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Abstract

We explore the feasibility of accelerating electron beams up to energies much beyond 1 TeV in a realistic scale and
evolution of the beam qualities such as emittance and energy spread at the final beam energy on the order of 100 TeV,
using the newly formulated coupled equations describing the beam dynamics and radiative damping of electrons. As
an example, we present a design for a 100 TeV laser-plasma accelerator in the operating plasma density np=
1015 cm−3 and numerical solutions for evolution of the normalized emittance as well as their analytical solutions. We
show that the betatron radiative damping causes very small normalized emittance that promises future applications for
the high-energy frontier physics.
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1. INTRODUCTION

In this decade, vital researches on laser-driven plasma-based
acceleration of charged particles have achieved great progress
in high-energy, high-quality electron beams with energies
of GeV-level (Leemans et al., 2006; Clayton et al., 2010;
Lu et al., 2011), qualities of 1%-level energy spread
(Kameshima et al., 2008), 1-mm-mrad-level transverse emit-
tance (Karsch et al., 2007), and 1-fs-level bunch duration
(Lundh et al., 2011), ensuring that the stability of reproduction
is as high as that of present high-power ultra-short-pulse lasers
(Osterhoff et al., 2008; Hafz et al., 2008). These high-energy
high-quality particle beams make it possible to open the door
for a wide range of applications in fundamental researches,
medical, and industrial uses. For many applications of laser
wakefields accelerators, stability and controllability of the
beam performance such as beam energy, energy spread, emit-
tance, and charge are indispensable as well as compact and
robust features of the system. In particular, there are great inter-
ests in applications for high energy physics and astrophysics
that explore unprecedented high-energy frontier phenomena
much beyond 1 TeV, for which laser-plasma accelerator
concepts provide us with promising tools if beam-quality
issues are figured out as well as an achievable highest energy.

To date, most of experimental results have been obtained
from interaction of ultra-short laser pulses, τL= 30− 80 fs
with a short-scale plasma such as a few mm long gas jet
and a few centimeter long plasma channel at the plasma den-
sity in the range of np= 1018−1019 cm−3, where a large am-
plitude plasma wave on the order of 100 GV/m is excited and
likely candidates for the next generation of compact accelera-
tors (Nakajima, 2000; Malka, 2002; Weber et al., 2004). The
leading experiments that demonstrated the production of
quasi-monoenergetic electron beams (Mangles et al., 2004;
Geddes et al., 2004; Faure et al., 2004; Glinec et al.,
2005), have been elucidated in terms of self-injection and
successive acceleration of electrons in the nonlinear wake-
field, referred to as a “bubble” that is a region where
plasma electrons are blown out by radiation pressure of a
laser pulse with the relativistic intensity given by its normal-
ized vector potential aL= eAL/mc

2≫1, where AL is the peak
amplitude of the vector potential and mc2 is the rest energy of
electron (Kostyukov et al., 2004; Lu et al., 2006). The self-
injection is a robust method relying on self-focusing and self-
compression that occur during the propagation of relativistic
laser pulses. In this mechanism, initially heated electrons
with large transverse momentum are injected into nonlinear
wakefields that excite betatron oscillation of accelerated elec-
trons due to strong focusing field. Hence, suppressing the
self-injection and the deterioration of beam qualities, high-
quality electron beams required for most of applications
have been produced with controlled injection schemes,
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such as colliding optical injection (Faure et al., 2006; Kotaki
et al., 2009; Wang et al., 2009), density-transition injection
(Schmid et al., 2010), and ionization-induced injection
(Pak et al., 2010; McGuffey et al., 2010), in the quasi-linear
regime of wakefields driven by a laser pulse with a moderate
intensity aL∼ 1. These injection schemes provide us with
high-quality electron beam injectors for a front end of the
multi-stage laser-plasma accelerators, aiming at the high-
energy frontier. Recently, two-stage laser-plasma accelera-
tion has been successfully demonstrated in combination
with ionization-induced injection (Liu et al., 2011; Pollock
et al., 2011). Based on recent results of vital experiments
and large-scale particle-in-cell simulations (Martins et al.,
2010), the design considerations and the feasibility studies
on applications for high-energy frontier collider with the
TeV-class center-of-mass energy have been carried out
(Schroeder et al., 2010; Nakajima et al., 2011). In these con-
siderations, the most critical issue is a choice of the operating
plasma density that is an underlying parameter controlling
the size, the performance, and the beam dynamics. Generally
speaking, from the viewpoint of the beam qualities, the
higher energy regime is in favor of the lower operating den-
sity, although such option leads to a larger size and a higher
laser peak power. In laser plasma acceleration, electrons are
accelerated by the ultra-high gradients on the order of
10–100 GV/m and undergo the strong transverse focusing
force with the same order of the accelerating force. Initially
heated electrons with large transverse momentum are in-
jected and accelerated in plasma waves, and exhibit the
betatron oscillation that generates the emission of intense
synchrotron radiation. On one hand, the intense betatron radi-
ation from laser-plasma accelerated electrons is an attractive
X-ray/gamma-ray radiation source and on the other hand, it
produces a radiation loss of the beam energy and a significant
effect on the beam qualities such as the energy spread and the
transverse emittance via the radiation reaction force (Michel
et al., 2006).
Here we consider the feasibility of accelerating electron

beams up to energies much beyond 1 TeV and evolution of
the beam qualities such as emittance and energy spread at
the final beam energy. First we review the scaling formulas
for designing laser-plasma accelerators in the quasi-linear
laser wakefield regime, and work out the basic equations de-
scribing evolution of the normalized transverse emittance
and the energy spread, taking into account radiative damping
due to the betatron oscillation of electrons that undergo
strong acceleration and focusing forces simultaneously. As
an example, we present the parameters for 100 TeV laser-
plasma linac in the operating plasma density np=
1015 cm−3 and numerical solutions for evolution of the nor-
malized emittance and the energy spread as well as their
analytical solutions. We show that the betatron radiative
damping causes a very small normalized emittance that
promises future applications for the high-energy frontier
physics.

2. LASER-PLASMA ACCELERATORS

In underdense plasma, an ultra-intense laser pulse excites
a large-amplitude plasma wave with frequency ωp =�����������
4πe2np/m

√
and electric field of the order of

E0 = mcωp

e
≃ 96 GV/m[ ] np

1018 cm−3[ ]
( )1/2

, (1)

for the plasma density np due to the ponderomotive force
expelling plasma electrons out of the laser pulse, and the
space charge force of immovable plasma ions restoring ex-
pelled electrons on the back of the ion column remaining
behind the laser pulse. Since the phase velocity of the
plasma wave is approximately equal to the group velocity

of the laser pulse vp/c ≃
������������
1− ω2

p/ω
2
L

√
≈ 1 for the laser fre-

quency ωL and the accelerating field of about 100 GV/m for
the plasma density np∼ 1018 cm−3, electrons trapped into
the plasma wave are likely to be accelerated up to about
1 GeV energy in a 1-cm plasma.
In the quasi-linear laser wakefield regime, the normalized

laser intensity,

aL = 2e2λ2LIL
πm2c5

( )1/2

≃ 0.855 × 10−9I1/2L W/cm2[ ]
λL μm
[ ]

, (2)

is set to be aL≈ 1, where IL is the laser intensity and λL=
2πc/ωL is the laser wavelength. In this regime, the wake
potential Φ is obtained by

∂2Φ

∂ζ2
+ k2pΦ = 1

2
k2pmc

2a2 r, ζ( ), (3)

where ζ= z− vpt, kp= ωp/c and a(r,ζ)≡ eA(r,ζ)/mc2 is the
normalized vector potential of the laser pulse. The wake
potential is calculated by

Φ r, ζ( ) = −mec2 kp
2

∫
∞

ς dζ
′ sin kp ζ− ζ′

( )
a2 r, ζ′
( )

, (4)

and the axial and radial electric fields are obtained by

eEz = − ∂Φ
∂z

, and eEr = − ∂Φ
∂r

, (5)

respectively. Considering a bi-Gaussian laser pulse with 1/e
half-width σL and 1/e2 spot radius rL, of which the ponder-
omotive potential is given by

a2 r, ζ( ) = a2L
2
exp − 2r2

r2L
− ζ2

σ2L

( )
, (6)

Behind the laser pulse at ζ≪− σL, the axial and radial
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wakefields are

Ez r, ζ( ) =
��
π

√
4

a2L kpσLE0 exp − 2r2

r2L
− k2pσ

2
L

4

( )
cos kpζ, (7)

and

Er r, ζ( ) = − ��
π

√
a2L

σLr

r2L
E0 exp − 2r2

r2L
− k2pσ

2
L

4

( )
sin kpζ, (8)

respectively. Setting kpσL= 1, i.e., the full width at half
maximum (FWHM) pulse length, cτL = 2

����
ln 2

√
σL ≈

0.265λp, the maximum accelerating field is

Ezmax ≈ 0.35a2LE0 ≃ 1.06 GV/m[ ]a2L
np

1015 cm−3[ ]
( )1/2

. (9)

In this condition, the laser pulse length is shorter enough than
a half plasma wavelength so that a transverse field at the tail
of the laser pulse is negligible in the accelerating phase of the
first wakefield. The net accelerating field Ez that accelerates
the bunch containing the charge Qb= eNb, where Nb is the
number of electrons in the bunch, is determined by the
beam loading that means the energy absorbed per unit length,

QbEz = mc2

4re
k2pσ

2
r

E2
zmax

E2
0

1− E2
z

E2
zmax

( )
, (10)

where re= e2/mc2 is the classical electron radius and 1−
Ez
2/Ezmax

2 ≡ ηb is the beam loading efficiency that is the frac-
tion of the plasma wave energy absorbed by particles of the
bunch with the rms radius σr. In the beam-loaded field
Ez =

�������
1− ηb

√
Ezmax, the charge is obtained as

Qb ≃
e

4kLre

ηbk
2
pσ

2
r

1− ηb
( ) Ez

E0

nc
np

( )1/2

≈ 2.4 nC[ ] ηbk
2
pσ

2
r

1− ηb
( ) Ez

E0

np
1015 cm−3[ ]

( )−1/2

, (11)

where nc=mωL
2/4πe2= π/(reλL

2)≈ 1.115 × 1021 [cm−3]
(λL[μm])−2 is the critical plasma density and for
kpσL = 1, Ez/E0 ≃ 0.35a20

�������
1− ηb

√
. Since the loaded

charge depends on the accelerating field and the bunch
radius, it will be determined by considering the required ac-
celerating gradient and the transverse beam dynamics.
First we consider a design of multi-TeV linear accelerators

composed of multi-staging TeV laser-plasma accelerators,
each of which can provide a single-stage energy gain of
1 TeV in a relatively compact scale. Ideally, the stage
length Lstage is limited by the pump depletion length Lpd
for which the total field energy is equal to half the initial
laser energy. For a Gaussian laser pulse with pulse length

kp σL= 1, the pump depletion length is given by

kpLpd ≃
8��

π
√

a2L kpσL

ω2
L

ω2
p

exp
k2pσ

2
L

2

( )
≈

7.4

a2L

nc
np

. (12)

In laser wakefield accelerators, accelerated electrons even-
tually overrun the acceleration phase to the deceleration
phase, of which the velocity is approximately equal to the
group velocity of the laser pulse. In the linear wakefield
regime, the dephasing length Ldp where the electrons under-
go both focusing and acceleration is approximately given by

kpLdp ≃ π
ω2
L

ω2
p

= π
nc
np

. (13)

In the condition for the dephasing length less than the pump
depletion length, Ldp≤ Lpd, the normalized vector potential
should be aL≤ 1.5. Setting aL= 1.5, the maximum acceler-
ating field is Ezmax≈ 0.79E0 for kpσL= 1. Assuming the
beam-loaded efficiency ηb= 0.5, the net accelerating field
becomes

Ez ≈
Ezmax��

2
√ ≃ 0.56E0 ≈ 1.69 GV/m[ ] np

1015 cm−3[ ]
( )1/2

. (14)

For the stage length approximately equal to the dephasing
length,

Lstage ≈ Ldp = λp
2
nc
np

= λL
2

nc
np

( )3/2

≈ 589 m[ ] 1 μm
[ ]
λL

( )2
1015 cm−3

[ ]
np

( )3/2

, (15)

and the accelerating field Eq. (14), the energy gain per stage
is given by

Wstage = EzLstage = πmc2
Ez

E0

nc
np

≈ 1 TeV[ ] 10
15 cm−3
[ ]
np

1 μm
[ ]
λL

( )2

. (16)

The total number of stages becomes

Nstage ≃
Eb

Wstage
= γf

π

Ez

E0

( )−1 nc
np

( )−1

≈
Eb

1 TeV[ ]
np

1015 cm−3[ ]
λL

1 μm
[ ]

( )2

, (17)

where γf= Eb/m c2 is the Lorentz factor at the final beam
energy. The overall length of a linac consisting of periodic
structures of an accelerator stage and a coupling section
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that installs both beam and laser focusing systems leads to be

Ltotal ≃ Lstage + Lcoupl
( )

Nstage

≈ 589 m[ ] Eb

1 TeV[ ]
1015 cm−3

[ ]
np

( )1/2

1+ Lcoupl
Lstage

( )
. (18)

The laser spot size is bounded by conditions for avoiding
bubble formation, k2pr

2
L/4 > a2L/

�����������
1+ a2L/2

√
and strong

self-focusing, PL/Pc= kp
2 rL

2 aL
2/32≤ 1, where Pc= 2(m2

c5/e2)ωL
2/ωp

2≃ 17(nc/np)[GW]. These conditions put
bounds to the spot size 2.5≤ kp rL≤ 3.8 for aL= 1.5. Ac-
cordingly we choose kprL= 3. For a given spot radius,

rL = λL
2π

kprL
nc
np

( )1/2

≈ 510 μm
[ ] 1015 cm−3

[ ]
np

( )1/2

, (19)

the peak laser power becomes

PL = k2pr
2
L

32
a2LPc ≈ 12 PW[ ] 1 μm

[ ]
λL

( )2
1015 cm−3

[ ]
np

. (20)

With the FWHM pulse duration given by

τL =
����
ln 2

√

π

λL
c
kpσL

nc
np

( )1/2

≃ 930 fs[ ] 1015 cm−3
[ ]
np

( )1/2

, (21)

the required laser pulse energy is obtained as

UL = PτL ≈ 11 kJ[ ] 1 μm
[ ]
λL

( )2
1015 cm−3

[ ]
np

( )3/2

. (22)

3. BETATRON OSCILLATION

Beams that undergo strong transverse focusing forces
F⊥=−mc2 K2 xβ, in plasma waves exhibit the betatron oscil-
lation, where xβ is the transverse amplitude of the betatron
oscillation. From the axial and radial fields, Eqs. (7) and
(8), the focusing constant K is given by

K2 ≃
4k2p

kprL
( )2 Ez

E0
sinΨ, (23)

where Ψ= kp (z− vpt)+Ψ0 is the dephasing phase of the
wakefield and Ψ0 is the injection phase. The envelope
equation of the rms beam radius σr is given by

d2σr
dz2

+ K2

γ
σr − ε2n0

γ2σ3r
= 0, (24)

where εn0 is the initial normalized emittance. Assuming the
beam energy γ is constant, this equation is solved with the
initial conditions σ′r0= (dσr/dz)z=0 and σr0= σr(0) as

σ2r z( ) = C

κ2
+ 1

κ

�����������
C2

κ2
− 4ε2n0

γ2

√
sin κz+ f0

( )
, (25)

where κ = 2K/
��
γ

√
is the focusing strength, C= 2σ′r0+ κ2

σr0
2 /2+ 2εn0

2 /γ2 σr0
2 is the constant

tanf0 =
σ2r0 − C/κ2

2σr0σ′r0/κ
. (26)

The beam envelope oscillates around the equilibrium radius
�σr =

��
C

√
/κ with the wavelength 2π/κ= π/kβ, where 2π/

κ= π/kβ the betatron wavelength. For the condition C/κ=
2εn0/γ that leads to σr0

2 = 2εn0/κγ with σ′r0= 0, the beam
propagates at the matched beam radius

σ2rM = 2εn0
κγ

= εn0
kβγ

= εn0
K

��
γ

√ ≈
rLεn0
2

��
γ

√ Ez

E0
sinΨ

( )−1/2

. (27)

4. BEAM DYNAMICS AND RADIATIVE DAMPING

The synchrotron radiation causes the energy loss of beams
and affects the energy spread and transverse emittance via
the radiation reaction force. The motion of an electron travel-
ing along z-axis in the accelerating force eEz and the radial
force eEr from the plasma wave evolves according to

dux
cdt

= −K2x+ FRAD
x

mc2
,

duz
cdt

= kp
Ez

E0
+ FRAD

z

mc2
, (28)

where FRAD is the radiation reaction force and u= p/mc is
the normalized electron momentum. The classical radiation
reaction force (Jackson, 1999), is given by

Frad

mcτR
= d

dt
γ
du
dt

( )
+ γu

dγ

dt

( )2

− du
dt

( )2
[ ]

, (29)

where γ= (1+ u2)1/2 is the relativistic Lorentz factor of the
electron and τR= 2re/3c≃ 6.26 × 10−24 s. Since the scale
length of the radiation reaction is much smaller than that of
the betatron motion, assuming that the radiation reaction
force is a perturbation and uz≫ux, the equations of motion
Eqs. (28) approximately turn to the following coupled
equations,

d2x

dt2
+ ωp

γ

Ez

E0
+ τRc

2K2

( )
dx

dt
+ c2K2

γ
x = 0, (30)

and

dγ

dt
= ωp

Ez

E0
− τRc

2K4γ2x2. (31)

The radiative damping rate is defined by the ratio of the
radiated power, Ps≃ (2e2γ2/3m2c3)F⊥

2 to the electron
energy as nγ= Ps/γm c2≃ τRγF⊥

2 /m2c2.
Corresponding to the single particle equations Eqs. (30)

and (31) with radiation damping, the envelope equation is
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written as

d2σr
dz2

+ kp
γ

Ez

E0
+ τRcK

2

( )
dσr
dz

+ K2

γ
σr − ε2n0

γ2σ3r
= 0, (32)

and

dγ

dz
= kp

Ez

E0
− 2τRcK

4γ2σ2r . (33)

Here we define the transverse emittance,

ε ≡ σr
dσr
dz

= 1
2
dσ2r
dz

, (34)

and consider the matched beam case, defined by
Eq. (27) with the normalized emittance εn, i.e.,
σ2r = ε/kβ = εn/K

��
γ

√
, using the following dimensionless

variables and parameters; ζ≡ kpz, Ω(ζ)≡ kpεn, χ≡ Ez/E0

and K/kp= αχ1/2. The coupled equations on the normalized
emittance is obtained as

d2Ω

dζ2
+ E γ

( ) dΩ
dζ

+ F γ
( )

Ω = 0, (35)

dγ

dζ
= χ − 2τRωpα

3χ3/2γ3/2Ω, (36)

and

d

dζ

δγ

γ

( )
= − χ

γ
+ τRωpα

3χ3/2γ1/2Ω+ 2τRωpα
3χ3/2γ3/2

dΩ

dγ

[ ]
δγ

γ
,

(37)

where

E γ
( ) = 2αχ1/2

γ1/2
− χ

γ
+ τRωpα

2χ + 6τRωpα
3χ3/2γ1/2Ω, (38)

and

F γ
( ) = −α

χ3/2

γ3/2
+ τRωp

2α3χ3/2

γ1/2
− α2χ2

γ

( )

+ 6τRωpα
4χ2

( −τRωpα
3χ5/2γ−1/2 + 2τ2Rω

2
pα

5χ5/2γ1/2
)
Ω

+ 2τ2Rω
2
pα

6χ3γΩ2. (39)

For given χ= Ez/E0 and α= (K/kp)χ
−1/2, the normalized

emittance, energy and energy spread are obtained by inte-
grating the coupled equations, Eqs. (35)–(37) as a function of
ζ= kp+ z, provided with the initial conditions γ0, (δγ/γ)0,
Ω0 and (dΩ/dζ)0.

5. LASER-PLASMA ACCELERATION BEYOND
1 TEV

Harnessing the state-of-the-art high-energy lasers on the
order of 10 kJ and the ongoing development of ultra-intense
lasers with the peak power on the order of 10 PW and the
pulse duration on the order of 1 ps, we explore the feasibility
of accelerating electron beams up to energies much beyond
1 TeV in a realistic scale on the order of tens of kilometers
and evolution of the beam qualities such as emittance and
energy spread at the final beam energy, using the equations
describing the beam dynamics in Section 4. Relying on the
state-of-the-art laser-plasma acceleration technologies and/
or the conventional radio frequency (RF) linac technologies,
we assume the initial electron beam with energy of 1 GeV,
relative energy spread of 1%, and bunch duration of 10 fs,
which is externally injected from a high-quality electron
beam injector into the laser-plasma accelerator stage. Ac-
cording to the scaling formulas described in Section 2, the
stage energy gain Wstage= 1 TeV can be achieved in the
stage length Lstage≈ 590 m, which is operated at the
plasma density np= 1015 cm−3. With the coupling length be-
tween consecutive stages, Lcoupl≈ 10 m, the total length per
stage is 600 m and the total linac length at the final beam
energy Eb turns out to be Ltotal[km]≈ 0.6Eb [TeV]. Making
reference to the currently ongoing large-scale collider pro-
jects such as international linear collider (ILC) and compact
linear collider (CLIC) based on RF accelerator technologies,
which reach 47 km at 1 TeV collider and 42 km at 3 TeV col-
lider, here we present the feasibility study of 10–100 TeV
class linear accelerators in the scale of 6–100 km, based on
laser-plasma accelerators. Table 1 show the underlying par-
ameters of the laser-plasma accelerator for the stage energy
gain 1 TeV, which are used as the basis for the present study.

The coupled equations, Eqs. (35)–(37), can be integrated
numerically as a function of ζ= kpz, using the Runge-Kutta
algorithm. The results of energy γ, relative energy spread
δγ/γ, normalized emittance εn, and relative radiation loss

Table 1. Example parameters of a 1 TeV laser-plasma accelerator
stage

Energy gain per stage Wstage 1 TeV
Injection beam energy Ei 1 GeV
Plasma density np 1 × 1015 cm−3

Plasma wavelength λp 1056 μm
Accelerating field Ez (χ= Ez/E0) 1.7 GV/m (0.56)
Focusing constant K/kp (α) 0.35 (0.47)
Stage length Lstage (Lcoupl) 590 m (10 m)
Charge per bunch Qb (Nb) 1.3 nC (8 × 109)
Matched beam radius σr0 (εn0) 168 μm (2622 μm rad)
Laser wavelength λL 1 μm
Laser intensity IL (aL) 3 × 1018 W/cm2 (1.5)
Laser pulse duration τL 930 fs
Laser spot radius rL 510 μm
Laser peak power PL 12 PW
Laser energy per stage UL 11 kJ
Plasma channel depth at rL Δnc/np 0.44
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rate R at the plasma density np= 1015 cm−3 are shown for
various initial normalized emittances εn0 as a function of
the acceleration distance z in Figure 1. Here the relative radi-
ation loss rate R is defined as the ratio of the radiation loss
rate to the acceleration gradient χ= Ez/E0, i.e.,

R ζ( ) ≡ 2τRωpα
3χ1/2γ3/2Ω. (40)

Figure 2 shows the evolution of these beam parameters for
the plasma densities np= 1015−1018 cm−3 as a function of
the dimensionless distance ζ= kpz. In all figures, as the
beam energy increases, keeping the radiation loss rate
small, the emittance growth initially occurs, while the relative
energy spread reduces. This behavior is attributed to conser-
vation of the total phase space volume as a result of the adia-
batic properties of the electron beam. After the emittance
growth balances with radiative damping of the betatron
motion at its maximum, the normalized emittance turns to
damping as the radiation loss rate R increases quickly until
reaching a constant rate RT= 2τR ωp α

3 χ1/2ΩγT
3/2= 2/3

at the transition energy γT, where the radiation loss rate
reaches the maximum rate R≃ RT. It is noted that the RT is
evaluated without regard to the initial condition εn0 and the
plasma density np. In the energy region γ≥ γT, as the radi-
ation loss rate is R≃ RT= 2/3, the normalized emittance is
approximately evaluated as

εn = 1
8πr2e np

γ−3/2 Ez

E0

( )
K

kp

( )−3

≈ 1.8[μm]
Ez

E0

( )
K

kp

( )−3 np
1015[cm−3]

( )−1 Eb

100[TeV]

( )−3/2

(41)

where Eb is the electron beam energy, as shown in Figures 1d
and 2d.

6. DISCUSSIONS AND CONCLUSIONS

We have carried out the feasibility study on laser-plasma ac-
celeration in the multi-TeV regime, where strong betatron
radiations dominate the beam dynamics of electrons that
lead to radiative damping of the normalized emittance, and
the energy spread as a result of synchrotron radiation due
to the focusing force in plasma wakefields. The radiative
damping effects due to betatron oscillation are quite different
from other radiative damping or cooling mechanisms such as
synchrotron radiation damping in an electron or positron
storage ring (Chao & Tigner, 1999), and the radiative cooling
via laser-electron Compton scattering (Telnov, 1997; Huang
& Ruth, 1998; Esarey, 2000; Mao et al., 2010). In the elec-
tron storage ring, the damping is caused by emission of syn-
chrotron radiation due to the uniform bending fields and by
recovering the energy loss only in the longitudinal direction.
However, the radiative energy loss limits the highest beam
energy, at which the energy loss surpasses the power of reco-
vering it. In the laser-plasma acceleration, the radiative
energy loss is proportional to the emittance and does not
surpass the acceleration gradient, indicated in Eq. (36),

dγ

dζ
= χ 1− RT( ) ≃ 1

3
Ez

E0

( )
> 0, (42)

for γ≥ γT. This implies that the beam energy can be in-
creased without limit due to the radiative loss and the normal-
ized emittance decreases without saturation. However, the
net accelerating gradient reduces to one-third of the initial

Fig. 1. Evolutions of (a) energy γ, (b) relative radi-
ation loss rate R, (c) relative energy spread δγ/γ,
and (d) normalized emittance εn for an electron
beam with the initial emittance εn0= 3, 30, 300, and
3000 μmrad, and the initial energy Ei= 1 GeV with
initial energy spread δγ/γ= 0.01, injected into the
plasma channel with density np= 1015 cm−3 as a
function of the acceleration distance z. Plotted are
numerical integrations of the coupled equations Eqs.
(35)–(37) for the accelerating field Ez= 1.7 GV/m
(Ez/E0= 0.56), and the focusing constant K/kp=
0.35 (α= 0.47).
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accelerating gradient due to the betatron radiation loss for γ≥
γT so that three times longer acceleration distance, 180 km, is
required to reach the final beam energy 100 TeV.
In a plasma focusing channel, multiple Coulomb scatter-

ing between a beam electron and a plasma ion counteracts
the radiation damping due to betatron radiation. The damping
rate of the normalized emittance is given by

dεn
dt

( )
RAD

≃ c
dΩ

dγ

dγ

dζ
= − cχ

6τRωpα3χ1/2
γ−5/2. (43)

The growth rate for the normalized emittance due to multiple
Coulomb scattering (Schroeder et al., 2010) is given by

dεn
dt

( )
SCAT

≃
ck2preZ

Kγ1/2
ln

λD
RN

( )
, (44)

where Z is the charge state of the ion, λD= (Te/4πnp e
2)1/2

is the Debye length for the plasma temperature Te eV and
RN is the effective Coulomb radius of the nucleus, which is
approximated as R≈ 1.4A1/3 fm with the mass number A.
The equilibrium emittance is obtained from balancing the
radiation damping with the emittance growth due to multiple
Coulomb scattering, i.e., (dεn/dt)RAD+ (dεn/dt)Scatter= 0.
Solving this equation with respect to γ gives an estimate of
the equilibrium energy γEQ at which the radiative damping

reaches the balance with the emittance growth as

γEQ = 16πr3e npZ ln
λD
RN

( )−1/2Ez

E0

K

kp

( )−1

= 6 × 109

(ZΛ)1/2
Ez

E0

K

kp

( )−1 np
1015[cm−3]

( )−1/2

, (45)

where Λ is calculated from

Λ ≈
1

24.7
ln

λD
RN

( )
≈ 1+ 0.047 log

Te
10 eV[ ]

neA2/3

1015[cm−3]

( )−1
[ ]

.

Thus, the equilibrium emittance is estimated as

εnEQ = 11[nm] ZΛ( )3/4 Ez

E0

( )−1/2 K

kp

( )−3/2 np
1015[cm−3]

( )−1

. (46)

For the underlying parameters of the laser-plasma accelerator
given by Table 1, the equilibrium emittance becomes εnEQ=
71 nm at γEQ≃ 9.6 × 109 (4.9 PeV) in a hydrogen plasma
with Z= 1 and A= 1.

The quantum mechanical consideration of radiation damp-
ing in the continuous focusing channel results in the mini-
mum normalized emittance (Huang et al., 1995) εnmin= ƛ/
2≃ 0.2 pm, where ƛ= h− /mc is the Compton wavelength,
which is the fundamental emittance limited by the uncer-
tainty principle, in case no other excitation sources than radi-
ation reaction are present. According to the emittance scaling
Eq. (41) in the energy region γ≥ γT, this quantum limit may

Fig. 2. Evolutions of (a) energy γ, (b) relative radi-
ation loss rate R, (c) relative energy spread δγ/γ,
and (d) normalized emittances εn of electron beams
with different plasma densities of 1015 cm−3, 1016

cm−3, 1017 cm−3, and 1018 cm−3, respectively, as a
function of the dimensionless acceleration distance
ζ= kp z. The initial conditions of beam energy, nor-
malized transverse emittance and energy spread are
γ0= 2000, εn0= 3000 μm rad and δγ/γ= 0.01,
respectively.
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be achieved at the electron energy Eb= 2.4 × 1019 eV for
np= 1015 cm−3.
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