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differential equations with state-dependent delay. Results on the existence of almost periodic-type solu-
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1. Introduction

In this work, we continue our studies in [16] on abstract differential equations with
state-dependent delay. Specifically, we study the existence, uniqueness and qualitative
properties of ‘global solutions’ for abstract state-dependent delay differential equations
of the form

u'(t) = Au(t) + F(t,upu,)), t€J, (us € Bx = C([—p,0]; X)), (1.1)

where A: D(A) C X — X is the generator of an analytic semigroup of bounded lin-
ear operators (T'(t));>o defined on a Banach space (X, | - |]), J =[0,00) or J =R, and
F(-),0(-) are continuous functions to be specified later.

The theory of state-dependent delay differential equations is a field of great interest
and intense research because of their multiple applications and the fact that the qualita-
tive theory is quite different from the theories of discrete and time-dependent delay. The
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associated literature is extensive. For ordinary differential equations (ODEs) on finite-
dimensional spaces, we cite the early papers by Driver [7,8], Mackey and Glass [27]
and Aiello et al. [1]. We also cite the survey by Hartung et al. [12], and the papers
by Walther [39,40], Hartung [9,10], and Hartung and Turi [11] and the references
therein. Concerning first-order abstract differential equations with applications to par-
tial differential equations, we refer the reader to Hernandez et al. [14], Rezounenko [34],
Rezounenko and Wu [35], Kosovalic et al. [20] and some recent interesting works by
Krisztin and Rezounenko [22], Yunfei et al. [26], Kosovalic et al. [21] and Hernandez
et al. [16]. For second-order problems with state-dependent delay, we only cite [4,5].
Regarding problems defined on unbounded intervals, we cite [19, 23,29, 38, 40] for equa-
tions on finite-dimensional spaces and [2, 6,24, 32-35] for abstract problems and partial
differential equations.

In comparison with the associated literature, in this work we introduce an unified
abstract approach motivated by applications and theory; see, for instance, the examples
and theoretical developments in [2,6,24,32-35]. In addition, we study the existence
of periodic, almost periodic, asymptotically almost periodic and almost automorphic
solutions.

It is well known that problems of form (2.1)—(2.2) are (in general) not well posed in
the usual space C([—p,0]; X), since the map u — uy(. 4 ,) is (in general) not Lipschitz.
In order to apply the contraction mapping principle, we use inequalities of the form

[to(ucy) = Vo v leqporx) < A+ Rlog,(:x)[0)on, (xsx®) v = vlcw.x);

<
(o (ue))Orip(7:8x) < (U] ori(7:8x)[0)0n (rxBxm) (1 + [Ue)] i (7:8x))s
and we prove our results working on spaces of Lipschitz functions, a highly non-trivial
problem in the semigroup framework. The above inequalities also show that the function
U= Ug(u) introduces a special type of nonlinearity, which has obvious implications
concerning the existence of global solutions.

In Theorems 2.1 and 2.2 we establish the existence and uniqueness of solutions for
the cases J = [0,00) and J = R, respectively. Both theorems are proved assuming that
F(-) and o(-) are Lipschitz and that the associated Lipschitz constants are small enough.
The cases where F(-) is locally Lipschitz is also considered; see Propositions 2.1 and
2.2. The above results are proved in a very general setting, permitting study of different
situations; see, for instance, Corollary 2.1. The existence and uniqueness of periodic,
almost periodic, asymptotically almost periodic and almost automorphic solutions are
established in Propositions 2.3-2.6. In the last section are presented several applications
of partial differential equations arising in population dynamics.

We include now some notation. Let (Z,| - ||z) and (W, || - |[w) be Banach spaces. In
this work, Bz = C([—p,0]; Z), Bi(2,Z) = {x € Z; ||z — z||z <r}, L(Z, W) is the space of
bounded linear operators from Z into W endowed with the operator norm denoted by
|- lz¢z,w), and we write £(Z) and || - ||z(z) if Z =W.

Let I C R be an interval. The space C(I;Z) is formed by the continuous bounded
functions from I into Z, endowed with a uniform norm denoted by |- |c(rz). As
usual, Criy(I;Z) is formed by the functions § € C(I;Z) such that [(]c,, (1,2) =
Uy e,z (IC(3) = C(Ol12)/(| £~ 5 1)) < 00, and endowed with the norm || |1, 1,2 =
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|- ller;z) + [Lipr;z)- The spaces C(I x Z; W) and CL(I x Z; W) and their norms
|- le(rxzwy and || - |y, (1x z;w) are defined in a similar way.

In this work, A is the generator of an analytic semigroup (7'(¢)):>0 (not necessarily a
Co-semigroup) on a Banach space (X, | - ||) and we assume that the general conditions in
[25, §2.2.2] are satisfied. In this case, the 3-fractional power (—A)? : D(—=A)? € X — X
(6> 0) is well defined. For the sake of simplicity, we assume that 0 € p(A4) and use the
notation X for the domain of (—A)? endowed with the norm |z||5 = ||(—A)"z]|.

2. Existence of solutions

To begin our studies we discuss the existence of solutions of the problem

u'(t) = Au(t) + F(t, tug(tu,)),t > 0, (2.1)
up = ¢ € Bx = C([-p,0]; X). (2.2)

Next, we adopt the following concepts.

Definition 2.1. A function u € C([—p,00); X) is said to be a mild solution of (2.1)—
(2.2) if up = ¢ and

u(t) = T(t)p(0) Jr/o T(t — 5)F(s,Uup(s,u,))ds, Vit e [0,00). (2.3)

Definition 2.2. A function u € C([—p,00); X) is called a strict solution of (2.1)-
(2.2) if uy, , € C([0,a]; X) N C([0,a]; X1) for all a > 0, ug = ¢ and u(-) satisfies (2.1)
on [0,00).

Notation 1. In the remainder of this paper, for a Banach space (V.| -|v) and
v € C([-p,00); V), we use the notation v(.y for the function v(.y : [0,00) — By given by
vy (8) = vs. Similarly, for v € C(R; V), ve) : R — By is given by v(.y(s) = vs.

The next result follows from [16, Lemma 1].

Lemma 2.1 (see [16, Lemma 1]). Assume (V.| -||v) is a Banach space, n €
ClLip([0,00) x By;RT), u,v € Cpip([—p,o0); V) and ug = vy = . Then Uy Un(-ug.y) €
CLZ'p([O, OO); Bv) and

[w())Crip((0,00)i8v) < max{[ulc, ., (10,00)5v); [Plcrin (—p01v) 1 (2.4)
[tn(ue)]CLip((0,00)8v)
< U] enip([0,00)Bv) ML ([0,00) x By +) (L4 [t e ([0,00):8v)) (2.5)

W ucy) = Uncoen lleo,c)sy)

< (14 o)l epi (10,00)8v) M Crip (10,00) x By ) 12 = vl e((0,00)5v) (2.6)
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Lemma 2.2. Let (V,| -|v) be a Banach space, n € Cp;,(R x By;RT) and u,v €
CLip(R; V). Then Uy Un(uy) € CLip(R;Bv), [u(-)]C’LiP(R;Bv) < [u]cLip(R§V) and

[u’l’](',u(.))]cLip(]R§BV) S [u]CLip(]R;V) [U]CL,;p(JRxBV;RJr)(l + [u]CLiP(R;V))7 (2'7)
[t uiy) = Uneweplle@sy) < A+ [Vep,@v)lew, @xsyen) v —vllcwy).  (2.8)
To prove our results, we introduce the following condition.

HYz: W -llw), (Z,]|-lz) are Banach spaces, (Z |- [lz) — (W.|[lw)
(X, 11D, T(:) € LY([0,00); L(W, Z)) and F € CL;p([0,00) x Bz;W). In the
following, L denotes the Lipschitz constant of F'.

Notation 2. For convenience, next we use the notation ® 7y and ©z w(p) for the
constants ®zw = [|T(-)||1([0,00);2(w,2)) and

Ozw () = [T()e(0)]cr,(0,002) + 1€llcry, ((=p.012) + IT)E0, 0) Lo ((0,00);2)-
We can prove now our first theorem.

Theorem 2.1. Assume that the condition HR’Z is satisfied, o € Cpr([0,00) X
BZ;R+>7 2 € CLip([_p7 OLZ)7 0-<0780) = 07 T()SD(()) S CLip([Oa 00)72)7 T()F( 7@) S
L>([0,00); Z), F([0,00) x K) is bounded if K C By is bounded and

1>2®z wLr2[0]c,,,(0,00)xBzr+) (1 +2(0zw(p) + 2@z wLr)) + 1]. (2.9)

Then there exists a unique mild solution u € Cp;,([—p,00); Z) of (2.1)—(2.2) and u(-) is
a strict solution if p(0) € X7.

Proof. Let P: R — R be the polynomial given by
P(z) =0zw(p) +22zwLlr + (®zwLr(2[0]c,,,(0,00)xBzrt) + 1) — 1)z
+ 2P 2w Lr[0]cy,, (0,00 x By k)T (2.10)
From (2.9) we have that (®zw(2[0]c,,, ((0,00)xBzr+) +1) —1) <0 and
(2w (2[0) 0y, ([0,00) xBrir+) +1) — 1)°
—40zw(p) + 202w Lr)2®zwLr[o]c,,,(j0,00)xBz:k+) > 0,

which implies that P(-) has a root Ry > 0 and there exists 0 < R < Ry such that P(R) <
0. From the definition of Oz (¢) and P(-), it is easy to see that

Ozw(p) +2@zwLr(1+ Rlo]c,,,(0,00)xB2r+) (1 + R)) < R, (2.11)
®zwLr(l+ Rlo]cy,,(0,00)xBzr+)) < 1. (212)

Let S(R) = {u € C([-p,00); Z) : uo = ¢, [u]cy,,([—px)iz) < R}, endowed with the met-
ric d(u,v) = [[u — v||¢(j0,00):2), and let T': S(R) — C([—p, 00); X) be the map defined by
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Tu(t) = p(t) for ¢t € [—p,0] and
t
Tu(t) = T(t)p(0) + / T(t — 5)F(5,Uq(s,u,))ds fort € [0,00). (2.13)
0

Let u € S(R). From the assumptions on F'(-) and the inequality

[Tu@®)llz < IT@)eO0)llz + [1F (s to(ucy)lleqo,o0)w) 1Tl 21 (j0,00):20,2)) < 00,
(2.14)

we infer that ['u(t) € Z and (T'u)), ., € C([0,00); Z). To estimate [['u]c,,, ((0,00):2), from
Lemma 2.1 we note that Ug(-ugy) € Crip([0,00); Bz),
F(- uo(u.y)) € CLip([0,00); W) and

(s Uo(u) o (0.00)w) < LE(L 4 R[0]cp,,(10,00) B2k +) (1 + R)).
From the above estimates, for non-negative numbers ¢, h, we have that

ITu(t +h) = Tu(t)]| 2

h
< [TOe(O)]er ooy + / IT(t+h — $)F(0, )]z ds
h
+ / 1T+ k= w1 (5, toony) — F(0,0) v ds

t
+ / 1T = $)lcow.z) [F(s + hy o (s ihuein) = F (8 Uo(su))|lw ds
0

< [T()e(0)]cpi(10,.00):200 + 1T C)F(0,9)] Lo ((0,00):2)

+ FCstio(ucy) e (0.000m) PIT )l 2 ((0,00)1:2(w,2))

+ [F (s to(uey) N onim (10,000 T (Ol 22 (0,002 (w,2))
<Ozw(p)h+22zwLp(l+ Rlo]c,,,(0,00)xB2r+) (1 + R))h,

which implies that [['u]c, . ((0,00);2) < R. Moreover, since |[¢l|c, ., ((-p,0;2) < R, we obtain
that [T'ulc,,, (—p,cc):z) < R. Thus, I'u € S(R) and I'(+) is a S(R)-valued function. On the
other hand, from Lemma 2.1, for u,v € S(R) and t > 0 we get

[Tu(t) = To(®)] 2

t
< /0 | Tt — $)ll cow,z) LF | Uo(sus) = Vo(s,vn)llB, ds

t
< /0 |T(t = $)lcczw)Lr(1 + [v()]op,(10,00):82) ()0 (10,00) x B v+ )d(u, v) ds

< (I)Z,WLF(l + R[U}Cup([o,oo)XBZ;R+))d(uv U)a

which proves that I'(+) is a contraction on S(R) and there exists a unique mild solution
u € Crip([0,00); Z) of (2.1)-(2.2). In addition, from [31, Theorem 4.3.2] we infer that
u(+) is a strict solution when ¢(0) € X;. O
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Remark 2.1. The abstract formulation of Theorem 2.1 permits consideration of dif-
ferent situations and applications. In the next corollary we consider the interesting case
in which W = Xg and Z =X, for 1 >a > >0. If (T(t));>0 is exponentially asymp-
totically stable, then there are 6 > 0, Dg, > 0 (with § independent of a, 3) such that
1T ()|l 2(x4,%0) < Dpale7%)/(s*~P) for all s > 0. Under these conditions, for a > 8 we

see that
~ o Ly
Bxos = [ ITG)etnax 0 Do [T emaor [0,
0 1 0

and hence ®x, x, < Dgo((1/7) + (1/(1+ 8 —«a))). If a = 3, then @x_ x., <((Da,a)/7)-

Corollary 2.1. Assume o > 3 > 0, the assumptions in Remark 2.1 and that condition

H?X is satisfied. Suppose that o € Cp;,([0,00) X Bx_;R1), 0(0,¢) =0, ¢(0) € X144,
pE Csz([ p,0]; Xa), F(0,0) € X, F(]0,00) x K) is bounded if K C Bx,, is bounded

and
1> 2VLF[2[U]CL,¢,,([O,OO)XBZ;R+)(1 + 2(/,(, =+ ZZ/LF» =+ 1] (215)

where 1, are given by 1= Doo(L/7)I¢Olx1.. + 1FO, @)llx.) + [2llcyu (porxa
and v =Dg o((1/7) + (1/(1 4+ 8 — «))). Then there exists a unique strict solution u €
CLip([—p,00); Xa) of (2.1)~(2.2). Moreover, uy, ., € C*([0,00); X) N C([0,00); X1) and
up, ., € C*([0,a]; X1) N CT([0,a]; X) for all a > 0 if Ap(0) + F(0,¢) € Xa.

Proof. The first assertion follows combining Theorem 2.1 and Remark 2.1 with W =
Xp and Z = X,,. We only note that ||T'(-)F(0, SO)HLOO([(LOO);XQ) < Do o|lF(0,¢)| x, and

[(=A)*(T(#) = T(s)p )] S/ IT(7) A (0| d7 < ||<P(0)HX1+QD0,0/ e '7dr,

which implies that [T'(-)¢(0)]c,.,, ((0,00):x.) < (Do,0)/7)[(=A4)F¢(0)].
On the other hand, noting that F'(, tg(. u,)) € CLip([0,00); X), we have that

t
[Au(®)[| < Do,ol|Ap(0) +/0 [AT(t = $)(F (5, Uo(s,u,)) — F(E Uo(tu,)))] ds
+ I(T(t) = DFE tg(t,u)l
t
< DO,OHA()D(O)” + [F('7UO'(‘,’LL(.)))]CL'L'p([O,OO);X) /0 DO,leiA/(tiS) ds
+ ||(T(t) - I)F(t7ua(t,ut))”
Dy 1
< DO,OHAQP(O)” + ”F('vua(',u(.)))||CL1p([O,OO);X) T + 2D0’0 s

which implies that |ullc((o,00).x,) < 00 and uy, | € C1([0,00); X) N C([0,00); X1). The
last assertion follows from [25, Theorem 4.3.1]. O

Introducing some minor modifications to the proof of Theorem 2.1, we can study the
case where F'(+) is locally Lipschitz. To this end, we introduce the next condition.
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HY 2z Wl llw), (Z,]]z) are Banach spaces, (Z|-[z) < (W] llw) =
(X, - 1), T() € LY(]0,00); L(W,Z)) and there are functions Np,Lp €
C([0,00);R) such that [[F(s,¢)llw < Np(r) and [[F(t,¢) — F(s,¥)[w <
Le(r)(|t—s|+llv—¢ls,) forall 7 >0, t,s € R and ¢, ¢ € By(0, Bz).

Arguing as in the proof of Theorem 2.1, we can prove the next proposition.

Proposition 2.1. Let condition HE’W,Z hold. Assume that o € Cp;,([0,00) x
BZ;RJr)a (2R S CLiP([fpv 0]; Z)7 0—(0790) = 07 T()CP(O) S CLip([Oa OO), Z)? T()F(va) €
L*>([0,00); Z), F(]0,00) x K) is bounded if K C By is bounded, and there is r > ||¢||5,
such that (2.9) is valid with Lg(r) in place of Ly and

1T()e0)le(o,00):2) + Ne()IT ) llLr (j0,00):2(W,2)) < 7 (2.16)

Then there exists a unique mild solution u € Cp;,([—p,0); B,(0,B8%)) of (2.1)—(2.2).
Moreover, u(-) is a strict solution if p(0) € Xy and uy, , € C*([0,a]; X1) N C([0,a); X)
for all a >0 if Ap(0) € Z, Ap(0)+ F(0,9) € Z and (Z,| - |z) — (Xa,| - ||) for some
ac(0,1).

Proof. The proof is similar to the proof of Theorem 2.1. Let P:R — R be the
polynomial

P(x) = Oz w(p) + 202w Lr(r) + (PzwLr(r)(2[o]c,,,(0,00)xBzrt) + 1) — 1)z
+ 2P 2w Lr(r)[o] oy, (0,00)x By R+ - (2.17)

From the assumptions, P(-) has a root Ry(r) > 0 and we can select 0 < R(r) < Ri(r)
such that P(R(r)) < 0 and the conditions (2.11) and (2.12) are satisfied with R(r) in
place of R.

Let S(R(r)) = {u € C([=p,0); Z) :uo = ¢, [Ulcp,,(—p.eo);z) < R(r)}, endowed with
the metric d(u,v) = [[u —v[l¢(o,00):2), and T':S(R(r)) N B.(0,C([-p,0);Z)) —
C([—p,00); Z) be defined as in the proof of Theorem 2.1.

Combining (2.14) and (2.16), from the proof of Theorem 2.1 we obtain that
T'(S(R(r))) C B.(0,C([—p,00); Z)) and that T'(-) is a contraction on S(R(r)) N B,.(0,C
([-p,00); Z)). Thus, there exists a unique mild solution u € Cp;,([—p, 00); B,-(0, Bz)) of
(2.1)—(2.2). From Theorem 2.1 we have also that u(-) is a strict solution if ¢©(0) € X;.
The other assertions follow, arguing as in the proof of Corollary 2.1. ]

2.1. Solutions on R

In this section, we study the existence of solutions for the problem
u'(t) = Au(t) + F(t, ug(t,u,)) t € R. (2.18)

Next, we assume that o_(A) ={A € o(A): Re(A) <0} and o,(A)={N€o(A):
Re(\) > 0} are closed and disjoint, and that ¢ > 0 is such that sup{Re(X) : A € 0_(A)} <
—§ <0< <inf{Re(\): X €a(A)}. Let Q C R? be a bounded open set with smooth
boundary such that 04 (4) CQCCp ={A € C: Re(\) >0} andlet P: X — X be given
by Pz = (1/27i) [,o R(p; A) z dp, with 9Q oriented counterclockwise. Let X; = P(X),
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X2:<I—P)(X>, and let 41 : X1 — X, AQZD(AQ):{.TEXl : $€X2,A$€X2}—>
X be given by Ajx = Az and Asy = Ay. From [25, Chapter II] we note the following.

(a) Pisaprojection, P(X) C D(A™) for alln € N, T(t)Px = PT(t)x for all z € X and
Tt)X;, C X; fori=1,2and t>0.

(b) Fori € N, a, 3 € [0, 00), there are constants Cj ,, C; such that ||A'T(s)P| < C;e%®
and |[T(t)(I — P)llz(xy,x.) < Cpale™)/(t*7F) for all s < 0 and cach ¢ > 0.

(c) If feL®(R;X) and ue CY(R; X)NC(R;X;) is an X-bounded solution of
' (t) = Az(t) + f(t), t € R, then u(t) = fioo T(t—7)(I—P)f(r)dr — [Tt -
T)Pf(r)dr, for all t € R.

From the above, we adopt the following concepts.

Definition 2.3. A function u € C'(R; X) is said to be a mild solution of (2.18) if

t fe%e]
u(t) = / T(t—s)(I—P)F(s,Up(su,))ds — / T(t —s)PF(5,Up(s,u,))ds, VteR.
t

— 00

Definition 2.4. A function u € C(R; X) is said to be a strict solution of (2.18) if
Uy, € CH([a,0]; X) N C([a, b]; X1) for all @ < b and u(-) satisfying (2.18).

To prove our next result, we introduce the following condition.

HFWZ (Z - Nlz) = W, |- Ilw) — (X,]| - ||) are Banach spaces, T(-)(I — P) belongs
to L'([0,00); LW, Z)), T(-)P € L*((—00,0]; L(W,Z)) and F € Cp;p(R x
Bz;W). Next, L is the Lipschitz constant of F.

We can prove now our next result.

Theorem 2.2. Assume that the condition ’HXYZ is satisfied, o € Crip(R x Bz;R),
F(R x K) is bounded if K C By is bounded and

1>20zwLp((2AzwLrp +1)[olc,,,®xB,r) + 1) (2.19)

where AZ,W = (”T()(I - P)HLl([O,oo);L(W,Z)) + ||T(~)P||L1((_0070];5(1/[/72))). Then there
exists a unique strict solution u € CL;,(R; Z) of (2.18).

Proof. Let P: R — R be given by
P(x) = AzwLr + (AzwLr([0]c,,,®xBsr) +1) — Dz
+ Az,WLF[U]CLiP(Rxsz;R)$2~ (2.20)

From (2.19) and noting that Az w([o]c,,, rxB,r) + 1) —1 <0, we infer that P(-) has a
root Ry > 0 and there exists 0 < R < Ry such that P(R) < 0 and
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AZ7WLF(1 + [U]CLip(RXBZ;R)R(l + R)) <R,
Az_erF(l + [U]C’Lip(RXBz;R)R) < 1.
Let 6(R) ={u € C(R;Z) :u € CL;p(R; Z), [u]c,,,wr;z) < R}, endowed with the norm
d(u,v) = |lu — v||cr;z), and let I' : §(R) — C(R, X) be the map given by

t 00
Tu(t) = / T(t—s)(I — P)F(5,Up(su,))ds — / T(t —s)PF(s,Up(su,))ds, teER.
—o0 t
(2.21)
Proceeding as in the proof of Theorem 2.1 and noting that T(-)(I —P) €
LY([0,00); LW, Z)) and T(-)P € L*((—o0,0]; L(W, Z)), we can prove that Tu € C(R; Z).
In addition, from Lemma 2.2, for t € R and h > 0 we get

[Tu(t + h) = Tu(t)]| 2

t
< / 1Tt = $)(I = Pl cow.z) |1 F'(s + s o (otnue ) = F (S, o (s,u,))llw ds

— 00

[T = Pl PG5 + bt i) = F (s tagen ) ds
t

t
< / IT(t = 5)(I = P)llcw.z) Lr(1 + Rlo]cy,, @xB,m) (1 + R))hds

+ / 1Tt = s)Pllcow,z)Lr(1 + Rlo]c,,, mxB,r) (1 + R))hds
t
< AZ,WLF(]- + R[J]CLip(RXBZ;]R)(]- + R))hv

and hence [I'u]c,, (r;z) < R, which implies that I' is a &(R)-valued function. Moreover,
for u,v € 6(R), we get

[Tu(t) = To@)]

t
< / 1Tt = s)(I = P)|lcw,z) Lr(1 + [V, ®2)[0lon., ®xBr) )d(u, v) ds

— 00

+ / 1Tt = 8)Plleow,zyLr(1+ [vlog, @2 [0low., ®@xB,r))d(u, v) ds
t

S AzwLrp(L+[0]ey,,®xByr) R)d(u,v),

which implies that there exists a unique mild solution u € Cp;,(R; Z) of (2.18).
We now study the regularity of u(-). For a < b, it is easy to see that

u(t) =T (t)u(a) + /0 T(t —s)F(s,ug(s,u,))ds, Vi€ [a,b]. (2.22)

Noting that F (-, us(. ) € CLip([a,b], X), from [25, Theorem 4.3.1] it follows that u €
C1((a,b]; X) N C((a,b]; X1) and u(+) is (in the nomenclature of [25]) a classical solution
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of (2.22). Since a is arbitrary, we have that u(a) € X3, which permits us to conclude
that wu(-) is a strict solution of (2.22) and in turn prove that wu(-) is a strict solution
of (2.18). O

Next, we study the existence of solutions for (2.18), assuming that F(-) is locally
Lipschitz.

Hivoz (Z:ll-z) = (W.|| - |lw) = (X, ] -|]) are Banach spaces, T(:)(I —P)e
LY([0,00); L(W, Z)), T(-)P € L*((—00,0]; L(W, Z)), and F(-) is locally
Lipschitz in the sense of condition HR’OC’Z, but with R in place of [0, c0).

We establish without proof the next proposition.

Proposition 2.2. Let condition H}"Yomz hold. Suppose that o € Cr;p(R x Bz;R),
there is r > 0 such that the conditions in Theorem 2.2 are valid with Lp(r) in place
of Lr, and

Ne(r)([TC)T = P)llr(j0,000:20w,2)) + TPl ((—00,052(w,2))) S 7 (2.23)
Then there exists a unique strict solution u € Cp;;,(R; B, (0; Z)) of (2.18).

In the next sections, we study the existence and uniqueness of almost periodic-type
solutions; here, (V|| - ||v) and (Y,] - ||y) are Banach spaces and w > 0.

2.1.1. Periodic solution

In what follows, we say that a function G € C(R x V;Y) is w-periodic if G(t + w,v) =
G(t,v) for all (t,v) € R x V, and we use the notation C,(R; V') for the space C,,(R; V) =
{f:R—=V: fisw-periodic} endowed with the norm d(u,v) = ||u — v||c®;v)-

From Theorem 2.2, we infer the next result.

Proposition 2.3. Assume that the conditions H}"YZ and (2.19) are satisfied and that
F(-), o(:) are w-periodic. Then there exists a unique w-periodic strict solution u(-) of the
problem (2.18) such that u € Cr;,(R; Z) N C*(R; X1) N C'T*(R; X) for all a € (0,1).

Proof. Let &(R) and T' be defined as in the proof of Theorem 2.2. It is trivial to
note that I'u is w-periodic if u € &(R) N C,(R; Z), which allows us to infer that T' is a
contraction on &(R) N Cy,(R; Z) and there exists a unique mild solution u € Cr;,(R; Z) N
Cu(R; Z). Moreover, noting that F(-,ug(. u,)) € Cu(R, X) N CLip(R, X), we have that
F(- Uuo(u.y)) € CYR, X) for all @ € (0,1), which implies (see [25, Theorem 4.4.7]) that
u(+) is a strict solution and u € C*(R; X1) N C1T*(R; X). O

If F(-) is locally Lipschitz, we establish without proof the next result.
Corollary 2.2. Assume that the conditions in Proposition 2.2 are satisfied and

that F(-),0(-) are w-periodic. Then there exists a unique w-periodic strict solution
u € CLip(R; B-(0,2)) of (2.18) such that u € C*(R; X1) N C*(R; X) for all a € (0,1).
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2.1.2. Almost periodic and asymptotically almost periodic solutions

For completeness, we mention some additional concepts and results.

Definition 2.5 (Zaidman [45]). A function f € C(R;V) is called almost periodic
(a.p.) if for all € > 0 there exists a relatively dense subset of R, H(e, f,V) such that
If(t+&) — f(t)|v <eforallt € Rand & € H(e, f, V).

Definition 2.6 (Zaidman [45]). A function f € C([0,00); V) is said to be asymp-
totically almost periodic (a.a.p.) if there exists an almost periodic function ¢(-) and
w € C([0,00); V) such that f(-) = g(-) + w(:) and lim;—, o w(t) = 0.

Next, we use the notation AP(V) and AAP(V) for the spaces AP(V)={f¢€
CR;V): fisap.} and AAP(V)={f € C(]0,00);V): fis a.a.p.} endowed with the
norms || - [|om;vy and |- |le(o,00):v)- It is well known that AP(V) and AAP(V) are
Banach spaces. From [43,44] we have the next result.

Lemma 2.3. Assume that Q CV is open. If G € C(R x Q;Y) (respectively G €
C([0,00) x ;Y)), G(-,v) € AP(Y) for all v € V (respectively G(-,v) € AAP(Y) for all
v € V), G(-) satisfies a local Lipschitz condition at v € Q, uniformly at ¢, andy € AP(V)
(respectively y € AAP(V)) is such that {y(t):t € R}V C Q, then G(-,y(-)) € AP(Y)
(respectively G(-,y(-)) € AAP(Y)).

Concerning the existence of almost periodic solutions for (2.18), we have the next result.

Proposition 2.4. Assume that the assumptions in Theorem 2.2 are satisfied, o (-, 1) €
AP(R) and F(-,v) € AP(W) for all ¢ € Bz. Then there exists a unique strict solution
u € AP(Z) N CLip(R; Z) of (2.18).

Proof. Let R, G(R) and T'(-) be defined as in the proof of Theorem 2.2. From the
proof of Theorem 2.2, it is sufficient to show that I'(AP(Z) N &(R)) C AP(Z).

Let u € AP(Z) N &(R). From Lemma 2.3 we have that o(-,u(.)) € AP(R) and noting
that u(-) is uniformly continuous we can prove that uy(. . ,) € AP(Bz). From the above
and Lemma 2.3, F(~,ug(.)u(_))) € AP(W). Finally, a usual argument allows us to prove
that Tu € AP(Z). O

The next result establishes the existence of a.a.p. solutions for (2.1)—(2.2).

Proposition 2.5. Let the conditions in Theorem 2.1 hold. Assume that
| T ()|l z(z,2z) — 0 as t — oo, o(-,¢) € AAP(R) and F(-,1) € AAP(W) for all i € By.
Then there exists a unique strict solution u € AAP(Z) N Crip([0,00); Z) of (2.1)—(2.2).

Proof. Let R, S(R) and I'(-) be defined as in the proof of Theorem 2.1. Arguing
as in the proof of Proposition 2.4 it follows that F(~,ua(.7u(.>)) € AAP(W) for all u €
S(R) N AAP(W). Moreover, using the condition on ||T'(t)||z(z,z) and arguing as in the
proof of [13, Lemma 2,5, we can prove that T'u € AAP(Z). O
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2.1.3. Almost automorphic solutions

Definition 2.7 (see [17,45]). A function f € C(R;V) is said to be almost automor-
phic if for all sequences of real numbers (s!,),en there exists a subsequence (s, )nen such
that g(t) := limyoo f(t 4 $,) is well defined for each t € R and f(t) = limy,— o0 g(t — $1)
for all t € R. In addition, we say that f(-) is compact almost automorphic if the above
limits are uniform on compact subsets of R.

Next, the spaces AA(V) ={f € C(R;V): f is almost automorphic} and AA.(V) =
{f € C(R; V) : f is compact almost automorphic} are endowed with the norm || - || (g, v)-
We remark that both spaces are Banach spaces.

Definition 2.8. A function G € C(R x V;Y) is said to be compact almost automor-
phic in ¢ € R for each v € V if for every sequence of real numbers (s),)y there exists a
subsequence (s,)y of (s),)n such that H(t,v) := lim, 0o G(t + sp,v) is well defined for
all te R and v € V, G(t,v) = limpo0 H(t — $p,v) for all t € R and v € V, and both
limits are uniform on compact subsets of R. The set of such functions will be denoted by
AA(VY).

From [15], we note the next result.

Lemma 2.4. If G € AA.(V,Y)NCLip,(R x V;Y) and § € AA.(V), then G(-,&(-)) €
AA(V).

Proposition 2.6. Assume that the conditions in Theorem 2.2 are satisfied and F(-)
belongs to AA.(Bz,W)NCrLip(R x Bz;W). Then there exists a unique strict solution
u e AAC(Z) N CLip(R; Z) of (218)

Proof. Let R, S(R) and T'(-) be defined as in the proof of Theorem 2.2. Let u €
AA(Z) N S(R). From Lemma 2.4 it is easy to see that F'(, us(.u,)) € AAc(Z) N S(R)
and arguing as in the proof of [15, Lemma 2.2] we can show that I'u € AA.(Z). O

Remark 2.2. Arguing as above, results on the existence of solutions for the case where
F(-) is locally Lipschtz can be proved. We decided not to include additional results.

3. Examples

Next, we present some examples motivated by studies in population dynamics. For the
sake of brevity, we assume that A : D(A) C X — X is the generator of an exponentially
asymptotically stable analytic semigroup of bounded linear operators (T'(t))i>0 on X
with X = L2(Q;R) or X = C(Q;R), where Q C R" is an open bounded set with smooth
boundary 02, and we use all the notation and properties in Remark 2.1. Concerning the
comments in the introduction of §2.1, we note that the formula in (c) takes the form

u(t) = fjoo T(t —7)f(7)dr. Here, Lg is the Lipschitz constant of a given function S(-).
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Motivated by the problems studied in [34], we study the problem

W (t.2) = Au()(w)+ [ Bl u(t) ). ) fo =) dy
+ g(t,u(C(t,u(t),u),z)),t >0, x € Q, (3.1)
u(97 y) = @(eay)79 € [_pa OL Yy € Q, (32)

where ¢ € Crip([—p,0; X), X =L*(R), feCR%R), g€ CLip(RxR;R), be
CrLip(R;R), the functions g¢(-),b(-) are bounded and ¢ € Cp;,(R x X x Bx;R"). The
study of this class of problems was motivated by the diffusive Nicholson’s blowflies
equation with state-dependent delay; see [36, 37] for additional detaﬂs
In order to use Theorem 2.1, we assume that ([, [, f(z —y)?dydz)/? < oo
and we define o:[0,00) x Bx =R and F:Bx — X by oft, 1/1) C(t,w( ),%) and
z) = [, b(¥(0,9))f(x —y)dy + g(t,4(0,2)). Under these conditions, o(-) and F(-)
are Lipschitz, [U]CLi,p([O,OO)XBX§R+) = [C]CL@([O,OO)XXXBX;R*) and Lp = Lb(fQ fQ flx—
y)? dydx)t/? + L,. Moreover, if ¢(0) € X, we can assume that the constants © x x and
®x x in Theorem 2.1 are given by ®x x = (Do,0)/7 and Ox x(¢) = Do o(|[Ap(0)] +
1E(0, o)1) + l¢llcrp (—p,0);x)- In the next result, which follows from Theorem 2.1, we
say that u € C([—p, 00); X) is a mild or a strict solution of (3.1)—(3.2) if u(-) is a mild or
a strict solution of the associated problem (2.1)—(2.2). We adopt a similar nomenclature
for the other examples in this section.

Proposition 3.7. Suppose that ¢(0) € X1, ((0,0(0),) =0 and the condition (2.9)
is satisfied with ©x_x(9) = Do.o(|A(O)] + [ F 0, £)I) + [Pl -pojex) and Dx.x —
(Do,0)/- Then there exists a unique strict solution u € Cr,([—p,00); X) of (3.1)—(3.2).

We now consider a problem similar to those studied in [33]. Consider the problem

(1) = Au(t)(x) + b( [ wtcttuto w0~ i) dy)

+ gt u(C(t, u(t), ur), 2)), (3.3)
w(,y) =¢(0,y), 0€l-p0lye, (3.4)

for (t,x) € J xQ, where J=1[0,00) or J =R, A X, f(-) and b(-) are as in the first
example, g € Crip(J x R;R), f(-),g(-) are bounded, ¢ € Cr;p(J X X x Bx;J) and [ €
C§° (4 R).

Let F:Bx —X and o0:[0,00) x X x Bx =Rt be defined by F(y)(z)=

b(fo (0, 9)f (x = y)l(y) dy) + g(t,4(0,2)) and o(t,¢) = ¢(t,(0),¢). From Theorems
2.1, 2.2 and Propositions 2.3-2.5 we have the next result. In this result, ®x x = (Do )/

7 Ox,x(¢) = Doo([[Ap(0)[| + [[F(0, o)) + [|ellcri(-po1x)s  [O)cri (0,00 xBx iR+ =
[C]CLip([0,00)XXXBx;R+) and Lp = Lb(fg fQ f2(.’£ - y)l2(y) dy dx)1/2 + Lg'

Proposition 3.8. Suppose ¢(0) € X1 and ¢ € Cr;p([—p,0]; X).

(a) Assume that J = [0,00), ((0,(0),¢) = 0 and the inequality (2.9) is satisfied. Then
there exists a unique strict solution u € Cr;p([0,00); X) of the problem (3.3)-(3.4).
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(b) If J=R and (2.19) is verified, then there exists a unique strict solution u €
Crip(R; X) of (3.3) on R. If, in addition, ((-) and g(-) are w-periodic for some
w > 0, then u(-) is w-periodic.

(c) If J =R and (2.19) is verified, and o(-,1) and F(-,) are almost periodic for all
1 € Bx (respectively are compact almost automorphic in t € R), then there exists

a unique almost periodic (respectively compact almost automorphic) strict solution
of (3.3) on R.

We now study a problem concerning a diffusive model of haematopoiesis with state-
dependent delay of the form

u'(t7 z) = Au(t)(z) + 1 fz(égz’(?le’j»)f)

u(0,z) = p(0,x), 6¢€[-p,0], (3.6)

+ g(t,u(l(t,ue), x)), te, (3.5)

for t € Jyz € Q, where m e N is even, J=R or J=1[0,00), g€ Crip(J xR;R) is
bounded, ¢ € CrL;p(J x Bx;J) and X = L*(Q). We cite Mackey and Glass [27], Wang
and Li [41] and Rezounenko [34] for additional details on problems of this type.

To study (3.5)—(3.6), we assume that there is & € (0, 1) such that X, — C(€2). We note,
for example, that if A is the realization on X of a strongly elliptic differential operator
of order 2m, then Xy — C¥(Q2) for 0 < v < 2ma — n/p; see [31, §8.4] for details.

Denote o : J x Bx, — J and F : J x Bx_, — X by o(t,¢) = ((t,¢) and F(t,¢)(x) =
((BY(0,2)) /(1 +™(0,2))) + g(¢,¥(0,2)). From the choice of o, both functions are well
defined and are Lipschitz, and F'(-) takes bounded sets into bounded sets. In addition, for
r >0 and 1, ¢ € B.(0,Bx,), we can show that ||[F'(¢)|| < Np(r) = B(|licllz(x.,c)r +

l9llcxmz)m(2)"/? and
1E@) — F(o)l
< (B4 (1 + 20 iellZx. o)) + lielloxa.c@) Le)m() |14 — ¢l sy,
where i. is the inclusion map from X, into C(£2) and m(€2) is the Lebesgue measure of 2.
To use Proposition 2.1, we assume ¢ € CL;,([—p, 0]; Xa), ¢(0) € X144 and F(0,¢) € X,.

In this case, we can suppose that the numbers © x, x(¢), ®x, x and Lp(r) in Proposition
2.1 are given by

1 1
) =Dgaol — .
Xa,X o, (7+ 1—a> (3.7)
Ox.,x(¢) = Doo(lle(0)llx110 + [F(0,2(0) [ x.) + €l criy((-p.01:X0) (3-8)
Lp(r) = (B(1+ (1 + 20)r*"|licl| % x. o) + Lg)m(Q) 2. (3.9)

Moreover, concerning the inequality (2.16), we note that
1T(-)(0) [l (10,00):x0) + NET ) 21 ([0,00):£(x, X0 )

. 1 1
Olx. + Blilecs, ciyr + loleqsa)m(@)Doa (2 + 12 )
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In the next result, which follows from Proposition 2.1, ®x_ x,0x, x(¢) and Lp(r) are
given by (3.7)—(3.9).

Proposition 3.9. Assume that ¢ € CpL;p([-p,0); Xo), ¢(0) € X144, F(0,¢) € X,,
o(t,») =0 and there is r > 0 with ¢ € B,.(0,Bx_) such that

Dy.o

. 1 1
O, + (il e, ey + ol m(@2Doa (3 + 12 ) <

20x, x Lr(r)[[Cloy,, (0,00 xBxmH) (1 +2(Ox, x(¢) +2®x, xLr(r))) +1] < 1.
(3.10)

Then there exists a unique strict solution u € Cr;,([—p, 0); X4o) of (3.5)—(3.6) such that
up, ., € C([0,a]; X1) NCM([0, a; X) for all a > 0.

Using Corollary 2.2, we can prove the existence of a periodic solution for (3.5) with
J = R. In this case, the inequality (2.23) takes the form

. 1 1
(Blichccs, conr + lalomeaam@ 2 Doa (3 + 22 ) < ()

Using the above notation, from Corollary 2.2 we get the next result.
Proposition 3.10. Assume that ¢ € Cr;p(R x Bx,_;R) N Cu(R x Bx_;R), g(-) is w-
periodic, there is r >0 such that (3.11) is valid and 1> 2Ax_ x(r)((2Ax, x(r)+

1)[C]CL1.?(RX5XQ;R) +1). Then there exists a unique w-periodic strict solution wu €
Crip(R; B,(0; X)) of (3.5). Moreover, u € CP(R; X;) N C1*P(R; X) for all B € (0,1).

To complete this section, we study the existence of asymptotically almost periodic solu-
tions for a model concerning the Fisher—Kolmogoroff equation and Hutchinson’s equation;
see (18,30, 34,42] and the examples in [23, Example 1] for details. Consider the diffusive
equations with state-dependent delay

w'(t,§) = Aw(t)(€) + p(t)w(t, §)[1 —w(C(t,we), )], tER,E€Q, (3.12)
w(@,y) = 90(9724)’ ZAS [_pa 0]7y € Q, (313)

where ¢ € Cp;p(R x Bx;R) and p € Cpip(R, R).

For simplicity, we take X = C(€) and define F : R x Bx — X and 0 : R x Bx — R by
F(t, ) (x) = u(t)y(0,z)[1 —(0,2)] and o(t, ) = ((¢,%). The function o(-) is Lipschitz
and for 7 > 0, t,s € R and 9, ¢ € B.(0,Bx), [|F(t,)| < |pllc@r)r(l +7r) and

1E(t,9) = F(s, 0)ll < [Wlow,@r) [t = | r(1+7) + [lullo@e) (1 +2r)[[¢ = 65y

which implies that the condition Hﬁomx is satisfied.

Let Lp(r) =||pllcy,, @z (0% +3r+1), Ne(r) = [plo@zr(1+7), @x.x = ((Doo)/(7))
and

-
(X, X)(¢) = Doy (IlAw(O)II Fllellop, @m Z 1+ T)) +llellew, (—poix)-  (3.14)

Combining the proofs of Propositions 2.1 and 2.5, we can prove the next result.
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Proposition 3.11. Suppose that ¢ € Cp;,([—p,0]; X), ¢(0) € X1, ¢(0,¢) =0 and
there is 7 > 0 such that [|||sx <7, Doolle0)| + |pullcmr)yr(l +7)((Doo)/(v)) <7 and

1>2®x xLr(r)[2[0]cy,, (j0,00)xBxir+) (1 +2(Ox x(¢) +2@x xLp(r))) +1].  (3.15)

Then there exists a unique strict solution u € C([0,00); B,(0, X)) N AAP(X) of (3.12)-
(3.13).

Acknowledgement. The work of this author is supported by FAPESP 2017/
13145-8.

References

1. W. AieLLo, H. I. FREEDMAN AND J. WU, Analysis of a model representing stage-
structured population growth with state-dependent time delay, SIAM J. Appl. Math. 52(3)
(1992), 855-8609.

2.  F. ANDRADE, C. CUEVAS AND H. HENRIQUEZ, Periodic solutions of abstract functional
differential equations with state-dependent delay, Math. Methods Appl. Sci. 39(13) (2016),
3897-39009.

3. M. BARTHA, Periodic solutions for differential equations with state-dependent delay and
positive feedback, Nonlinear Anal. 53(6) (2003), 839-857.

4. M. BUGER AND M. MARTIN, The escaping disaster: a problem related to state-dependent
delays, Z. Angew. Math. Phys. 55(4) (2004), 547-574.

5. 1. CHUESHOV AND A. REZOUNENKO, Dynamics of second order in time evolution equations
with state-dependent delay, Nonlinear Anal. Theory Methods Appl. 123 (2015), 126-149.

6. 1. CHUESHOV AND A. REZOUNENKO, Finite-dimensional global attractors for parabolic
nonlinear equations with state-dependent delay, Commun. Pure Appl. Anal. 14(5) (2015),
1685—-1704.

7. R. D. DRIVER, A functional-differential system of neutral type arising in a two-body
problem of classical electrodynamics, International symposium on mnonlinear differen-
tial equations and nonlinear mechanics (eds. J. LaSalle and S. Lefschtz), pp. 474484
(Academic Press, New York, 1963).

8. R. D. DRIVER, A neutral system with state-dependent delay, J. Differ. Equ. 54 (1984),
73-86.

9. F. HARTUNG, Differentiability of solutions with respect to the initial data in differential
equations with state-dependent delays, J. Dynam. Differ. Equ. 23(4) (2011), 843-884.

10. F. HArTUNG, On differentiability of solutions with respect to parameters in neutral dif-
ferential equations with state-dependent delays, Ann. Mat. Pura Appl. (4) 192(1) (2013),
17-47.

11. F. HArTUNG AND J. TURI, On differentiability of solutions with respect to parameters in
state-dependent delay equations, J. Differ. Equ. 135(2) (1997), 192-237.

12.  F. Harrung, T. KriszTIN, H-O. WALTHER AND J. WU, Functional differential equations
with state-dependent delays: theory and applications, Handbook of Differential Equations:
Ordinary Differential Equations, Volume 111, pp. 435-545 (Elsevier, 2006).

13.  E. HERNANDEZ AND M. PELICER, Asymptotically almost periodic and almost periodic
solutions for partial neutral differential equations, Appl. Math. Lett. 18(11) (2005), 1265—
1272.

14. E. HERNANDEZ, A. PROKOPCZYK AND L. LADEIRA, A note on partial functional differen-
tial equations with state-dependent delay, Nonlinear Anal. Real World Appl. 7(4) (2006),
510-519.

https://doi.org/10.1017/5001309151800069X Published online by Cambridge University Press


https://doi.org/10.1017/S001309151800069X

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Global solutions of abstract differential equations 787

E. HERNANDEZ, H. HENRIQUEZ AND T. DIAGANA, Almost automorphic mild solutions to
some partial neutral functional differential equations and applications, Nonlinear Anal. 69
(2008), 1485-1493.

E. HERNANDEZ, M. PIERRI AND J. WU, C! + a-strict solutions and wellposedness of
abstract differential equations with state dependent delay, J. Differ. Equ. 261(12) (2016),
6856-6882.

Y. HINO AND S. MURAKAMI, Almost automorphic solutions for abstract functional
differential equations, J. Math. Anal. Appl 286 (2003), 741-752.

G. E. HutrcHINSON, Circular causal systems in ecology, Ann. N. Y. Acad. Sci. 50(4)
(1948), 221-246.

B. KENNEDY, Multiple periodic solutions of an equation with state-dependent delay,
J. Dynam. Differ. Equ. 23(2) (2011), 283-313.

N. KosovaLic, F. M. G. MAGPANTAY, Y. CHEN AND J. Wu, Abstract algebraic-delay
differential systems and age structured population dynamics, J. Differ. Equ. 255(3) (2013),
593-609.

N. KosovaLic, Y. CHEN AND J. Wu, Algebraic-delay differential systems: C-extendable
submanifolds and linearization, Trans. Amer. Math. Soc. 369(5) (2017), 3387-3419.

T. KRrISZTIN AND A. REZOUNENKOB, Parabolic partial differential equations with discrete
state-dependent delay: classical solutions and solution manifold, J. Differ. Equ. 260(5)
(2016), 4454-4472.

Y. L1 AND Y. KuaNG, Periodic solutions in periodic state-dependent delay equations and
population models, Proc. Amer. Math. Soc. 130(5) (2002), 1345-1353.

X. L1 AND Z. L1, Kernel sections and (almost) periodic solutions of a non-autonomous
parabolic PDE with a discrete state-dependent delay, Commun. Pure Appl. Anal. 10(2)
(2011), 687-700.

A. LUNARDI, Analytic semigroups and optimal reqularity in parabolic problems, Progress in
Nonlinear Differential Equations and Their Applications, Volume 16 (Birkh&auser Verlag,
Basel, 1995).

Y Lv, Y. RoNG AND P. YONGZHEN, Smoothness of semiflows for parabolic partial
differential equations with state-dependent delay, J. Differ. Equ. 260 (2016), 6201-6231.
M. C. MACKEY AND L. GLASS, Oscillation and chaos in physiological control systems,
Science 197 (1977), 287-289.

F. M. G. MAGPANTAY, N. KosovaLIiC AND J. WU, An age-structured population model
with state-dependent delay: derivation and numerical integration, SIAM J. Numer. Anal.
52(2) (2014), 735-756.

J. MALLET-PARET AND R. D. NussBAUM, Stability of periodic solutions of state-
dependent delay-differential equations, J. Differ. Equ. 250(11) (2011), 4085-4103.

J. D. MURRAY, Mathematical biology. I. An introduction, 3rd edn. Interdisciplinary
Applied Mathematics, Volume 17 (Springer-Verlag, New York, 2002).

A. Pazy, Semigroups of linear operators and applications to partial differential equations,
Applied Mathematical Sciences, Volume 44 (Springer-Verlag, New York—Berlin, 1983).
A. REZOUNENKO, Differential equations with discrete state-dependent delay: uniqueness
and well-posedness in the space of continuous functions, Nonlinear Anal. 70(11) (2009),
3978-3986.

A. REZOUNENKO, Non-linear partial differential equations with discrete state-dependent
delays in a metric space, Nonlinear Anal. 73(6) (2010), 1707-171.

A. REZOUNENKO, A condition on delay for differential equations with discrete state-
dependent delay, J. Math. Anal. Appl. 385(1) (2012), 506-516.

https://doi.org/10.1017/5001309151800069X Published online by Cambridge University Press


https://doi.org/10.1017/S001309151800069X

788

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

FE. Herndndez and J. Wu

A. REZOUNENKO AND J. WU, A non-local PDE model for population dynamics with
state-selective delay: local theory and global attractors, J. Comput. Appl. Math. 190(1-2)
(2006), 99-113.

J. W. H. SO AND Y. YANG, Dirichlet problem for the diffusive Nicholson’s blowflies
equation, J. Differ. Equ. 150(2) (1998), 317-348.

J. W. H. So, J. WU AND Y. YANG, Numerical steady state and Hopf bifurcation analysis
on the diffusive Nicholson’s blowflies equation, Appl. Math. Comput. 111(1) (2000), 33-51.
R. TORREJON, Positive almost periodic solutions of a state-dependent delay nonlinear
integral equation, Nonlinear Anal. 20(12) (1993), 1383-1416.

H-O. WALTHER, The solution manifold and C'-smoothness for differential equations with
state-dependent delay, J. Differ. Equ. 195(1) (2003), 46-65.

H-O. WALTHER, A periodic solution of a differential equation with state-dependent delay,
J. Differ. Equ. 244(8) (2008), 1910-1945.

X. WANG AND Z. L1, Dynamics for a type of general reaction-diffusion model, Nonlinear
Anal. 67(9) (2007), 2699-2711.

J. Wu anND X. Zou, Traveling wave fronts of reaction-diffusion systems with delay,
J. Dynam. Differ. Equ. 13(3) (2001), 651-687.

T. YOSHIZAWA, Stability theory and the existence of periodic solutions and almost
periodic solutions, Applied Mathematical Sciences, Volume 14 (Springer-Verlag, New
York-Heidelberg, 1975).

S. ZAIDMAN, A non linear abstract differential equation with almost-periodic solution, Riv.
Mat. Univ. Parma 4 (1984), 331-336.

S. ZAIDMAN, Almost-periodic functions in abstract spaces, Pitman Research Notes in
Mathematics, Volume 126 (Advanced Publishing Program, Boston, MA, 1985).

https://doi.org/10.1017/5001309151800069X Published online by Cambridge University Press


https://doi.org/10.1017/S001309151800069X

	1 Introduction
	2 Existence of solutions
	2.1 Solutions on R
	2.1.1 Periodic solution
	2.1.2 Almost periodic and asymptotically almost periodic solutions
	2.1.3 Almost automorphic solutions


	3 Examples
	References

