {£1}.

2.2 Families Seiberg—Witten invariants

For a given family of 4-manifolds, one can define a family version of the Seiberg—Witten invariant
by counting the numbers of the parameterized moduli space of the Seiberg—Witten equations.
This invariant can be also interpreted as the mapping degree of a finite-dimensional approxima-
tion of a family of monopole maps. In this subsection we shall recall these arguments. See, for
example, [Bau08, LL0O1, BF04, BK19, Szy10] for references for this subsection.

Let M be a closed oriented smooth 4-manifold with a spin structure s, B be a closed smooth
connected manifold, and 7: X — B be a locally trivial fiber bundle with fibers diffeomorphic
to M. We assume that the structure group of 7: X — B is in the group of orientation-preserving
diffeomorphisms of M. In such a case we call 7: X — B a smooth family of M. Let T(X/B)
be the tangent bundle along the fibers and choose a metric on 7'(X/B). We shall consider the
situation where T'(X/B) admits a spin structure sx whose restriction on each fiber is isomorphic
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to s. We call such a spin structure sx a global spin structure modeled on s. If we start with a
4-manifold M with Spin® structure s¢, a global Spin® structure modeled on s€ is similarly defined.

Remark 2.1. As above, we say that a topological fiber bundle X — B is smooth if its structure
group has been reduced to Diff (M) from Homeo(M). On the other hand, since we assumed
that B is a smooth manifold, another option of the definition of a smooth fiber bundle is a
stronger one. Namely, one might assume some smoothness on the transition functions in the
following sense. Let {gq3 : Uy N Ug — Diff (M)} be the transition functions of X — B for some
open covering M = |J,U,. We say that the transition functions are smooth if the map

(Ua NUg) x M — M

given by
(b, ZL‘) — gaﬁ(b).ﬁ

is smooth. If the transition functions satisfy this smoothness, then the total space X is a smooth
manifold and the projection X — B is a smooth map. One might call X — B a smooth fiber
bundle only in this case.

However, it is in fact shown in [MWO09] that these two definitions of a smooth fiber bundle
are equivalent to each other: if a topological fiber bundle X — B over a smooth manifold B has
a reduction to Diff (M), then, after replacing X with an isomorphic bundle, we may assume that
the transition functions of X satisfy the smoothness in the above sense.

Assume that b;(M)=0 and that a global spin structure sy modeled on
s is given on m: X — B. Let m: U’ — U be the Sobolev completed monopole map given in
§2.1. Recall that m is Pin(2)-equivariant since by (M) = 0. Once we fix a fiberwise Riemannian
metric on X, we can obtain a family of monopole maps

p: A—C

by parameterizing the argument in §2.1 over B. Here A and C are the Hilbert bundles over B
with fibers U’ and U, and [1 is a fiber-preserving map whose restriction on each fiber is identified
with the monopole map m.

It is convenient to trivialize C = B x U by the Kuiper—Segal theorem [Kui65, Seg69]. Define
w: A — U by the composition of fi with the projection C = B x U — U. The map p satisfies the
following compactness property.

PROPOSITION 2.2 (cf. [BF04]). The preimage u~'(O) of a bounded set O C U is contained in
some bounded disk bundle.

This can be verified straightforwardly by extending the argument in [BF04, Proposition 3.1]
since we have assumed that B is compact. By Proposition 2.2, the map p can be extended to
the map

ptiTA— SY,

where T A is the Thom space and SY is the one-point completion of I/ obtained by collapsing.
The family 7: X — B induces a vector bundle

RO+M) . gt - B
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whose fiber over b € B is the space HT(M,) of harmonic self-dual 2-forms on Mj, = 7~1(b). We
call H* the bundle of H*(M). The isomorphism class of H' is independent of the choice of
fiberwise Riemannian metric on X since the Grassmannian of maximal-dimensional positive-
definite subspaces of H?(M;R) is contractible. We also have the index bundle ind D € KOg(B)
of the family of Dirac operators on the spin family X — B. Here we assume G = Pin(2) or
G = S!' C Pin(2). Let L: A — C be the family of linear parts of x, which is a fiberwise linear
map whose restriction on each fiber is [ in §2.1. In §4 we will use the element o € KOg(B)
defined by
a:=[ind L] = [ind D] — [H"] € KOg(B).

Choose a finite-dimensional trivial vector subbundle F' =V = B x V C C so that F’ contains
the fiberwise cokernel of L, and let F'= L™1(F’). Then « = [F] — [F’] holds and the image of
F under L is contained in V. On the other hand, the image of F' under the nonlinear part
p — L is not necessarily contained in V, and we shall project the image of z on V. Let S(V*1)
be the unit sphere in the orthogonal complement V+ of V. The inclusion SV — Y\ S(V*1) is
a deformation retract. Let py be a retracting map. A finite-dimensional approximation of the
family of monopole maps is defined by

fv=pvopulrp: TF —V.

By [BF04], the above construction defines a well-defined class [fy/] in the stable cohomotopy set
{T(ind D — H'),8°}5 = colim [SW ATF, 5" A 5V (5)
wcvt

We call the class [fy] the Bauer—Furuta invariant or the stable cohomotopy Seiberg—Witten
tmwvariant of the family w: X — B.
In the case where G = S!, we shall define the (mod 2) degree homomorphism

deg: {TF, SV — 7,
below, provided that

_ sign(M)

d:= 1

—1—0b4(M;) +dim B = 0.
The condition d = 0 is equivalent to
rank ' +dim B —dimV =1,

and therefore the preimage of fy is one-dimensional. For a finite-dimensional approximation fy
with sufficient large V' such that (7) below holds, we let

FSW%(X,sx) = deg[fv].

This definition coincides with the one in [BK19, §2].

When G = S', the universe U consists of C on which S' acts by multiplication and the
trivial real one-dimensional S'-representation R as irreducible summands. In this case, the stable
cohomotopy set (5) is a group. The bundle F is an S'-equivariant bundle with fiber C*+2¢ ¢ RY
over B and V = C* @ R¥*?, where z, y are non-negative integers and

_ sign(M)

a = 16 ) b:b+(M)
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When G = Pin(2), the universe U consists of H on which Pin(2) acts by multiplication and the
real one-dimensional non-trivial Pin(2)-representation R as irreducible summands. In order to
distinguish this universe from that in the case where G = S!, this Pin(2)-universe is henceforth
denoted by U’. In this case, F is a Pin(2)-equivariant bundle with fiber H*™* & RY over B and
V = H® & RY" for some non-negative integers z, y.

Suppose that

by (M) > dim B + 2. (6)

Let Ci be the mapping cone of the inclusion i: TFS" < TF of the S'-fixed point set. We have
a long exact sequence associated with the cofiber sequence TF® ' S TF = Ci:

(SYATFS' SVYE — {Ci,8VYS — {TF,8V}S — {TFS", sV16.

Since both the first and the last terms are trivial by assumption (6), the cohomotopy invariant
[fv] can be regarded as an element of {C4i, SV }{;. Following [Bau08], we let [T'F, SV]qG be the
set of homotopy classes of maps g: TF — SV such that glppst = fvlppst. Then condition (6)
implies a natural bijective correspondence

[TF, V1 = [TF/TFS", 5V]C.

Since F' is a finite-dimensional Pin(2)-equivariant vector bundle over a smooth compact con-
nected manifold B and V' is a finite-dimensional Pin(2)-representation, the Thom space T'F and
SV can be equipped with structures of Pin(2)-equivariant CW complexes. By the equivariant
Freudenthal suspension theorem [tDiell, Chapter II, (2.10)], we can choose sufficiently large F,
V satisfying

{T(ind D — [HY)), S°}; = [TF,S")5. (7)

To analyze [T'F, SV]qG, it is convenient to use the equivariant obstruction theory (see the
appendix). Let U = (T'F/SY)\ N(TFS"), where N(TFS') is an equivariant tubular neighbor-
hood of TFS' in TF/S'. Then U is a (possibly non-orientable) manifold with boundary.
Set k =dimSY. The condition d =0 implies that dimU = k. Note that (TF/SY)\TF5
is Zo-equivariantly homotopic to U, where Zs = Pin(2)/S'. Then we have the following

identifications:
HE(TF,TFS ;m,SV) = H*Y(TF/S", TF5';Z) =~ H*(U,U; 7),
HE o) (TE, TF%" 1, SY) = H (TF/S", TFS ;m,8V) = H}, (U, 0U;m,8"Y),

where Hg(, SV are the Bredon cohomology groups with coefficient G-module 7S Let us
recall the following facts.

(F1) If we choose fy € [T'F, SV]qG for each G = Pin(2) and S*, then the correspondence 3
va (B, Bo) gives a bijective correspondence between

{TF, 8V} (=[TF,S"7)

and
HE(TF, TFS ; m,S")

by Theorem A.2, where (53, 5p) is the G-equivariant difference obstruction class.
(F2) H*(U,0U;Z) is isomorphic to Z if U is orientable, and Zy if U is non-orientable.
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(F3) The forgetful map
¢: Hy (U,0U;m,8") — H*(U,0U;Z) = Z or Zs
is given by multiplication by 2 (Proposition A.2). In particular, ¢(c) = 0 mod2 for
¢ € Hf o) (TF,TF5;mpSY) = HE (U,0U; m,SY).

Let 3y be the unit of the stable cohomotopy group {T'F, SV}Z‘T. By (F1), the correspondence
B — vs1(B, Bo) for g€ {TF, S’V};j1 gives a bijective correspondence between {T'F, SV};E1 and
Hg?l (TF, TFSl;wkSV) which is identified with H*(U,0U;Z) = Z or Z,. Define deg 3 € Zo by

deg 8 = 7v51(8,80) mod 2.

Since the degree deg 3 is the mod 2 difference obstruction class of maps essentially from a
manifold to a sphere with same dimension, this can be interpreted as a kind of mod 2 mapping
degree. We may assume (3 is represented by a map g: (TF/Sl,TFsl) — (SV,SVSI) which is
smooth on the complement of TF st By perturbing g, the image of g|,.s1 is contained in

1 1
a subspace of SV* of codimension by (M) —dim B > 2. A choice of a generic point v € Sv° \
(Im g -s1) makes the preimage g~'(v) a compact 0-manifold. Then deg 3 is the number modulo
2 of elements in g~ (v).

Remark 2.2. For a single 4-manifold, the moduli space is always orientable and the Z-valued
Seiberg-Witten invariants can be defined. On the other hand, the moduli space for a family of
4-manifolds may be non-orientable. Therefore only the Zs-valued invariants can be defined in
general.

3. Spin families

Let M be a closed oriented smooth 4-manifold with a spin structure s, B be a closed manifold,
and 7: X — B be a smooth family with fiber M. Let T'(X/B) be the tangent bundle along the
fibers. In this subsection we shall discuss when 7'(X/B) admits a global spin structure modeled
on s defined in §2.2.

Let Diff (M, [s]) be the group of orientation-preserving self-diffeomorphisms f: M — M for
which the pulled-back spin structures f*s are isomorphic to s. The notation [s] indicates the
isomorphism class of s. When a diffeomorphism f belongs to Diff (M, [s]), we just say that f
preserves s for the sake of simplicity , although to be precise it should be said that f preserves
[s]. Let Aut(M,s) be the group of pairs (f, f), where f € Diff (M, [s]) and f is an automorphism
of s covering f. Then we have an exact sequence

1 — G(s) — Aut(M,s) — Diff (M, [s]) — 1, (8)

where G(s) is the gauge transformation group of the spin structure s, that is, the group of
automorphisms of s covering idjs. Note that G(s) = {£1}. Taking the classifying spaces, we
obtain a fibration

BG(s) — B Aut(M,s) — BDiff (M, [s)).

The homotopy class of a map p: B — B Aut(M,s) corresponds to the isomorphism class of a
family 7: X — B with a global spin structure on 7'(X/B) modeled on s. Suppose that a map
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p: B — BDiff(M, [s]) is given. Since BG(s) = BZy = RP>, there exists a sole obstruction in
H?(B;7Z/2) to lifting p to a map p: B — B Aut(M,s). Denote by O(p) the obstruction class.

Suppose that we have finitely many commuting orientation-preserving self-diffeomorphisms
fi,--., fn € Diff(M, [s]). Then we can form the multiple mapping torus

X=Xp g =T

Let us denote also by O(fi,..., fn) the obstruction O(p) for such a family, where p: T" —
BDiff (M, [s]) is the classifying map.

PROPOSITION 3.1. The obstruction class O(f1,..., fn) € H*(T™,Z/2) is zero if and only if
fi,- -+, fn admit lifts f1,..., fn to the spin structure s which mutually commute.

Proof. If the lifts commute, then we can obviously construct a global spin structure by patching
a product spin structure on M x [0, 1]™ by the lifts. Therefore O(f1,..., fn) = 0.

Conversely, suppose that O(fi,..., fn) = 0. Let C be the CW complex with one 0-cell and
one 1-cell which forms a circle. Let C1, ..., C, be copies of C. A cell structure of T" is given by
the product of C,...,C),. Then

e the 1-skeleton of T™ is the wedge sum of C,...,C,, and
e there is a bijection between the set of 2-cells and the set of pairs (i, 7) with i # j. Here each
pair (4, j) corresponds to a unique 2-cell D;; bounded by the wedge sum C; v Cj.

A choice of lifts f; for f; determines a global spin structure on 7~ !(1-skeleton) by identifying
the spin structures on the endpoints of the 1-cells via fz The class O(f1, ..., fn) is the obstruction
to extending such a spin structure on 7 !(1-skeleton) to m!(2-skeleton). To extend the spin
structure on 7~ (C; vV C;) to 7~ 1(D;;), the monodromy ﬁfjfi_lfj_l should be 1 € Aut(M,s).
This completes the proof. ]

DEFINITION 3.1. Let (M, s) be a spin 4-manifold. Finitely many self-diffeomorphisms fi,..., fn
on M are called spin commuting when

(i) fi,..., fn commute with each other,
(ii) each f; preserves the orientation of M and the spin structure s,
(iii) O(fi,.-.,fn) =0, or equivalently, there exist commuting lifts fi - - - fy.

If spin commuting diffeomorphisms fi, ..., f, are given, then we can form a multiple mapping
torus X = Xy ¢ with fibers M which admits a global spin structure sy modeled on 5. We call
(X, sx) the spin mapping torus associated with the spin commuting diffeomorphisms fi,..., fn.

Let us give a sufficient condition for vanishing of O(f1, ..., f). For a self-diffeomorphism f
on M, the support of f is defined by

supp f = {z € M | f(z) # =},

and so is the support of an element of Aut(M,s) similarly.

LEMMA 3.1. Let (M,s) be a spin manifold, and fi,..., f, be commuting diffeomorphisms on
M preserving the orientation of M and s. If supp fi,...,supp fn are mutually disjoint and
M \ supp f; is connected for each i, then O(f1,..., f,) = 0 holds.
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Proof. Because of Proposition 3.1, it suffices to show that there exist commuting lifts f1,. .., f»
of f1,..., fn to the spin structure. Recall that we have an exact sequence (8). Let fi,o o fne
Aut(M, s) be lifts of fi,..., fn. For each i € {1,...,n}, the lift f; lives in the (spin) gauge group
outside supp f;:

fi|M\suppfi € g(5|M\suppfi) = Map(M \ supp fle/2) = Z/2 = {il}

Define a lift f; € Aut(M,s) of f; by

e e
i ~

_1'fi if fi|M\suppfi =-1

Then fl, ceey fn have disjoint supports each other, and hence mutually commute. O

We note that, on the other hand, the obstruction class O(fi, ..., f,) may be non-trivial for
some example of fi,..., fn.

Ezample 3.1. An example of a multiple mapping torus X — 7™ with non-zero O(f1,..., fn) is
given as follows. Let M be T° equipped with the spin structure so with trivial Spin(3)-bundle.
The two-to-one homomorphism h: Spin(3) — SO(3) is given by the action of Spin(3) = Sp(1)
on Im H by conjugation. Then the multiplication by

1 0 0 -1 0 0
hi)=10 =1 0| and (G =[0 1 0
0 0 -1 0 0 -1

on R? induces a pair (f1, f2) of commuting diffeomorphisms on 7%. Their lifts fl, fQ to sg
anticommute since ij = —ji. Therefore O(f1, f2) is not zero.

So far we have considered the case of diffeomorphisms, but we can also consider its topological
analogue. Namely, we can consider topological spin structures as discussed in [Nak10] and also
discuss an obstruction O(f1, ..., fn) to the lifting problem to topological spin structures for given
commuting homeomorphisms fi,..., fn. By a parallel argument, we have a topological version
of Lemma 3.1.

LEMMA 3.2. Let M be an oriented topological manifold, s be a topological spin structure on
M, and fi,..., fn be commuting homeomorphisms on M preserving the orientation of M and
s. If supp f1,...,supp f, are mutually disjoint, then O(f1,..., fn) = 0 holds.

4. Main results

In this section we shall give the main results in this paper and their consequences. Theorem 4.1
is a rigidity theorem for the families Seiberg—Witten invariants on families of spin 4-manifolds.
Combining Theorem 4.1 with Proposition 4.1, a non-vanishing of the families Seiberg—Witten
invariants shown in [BK20] for specific families, we obtain a non-vanishing result for more general
families as Corollary 4.1. Theorem 4.2 gives a constraint on b4 of the fibers of families of spin
4-manifolds satisfying certain conditions. This is a family analogue of Furuta’s 10/8-inequality
[Fur01].
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THEOREM 4.1. Let B be a closed smooth manifold. Let My and My be oriented closed smooth
4-manifolds with spin structures s; and so, respectively, satisfying the following:

. bl(Ml) = bl<M2) =0, b+(M1) = b+(M2) > dim B + 2.
o —sign(M;)/4—1—-by(M;)+dimB =0 (i =1,2).

Fori = 1,2, let X; — B be a smooth fiber bundle with fibers M; equipped with a global spin
structures sx, modeled on s;, ind D; be the virtual index bundle of the family of Dirac operators
for sx, and H;' — B be the bundle of H(M;) associated to X;. Set a; = [ind D;] — [H;"] €
KOpiy(2)(B). If a1 = g, then we have

FSW2 (X, sx,) = FSW(Xy,5x,).
We shall use the following lemma to prove Theorem 4.1, which is fundamental in this section.
LEMMA 4.1. In the setting of §2.2, suppose that condition (6) holds. Consider the maps
(TF,SV}m® 2, (rp gvyst 4=, 7,

where ¢ is the forgetful map restricting Pin(2)-action to S'-action. Then the image of (deg o)
is {0} or {1}, and is determined by a = [F] — [V] € KOpjn(2)(B).

Proof. The class a determines {TF SV}PIH(Z) {TF, Sv}f,l, o, and hence also the image of
(degoy). For g1, 35 € {TF,S V}Pm the additivity of difference obstruction classes implies that

deg (1) — deg (B3) = vs1(0(51), Bo) — 51 (2 (Ba), Bo) = V51 (2(51), ©(B3))-

Moreover, fact (F3) in §2.2 implies that

Vst (‘P(ﬁi)vgp(ﬂé)) (7P1n(2)(617ﬁ2)) =

(2

~

Therefore the image of (degoyp) is {0} or {1}. O

Proof of Theorem 4.1. We shall use the notation of §2.2. As explained there3 it follows that a
family of monopole maps for each (X;,sx,) defines a class 3, in {T'F, S’V}Pm(2 where F' and V
satisfy

[F] = [V] = a1 = .
Since the families Sieberg-Witten invariants for (X;,sx,) are given by
FSW™(X;,sx,) = deg (%),
Lemma 4.1 implies that FSW22 (X, sy, ) = FSW%2(Xy,5x,). O

Remark 4.1. The idea of using that ¢ is given as multiplication by 2 has appeared in [Li06a,
Li06b, Bau08§].

Remark 4.2. Let G = Pin(2). Since the G-action on B is trivial, we have an isomorphism

KOq(B) = (KO(B) @ R(G;R)) © (K(B) @ R(G;C)) © (KSp(B) @ R(G; H)),
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where R(G;TF) is the free abelian group generated by irreducible G-representations over the
field F [Seg69]. In our case, [ind D] is in the component KSp(B)® R(G;H), and [H'] is in
KO(B) ® R(G;R). Furthermore, we may assume

ind D] = [ind D]p ® hy, [H']=[H]o®R,
where

e [ind D]y € K Sp(B) is the class of the index bundle of D which is regarded as a non-equivariant
H-linear operator,
e hy € R(G;H) is a representation given by the multiplication by G on H,

o [Ht]y is the class of HT in KO(B) and R is the G-representation given by composition of
the projection G — G/S! = {41} with multiplication on R.

We shall exhibit an example of families with non-zero families Seiberg—Witten invariants. Let
My = K3#n(S? x 52) and sq be the spin structure on My which is unique up to isomorphism. We
construct spin commuting diffeomorphisms fi, ..., f, on My as follows. Let ¢ be an orientation-
preserving self-diffeomorphism of S? x S? satisfying the following properties.

(i) There is a 4-ball By embedded in S? x S? such that the restriction of ¢ on a neighborhood
N(By) of By is the identity map on N (By).
(ii) o reverses orientation of H* (5% x S?).

One way to get such g is as follows. Let ¢’ be the orientation-preserving self-diffeomorphism on
S? x 8% given by the direct product of complex conjugation on S? = CP!. This diffeomorphism
o acts on the intersection form by (—1)-multiplication, hence reverses the orientation of H™.
Obviously ¢’ admits a fixed point, and deforming ¢’ by isotopy near a fixed point, we can get
a fixed ball rather than a fixed point. Then the deformed diffeomorphism g satisfies the desired
properties.

Choose n disjoint 4-balls Bi,...,B, C K3. We assume M, is constructed by removing
Bi,...,B, from K3 and gluing n copies of S? x S?\ By. The construction of f; is as follows.
Consider M as the connected sum of the summand of the ith S? x S? with the remaining part
My := K3#(n — 1)5? x S?. Define f; by

fi = (¢ on the ith 5% x S?)#idpy, -
Note that fi,..., f, obviously commute with each other. Note that f; preserves orientation of M.

Remark 4.3. Let Hf — T™ be the bundle of H*(My). Let £ be the unique non-trivial real line
bundle over S! and 7;: T = S x --- x S — S! be the projection to the ith S'. Let

Cn=ml D - DL
Then Hy = ¢, @R

The following calculation gives us instances of families with non-zero families Seiberg—Witten
invariants.

ProPOSITION 4.1 [BK20]. For (My,so) and fi,...,f, as above, we have the following
assertions.
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(i) The set {fi,..., fn} is spin commuting. Let (Xo,sx,) be the associated spin mapping torus.
(ii) [ind Do] = [H] € KOpiy(2)(T™), where ind Dy is the Dirac index bundle of (Xo,sx,)-
(iii) FSW?%2(Xg,sx,) =1 € Zy = {0,1}.

Proof. Lemma 3.1 implies assertion (1). Assertion (2) will be proved by Lemma 6.1 below. To
prove assertion (3), we use [BK20, Theorem 1.1]. Let N = n(S? x S?), and assume My = K34N.
Let Hy; be the bundle of HT(N). Then Hy; = ¢,. By [BK20, Theorem 1.1],

FSW™(Xo,5x,) = SW (K3, 50|x3) - (wn (&), [T"]) =1
holds. g
Combining Remark 4.3, Theorem 4.1 and Proposition 4.1, we obtain the following corollary.

COROLLARY 4.1. Let M be a closed smooth spin 4-manifold such that we have a ring iso-
morphism H*(M;Q) = H*(My; Q). Suppose that we have a smooth fiber bundle X — T"™ with
fiber M and with a global spin structure sx modeled on the given spin structure on M. Let
ind D be the Dirac index bundle of (X,sx) and H — T™ be the bundle of H* (M) associated
to X. Suppose that [ind D] = [H] € KOpiy2)(T") and H" = &, @® R3. Then we have

FSW2(X,sx) = 1.

Remark 4.4. Morgan and Szab6 [MS97] prove the rigidity theorem that every homotopy K3
surface admits a Spin® structure with trivial determinant line bundle whose Seiberg—Witten
invariant is congruent to 1 modulo 2. Corollary 4.1 can be considered as a family version of the
Morgan—Szabd theorem.

The following theorem gives a family version of the 10/8-inequality for families with fiber
having sign = —16 and b; = 0.

THEOREM 4.2. Let M be a spin 4-manifold with sign(M) = —16 and by (M) = 0. Suppose that
we have a smooth fiber bundle X — T" with fiber M and with a global spin structure sx
modeled on the given spin structure on M. Let ind D and H' be as in Corollary 4.1. Suppose

[ind D] = [H] and there exists a non-negative integer a such that
Ht=¢, @ R

Then
by(M)>n+3

holds.

Proof. The proof is parallel to an argument in [FKMO01, Proposition 2]. First, it follows from the
assumption on H* that by (M) > n. Suppose n < by (M) < n + 3. Then we have 0 < a < 3. Let
ind Dy and HO+ be as in Proposition 4.1 and Remark 4.3. Choose a vector bundle ¢ over T™ so
that

—&G]=[¢1- R in KOs (T™).
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Then, for some non-negative integers x, y, we have
ind D] - [H*] = [H"" o RY @ ¢] - [H® @ RV,
ind Do) — [H] = [H*T' @ RY @ ¢'] — [H® @ RYTH3).
0

Let us consider the following commutative diagram.

(T, VOB Ene

)
/ K
{TF,$V},"® {TF,SVERT"y dee 7,

{TF, 8V}

Here the ¢; are induced from the inclusion V < V @ R37%, and the ¢; are the forgetful maps
restricting the Pin(2)-actions to S'-actions. We shall compare two compositions deg opg o o and
degoty o 1 in the diagram.

Proposition 4.1 and Lemma 4.1 imply that the image of the composition degoyy is {1} and
therefore the image of deg oy o ¢ is also {1}.

On the other hand, SV is S'-equivariantly contractible in S V@Rs_a, since we assumed that
a < 3 and the S'-action on SE** is trivial. Therefore the image of the composition degot; o ¢
should be {0}. This contradicts the commutativity of the diagram. O

In Lemma 6.1, we shall give a way to replace the assumption that [ind D] = [H] in
Corollary 4.1 and Theorem 4.2 with a more geometric condition. Let us combine Lemma 6.1
with Corollary 4.1 and Theorem 4.2 here.

COROLLARY 4.2. Let (M,s) be an oriented closed smooth spin 4-manifold with H*(M;Q) =
H*(My; Q) and fi,..., fn be diffeomorphisms on M. Suppose that each of f; preserves s and
that supp fi, . ..,supp fn are mutually disjoint. Then, by Lemma 3.1, there exist lifts of f1,..., fn
to the spin structure. Fix such lifts and form the spin mapping torus (X,sx). Let HT — T™ be
the bundle of H* (M) for X. Suppose that H* = &, @ R3. Then we have

FSW2 (X sx) = 1.

Proof. By Lemma 6.1, either ind D or —ind D is represented by a trivial bundle, and ind¢D =
—sign(M)/8 = 2 by the index theorem. Therefore the assertion of the corollary follows from
Corollary 4.1. O

COROLLARY 4.3. Let (M,s) be an oriented closed spin smooth 4-manifold with sign(M) = —16
and let by(M) =0 and fi,..., f, be diffeomorphisms on M. Suppose that each of fi,..., fn
preserves s and that supp f1,...,supp fn are mutually disjoint. Let HT — T™ be the bundle of

H*(M) associated with fi, ..., f,. Suppose that there exists a non-negative integer a such that
HT =&, @R Then we have
by (M) >n+3.
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Proof. This follows from Lemma 3.1, Theorem 4.2, Lemma 6.1 and the index theorem as well as
the proof of Corollary 4.2. O

5. Applications

In this section we shall give two topological applications of our main results in the previous
section. The first application is to detect non-smoothable actions on 4-manifolds. The second is
to detect non-smoothable families. We note that most 4-manifolds M appearing in this section
have non-zero signature, and for such M, we have Difft(M) = Diff(M) and Homeot (M) =
Homeo(M).

Let us denote by —Fs the (unique) closed simply connected oriented topological
4-manifold whose intersection form is the negative-definite Eg-lattice [Fre82, Theorem 1.7]. In
Theorem 5.1, for any m > 3, we construct non-smoothable Z™ 2-actions on the topological
4-manifold 2(—Fg)#mS? x S%. Notice that the 4-manifold 2(—Eg)#mS? x S? is homeomorphic
to K34 (m — 3)5? x S? and hence admits a smooth structure.

THEOREM 5.1. Let m > 3. Then the topological (but smoothable) 4-manifold M defined by

M = 2(—Fg)#mS? x §*

admits commuting self-homeomorphisms fi, ..., f;, with the following properties.

e For any distinct numbers iy, . ..,in,—3 € {1,...,m}, there exists a smooth structure on M for
which f;,,..., fi,,_, are diffeomorphisms.

e For any distinct numbers i1, ...,i,—2 € {1,...,m}, there exists no smooth structure on M
for which all of f;,,..., fi, _, are diffeomorphisms.

Proof. Let us write the connected sum components of mS? x 52 as
mS? x S% = #m, (5% x §%) = #™ | N,.
For each i € {1,...,m}, let
be an orientation-preserving self-diffeomorphism given by a copy on N; of o : S? x S? — §? x §?
given in §4. Since f; has a fixed ball, we can extend f; as a self-homeomorphism onto M by the

identity map outside N;. Let us write f; : M — M also for the extended self-homeomorphism.
Note that obviously supp fi,...,supp fm are mutually disjoint.

We first show that, for any distinct numbers iy, ..., i,—3 € {1,...,m}, there exists a smooth
structure on M such that f; ,..., fi,,_, are diffeomorphisms with respect to the smooth structure.
For simplicity of notation, let us consider the case where i1 = 1,...,4,_3 = m — 3. First, note

that Freedman’s theorem (see, for example, [FQ90]) implies that there exists a homeomorphism

[Ool 2(—E8)#m Ni — K3.

i=m—2

For j € {1,...,m — 3}, denote by Bj; the (topologically) embedded 4-ball in 2(—Eg)#™, . _5N;
which was used to define the extension of f;: N; — N; onto M. Let Bj,...,B] 5 C K3
be smoothly embedded disjoint 4-balls. We can construct a self-homeomorphism ¢ on
2(—Eg)#i,,_oN; which maps B; to go_l(B;-) for all j € {1,...,m — 3}: by taking a suitable

t=m—2

790

https://doi.org/10.1112/50010437X2000771X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X2000771X

RIGIDITY OF THE SEIBERG—WITTEN INVARIANTS FOR SPIN FAMILIES

isotopy, we may assume each gp‘l(Bé») is contained in the interior of Bj;. Since the boundary
spheres of B; and cp_l(B;) are locally flatly embedded, the annulus theorem [Qui82] implies

that Bj \ ¢~1(B}) is homeomorphic to S3 x I. Then we can find an ambient isotopy which
moves Bj to go_l(Bé»). We can extend the homeomorphism

poth: 2—Eg)#iL,, o Ni — K3

to a homeomorphism
¢: M — K3#(m — 3)5% x §?

by forming the connected sum along By, ..., By,_3 and B},..., B/ 5 with the identity map on
the (m — 3)-copies of S% x S2. By construction, the composition

pofjop i K34#(m —3)S? x $* — K3#(m — 3)S% x S?

is obviously a diffeomorphism for any j € {1,...,m — 3}. This means that f; is a diffeomorphism
on M equipped with the smooth structure of K3#(m — 3)5% x 52 via ¢.

It remains to show that f; ,..., fi,,_, are not smoothable at the same time for distinct
numbers i1, ...,im—2 € {1,...,m}. Set n = m — 2. Assume that f; ,..., f;, are diffeomorphisms
for some smooth structure on M. Let Ht — T™ be the bundle of H'(M) associated with
firs---s fin. For each k€ {1,...,n}, the diffeomorphism f;, reverses the orientation of H™
for the ixth component of S? x S% of 2(—FEg)#mS? x S? and f;_ acts trivially on HT for the
remaining connected sum component. Thus we have Ht 2 &, @ R?, and therefore we can apply
Corollary 4.3 to fi,,..., fi,. It follows from this corollary that by (M) >n+3=m+ 1, but
obviously b4 (M) = m. This is a contradiction.

This completes the proof of Theorem 5.1. U

Remark 5.1. Non-smoothable actions have been studied by many authors, but for groups hav-
ing several generators, there is only little previous work. Here we explain such work briefly
and compare it with Theorem 5.1. The third author [Nakl0] constructed a non-smoothable
Z2-action on the connected sum of an Enriques surface and S? x S2. Kato [Kat17] constructed
non-smoothable (Z/2)2-actions on certain spin 4-manifolds with [sign| > 64. Baraglia [Bar19a]
constructed Z2-actions and (Z/2)?-actions on certain non-spin 4-manifolds. In these results, each
of the generators of Z2 or (Z/2)? can be realized as a smooth diffeomorphism for some smooth
structure, so they are similar to Theorem 5.1 in this sense. However, Theorem 5.1 provides a
non-smoothable Z™-action for all n > 2 and the 4-manifold acted on by Z" is different from that
in all of the work explained in this remark.

Let M be an oriented topological (but smoothable) manifold, B be a smooth manifold, and
M — X — B be a fiber bundle whose structure group is Homeo(M).

We say that the bundle X is smoothable as a family or X has a smooth reduction, if there
exists a smooth structure on M such that there is a reduction of the structure group of X to
Diff (M) with respect to the smooth structure via the inclusion Diff (M) < Homeo(M). If X is
not smoothable as a family, we say that X is mon-smoothable as a family or X has no smooth
reduction.

Remark 5.2. For a topological fiber bundle X — B x B’', if the restriction X|p — B is non-
smoothable as a family, then so is X — B x B'.
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In Theorem 5.2, we shall construct a non-smoothable family whose fiber is the topological
4-manifold 2(—Eg)#mS? x S2. Here we use the following notation. Set [m] = {1,2,...,m}.
For the m-torus 7™ and a subset I = {iy,...,4;} C [m] with cardinality k, denote by T¥ the
embedded k-torus in 7™ defined as the product of the iith, ..., izth S'-components.

THEOREM 5.2. Let 3 < m < 6. Let M be the topological (but smoothable) 4-manifold defined
by
M = 2(—Eg)#mS? x S2.

Then there exists a Homeo(M )-bundle
M-—-X-T"

over the m-torus with the following properties. Let I = {i1,... i} C [m] be a subset with
cardinality k.

e The total space X admits a smooth manifold structure.
o If k < m — 3, the restricted family

X‘Tf — 17

has a reduction to Diff (M) for some smooth structure on M.
o Ifm — 2 < k <m, the restricted family

k
XV|T;C — T7
has no reduction to Diff (M) for any smooth structure on M.

Proof. Let f1,..., fm be the commuting self-homeomorphisms on M constructed in the proof
of Theorem 5.1. Let M — X — T be the multiple mapping torus for fi,..., f,. Then X is
a Homeo(M )-bundle. Note that, because of Lemma 3.2, there exists a global topological spin
structure on the bundle X.

First, smoothability of X as a manifold will be verified in Proposition 7.1.

Second, we shall verify by contradiction that X |le — T¥ has no reduction to Diff (M) for any
smooth structure on M if I = {iy, ..., i} with &k > m — 2. We shall show the non-smoothability
for m — 2 < k <4, but this is enough also for general £k > m — 2 by Remark 5.2. Assume that
X|p# could be smoothable as a family for some smooth structure on M. Then the global topo-
logical structure induces a global spin structure and we have the family of Dirac operators
ind D associated with X ‘Tf' We shall show Lemmas 6.2 and 6.3 in §6, and they ensure trivi-
ality ind D = [H]. Moreover, the bundle of H* associated with X |T}€ satisfies HT 2 & @ R® for
a =m — k, as explained in the proof of Theorem 5.1. Therefore we can apply Theorem 4.2 to
X ]le — T¥, and the inequality by (M) > k + 3 > m + 1 should hold, but obviously by (M) = m.
This is a contradiction.

Finally, let us check that X ]TIk — T¥ is smoothable as a family for I = {iy,...,i;} with
k < m — 3. The restriction X ]T}c is the multiple mapping torus of f;,,..., fi,. By Theorem 5.1,
there exists a smooth structure on M such that f;,,..., f;, are diffeomorphisms. Therefore the
structure group of X |Tf obviously reduces to Diff (M) with respect to this smooth structure. O

Remark 5.3. The assertion on non-smoothability of f;,,..., fi,, , in Theorem 5.1 obviously
follows from Theorem 5.2.
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Remark 5.4. In the case of m = 3 in Theorem 5.2, the second condition does not provide any
additional information.

Remark 5.5. The non-smoothability of X given in Theorem 5.2 in the case where m = 3 fol-
lows from Morgan andSzabé [MS97] without using Theorem 5.2 as follows. The family X
in the case where m =3 is a Homeo(M)-bundle M — X — T* with k € {1,2,3} and M =
2(—Eg)#3S5% x S%. This bundle is given as the multiple mapping torus for commuting homeo-
morphisms supported in the 352 x S%-components. Assume that the family X is smoothable as a
family. Let us take a smooth structure on M = 2(—FEg)#352 x S? for which the structure group
of X has a reduction to the diffeomorphism group. Consider the unique spin structure on the
smooth 4-manifold. This 4-manifold has non-zero Seiberg—Witten invariant for the spin struc-
ture by [MS97], and from this we can deduce that there does not exist a diffeomorphism which
reverses the orientation of HT. By restricting the family to S' embedded into T% = (S1)* as the
first factor, we can get a smoothable family over the circle M — X|g1 — S!. Since this restricted
family is the mapping torus of the homeomorphism fi, the smoothability of X|g:1 implies that
f1 is topologically isotopic to a diffeomorphism g on M. Since f; reverses the orientation of
H*(M), so does g. This is a contradiction.

One can verify a slightly stronger result on the smoothability of X|g1 for any S' embedded
in 7™ in Theorem 5.2.

PROPOSITION 5.1. Let 4 <m <6 and let M — X — T™ be the Homeo(M)-bundle given in
Theorem 5.2. Then, for any homeomorphism ¢ : M — K34 (m — 3)S? x S? and any embedding
of St to T™, the structure group of X |1 reduces to Diff (M), where Diff (M) is the diffeomorphism
group with respect to the smooth structure on M defined as that of K3#(m — 3)5? x S? via ¢.

Proof. Equip M with a smooth structure through ¢. Take an embedding of S' into 7™. Note that
X|g1 can be regarded as the mapping torus of a homeomorphism g on M. Recall the following
two classical results.

e Every algebraic automorphism of the intersection form of M =2 K3#(m —3)S? x S? is
induced from a diffeomorphism by a result of Wall [Wal64].

e An algebraic automorphism of the intersection form corresponds to a topological isotopy class
by a result of Quinn [Qui86].

Therefore there exists a diffeomorphism on M which is topologically isotopic to g. This means
that the structure group of X|gq1 reduces to Diff(M). O

Let us denote by Homeo(M) // Diff (M) the homotopy quotient:
Homeo(M) / Diff (M) := (E Diff (M) x Homeo(M))/ Diff (M).
COROLLARY 5.1. We have
71 (Homeo( K3#S% x S?) J/ Diff (K3#S* x S%)) # 0.
Proof. Set M = K3#S5? x S%. The case where m = 4 of Theorem 5.2 and Proposition 5.1 implies

that the fundamental group of the homotopy fiber of the natural map B Diff (M) — B Homeo(M)

793

https://doi.org/10.1112/50010437X2000771X Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X2000771X

T. KATO, H. KONNO AND N. NAKAMURA

is non-trivial. To finish the proof, just recall that this homotopy fiber is homotopy equivalent to
Homeo(M) /) Diff (M). O

Remark 5.6. Note that the argument of the proof in Corollary 5.1 is valid also for the 4-manifold
as Z#S5? x S? instead of K3#S5? x S?, where Z is an exotic K3. However, we do not know of
an example of Z such that Z#52 x S? is not diffeomorphic to K3452% x S2.

6. Calculation of the index bundle

In this section we shall provide a few ways to give a sufficient condition for the Dirac index bundle
associated with a given family of 4-manifolds to be trivial. The results given in this section have
been used in the previous sections.

LEMMA 6.1. Let M be a closed spin 4-manifold. Let fi,...,f, be spin commuting diffeo-
morphisms on M. If supp fi,...,supp f, are mutually disjoint, then either the spin Dirac index
bundle ind D associated with f1,..., f, or —ind D is represented by a trivial bundle.

Proof. We shall use the excision formula of the index of families of Fredholm operators, and for
the sake of it, decompose M into n pieces of codimension-0 submanifolds

M = My Uy, --- Uy, | M,

so that supp f; C M; for each i as follows. Set Ny := M. Let us define closed subsets Ay, By C
Ny by Aj:=supp fi and By :=supp foU---Usupp f,. By Urysohn’s lemma, we can take a
continuous function x1 : No — [—1, 1] such that xi(A;) = {—1} and x1(B1) = {1}. By perturb-
ing x1, we can get a smooth function xi: Ny — [-3/2,3/2] such that xi(A1) C [-3/2,—1]
and x1(B1) C [1,3/2]. By Sard’s theorem, for a generic point € € (—1,1), the inverse image
Y1 :=x7'(e) is a three-dimensional closed submanifold of Np. Define M; := x7'([=3/2,¢€])
and Ny := x7'([¢,3/2]). Then we get a decomposition into codimension-0 submanifolds of
Ny = Mj Uy, N; along Y;. Next, let us define closed subsets Ay, Bo C N1 by Az :=supp fo LY
and By :=supp f3U---Usupp f,. By the same procedure, we can get a decomposition of
N7y into codimension-0 submanifolds along a three-dimensional submanifold Ys of int Na:
N1 = My Uy, Na. Note that Y; is a closed 3-manifold. Proceeding inductively, we can get a
decomposition of M into codimension-0 submanifolds

M = M, Uy, -~ - Uy, _, M,

along closed 3-manifolds Y7,...,Y,_1. By construction, each supp f; is contained in M;. Let
M; — X; — S! be the mapping cylinder of f;. This X; is a bundle of a smooth 4-manifold with
boundary. Our multiple mapping cylinder M — X — T" is regarded as the fiberwise sum of
i X1,...,mp X, along trivial bundles Y| x T" — T", ... Y, 1 x T" — T", where m; : T" — St
is the ith projection. Denote by M; the cylindrical 4-manifold obtained by gluing M; with
OM; x [0,00). Then we can get a bundle of a cylindrical 4-manifold M; — X; — S1, and can
define the family of spin Dirac operators D; on X;. Then, under suitable weighted Sobolev
norms (for example, see Donaldson’s book [Don02, §3.3.1]), we can obtain

[ind D] = [ind 7y D1] + - - - + [ind 7}, Dy,] 9)

in K Opjy(2)(T™) by the excision formula of the index of families.
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Since [ind D;] € KSp(S') ® R(G;H) and K Sp(S') = KSp(pt) = Z, ind D; or —ind D; is rep-
resented by a trivial quaternion bundle in K Opin(g)(sl) (see Remark 4.2). Hence ind D and
—ind D are the same by (9). O

Remark 6.1. Note that we cannot apply Lemma 6.1 for the proof of Theorem 5.2.

To verify non-smoothability of X |Tk as a family, we argue by contradiction, and for this
we assume that X \Tk has a reductlon to the diffeomorphism group with respect to some
smooth structure of the fiber. However this assumption does not guarantee that f; ,..., fi,
are diffeomorphisms, but just homeomorphisms.

Remark 6.2. One can deduce the assumption ind D = [H] in Corollary 4.1 and Theorem 4.2
from the following stronger but more geometric condition, which is different from Lemma 6.1.
Assume that there exists a Riemannian metric on M which is invariant under the pull-backs
of all fi,..., fn. For example, this assumption is satisfied if all of fi,..., f, have finite order.
Indeed, the group generated by them is finite since f1,..., f,, mutually commute, and then we
can obtain an invariant metric by taking the average of any metric by the action of this finite
group. Let us derive ind D = [H] assuming the existence of an invariant metric go for fi,..., f,.
The metric gg gives a ‘constant’ fiberwise metric on the mapping torus for fi,..., f,. Note
that we can employ this fiberwise metric in the process of a finite-dimensional approximation
of a family of Seiberg—Witten equations described in Section 2.2, since any genericity for the
metric is not necessary for the finite-dimensional approximation. Then the index bundle ind D
is clearly trivial. Because of the usual index calculation, the complex rank of the fiber of ind D
is |sign(M)|/8 = 2. Therefore we obtain ind D = [H].

The index bundle is always trivial when the base space is a low-dimensional torus.

LEMMA 6.2. Let (M,s) be a closed spin 4-manifold. Let B be a closed manifold and X — T*
be a fiber bundle with fibers M with a global spin structure sx modeled on s. Let [ind D] €
KOpin(2) (T k) denote the class of the (virtual) index bundle of the family of spin Dirac operators

associated to X. If k < 3, then [ind D] or —[ind D] is represented by a trivial quaternionic vector
bundle.

Before proving Lemma 6.2, we need some preliminaries. By Remark 4.2, we may assume that
[ind D] is in KSp(T") ® R(Pin(2); H) and can be written as

[ind D] = [ind D]p ® hq,

where [ind D]y € KSp(T™) is the class of the index bundle of D as an non-equivariant H-linear
operator, and h; € R(Pin(2); H) is the representation given by the multiplication of Pin(2) on
H. Then we have the following useful decomposition of the K Sp-groups of T™.

PROPOSITION 6.1 [FKO05, Lemma 31 and Remark 32]. For integers ¢ and p with p > 0, we have
an isomorphism

KSp!(T" x RP) = P KSp’(R® x RP),
Sc[n]

where S runs through all the subsets of[ ] ={1,2,...,n} and R® is defined as follows. Let Ry,
be the kth component of R". Then RY = [, s Ry, JfS # 0, and RS = {pt} if S = 0.
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Proof. Consider the exact sequence

—_ KSpq((T’"b?Tn—l) x RP) _J KSpi(T™ x RP)
M KSpUT I X RP) ——s .. (10)
By using excision, the first term is identified with
KSpU(T", T"7) x (B U {00}, {oo})) = KSp!(T" " x RPH).

Then j* is identified with the push-forward map i: KSpd(T"! x RPT) — KSpd(T" x RP)
induced from an open embedding i: R — 71 C T™. Let w: T" x RP — T"~! x RP be the pro-
jection. Then 7* gives a right-inverse of h*. Therefore the above sequence splits. Moreover, h* is
a surjection, and then j* turns out to be an injection. Thus we obtain an isomorphism

i+ KSpU(T™ 1 x RPTY) @ KSpt (T x RP) 5 KSpI(T™ x RP).
By an induction on the cardinality |S| of S, the proposition is proved. O

Proof of Lemma 6.2. Note that KSp(pt) =Z, KSp(R?) =0 for ¢ =1,2,3 (see, for example,
[Swil7, Chapter 11]). If £ < 3, Proposition 6.1 implies that

KSp(T*) = KSp(pt) = Z.

This means that every element in K Sp(T*) is represented by a trivial bundle and classified by its
rank over H if & < 3. Therefore [ind D]y, and hence [ind D], is represented by a trivial bundle. [

The main part of this section is devoted to proving the following lemma. The argument is
based on the celebrated result by Novikov that the rational Pontryagin classes are topological
invariants.

LEMMA 6.3. Let M — X — T™ be the topological bundle given in the proof of Theorem 5.2.
For I C [m] with k = |I| = 4, suppose X|r4 has a smooth reduction. Then the Dirac index bundle
satisfies [ind D] = [HIJ.

Before giving the proof of Lemma 6.3, let us describe a strategy for the proof and give some
preliminaries. Denote X \T;; by X; and T Ik by 1. Suppose X is smoothable as a family and a
smooth reduction is given. We will proceed in the following way.

e We verify that the forgetful map c: KSp(T*) — K(T?) is injective.

e Hence it suffices to prove that the image of [ind D] under c is represented by a trivial complex
bundle.

e Since the complex K-group of the base space 17 is torsion-free, it suffices to prove that
Ch(ind D), the image of ind D under the Chern character, is in H°(T7; Q).

e By the index theorem for families (13), it suffices to check p3 = 0 and p; = 0 for i > 2, where
p; are the rational Pontryagin classes of the tangent bundle along the fibers T(X;/T7) of
X; — 1.

It is well known that the rational Pontryagin classes of a R™-bundle depend only on its
topological type. In fact, the rational Pontryagin classes can be defined not only for a vector
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bundle, but also for a topological R"-bundle whose structure group is in the group TOP, of self-
homeomorphisms on R™ preserving the origin. Furthermore, the rational Pontryagin classes of a
bundle are determined by the isomorphism classes as topological bundles, and do not depend on
vector bundle structures on them. (See Rudyak [Rud16, Chapter 3], for example. This generalizes
the Novikov’s theorem.) Therefore the rational Pontryagin classes p; of the tangent micro-bundle
along the fibers 7(X;/T7) are defined over the underlying topological R™-bundle of T'(X;/T7)
without using the smooth structure. We will prove the required properties of p; directly for
7(X71/Tr) from the construction of the topological bundle X7.

To proceed with the above strategy, we recall some classical objects in differential topology.

6.1 Universal Pontryagin classes

Let us recall the rational Pontryagin classes for topological R” bundles (see [Rud16], for example).
It is known that the forgetful map «: BO — BTOP induces an isomorphism of their rational
cohomology groups

o*: H*(BTOP;Q) = H*(BO;Q).
Recall that H*(BO;Q) is generated by the universal Pontryagin classes p;-mi". Then we have
H*(BTOP;Q) = H*(BO; Q) = Q[pi™, p3™, .. |

via the identification a*. The stable class of a topological R™-bundle £ — B is classified by its
classifying map ¢: B — BTOP. Define the ith rational Pontryagin class p;(§) by

D; (6) _ t*p;miv'

6.2 Rational localization

Below we utilize the Q-localizations BO[0] and BT OP|0] of BO and BTOP. The existence of
these Q-localizations is guaranteed by the fact that both of BO and BTOP are infinite loop
spaces, and hence H-spaces (see [BV68, Theorems A and C]). In general an H-space is a simple
space, and hence is a nilpotent space for which a Q-localization can be constructed (see, for
example, [MP12, Corollary 1.4.5 and §5.3]).

6.3 Tangent micro-bundle
We clarify the notion of the tangent micro-bundle along the fibers of a topological bundle M —
X 5 B. Denote the fiber of X over b € B by M, and define the space E by

E= {(x,y) eX XX|y€M7r(a:)}

Note that E contains the diagonal set Ax = {(z,z) |z € X}. The tangent micro-bundle along
the fibers 7(X/B) of M — X —B is defined as

7(X/B): X —>~ F -

X, (11)

where A is the diagonal map and 7 is the projection to the first component. It is easy to check
the following properties of 7(X/B).

e The sequence (11) defines a micro-bundle in Milnor’s sense [Mil64]. (By the Kister-Mazur
theorem [Kis64], the micro-bundle determines a topological R"-bundle which is unique up to
isomorphism.)
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e If the structure group of M — X — B is reduced to Diff (M) for some smooth structure on M,
then 7(X/B) is the underlying micro-bundle of the tangent bundle along the fibers T'(X/B).

LEMMA 6.4. Let f: N — N be an orientation-preserving diffeomorphism on N = S? x S2.
Assume that f has a fixed embedded ball B* C N. Let Ny — S be the mapping torus of f.
Define a map

¢: (TF 1 x Ny, T* x B*) — (BO[0], pt)

as the composition of the classifying map T*~' x N t — BO of the tangent bundle along the fibers
T((T*1 x Ny)/T*) of the fiber bundle T*~1 x Ny — T* and the natural map BO — BO|0].
Then ¢ is homotopic to the constant map onto (pt,pt) C (BO[0], pt).

Proof. Note that

Q@ i=0 mod A4,

mi(BO|0]) = m(BO) ® Q {0 P20 mod 4,
Let u: BO[0] — BO[0] be the identity map and wug: BO[0] — {pt} C BO[0] be the map
onto a point in BOI[0]. Then the primary difference obstruction d(u,wup) is non-zero in
H*(BOI0]; m4(BO|0])) & H*(BO[0]; Q) = Q[p}™¥]. Therefore there exists a non-zero number
r € Q\ {0} such that rd§(u,ug) = pi™V.

In general, let N be an oriented closed and simply connected 4-manifold, 7 : N — BOJ[0] be
the composition of the classifying map N — BO of the tangent bundle of N and the natural map
BO — BOI0], and 19 : N — {pt} — BO|0] be the map onto a point of BO[0]. We claim that 7
is homotopic to 7o if p1(N) = 0. Since 7;(BO[0]) =0 for 0 < i < 4 and H(N;Q) = 0 for i > 4,
the difference obstruction §(7, ) € H*(N;m4(BO[0])) is the sole obstruction to homotoping 7 to
70. Because of the naturality of the obstruction class, we have p;(N) = 7*p{ = r7*§(u, up) =
r6(7,m0) in H*(N; Q). Therefore, if p1(IN) = 0, we have §(7, 79) = 0, and hence 7 is homotopic to
the constant map 7. In particular, if we take N = S? x S2, since S? x S? has trivial signature,
we have p1(S? x S?) =0, and thus we can deduce that 7 is homotopic to a constant map onto
a point in BOI0]. Similarly, if we fix an embedded ball B* C S? x S? and fix a trivialization of
T(S? x S?) over B*, we can conclude that the pairwise map 7 : (S? x S2, B*) — (BO[0], pt) is
homotopic to the map onto (pt,pt) C (BO|0], pt).

Next, let f: N — N be an orientation-preserving diffeomorphism on N = §? x S2. Assume
that f has a fixed embedded ball B* C N. Let Ny — S! be the mapping torus of f. By the Serre
spectral sequence, one can easily see that H4(Ny; Q) 2 H*(N;Q), and py (T'(Ny/S')) corresponds
to p1(N) via this isomorphism, therefore we have p; (T(Ns/S')) = 0. Using T(Ny/S') instead of
T(N) in the last paragraph, we can see that the composition 7 : Ny — BO[0] of the classifying
map Ny — BO of T(N;/S') and the natural map BO — BOJ[0] is homotopic to a constant
map onto a point in BO[0]. Similarly, the map 77 : (Ny, ST x B%) — (BOJ0],pt) is homotopic
to the constant map onto (pt, pt) C (BO[0],pt). Let ¢ : T*~1 x N; — BO|0] be the composition
of the classifying map of T((T*~1 x N¢)/T*) — T*~! x N; and the natural map BO — BO[0].
Since ¢ = p*7y, where p : Th=1 % Ny — Ny, we have that ¢ is homotopic to a constant map, and
similarly ¢ : (T%~! x Ny, T*=1 x S x B%) — (BO|0], pt) is homotopic to the constant map onto
(pt, pt) C (BO|0], pt). O
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To proceed the proof of Lemma 6.3, let us describe several facts about K-theory. Firstly, it
is easy to see that the complex K-group of T™ admits a direct sum decomposition

K1) = @ KRY). (12)

ScC[n]

(The proof is parallel to that of Proposition 6.1.)
Let ¢: KSp(B) — K(B),cs: KSp(R%) — K(R®) be the forgetful maps which forget the
quaternion structures.

LEMMA 6.5. The forgetful map c: KSp(T"™) — K(T™") is identified with the direct sum of the
forgetful maps cs: K Sp(R°) — K(R%):

Proof. The forgetful map ¢ builds a bridge between the exact sequence (10) and the corresponding
exact sequence of the complex K-groups, which gives rise to the following commutative diagram.

G147

KSp(T"! x R) @ KSpi(T"1) 27 Ksp(Tm)

| |

KT xR)a KT 2T k(1)

Thus ¢: KSp(T™) — K(T™) is identified with the direct sum of the forgetful maps:
KSp(T" ' xR)® KSp(T" 1) — K(T" ! xR) @ K(T" 1)
via the isomorphisms ¢ + 7*. The lemma is proved by induction. U

Proof of Lemma 6.53. Suppose X7 is smoothable as a family and a smooth reduction is given.
Let T(X;/Tr) — X be the tangent bundle along the fibers. By Proposition 6.1 and (12), we
have the splittings

KSp(T*) = KSp(pt) & KSp(R*) 2 Z & Z,
KITHY=2K@pt) e KRYHY=2ZoZ.
Since cg: K Sp(R¥) — K(R®) is injective if S = () or | S| = 4, Lemma 6.5 implies that the forgetful
map c: KSp(T*) — K(T?) is injective. Therefore, in order to verify [ind D] = [H], it suffices to
check that ¢([ind D]) = [CZ].

Since K (T*) is torsion-free, the Chern character Ch : K(T*) — He™(T*; Q) is also injective.
The index theorem for families [AS71, Theorem (5.1)] gives the equality

Ch(c([ind D)) = . A(T(X1/Tr)), (13)

and the integrand is expressed by a polynomial of rational Pontryagin classes, and so belongs
to H¥*(Ty; Q). Denote by p; = pi(T(X1/T1)) € H*(X; Q) the ith rational Pontryagin classes of
T(X;/Ty).
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Once we have seen the vanishings p? = 0 and p; = 0 for i > 2 in H*(X/;Q), then the A-genus
of T(X/Ty) is given by A(T(X;/Ty)) = 1 — p1/24. Then Ch(c([ind D])) is in H(T}; Q) = Q and
actually it coincides with — sign(M)/8 = 2. This implies ¢([ind D]) = [C?].

Therefore it suffices to verify that p? =0 and p; = 0 for > 2. Note that p; = 0 holds for
i >3, since rankg T'(X;/T) = 4. Therefore we just need to check that p? = 0 and py = 0. We
shall verify such vanishings directly in the topological category from the construction of X as
follows.

Set M' = 2(—FEg)#(m — k)S%? x S2and W = T* x M’. Let M’ and 7(W/T*) be the tangent
micro-bundle of M’ and that along the fibers of W, respectively. Thus we have 7(W/T*) =
maTM', where o : W — M’ is the projection. Therefore it follows from degree reasoning that

pL(r(W/T*N2 =0, pi(r(W/T*)) =0 fori> 2. (14)

Now decompose X as

N

X; = (T" x (M'\ UL, BY)) |_| (TF=1 x (N, \ S* x BY)),

where N = S2 x S2 and Bf are embedded balls. Let
k: X;r— TF x M’

be the collapsing map which collapses each TF~1 x (Ng, \ St x B}))-part into TF x . Let 1 :
X7 — BTOP|0] be the composition of the classifying map X; — BTOP of the tangent micro-
bundle along the fibers 7(X;/T7) with the natural map BTOP — BTOP[0]. Let ¢': T* x M’ —
BTOPI0] be the similarly defined map. By Lemma 6.4, the restriction

¥ (T x Ng,, T x B) — (BTOPI0], pt)

is homotopic to the constant map onto (pt,pt) C (BT OPI0],pt). Then the following diagram is
homotopy-commutative.

"
X; —— BTOPI0]

|

Tk x M’
Thus we have
'QZ)* univ __ (¢ )*p;mlv _ I*i*pl'(T((Tk % M/)/Tk)

By combining this with (14), we obtain p? = 0 and p; = 0 for i > 2. This completes the proof of
the lemma. n

Remark 6.3. One can verify ¢([ind D]) = [C?] in a more general setting. In fact, the following can
be shown by an argument above: for arbitrary m, let M and fi,..., f,, be as in Theorem 5.1.
Let M — X — T™ be the multiple mapping torus for fi,..., fm. If X; — T7 is smoothed as a
family for any I C [m], then we have ¢([ind D]) = [C?].

On the other hand, for the proof of Theorem 5.2, we need ind D = [H], but the forgetful map
c: KSp(R?) — K(RY) is not injective if ¢ = 5,6 mod 8. This is reason why the argument of the
proof of Theorem 5.2 is valid only when m < 6, k < 4.
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7. Smoothing of the total spaces

In this section we give a proof of the smoothability of the total spaces of the non-smoothable
families in Theorem 5.2. A basic tool in this section is Kirby—Siebenmann theory [KS77]. We
refer the reader to Rudyak’s expository book [Rud16] or the ‘Essays’ [KS77].

LEMMA 7.1. The topological 5-manifold S' x 2(—FEg) admits a smooth structure.

Proof. For a topological manifold W, let us denote by A(W) e H*W;Z/2) the Kirby—
Siebenmann invariant. If W is of dimension 5 and written as W = S!' x N for a simply con-
nected and closed topological 4-manifold N, we have H*(W;Z/2) = H*(N;Z/2) by the Kiinneth
theorem, and A(W) corresponds to A(N) via this isomorphism. This follows from the definition
of the Kirby-Siebenmann invariant as an obstruction class (see, for example, [Rudl16, §3.4]).
Since the Kirby—Siebenmann invariant is additive with respect to the connected sum of topologi-
cal 4-manifolds, we have A(2(—Eg)) = 0, and thus we get A(S' x 2(—Eg)) = 0. Recall that, for a
closed topological manifold of dimension 5, the Kirby—Siebenmann invariant is the only obstruc-
tion to the smoothability. (This follows from the celebrated theorem TOP/PL ~ K(Z/2,3) by
Kirby and Siebenmann, stated in [Rudl6, page xii|, and m(TOP/PL) = 7 (PL/DIFF) for
k < 7 [KS77, p. 318].) Therefore this proves that S' x 2(—Eg) is smoothable. O

Following Schultz’s survey [Sch], we give a smoothing result of a topological embedding of a
circle into a higher-dimensional smooth manifold.

LEMMA 7.2. Let W be a smooth manifold of dimension d > 5, and f:S' x R*™! — W be a
topological embedding, that is, a homeomorphism onto its image. Then there exists a topological
isotopy

{Fr: 8" xR — f(S" xR € Whiepo
such that Fy = f holds and Fy : S x R%~! — W is a smooth embedding.

Proof. Set U := f(S* x R%~1). We can equip the open topological manifold U with the smooth
structure defined as the restriction of the smooth structure of W, and also with the smooth
structure coming from the standard smooth structure of S1 x R4~! via f. By Kirby-Siebenmann
theory (see [KS77, p. 194], and note that ‘concordant implies isotopy’ in dim > 5), there is a
bijection from the set of smoothing of U up to isotopy to [U, TOP/O] = [S', TOP/O], which is
just a single point since TOP/O is known to be 2-connected. Hence smoothing of U is unique
up to isotopy. Therefore there exist a diffeomorphism

g:S' xR LU,

where U is equipped with the restricted smooth structure of W, and a topological isotopy
Ft:Slde_1—>U

such that Fy = f and I} = g. O

The following proposition is the goal of this section.

PROPOSITION 7.1. The total spaces X of the non-smoothable families given in Theorem 5.2 are
smoothable as manifolds.
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Proof. Set W = S! x 2(—Fg), which admits a smooth structure by Lemma 7.1. Henceforth we
fix a smooth structure on W. Fix a point p € 2(—Eg) and whose disk-like neighborhood B* C
2(—Eg). Then the map S!' — W given by ¢ ~ (t,p) induces a topological embedding f : S* x
R* — W. Note that T" x (2(—Fg) \ B*) = T" ! x (W \ S! x B*), where S! x B* is the image
of f. By Lemma 7.2, f can be deformed into a smooth embedding g:S! x R* = W via a
topological isotopy. This gives a homeomorphism

p: X — X{,
where

Xi = (T™ x 2(—Eg)) \ (T™! x f(S' x RY)),
X1 o= (T x 2(—Eg)) \ (T"! x g(S* x RY)).

Note that, although X7 is just a topological manifold, X| is a smooth manifold.

Let f1,..., fim be the homeomorphisms used in the construction of X in Theorem 5.2. Recall
that they act trivially on 2(—Eg), and smoothly on mS? x S2. Let E — T™ be the mapping
torus of mS? x S? by commuting diffeomorphism fi,..., f,. Let D* be a fixed ball common
for all of fi,..., fm. (If necessary, we may find such a ball by deforming fi,..., f;, by smooth
isotopy.) Then X can be regarded as a topological manifold obtained by gluing the topological
manifold X; and a smooth manifold X, := E\ (T™ x D*) via a homeomorphism. Since X; is
homeomorphic to a smooth manifold X via ¢, the topological manifold X = X; U X3 is also
homeomorphic to a smooth manifold, that is, X is smoothable as a manifold. ]
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Appendix. Equivariant obstruction theory

In this appendix, for the reader’s convenience, we summarize some basic materials of equivariant
obstruction theory. See tom Dieck’s book [tDiell] for details. Henceforth we denote by G a
compact Lie group.

A.1 G-CW complexes
A G-CW complex is a CW complex X whose n-cells are of the forms G/H, x D", where
H, C G are closed subgroups of G and D" = {pt}. Here the characteristic map of each cell
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is assumed to be a G-map G/H, x S" ! — X"~1 where X" ! denotes the (n — 1)-skeleton
of X.

For a pair of G-CW complexes (X, A), we always assume that G acts on X\ A freely. Consider
the long exact sequence of homology groups over Z:

C— Hy (XL X)L H (X7 XY

Let Gy C G be the identity component. Then /Gy acts on each H,,(X™ X"~ 1), and hence
Cn(X,A) ;= Hy(X", X"
is a Z[G/Go]-module. Let M be a Z[G/Gp]-module. Then we have the cochain complex
Ce(X, A) := Homg(g/q, (C«(X, A); M)
whose cohomology group Hf (X, A; M) is called the Bredon cohomology.
LEMMA A.l. There is a chain isomorphism
Cyu(X,A) =2 C.(X/Go, A/Gy).

Proof. Let ¢ : U;G x (D?,S87"1) — (X™, X"~ 1) be the characteristic maps. By excision, we have

VR
the isomorphisms
@ Hn(G x (D}, S771) =2 Hy (X", X" 7).

The former is isomorphic to

@ H,(G/Go x (D}, 8771)) = Hy(X"/Go, X1/ Gy)

3P
by another excision. O
COROLLARY A.1. We have

HE(X, Ay M) = Hey g, (X/Go, A/ Go; M).

Let Y be a path connected G-space. Assume, moreover, that Y is n-simple in the sense
that the action of (Y, yo) on m,(Y,yo) is trivial. Then we have a one-to-one correspondence
between 7, (Y, yo) and [S™, Y], the space of free homotopy of maps. The G-action on Y induces
a homomorphism G/Gy — Aut(m,(Y")), which gives a Z[G/Gp]-module structure on 7, (Y).

Ezample A.1. Let G = Pin(2). Then Gy = S! and G/Go = Zy. Let V be a finite-dimensional
unitary representation of G with dimV = n. The one-point compactification SV of V naturally
admits a G-action, and hence Zs acts on

M :=m,(SV) =27

through the quotient homomorphism G — G/Gy = {£1}.
Let U be a manifold on which G acts freely. We shall consider the pair (X, A) = (U,9U).
Define a bundle [ over U/G with fiber Z by

1:=UxcZ—U/G.
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Then we have isomorphisms

HE(U,0U; M) = HE (U/Go,0U/Go; M) = H™(U/G, U /G5 1).

A.2 G-equivariant obstruction class
Let X,Y be path connected G-spaces. Assume also that Y is n-simple.

THEOREM A.l. For n > 1, there is an exact sequence

Cn+1

(X" V]S — im([X™, V]9 — (X" Y)9) HEN (X a3 m00Y).

A sketch of the construction of the map C™*! above is as follows. Fix [h] € [X™,Y]%. Let us
consider the diagram
Hopr (X" X") &g (XM X7 Sy (X7) 25, (V) = [S7, Y,

where p is the Hurewicz homomorphism. Since Y is n-simple, we have that ker p = (x — ax |« €
m1(X™)) and that h, o d(x — ax) = 0. Thus we obtain a well-defined cochain

C"(h) € CEPH(X, A;mn (V) = Homyg o) (Crg1 (X, A); mn(Y))
= Homyc o) (Hn41 (X", X)), (V)

given by C"*1(h) := h, 0 9 o p~!. This construction gives a map
C™MH XYY — CEHH(X, Ao (Y),
which induces C"*! in Theorem A.1.

PROPOSITION A.1. Let Y be an (n — 1)-connected and n-simple space. Then an arbitrary con-
tinuous map f : A — Y is extendable to a continuous map f : X™ — Y. Moreover, any two such
extensions are homotopic to each other relative to A.

Let f: A — Y be a continuous map. The primary obstruction class is given by
A(f) = C™F(F) € HEL (X, Asma(Y)),
where f : X" — Y is an extension. Define
(X" A") = (1,0I) x (X,A) = (X xI,I x AUOI x X).

Given F : I x AUOI x X — Y, let us denote f; = F|{i}xx for i = 0, 1. The difference obstruc-
tion class between fo and fi is defined by

Y(fo, f1) = C"FHE) € HETH XY, A% ma(Y)) 2 HE(X, A;ma(Y)),
where the last isomorphism is the suspension isomorphism.

THEOREM A.2. Fix a map f,: X — Y. Let us denote

(X, Y1 := {G-homotopy classes rel A of f: X —Y with f|4 = fa}.
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Then we have a one-to-one correspondence
[X,Y]G < HE(X, A;ma(Y))
given by f < y(f, f:).

A.3 The image of a forgetful map
Let U be an n-dimensional compact (possibly non-orientable) manifold with boundary OU # §).
Assume that Zy acts freely on the pair (U, 9U). Let 7 be the quotient map

7 (U,0U) — (U,0U) = (U/Zgy,0U | Zs).
Consider a real n-dimensional representation V' of Zy. For Y = SV, Z acts on m,(Y) 2 Z.
PROPOSITION A.2 (cf. [tDiell, I1.4]). The image of the forgetful map
¢: Hz, (U, 0U;m(Y)) — H"(U,0U; Z)
is 27 C Z = H™(U,0U;Z) if U is orientable, and is {0} if U is non-orientable.
Proof. Let us consider the bundle
1:=U xz, m(Y) — U.

Since the Zs-action on (U,dU) is free, the Bredon cohomology Hz, (U,0U;m,(Y)) is identified
with the [-coefficient cohomology H™(U,0U; 1), and we have the following commutative diagram.

H (U, 0U;m,(Y)) —— H™(U,0U;1)
| I
H™U,0U;Z) ——— H"(U,0U;Z)

Then the conclusion follows from the next commutative diagram.

H™U,0U;1) —— H™U,0U;1® Zy) —— Hom(H,(U,0U; Zy), ) = Zs
-] | o|
H™(U,0U;Z) —— H™(U,0U;Z3) ——— Hom(H,(U,0U;Zs), %) = Zso

Here the right vertical map is zero since it is induced from the quotient map of the double cover
(U,0U) — (U, dU). O
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