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This paper investigates the global well-posedness of a class of
reaction—advection—diffusion models with nonlinear diffusion and Lotka—Volterra
dynamics. We prove the existence and uniform boundedness of the global-in-time
solutions to the fully parabolic systems under certain growth conditions on the
diffusion and sensitivity functions. Global existence and uniform boundedness of the
corresponding parabolic—elliptic system are also obtained. Our results suggest that
attraction (positive taxis) inhibits blowups in Lotka—Volterra competition systems.
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1. Introduction

This paper is concerned with the global existence and boundedness of (u,v) =
(u(z,t),v(z,t)) to reaction—advection—diffusion systems of the following form

ug = V- (D1(u)Vu+ xé(u) Vo) + (a1 — biu® — civ)u, = € Q,t >0,

v = Do Av + (ag — bou — cov)v, e Qt>0,

(1.1)
gu — Qu _g, z eIt >0,
u(z,0) = up(z) = 0,v(x,0) = vo(z) >0, x € .
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Here © is a bounded domain in R, N > 1 with a piece-wise smooth boundary
09 endowed with unit outer normal n. a;, b;, ¢;, i = 1,2, Dy and y are positive
constants, while D; and ¢ are C?-smooth functions of u. Moreover, we assume
there exist some positive constants M;, m;, ¢ = 1,2, such that

Dy(u) =2 My(1+u)™, Vuz=0, (1.2)

and
0 < p(u) < Mau™2, Yu>=0. (1.3)

System (1.1) can be used to model the evolution of population distributions of
two competing species subject to Lotka—Volterra dynamics. Consider two species
with population densities being u(z,t) and v(x,t) at location z € Q and time ¢t > 0.
Diffusion describes the random dispersal of the species as an anti-crowding mech-
anism and it is taken to be spatially local and against the direction of population
gradient of the focal species. Moreover such anti-crowding motion changes with
respect to the variation of the population density, and therefore we assume that D,
is a function of w, while D5 is chosen to be a positive constant for the simplicity
of our analysis. The advection x¢(u)Vuv, or the cross-diffusion, accounts for the
directed dispersal due to the population pressure from competing species v, and it
is along with the direction of population gradient Vu. In (1.1) the function ¢(u)
interprets variation of the advection intensity with respect to population density wu.
The population kinetics are assumed to be of Lotka—Volterra type.

The initial step to understand the spatial-temporal dynamics of (1.1) is to study
its global well-posedness. It is the goal of this paper to study the effects of growth
rates m; and decay rate «, although far from being well understood, on the global
existence and uniform boundedness of this system. Our first main result reads as
follows.

THEOREM 1.1. Suppose that Q@ C RN, N > 2, is a bounded domain. Assume that
the smooth functions Dy(u) and ¢(u) satisfy (1.2) and (1.3), respectively, with

Z, if 0<a<l,
mo —mq < 3N + 2 Zf o> 1 (14)
N(N +2)° -

then for any nonnegative (ug,vo) € C(Q) x Wh(Q), there exists at least one cou-
ple (u,v) of nonnegative bounded functions each belonging to C°(Q x [0,00)) N
C?1(Q x (0,00)) which solves (1.1) classically. Moreover if (ug,vo) € WFP(Q) x
WkP(Q) for some k > 1 and p > N, the bounded solution above is unique.

By a different approach we are also able to prove the following result under a
condition different from (1.4).
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THEOREM 1.2. Suppose that all conditions in theorem 1.1 hold except that (1.4) is
replaced by

max{a, mi} + %, if 0<a<l,

1.5
max{a,ml}—i—ﬁ, if a>1, (1.5)

2m2—m1<{

then all the conclusions in theorem 1.1 hold, i.e., the solution to (1.1) is unique,
global and uniformly bounded in time.

In the absence of advection, for example when D;(u) = Dy, x =0 and a =1,
(1.1) reduces to the following diffusive Lotka—Volterra competition model

uy = D1Au+ (a3 — byu — c1o)u, re, t>0,
v = Do Av + (ag — bou — cov)v, zeQ, t>0,
u=gu = 0, xed, t>0,

u(,0) = up() > 0,0(x,0) = vo(z) >0, =€ L.

Thanks to the standard parabolic maximum principles, it is quite obvious that the
solution (u,v) to (1.6) exists globally and is uniformly bounded [10, 11]. It is also
known that the positive homogeneous solutions (@, v) is the global (exponential)
attractor of (1.6) in weak competition case by/be > a1/az2 > c¢1/co [11,13], and
(1.6) does not admit nonconstant stable steady states when € is convex [19] or one
of the diffusion rates D; is large [13,28]. On the other hand, the system admits
nonconstant positive steady states when 2 is non-convex (e.g., of dumb-bell shaped)
in the strong competition case by /bs < a1/as < ¢1/cq, with properly chosen (small)
diffusion rates [34-37]. See [28,29,47] for further discussions on (1.6).

Though it is not entirely unrealistic to assume that mutually interacting species
disperse over the habitat purely randomly, from the viewpoint of mathematical
modelling, it is interesting to incorporate advection or cross-diffusion into system
(1.6), which accounts for the dispersal pressure due to population gradient of the
intra- and/or inter-species. On the other hand, one of the most interesting phenom-
ena in ecological evolution is the well-observed segregation of competing species,
i.e., some regions of the habitat are dominated by one species and the rest by the
other; however, in most cases system (1.6) inhibits the formation of nontrivial pat-
terns such as boundary spikes, transition layers etc., which can be used to model the
aforementioned segregation. For this purpose, the following model with advection
was proposed and studied in [47]

up = V- (D1Vu+ xuVo) 4+ (a1 — bju — civ)u, z €Q, t >0,

vy = Do Av + (ag — bau — cov)v, zeQ, t>0,

(1.7)
gu— gu _g, T €A, t>0,
u(z,0) = up(z) = 0,v(z,0) = vo(z) >0, x € Q,

where all the parameters are positive constants. Global existence and boundedness
of the fully parabolic system are obtained in [47] when €2 is one-dimensional and of
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its parabolic-elliptic counterpart when  is multi-dimensional and x/Ds is small.
Steady-state bifurcation is performed to establish the existence and stability of its
nonconstant stationary solutions. Moreover, it is shown that (1.7) admits transition-
layer steady states when y and 1/ D5 are sufficiently large. These nonconstant steady
states can be used to model the aforementioned segregation phenomenon. Recently
it is proved in [39] that extinction through competition does not occur in (1.7) out
of small initial data in the weak competition case. Global existence and nonconstant
steady states of (1.1) with sublinear sensitivity are obtained in [50] when  is a
multi-dimensional bounded domain.

In this work, we extend (1.7) to the more realistic and general model (1.1) with
nonconstant diffusion by assuming that the random dispersal rate of species depends
nonlinearly on the population density of the focal species u. Moreover, the density-
dependent sensitivity means that the advective velocity of species u varies with
different population density. By nonlinear diffusion and sensitivity, we are able to
use (1.1) to describe population-induced dispersal in ecological applications. Here
for the simplicity of our analysis and to focus the interplay between m; and « on
our results, we always assume that D is a positive constant.

We would like to mention that (1.1) serves as a prototype for reaction-diffusion
systems with cross-diffusion modelling population pressures created by the competi-
tions. For example, Shigesada, Kawasaki and Teramoto [40] proposed the following
system in 1979 to model the segregation phenomenon of two competing species

uy = A[(dy + priu+ p1av)u] + (a3 — byu — cyv)u, x € Q, t >0,
vy = Al(da + p21u + p22v)v] + (ag — bou — cov)v, x €Q, t >0,

(1.8)
%:%:07 €09, t>0,
u(z,0) = ug(z) 20, v(x,0) =vo(z) >0, r e,

which takes into consideration both self-diffusions pi1,p22 and cross—diffusions
P12, p21- (1.8) has received adequate attention over the past few decades since
its appearance and a great deal of effort has been devoted to studying its global
well-posedness [8,9,27,30,41,44,45,56] and positive steady states [20-22, 28,
29,31, 33, 38,48, 55]. To compare (1.8) with (1.1), we assume that pa; = pas =0
and rewrite it into the following form

up = V- [(dy + 2p11u + p12v)Vu + p1auVo)
+(a; — byu — c1v)u, e, t>0,
vy = do Av + (a2 — bau — cov)v, e, t>0, (1.9)
%:%:07 red, t>0,
u(z,0) =up(x) 20, v(zr,0)=v9(z) >0, zec.

It is proved in [30] that when space dimension N = 2, if ug, vg € Wk for some
k > N, then (1.9) has a unique global solution which solves the system classically.
As can be easily seen, this global existence result can be rediscovered by both
theorems 1.1 and 2.1 since (1.9) is a special case of (1.1) with my =m; = a =1,
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for which (1.4) and (1.5) obviously hold. Moreover our results show that the global
solutions are uniformly bounded in time which was not available in [30].

Another example is the following model proposed in [5, 6] to study the dispersal
strategies leading to ideal free distribution of populations in evolutionary ecology

ug =V - (d1Vu—xuV(im —u—v))+(m—-—u—v)u, x€Q, t>0,

vy = doAv +1r(m —u — v)v, xreQ t>0,

ou v (1.10)
8711:%_0’ $6697t>0,

u(z,0) = up(z) = 0,v(x,0) = vo(z) >0, x €,

where dy, da and x are positive constants. m = m(x) € C?*T7(Q) and m(z) > 0 in
Q. Lou et al. [32] studied the bounded classical global solutions to the following
system over multi-dimensional domain N > 1. We note that (1.10) can be rewritten
as

ur = V- ((d1 + xu)Vu + xuVo — xuVm) + (m —u —v)u, = €Q, t>0,

vy = doAv +r(m —u —v)v, xeQ, t>0,
on=on=0 T €I, t>0,
u(z,0) = up(x) >0, v(z,0) =ve(x) >0, x €,

hence it is a special case of (1.1) with my; =my =a =1 and the global well-
posedness follows from theorem 1.1 or theorem 1.2. We refer to [4,7,12,14,16, 18,
24-26,42] and the references therein for works on global existence of cross-diffusion
systems.

We would like to mention that (1.1) is very similar to the nonlinear diffusion
Keller—Segel models of chemotaxis, which describes the directed movements of cel-
lular organisms in response to chemical stimulus. In particular, the chemotaxis is
attractive if the cells move towards high concentration of the chemical (e.g., sugar,
nutrition) and chemotaxis is repulsive if the cells move against the chemical concen-
tration (e.g., poison, hazardous materials). It is also necessary to point out that the
logistic growth in Lotka—Volterra dynamics, which inhibits solutions from blowing
up within a finite or infinite time for purely diffusive models, might not be sufficient
to prevent blowups when advection or chemotaxis is present. For example, Le and
Nguyen [28] gave an example of finite-time blowup solutions to a cross-diffusion
system subject to Lotka—Volterra dynamics. See [23,53,54] for counterexamples
for chemotaxis models with logistic growth, and [3,17,43,46,49,57,58] for the
works on chemotaxis models with nonlinear diffusions.

The rest part of this paper is organized as follows. In § 2, we present the existence
and important some important properties of the local in time solution to (1.1). In
§ 3, we establish several a priori estimates which are essential for the proof of theo-
rems 1.1 and 1.2. Finally in § 4, for parabolic-elliptic system of (1.1) with repulsion,
we prove its global existence and boundedness in theorems 4.1 and 4.3 under milder
conditions on m; and « than (1.4) and (1.5); moreover for parabolic-elliptic of sys-
tem (1.1) with attraction (i.e., change x to —x), we prove in theorem 4.5 that the
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solutions are global and bounded for as long as one of m1, my and « is nonnegative.
Our results indicate that, unlike Keller-Segel models in which chemo-repulsion is
a smoothing process, population repulsion destabilizes the spatially homogeneous
solution of Lotka—Volterra competition systems (see e.g., proposition 2.1 in [47]).

2. Local existence and preliminary results

The mathematical analysis of global well-posedness of (1.1) is delicate since the
maximum principle does not apply for the u equation. However, the local well-
posedness follows easily from the fundamental theory developed by Amann [2] and
the standard parabolic regularity theory.

PROPOSITION 2.1. Let Q be a bounded domain in RN, N > 1. Let a;,b;,c;, a, Do
be positive and suppose that Di(u) and ¢(u) are C? smooth functions and they
satisfy (1.2) and (1.3) for positive constants m; and M;, i = 1,2. Assume that for
somep > N and k > 1, (ug,vo) belongs to (WFP(Q))? and ug,vo =, # 0 in Q. Then
there exist Tiax € (0,00] and a unique couple (u,v) of nonnegative functions from
COQ % [0, Timax)) N C?H(Q x (0, Timax)) solving (1.1) classically in Q x (0, Tyax)-
Moreover u(z,t) = 0 and v(z,t) 2 0 in Q x (0, Tax) and the following dichotomy
holds:

either  Thax =00 0or Thyax < 0o with limsup |[u(:,t)|[f=@) =o00.  (2.1)
t/Trax

Next we collect some properties of the local solution.

LEMMA 2.2. Let (u,v) be a nonnegative classical solution of (1.1) in Q x (0, Tynax)-
Then the following statements hold true:

(i) there exists a positive constant C such that
/Qu(x,t) de < C, Vte (0,Thax) (2.2)
and
0 < v(z,t) < max {Z ||v0Lm(Q)} .V (2,8) € Ux (0, Toae); (23)

(i1) for each s € [1,(N/(N —1))), there exists Cs > 0 such that

||U(-,t)||W1,s(Q) <Cs, Vite (0, Thax); (2.4)

moreover if u € LP(Q) for some p € [1,00), there exists a positive constant C
dependent on ||vol|Laq) and |Q| such that

lv(, Ollwraq) < C(l + Sl(lp) ||u('7‘9)”L1’(Q))> Vit>0, (2.5)
s€(0,t

where ¢ € [1,(Np/(N —p))) ifp€ [1,N), g€ [1,00) if p=N and ¢ =0 if p > N.
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Proof. First of all, we can derive the nonnegativity of wu(z,t) and (2.3) by the
standard parabolic maximum principles and Hopf’s boundary point lemma. To
show (2.2), we integrate the u-equation in (1.1) over Q to get

d
—/u:al/u—bl/uo‘ﬂfcl/uvgal/ufbl/uo‘ﬂ. (2.6)
dt Jo Q Q Q Q Q

After applying Young’s inequality (ay + 1) [, u < by [, u®*! + Co for some positive
constant Cq, we obtain from (2.6) that

d
- <C
T Qu—i-/Qu

and solving this differential inequality by Gronwall’s lemma leads us to (2.2).

To prove (ii), we observe that (2.4) is a special case of (2.5) with p =1 and
therefore we shall only verify the latter. To this end, we write the following abstract
formula of v

t
U(,’t):eDQ(AA)tUOJF/ eP2(A=1(=) (Do (., 5) + g(ul-, 5),0(-, 5))) ds,  (2.7)
0

where g(u,v) = (ag — byt — cov)v. Thanks to the LP—L? estimates between semi-
groups {e/2};>0 (e.g., lemma 1.3 of [51]), we can find positive constants Cy;, Caz
and Cs3 such that

[oCs 8)llw.a

t
_ HeDQ(Aq)tUO Jr/ oD2(A-1)(t—5) (Dav(-,8) + g(u(-, 5),v(-,5))) ds
0

Wla

< Corljvo|| e

t
+Cyy / e D2 (t=3) (1 4 (¢ — )~ W/2D=W/2A/P) =/ D)) (||lu(-, 8)| Lo + 1) ds
0

t
< Oy +023/ o Davt=5) (1 4 (¢ — 5)~ (/D =(N/D(O/D)~ /D)) |y(-. 8) | v ds
0
< Oy
t
Cos </ eD2u<ts>(H(t5)<1/2><N/2><<1/p>(1/q>>)d5) sup |[u(-, )| zr,
0 s€(0,t)
(2.8)

where v is the first Neumann eigenvalue of —A. On the other hand, under the
conditions on ¢ behind (2.5) we have

t
sup / =D (=5) (1 4 (¢ — 5)~(/D=WV/A(/P)=(1/a)) dg < oo,
0

te(0,00)

and therefore (2.5) follows from (2.8). O
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According to (2.4) in lemma 2.2, || Vv (-, ¢)|| - is bounded for s € [1, (N/(N — 1))).
Therefore for N = 1, one has the boundedness of ||Vu(-,t)||Ls for each fixed s €
[1,00). By the standard Moser—Alikakos iteration we can easily prove the global
existence and boundedness in theorems 1.1 and 1.2. Therefore, in the sequel we
shall focus on N > 2 for which one has the boundedness of ||Vv( t)||rs for each
fixed s € [1,(N/(N —1))). We want to point out that N/(N —1) < 2if N > 2 and
our next result indicates that s = 2 can be achieved if a > 1.

LEMMA 2.3. Suppose that a > 1, then there exists a positive constant C' such that
||VU(-,t)||L2(Q) <C, Vte (0,Tmax) (2.9)

Proof. Testing the v-equation in (1.1) by Av and then integrating it over Q by
parts, we have

2

th/ |Vl /Vv Ve

:/Vv V[D2Av + (ag — bau — cov)v]

:7D2/ \Av|2+a2/ Vo2 + /bgU’l}A’U*?CQ/’U|V’U|2

Q
0y [ 1o b [ o+ 2 [ 22 s
——2/ \Av|2+a2/ |Vv|2—|—,u/uz7 (2.10)
2 Ja Q Q

where p = (b§||v||2Loo(Q))/2Dg and Cyy is a positive constant. By Sobolev interpo-
lation inequality and in light of the boundedness of ||v||;(q), we obtain that for
positive constants Cas and Cag

1 Do
(a2+2>/ ‘V’U|2 /|AU| +025/ 7/ |A’U| + Cas.
Q

Multiplying (2.6) by 2u/b; and then adding it to (2.10), we have
d [ 2p 1 9 Zu/ 1 9
dt(bl/u+2 |V11|>—|—<b1 u+2 |Vl
2
\(al,u/ —N/ OHrl)*‘/i(/u —/ a+1>+027 Cas,

where Cy7 and Cag are positive constant, and therefore ||Vv|z2 is bounded for all
t € (0, Tinax) as desired. O

N

N

3. Parabolic—parabolic system in multi-dimensional domain

According to lemma 2.1 and (2.3), in order to prove theorems 1.1 and 1.2, it is
sufficient to show that [u(-,?)|r=(q) is bounded for € (0, Tiax) and therefore
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Timax = oo and the solution is global. Indeed we will show that ||u(-, )| 1 () is uni-
formly bounded in ¢ € (0, 00). To this end, it is sufficient to prove that [|u(-, )| z» (o)
is bounded for some p large according to (2.5). For this purpose we will give a com-
bined estimate on [, u? + [, [Vo|*? for both p and ¢ large based on the idea recently
developed in [32,43, 52| etc. That being said, we will first prove the boundedness
of [, u” in terms of a functional involving [, [Vv[?? in lemmas 3.1 and 3.2. Choos-
ing p > N, one obtains from (2.5) the boundedness of ||v||y1., and then that of
lu|| o easily follows from the standard Moser—Alikakos LP-iteration in [1].

3.1. A priori estimates

For any p > 2, we multiply the u-equation in (1.1) by u?~! and then integrate it
over () by parts

pdt/up—/ P17 . (D1 (u)Vu)
+ /Q uP7IV - (xp(u) V) + /Q uP (a1 — bu® — c1v)
= ==1) [ Dy vl = (o= 1) [ ot Ty

—|—/ uP (a1 — byu® — c1v). (3.1)
Q
In light of Dy (u) > M;(1 4+ u)™ > Myju™!, we have

p— 1)/ Dy (u)uP~2|Vul? = M (p — 1)/ uP T2 |y 2

Q
4N (
= 17/ |VuPtm)/2)2, (3.2)
(p+ma)
where the identity follows from
T = o T,
1

Moreover, Young’s inequality implies
—(p— 1)/ xo(u)uP~*Vu.Vu
Q

My(p—1 “p—1
< M/ w2 vy w/u”_ml_zﬁ(u)\vﬂz
Q

2 2M,
2M; ( M.
< piml /\V p+my /22 X 22]5/[1 )/Slupm1+2m22|vv|2 (3_3)

and

1
(*)/ “pgb*l/ e+ Ca, (3.4)
p Q 2 Jo
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where Cj is a positive constant dependent on p. Thanks to (3.2), (3.3) and (3.4),
we have from (3.1)

ld/ p+1/ p+2M1 /|v (p+m1)/2|2 bl/up+a
pdt pJo (p+ma)? Q

2M2 -1
< W/ WP G2 L (3.5)
2M, Q

On the other hand, for any ¢ > 1, we have from the v-equation in (1.1)

2th/ |vu|2q—/ Vo[22V - Vo

I

:Dg/ |Vo[*2Vv - VA
Q

I

+ / |Vo[2472V0v - V[(ag — bou — cv)v]. (3.6)
In light of the identity i
Vov-VAv = %A|Vu|2 — |D?v)?,
we first estimate I; in (3.6) through

D
L :72/ |Vv|2‘1‘2A\Vv|2—D2/ IVo[20-2| D22
Q

f& 2q723|vv| D2/ 2g—2 2
== /89|Vv\ o 5 V|Vl - V|V

_DQ/ IV0|29-2| D20|2
Q

I11 I
D d|Vul? —1)D 2
_ 72/ |V’U‘2q_2 |VU| o (q ) 2 / ‘VU|2Q—4‘VIV’U|2‘
2 o0 on 2 O
I3
—Dg/ IVo[20-2| D202 (3.7)
Q

To further estimate I;, we invoke the inequality 9|Vv|?/dn < Cqo|Vv|? (e.g.,
inequality (2.4) in [17] due to [15]) with C being a positive constant depending
only on the curvatures of 92 to deduce

D2 20—2 3|VU|2 DQCQ / 9 9
[ = —= \V4 q - 1 g \V4 q.— (! v q ) 3.8
H 2 /(99 Vol on 2 00 Vol all [Vl HL2(aQ) (3.8)

By taking r € (0,1/2), we have from (1.9) in [17] that the trace embedding
Wr+(/2):2(Q)(— Wn2(9Q)) — L*(0N) is compact and therefore there exists a

https://doi.org/10.1017/prm.2019.10 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2019.10

2332 Q. Wang, J. Yang and F. Yu

positive constant C3o such that
H|Vv|q||L2(BQ) 032|||vvlq||wv+(1/2)2(9)

Let hy € (0, 1) satisfy

L gt (1)

or

_(a/s) = ((1/2) = (1/2N) = (¢/N) _ (1
=T s — (@) — (V) e(r+y)

where we choose some s € [1,(N/(N —1)))if o < 1 and s =if a > 1, then we invoke

the fractional Gagliardo—Nirenberg interpolation inequality to deduce

V0l rrar2.2 () < CasllVIVOIIES ) 11 V01 2 i ) + Caall Vol

L/q

< O35/ VI V0|73 ) + Co

where we have applied the fact that ||Vo|

Ls/a(Q)

(3.10)

s is uniformly bounded. In conjunction

with (3.9) and (3.10), we apply Young’s inequality and the fact that hy < 1 in (3.8)

to obtain

Iy < 2000 (CE | VI V0|7 22t + Co)
(q - 1)D2

q2

N

2
/ ‘V|W|q‘ + Oy
Q
where Cj37 is a positive constant. To further estimate I;5, we note that

2
|w24—4]vm|2\ -

then

2= =5
q Q

Substituting (3.11) and (3.12) into (3.7) gives us

— 1D 2
L <—(qqz)2/ ’V|W\q( —DQ/ |Vv|2972| D%v|? + Css.
Q Q
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To estimate I, we obtain from the integration by parts

I, = / |vv|2q72vv - V[(ag — byt — cov)v]
Q
=- / (a2 — bau — c20)vV - (|Vo]*12Vv)
Q
== / (a2 — bau — cov)v|Vo* 2 Av
Q

—(¢g-1) / (ag — bau — cov)v| Vo214V |Vo|? - Vo
Q

Iz Iz

= —/ (ag — cov)v| Vo[22 Av — (¢ — 1) / (ag — cov)v| Vo241V |Vo|? - Vo
Q Q

I3 T4
+ bg/ wv|Vo*T2Av + (g — 1)b2/ w|Vu|* T4V |Vo|? - V. (3.14)
Q Q
Moreover we apply Young’s inequality to have
D N
—Isn < ﬁ o Vo172 Avf® + 2D, Q(a2 — c0)?0?| Vo272
D
< 72/ |Vu|24=2|D%v|? + 039/ |Vo|22, (3.15)
Q Q

where C3g is a positive constant and the second inequality comes from |Av|? <
N|D?v|?. Similarly we have

_1\D 2
Iy < u/ Vo4V |Vof| +0310/ Vo[20-2, (3.16)
16 Q Q
D
o < 22 [ [VoPTRD 4 Can [ Vo2, (3.17)
2 Q Q
and
~1\D 2
Iy < %/ |Vv\2q*4’V|Vv\2‘ +CB12/U2‘VU|2IJ72, (3.18)
Q Q

with positive constants Cs19,C311 and C3z1o. Collecting (3.15)—(3.18), we infer from
(3.14)

— 1D 2
I <D2/ |Vv|2q_2|D2v|2—|—(q%/ \w?q—‘*\vwm?]
Q Q

+ (039 + 0310)/ ‘VU|2q_2 + (0311 + 0312)/ u2|Vv|2q_2
Q Q

— 1D 2
:Dz/ Tope2| 2o 4 U LD 2) 2/ ]wvmq
Q 2q Q

T (Cso + Cano) / Vo202 4+ (Cary + Caz) / PV (3.19)
Q Q
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Combining (3.19) with (3.13), we have from (3.6)

2th/' o< _)2/9

+ (Cs11 + 0312)/ Uz|vv|2(ﬁ2 + Cg
Q

+ (039 + 0310)/ |V”U|2q_2
Q

or equivalently

— / VP + / Vol /

< 0313/ |Vv|2‘1 =+ 0314/ uz\Vv|2q*2 + 038, (320)
Q Q

where (313 = C39 + C310 + (1/2(]) and C314 = C311 + C312. Using Gagliardo—
Nirenberg interpolation inequality we estimate

0313/ |Vv|2q—0313H|VU| ‘

2(Q
2(1—hs)
0315HV|VU|(1’ H| ’U|q‘ + 0315H|VU‘ ’
L2(Q) Ls/9(Q) L#/4(Q)
(q—1)D q
< THV|W| oy T O (3.21)
thanks to
(¢/5) = (1/2)
he = € (0,1),
P - /) >
and the boundedness of || \Vv|q\|%s/q(m I in (2.4).
Again, thanks to Young’s inequality, (3. 20) and (3 21) imply
2q 2q
i Lot o [wopes L2082 [ lgwep
< C314/ u2\VU|2q_2 + Cs17. (322)
Q

Finally by collecting (3.5) and (3.22) we conclude

d 1/ b, L 2) (1/ 2)
+— | |Vou]*T) + up—|—— V|
dt( Q 2‘1 | | P Ja 2q | |

2M (p (p+m1)/22 (¢ — /‘ q b7/ pta
" (p+m1 /'v "+ 42 Vivel 2 Jo"
I3 I3z
XM (p —

X

1
)/ltp_"‘1+2’”2‘2|VvI2+Cg14/“2\Wl2q_2 +Cs17. (3.23)
2M, Q Q
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LEMMA 3.1. Let (u,v) be a positive classical solution of (1.1) in Q x (0, Tyax)-
Suppose that my and my satisfy condition (1.4). Then for large p and q there exists
a positive constant C(p,q) such that

/up+/ IVu?* < C(p,q), Vt€ (0, Tax)- (3.24)
Q Q
Proof. For the consistency of notation we denote
AM=p—mi+2ms—2, X =2, (3.25)
and
K1 =2, ko =2(q—1). (3.26)

Let p; > 1 be an arbitrary real number and pf := p1;/(p; — 1) be its conjugate, then
we can apply Holder’s inequality to estimate I3; in (3.23) by

1/ 1/py
o< ([[armmmnn) ([ )
Q Q
1/ 1/py
= (/ u)\l#l) . (/ |vvn1#’1>
Q Q

1/p2 1/p
I3y < (/ u2#2> . (/ |V,U2(q1)l/2>
Q Q
1/p2 1/
= (/ u)«zuz) . (/ V,U|rc2#,2> ,
Q Q

which can be simplified as

1/#1‘
we(fee) ([
Q Q

By Gagliardo—Nirenberg interpolation inequality, there exist positive constants
0318 and 0319 such that

1/
()l
Q

< 0318Hvu(p+m1)/2

and

N /A
w,.) . i=1,2. (3.27)

2X;i/(p+ma)

L2>\wi/(P+M1)(Q)

2X;/(p+ma1)-hs; 2Xi/(ptma1)-(1—hs;)

: Hu<p+m1)/2‘

L2(Q)
2X;/(p+ma)

L2/(p+77I1)(Q)

(p+m1)/2
. CSlSHU L2/ (p+m1) ()

2X;/(p+m1)-h3i
< 0319HVU(P+m1)/2 o 1+ Oa10 (3.28)
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with
hay = ((p+m1)/2) = ((p+ m)/2Xip;) (3.20)
((p+m1)/2) — ((1/2) — (1/N))
and
, 1/#; ki/q
([Lrvom) ™ = roor],
O L“z#i/Q(Q)
Ki/q-hai Ki/q-(1—ha;)
< C320HV|V’U|Q . H‘V’U|q
L2(Q) Ls/a()
e H|v o
320 v Lera@)
Ki/q-hai
< nglHVIVvlq + C21 (3.30)
L2(Q)
with
_ 1
hyi = (a/s) = (a/wips) (3.31)

 (afs) = ((1/2) = (1/N))’

where we have used in (3.28) and (3.30) the boundedness of |lul|;: and ||[Vv||Ls
from (2.2) and (2.4) respectively.
We now claim that there always exist u; > 1, ¢ = 1,2 such that

2hips Kil;

> 1, >1, 0<hg, hy<l1 3.32
p+m q ° * ( )
and under condition (1.4)
2\ Ai — (1/ i)
s 4, . I 7 + —-h i —
Jilb ) o= ey s M = G 2) = (1/2) = (1))

L s/~ (/)
(¢/s) — ((1/2) = (1/N))
On the other hand, we recall that if o + 3 < 2, then for any € > 0 there exists
C. > 0 such that (z® 4+ 1)(y” + 1) < e(2® + y?) + C. for any x,y € RT. Therefore,
if conditions (3.32) and (3.33) hold, we can have

1/2-(2X; /(pt+m1))-hs;
I3; < (/ |Vu(p+m1)/2|2>
Q

o\ 1/2:(ki/q) (1—hss)
. (/ HVlV’U‘qH > +0322
Q

2
e/ |Vu(p+m1)/2|2+e/ ‘V|Vv|q‘ + Caga. (3.34)

<2 (3.33)

Combining (3.23) with (3.34), we conclude that

jt( /Q /IWIQ“> ( /up+—/ |Vv|2q> <C(p,q)  (3.35)
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for all ¢ € (0, 00). Then we can apply the Gronwall’s lemma on (3.35) to show (3.24).

Now in order to complete the proof of lemma 3.1, we only need to verify (3.32) and
(3.33) claimed above in order to apply the Gagliardo-Nirenberg-Sobolev inequality.
First of all, we see that (3.32) is equivalent as

1 1 p+m 1 1 q
S <land - — — < L <1,
2 NS oum S MITN Sma
which, in view of (3.25) and (3.26), become
11 p+m 1 1 ¢
L <1, ———<-L <4 3.36
2 N 2(p—mi+2me—2)uy 2 N o 2u ( )
and
1 1 p+m 1 1 q
S < <1, —-—<—1 < 3.37
2 N A 2 N " 2q-1)u (3:57)

In the sequel we choose p1 := u1(q) = ¢/(qg—1) and ps := p2(p) = p/2, and then
it is easy to see that (3.36) and (3.37) hold for large p and q.

Finally we are left to prove that f;(p,q,s) < 2 in (3.33) which, in light of (3.25)
and (3.26), are

o mt2me—2— () (2/5) — (1)
Iile0:9) = ) — (@ — V) T (@l — (2) — () 2

and
2~ (1/pn) (g —1)/5) = (/) _,

J2(P4:8) = 2 = (1/2) = /) (afs) = ((1/2) = (/N))

By straightforward calculations we see that f1(p,q,s) <2 and fa(p,q,s) < 2 are
equivalent as

() (G v) @39
and
‘g, (p+2m1_(;_]lv>)+<;_;f>, (3.39)
where
G =Gpgs):= mi — ms —il(/ls/)Z)_-il(/lill;\/})(iq()l)/Qﬂl ) !
and

(1/5) + (1/2p5(p, 9)) = ((1/2) = (1/N)) _
1 —(1/2p2(p, q)) '

We want to mention that the denominator in ¢y is positive under condition (1.4).

CQ = CQ(p7Q7S) =
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Note that we choose 1 = q/(¢ — 1) and 2 = p/2 and our discussions are divided
into the followings: case (i). 0 < o < 1 and therefore s € [1,(N/((N —1))). Then

CQ(OO,OO,N/(N— 1)) _Cl(OO7OO7N/(N_1))
11 /1 1 1- (1/N)
(1_N+2_ <2_N>) T mg—mg + 1+ (1/N)

__mi—my+(2/N)
~ mp—ma+ 14 (1/N)

> 0.

This implies that, by the continuity of (;, we can always choose p* and ¢* large
and s* smaller than but sufficiently close to N/(N — 1) such that ((p*, ¢*, s*) >
C1(p*,q*,s*), therefore both (3.38) and (3.39) hold for such (p*,q¢*,s*) hence
fl(p*a q*v S*) <2

case (ii). @ > 1 and therefore s = 2. Then

my —mg + (3N +2)/(N(N +2)))
(i —ma + 1+ (/) ((1/2) + (1/N))°
Similar as in case (i) we have that (2(p, q,2) > (1(p, ¢, 2) hence f;(p, q, s) < 2 when

p, q are large. In both cases (3.33) holds for large p, ¢ under condition (1.4) and
this completes the proof of lemma 3.1. |

Ca(00,00,2) — (1(00,00,2) =

In the following lemma, we estimate I3; and I3o by using Young’s inequality
instead of Holder’s as in lemma 3.1. We shall see that « plays an important role in
a priori estimates.

LEMMA 3.2. Suppose that

2 .
I N 0 < < 1,
Sy —my <  dasmit oy ] iFo<a (3.40)
max{a,m1}+—N+2, if a>1,
then for large p and q there exists a constant C(p,q) > 0 such that
/ uP +/ |Vou[?? < C(p,q), Vte(0,00). (3.41)
Q Q

Proof. First of all, we invoke the Gagliardo—Nirenberg interpolation inequality

L = e 2 g

m hs m 2(1—=hs
< 0323||vu(p+ 1)/2||2Lz(9) : Hu(p+ 1)/2||L(2/(P+7211>(Q)

+ CagafulPtm)/2 Hi2/(p+m1)(ﬂ)
< 0324||vu(p+m1)/2||2£5(9) + Cs04, (3.42)

where we have applied the fact that ||ul|z: is bounded and

((p+m1)/2) - (1/2)
((p +m1)/2) = ((1/2) = (1/N))

hs = S (0, 1).
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By Young’s inequality, there exists a positive constant C3o3 such that in (3.23)

X2M22(p - 1) Iy < bil (up7m1+2m272)(p+max{a,m1})/(p7m1+2m272)
2M, S 4 g

+C325/ |VU‘2'(P-‘rmax{%mﬂ)/(max{a,ml}+m1—2m2+2)
Q

_h

p+max{a m1}+0325/ |VU|91 (343)
T4 g

and

0314132 Zl/ p+max{a,m1})/2
0326/ | Vo[ 2@ (prmax{ami})/ (p+max{am}-2)
Q
b
- Zl/ wr o) 4 Cgg / Vo]%, (3.44)
Q2 Q

where we denote

2(p + max{a,m1})
max{a, my } +myg — 2mg + 2

01:=61(p,q) = (3.45)
and

2(q — 1)(p + max{a, mi })
p+max{a,mi} —2

02 == 02(p, q) = (3.46)

We want to mention that 6; are well-defined since max{a,mi} > 2mg —mq — 2
thanks to (3.40). Substituting (3.43)—(3.46) into (3.23), we derive

d
—_ A 29 A 2q
dt(/ + /VU|> (/u+ /|Vv|)
(g —1)Dy q
A /Q’VIWI ‘
<0325/ |Vo|® +C326/ IV|? + Cs7. (3.47)
) Q

According to Gagliardo—Nirenberg interpolation inequality, we have for ¢ = 1,2

0. Gt/q
Vol = H|W|q
Q L9i/4(%)

<C HV|V |q (0i/q)hei |V |q‘ (0:/q)(1—he:) LC H|V |q

S Uasa2s v L2(Q) v Le/a(q) 328 v Le/a(@)
(0:/a)he:

< C'329HV|VU|(I‘ 3305
L2(Q)
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where we have applied the boundedness of || V|

B L (¢/s) — (q/0s)
hei == hei(p,q; ) = (q/s) _ ((1/2) — (1/N))

Ls(Q) and

Denote
0;
9i(p; q; 5) = ghei(p,q;S)-

We claim that under condition (3.40) there exists p and ¢ large such that the
followings hold

0 < hei(p,g;8) <1 and 0<gi(p,q;s) <2. (3.48)

Assuming (3.48), we conclude from Gagliardo—Nirenberg interpolation inequality
and Young’s inequality that for any € > 0

/ Vo
Q

Substituting (3.49) into (3.47), we can easily derive that

2
0;
<e

V| Vol +C.. (3.49)

L2()

Yy (t) + y(t) < Csas,

by setting y(t) := (1/p) [ u? + (1/2¢) [, [Vv[*? and solving this inequality by
Gronwall’s lemma gives rise to (3.41).

Now we need to verify the inequalities in (3.48), which by straightforward
calculations, are equivalent as

Hi S
0; >s, q> 5 TN

It is easy to see that 6; > s hold since both p and ¢ chosen to be large, and
therefore we shall only need to verify that ¢ > (6;/2) — (s/N) in the sequel. We
divide our discussions into the following two cases: case (i). 0 < a < 1 and there-
fore s € [1,(N/(N —1))). Then we can solve the inequalities ¢ > (6;/2) — (s/N) for
i =1,2 to see that

71(p) < q < g2(p), (3.50)
with
p + max{a,m;} s
a(p) = max{c,my} +my — 2mg + 2 N
and
0o(p) = (N +s)(p+max{a,mi}) s

2N N’

Since we shall choose both p and ¢ to be large, we see that (3.50) holds for some
se[l,(N/(N —1))) aslong as 1/(max{a,m1} +my — 2mg + 2) < (N + s)/2N, or
equivalently the condition 2mg — my < max{a,m1} + 2/N in (3.40) holds.
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case (ii). a@>1 and therefore s =2. The arguments are the same as in
case (i) except that now the condition ¢;(p) < g < g2(p), which implies that
1/(max{a, m1} +m1 — 2mg + 2) < (N + 2)/2N, holds provided that 2mgs — my <
max{a,mi} +4/(N + 2).

Therefore we have verified (3.48) for p and ¢ large under (3.40) and the proof of
lemma 3.2 completes. O

3.2. Global existence and boundedness

Proof of theorem 1.1. Taking some p > N fixed, we have from lemmas 2.2 and 3.1
that ||v(-,t)||w1. is uniformly bounded. Then one can apply the standard Moser—
Alikakos L? iteration [1] or the user-friendly version in lemma A.1 of [43] to (1.1)
to establish the uniform boundedness of ||u(-,t)||z~. Therefore the local solution
(u,v) is global thanks to the extension criterion in proposition 2.1. Finally, we can
apply the standard parabolic regularity theory to show that (u,v) has the regularity
in the theorem. O

Proof of theorem 1.2. The proof is the same as that of theorem 1.1 in view of
lemma 3.2. O

4. Parabolic—elliptic system in multi-dimensional domain

In this section, we study the global solutions of parabolic-elliptic system of (1.1).
This describes a competition relationship in which v diffuses much faster than wu.
We shall prove the global existence and boundedness of the classical solutions of
the system.

4.1. Parabolic—elliptic system with repulsion

First of all, we consider the parabolic-elliptic system of (1.1) of the following
form

up =V - (D1(u)Vu + xé(u) Vo) + (a1 — biu® — crv)u, z €, t >0,

0 = DyAv + (ag — bau — cov)v, e, t>0,

du _ v _ veon, t>0,
0n*8n* ’ ) )
u(z,0) =up(z) >0, x e

Our first result concerning (4.1) is the following Theorem.

THEOREM 4.1. Let Q be a bounded domain in RN, N > 2. Assume that the smooth
functions Dy(u) and ¢(u) satisfy (1.2) and (1.3), respectively, with

2mg —my < max{a,mi} + 1. (4.2)

Suppose that ug >,7 0 in Q and ug € C%(Q) N WH*P(Q) for some k > 1 andp > N.
Then (4.1) admits a unique positive classical solution (u,v) which is uniformly
bounded in 2 x (0, 00).
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Proof. The proof is very similar as that of theorem 1.1. First of all, the local exis-
tence in  x (0, Thyax) follows from the theory Amann in [2]. One can easily apply
maximum principle and Hopf’s lemma to show that u(x,t) > 0 in ©Q x (0,00) and
0 <w(z) <2 in Q. Moreover, if we can show that [[Vu(-,?)||r» is bounded for
some p > N, then ||Vu| = is also bounded after applying the Sobolev embedding
WhP(Q) — L‘X’(Q) to the v-equation, and therefore one can apply the standard
Moser—Alikakos LP-iteration to establish the boundedness of ||Vu||p~. Finally the
regularity of (u,v) follows from parabolic and elliptic embedding theory.

Now we only need to prove the boundedness of fQ uP(-,t) for some p > N. Testing
the u-equation in (4.1) by u?~! and then integrating it over (2 by parts, we obtain

L [w=—0-1) [ Diwwr=9u? - 1) [ xotwevuve
(g — biu® — . 4.3
+/Qu (a1 = b1u® — c1v) (4.3)

Similar as in (3.2) and (3.44) we invoke the Gagliardo—Nirenberg interpolation
inequality to obtain

4AM; (
_ -1 D P*2v 2 17/ v p+m1 /22+C
w=1) [ Ditwpr2va < -2 [ 2+ Cu
—5/ uP 4 Caa(6), (4.4)
Q

and apply Young’s inequality to have that for any v > 2
—(p— 1)/ xo(u)uP~2Vu.Vo
Q
< €/ W2 g2 4 6/ u((p—mi+2ma—2))/2-(27/(-2)) | CE/ Vo7, (4.5)
Q Q Q

where in (4.4) and (4.5) £ > 0 and € > 0 are arbitrary and Cy;, Cyo are positive
constants.

We invoke the Gagliardo—Nirenberg interpolation inequality and the boundedness
of v to obtain

2 2
/Q Vo = V0], @) < Ciall A0} 0 - 10172 ) + Caall0 o o
2
< O45HAUH’[Y/Y/2(Q) + C'467 (46)
where Cy; are positive constants.

On the other hand, in light of DoAv = —(ag — bayu — cov)v and the boundedness
of v, we have

/ Vol = [Vl 7, ) < O47||U||Lw/2(n + Cas = C'47/Q’W/2 + Cls. (4.7)
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Thanks to (4.4), (4.5) and (4.7), we derive from (4.3)

1d P —mi42my—2 -2

S <= | wrtm —py [ w4 e | plemmat2me=2)7)/(=2)

pdt Jo 0 0 Q

+ C, U'Y/Q + Cyr. (48)
Q

Choosing v = 2(p — mq + 2mg — 1) with v/2 = ((p — m1 + 2ma — 2)7)/(y — 2),

we infer from (4.8)

1d
5& uP < _E/up—&-ml _bl/up+a+(5+05)/up—m1+2m2—1+047
Q Q Q Q

< —/ uf + Cys, (4.9)
Q

where the second inequality follows from (4.2). Solving (4.9) implies that ||u(-, )| L»
is uniformly bounded in time for each p > 2 and this completes the proof. O

REMARK 4.2. If m; > «, then theorem 4.1 also holds if (4.2) is relaxed to 2mgy —
my < max{a,m;} + 1 or equivalently 2mo — 2m; < 1. Indeed, in this case we can
choose € > 2(e + C(¢)) and therefore (4.9) implies that

Ld

)
= uP <=2 uerml +C ,
pdt Jo 2 Ja .

from which the boundedness of [, u?(z,t) follows. Similarly one can show that
theorem 4.1 holds for 2mo — m; < max{a, m1} + 1 when m; < « and by is large.

By a different approach we prove the following results.

THEOREM 4.3. Let Q be a bounded domain in RN, N > 1, with piecewise smooth
boundary. Suppose that

me < max{a,ms} (4.10)

then the nonnegative solution (u,v) to (4.1) is classical, global and bounded in
0 x (0,00).

Proof. We begin with (4.3) and estimate the second term differently. For each p > 2
we denote

By = [ o) s
0
then thanks to ¢(s) < Mas™2 we have

Mo

up+m2—1.
p+me—1

D, (u) < Mg/ sPtm2=2 s =
0
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Therefore we have from the integration by parts and the second equation in (4.1)
—(p—1) /Q x¢(u)uP~2Vu.Vo
=== Dx [ Va0 = (o= 1)x [ )0
=—(p— 1))(/Q O, (u)(az — bau — cov)v

—ba(p = Dx [ @yl + (0= DY [ Byfaeaw — a

< bQ(p - 1)XM2||UHL°° / yptme + bQ(p — 1)XM2||(CQU - GQ)U”LOO / uptme—1
p+mo—1 Q p+mo—1 Q

< C410/ uPt™2 4+ Cyy, (4.11)
Q
where Cy19 and Cy11 are positive constants.

Collecting (4.4) and (4.11) we have from ms < max{a,m;} that
1d P +m +a +m
—— [P <= uPTT = by [ uPTY + Curo [ P 4 Cupo
pdt Jo Q Q Q

< —/ u? + Cyys, (4.12)
Q

and this implies the boundedness of fQ uP for each p > 2. The rest of the proof is
the same as that of theorem 4.1 O

REMARK 4.4. Similar as remark 4.2, one can show that (4.10) can be relaxed to
me < max{a,my} if my > ay or by is large.

4.2. Parabolic—elliptic system with attraction

Finally, we establish the global existence and boundedness of the following
parabolic—elliptic system with attraction

ur = V- (D1(u)Vu — xod(u) Vo) + (a1 — biu® — cyv)u, z €, t >0,

0 = DyAv + (ag — bau — cov)v, e, t>0,

Qu _ Ju _ con, t>0, MY
on~ On € ) )

u(z,0) = up(z) 20, x €.

Here we assume that Dj(u) > Mi(1+u)™ as in (1.1) and in contrast to (1.3)
changes to ¢(u) = Mau™2. We prove global existence and boundedness for (4.13)
for any m; € RT and o € R. The last main result of this paper is the following
theorem.

THEOREM 4.5. Let Q be a bounded domain in RY, N > 1, with piecewise smooth
boundary. Suppose that for some positive constants M; > 0, Dy(u) = Mi(1 + u)™
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and ¢(u) = Mau™2, with max{mi, ma,a} > 0. Then the nonnegative solution (u,v)
to (4.13) is classical and uniformly bounded in 2 x (0,00).

Proof. By the same arguments for (4.3) we test the u-equation in (4.13) by uP~!
and integrate it over {2 by parts to obtain

Ld

— D — (o p—2 2 _ p—2
o d Qu (p 1)/QD1(u)u [Vu|*+ (p 1)/Qx¢(u)u Vu.Vu

+/ uP (a1 — biu® — c1v). (4.14)
Q

Similar as above, we denote

)= [ o515 ds.

Then we can easily show that ®,(u) > (My/(p + mg — 1))uP*™ =1 and we can
derive as in (4.11) that

(p— 1)/§Zx¢(u)up_2Vu.Vv

=== D [ yuun+ (p = Dx [ Bz —ao

< —0414/ uPt™? 4+ Oy, (4.15)
Q
where Cy14 and Cyy5 are positive constants. Collecting (4.15) and (4.4), we have
from (4.14)
1d +m +a +m
—— [ WP <=L WP —by | uPTY = Cuis [ U+ Cuis
pdt Jo Q Q Q

< —/ u? + Cuys, (4.16)
Q

where the last inequality follows from Young’s inequality and the assumption that
max{my,ma,a} > 0. Solving (4.16) gives rise to the boundedness of [, u? for any
p > 2 hence the global existence and boundedness follow. O

According to theorem 4.5, only one of mi, ms and a needs to be nonnative
to guarantee the global existence and boundedness of (4.13)in contrast to theo-
rems 4.1 and 4.3. Apparently, this is due to the effect of population attraction.
It is necessary to point out that for chemotaxis model, it is well known that
chemo-attraction destabilizes the system and supports the occurrence of blowups,
while chemo-repulsion tends to prevent blowups. However, for Lotka—Volterra com-
petition models, attraction prevents blowups while repulsion, though it is not
completely understood, tends to support blowups. See [26,47] for instance. We
surmise that the same conclusions hold true for the fully parabolic system (1.1),
though a completely different approach is needed for this purpose.

https://doi.org/10.1017/prm.2019.10 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2019.10

2346

Q. Wang, J. Yang and F. Yu

REMARK 4.6. Consider the following system

ur = V- (D1(u)Vu + xo(u) Vo) + (a1 — byu — crv)u, x €, ¢t >0,

vy = DaAv + (ag — bau — cav)v, z€Q, t>0,

du _ dv _ o0, t>0 (4.17)
% = ain = U, T € 5 > 5

u(z,0) = ug(z) > 0, z €.

When x >0, it is known [47,50] that (4.17) admits nontrivial spatial patterns
when y is large. It is interesting to investigate the attraction model with y < 0.
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