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Abstract It is a fact simple to establish that the mixing time of the simple random walk on a d-regular
graph G, with n vertices is asymptotically bounded from below by ﬁloﬁ%' Such a bound is
obtained by comparing the walk on Gy to the walk on d-regular tree 74. If one can map another

transitive graph G onto Gy, then we can improve the strategy by using a comparison with the random
walk on G (instead of that of T;), and we obtain a lower bound of the form %log n, where b is the entropy

rate associated with G. We call this the entropic lower bound.

It was recently proved that in the case G = T, this entropic lower bound (in that case #12 lolgcz%)

is sharp when graphs have minimal spectral radius and thus that in that case the random walk exhibits
cutoff at the entropic time. In this article, we provide a generalisation of the result by providing a sufficient
condition on the spectra of the random walks on G, under which the random walk exhibits cutoff at
the entropic time. It applies notably to anisotropic random walks on random d-regular graphs and to
random walks on random n-lifts of a base graph (including nonreversible walks).
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1. Introduction

This article is aimed at understanding the mixing properties of random walks on a finite
regular graph. We are going to be focused on asymptotic properties when the number of
vertices goes to infinity.

Minimal mixing time for the simple random walk.

Let 3 <d <n—1 be integers with nd even and let G, = (V,, E,) be a finite simple d-
regular graph on a vertex set V,, of size # V,, = n. Let (X;):>0 be the simple random walk
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1572 C. Bordenave and H. Lacoin
on Gy, which is the Markov process taking values in V,, with transition matrix

1
P, (z,y) = % for z,y € V,.

The uniform measure on V,, denoted by 7, is reversible for the process. Furthermore, if
G, is connected, then m,, is the unique invariant probability measure of P,,. If additionally
Gy, is not bipartite, then P! (z,-) converges to m,, when ¢ tends to infinity.

We are interested in estimating the time at which P! (z,-) falls in a close neighbourhood
of 7, in terms of the total variation distance. More formally, the total variation mixing
time associated with threshold ¢ € (0,1) and initial condition x € V,, is defined by

TO(g,e) :=inf{t €N : d,(z,t) <&},

where d, (z,t) is the total variation distance to equilibrium

1
dn(z,1) 1= ||Pfl($,-)—77n||Tv=§ Z |Pl(z,y) —7n ()| = max {P(z, A) =1, (D} (1)
yeVp "

The worst-case mizing time is classically defined as

T™X () = max T (z,¢).
zeVp
The mixing properties for the random walk are intimately related to the spectrum of P, .
An illustration of this is the classical computation based on the spectral decomposition
of P, (see [36, Theorem 12.4] for a proof in the reversible case), which allows controlling
the distance as a function of the singular radius of P,. For all z € V,,,

vJn—1 ,

dp(z,t) < o,, (2)

where the singular radius o,
on = [[(Pn)jtll2—>2

is the €5 operator norm of P, restricted to functions with zero sum. Because P, is
reversible, we have o, = g,, where @, is the spectral radius of P,; that is, the second
largest eigenvalue of P,, in absolute value counting multiplicities. This yields in particular
that

T (e) <

1
Tozo.] <§ logn — log(28)) . (3)
In particular, if we have g,, <1—4§ for some fixed § € (0,1) along some sequence of integers
going to infinity, then the upper bound in (3) is of order logn along that sequence.

On the other hand, a naive lower bound of the same order of T/ (g) can be obtaind by
using the elementary fact that the graph distance Dist(z, X;) between X; and the initial
condition z is stochastically dominated by a random walk on the set of nonnegative
integers, starting at 0, with jump probabilities 1/d to the left and (d —1)/d to the right,
except at 0 where the probability to jump to the right is equal to 1. Thus, when starting
from Xy =z, X; remains within distance r from z at least during a random time of order
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ﬁr+ O(4/7). Combining this with the fact that a ball of radius r contains at most
d(d —1)""! vertices, we obtain that for any z € V,,,

<1og n— Ce @) . (4)

d

Tl =) 2 O logd=1)

Though the strategy might seem a bit rough, the above bound (4) can be sharp. This
was first discovered for random d-regular graphs in [39].

However, an important observation is that the factor in front of logn in (3) and (4)
cannot match. From the Alon-Boppana lower bound [4, 41], for any sequence of d-regular
graphs (Gy)n>0 on n vertices we have liminf,, 0,, > 0 := @. More precisely, there exists
a constant C' = C'(d) such that for every n and every d-regular graph on n vertices,

C
(logn)?’

On = 0— (5)
The number o = 2+/d — 1/d is the spectral radius of the simple random walk on the infinite
d-regular tree T, (and, incidentally, also that of the biased random walk on integers used in
the lower-bound strategy). A graph such that ¢, < ¢ is called a (nonbipartite) Ramanugjan
graph. Hence, a natural question is the following: If a sequence of graphs on n wvertices
has an asymptotically minimal spectral radius in the sense that 0, = (14 0(1))o, does it
also have a minimal mizing time in the sense that T;f‘ix(s) =1+ 0(1))%logn for
any fized ¢ € (0,1) ¢

An affirmative answer was given to this question in [38] (see also [29]).

Theorem A ([38]). Let d =3 be an integer and let (Gn)nen be a sequence of d-
reqular graphs on n wvertices, for which the associated sequence of spectral radii satisfy
lim, 000, =0=2+/d—1/d. Then for any ¢ € (0,1), we have

T (e) d
lim = .
n—oo logn (d—2)log(d—1)

(6)

Remark 1.1. The result above remains, of course, valid if our sequence (G,,) is indexed
by an infinite subset of N provided that ¢, converges to ¢ when n — oo in this subset.
In the remainder of the article, with some small abuse of notation, when using lim, we
always assume that the considered sequence may not be defined for every n.

Theorem A is an illustration of the cutoff phenomenon. A sequence of finite Markov
chains corresponding to the sequence of transition matrices (P,) exhibits cutoff if up
to first order in n the mixing time 7T™*(g) does not depend on ¢ € (0,1); that is, for
any ¢ € (0,1), lim,, 0o T™>(¢)/ T™*(1 —¢) = 1. Since its original discovery by Diaconis,
Shashahani and Aldous in the context of card shuffling [2, 3, 21], this phenomenon has
attracted much attention. We refer to [20, 36] for an introduction and to [9] for an
alternative characterisation of cutoff. For other recent contributions on cutoff for random

walks on graphs with bounded degrees, see [10, 11, 14].
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As a warmup, we provide a novel proof of Theorem A that is simpler than those
presented in [38] and [29].! A more precise version of Theorem A will be proved in
Proposition 11 below (it notably allows obtaining the second-order term in the asymptotic
development of T™*(¢)). With our approach we can also relax the assumption by allowing
the presence of n® eigenvalues at a positive distance from the interval [—g, 0], with o €
(0,1) small enough, at the cost of discarding a small proportion of possibly bad starting
points (the methods in [29, 38] only allow for n°®) outlying eigenvalues; see remark
below [38, Corollary 5]). More precisely, given (G,,) a sequence of d-regular graphs on n
vertices, we define the upper semicontinuous function I : [0,1] - {—oo}U [0, 1], which can
be interpreted as an asymptotic density of eigenvalues on log-log scale

infli log (Z{}‘ESP(Pn)iIMI—uRs}dim(ET);))
I(w) = inflimsup

£l0 posoo logn

) (7)

where dim(E”*) denotes the dimension of the eigenspace corresponding to A.

Theorem B. Let § € (0,1), d > 3 an integer and let (G,) be a sequence of d-regular
graphs on n vertices whose spectral radii satisfy, for all n, 0, <1—36, and for all, u > o,

I <1 _plogu/e+ v (u/e)? —1)

(®)

log(d —1)
Then, there exists ¢ = ¢(8,d) > 0 such that for any ¢ € (0,1) and n > 0,
. T™(z,¢) d _
1 Vy + ——7" > (1 L=en — . 9
nﬂo#{xe ogn = +n)(d—2)log(d—1)}/n )

We note that if the graph G, is transitive (that is, for any pair z,y € V,,, there exists
an automorphism of G,, that maps = to y), then T™(z,¢) does not depend on z, and (9)
implies that lim,, T}f‘ix(s)/log n=d/((d—2)log(d—1)). See Remark 3.1 for a variant
of Theorem B that allows controlling T™*(e) at the cost of modifying the definition of
the function I(u). The principal aim of this article is to obtain a better understanding of
this phenomenon via bringing the question to a larger setup.

Minimal mixing time for the anisotropic random walk.

A first possible extension is to consider a random walk on G, with nonuniform jump
rates. For d € N, we set [d] ={1,...,d}. One way to define a biaised random walk on a
d-regular graph G, = (V,, E,) with #V,, = n is to assume that F,, can be partitioned
into d sets of edges (Ey, ;)ic[a] Where each vertex of V, is adjacent to exactly one edge
of each type (this implies in particular that n is even) and to associate a transition rate
p;i to each type of edge with Zie[ 4 Pi = 1. For more generality, we consider an involution
x:4 > i* of [d] ={1,...,d}. We are going to make the weaker assumption that G, is a
Schreier graph. This means that its adjacency matrix P, may be written as a sum of

LWe have been informed during the writing of the paper that such a simplification was
independently obtained by Eyal Lubetzky (New York University).
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permutation matrices. That is, for all z,y € V,,, we have

d
Po(z.y) =Y _ Si(z.y). (10)

i=1
where, for every i € [d], S;(z,y) = I(z = «;(y)) for some permutation o; on V,, and S;, =
S;l. In full generality the expression (10) allows for both P, (z,y) > 2 and P, (z,z) > 1,
so that we consider graphs that may include loops and/or multiple edges. For example, if
the involution * on [d] is the identity, then the permutations «; are involutions: For every
i € [d], we have @} ' = a;» = &;. In this case, the set (B, ;);e[q) defined for every i € [d] by
E,;={{z,a;(x)}: z € V,} is a partition of the edge set E,. We thus recover the above

setting.

If d is even, any finite d-regular graph is a Schreier graph for some collection of d/2
permutations and their inverses (another formulation of this result is any 2k-regular graph
is 2-factorable; see [42]. This is now a standard exercise in graph theory and can be proved
using Konig’s theorem for bipartite graphs, see, e.g., [37, Theorem 6.2.4].)

This definition of Schreier graphs can be extended to regular graphs on countably many
vertices. Note that any Cayley graph of a finitely generated group with a symmetric set
of generators of size d is a Schreier graph: The natural choice for the permutations S; in
(10) corresponds to the (left or right) multiplication by an element of the symmetric set
of generators, and the involution maps a generator to its inverse.

Now we consider G, is a d-regular Schreier graph with #V,, = n, given with an
involution * and a decomposition of the adjacency matrix into permutations (10) and
P = (p1,...,p4) a probability vector (that is, a vector whose coordinates are nonnegative
and sum to one), we define the matrix

d
=1

Note that by construction P, ; is a stochastic matrix. This is the transition kernel of a
random walk on G,,, which we refer to as the p-anisotropic random walk. Again, m,,, the
uniform measure on V,,, is invariant for this process. We are going to assume that

d>3 and Vield], p;+pix>0. (12)

The condition p; + p;+ > 0 is not really a restriction because it can be satisfied by just
eliminating the coordinates for which p; + p; = 0. The condition d > 3 (which is not
the same as asking that three coordinates of p are positive) is very natural and justified
below Equation (19). The singular radius of P, is defined as the £y operator norm of
P, » projected onto the orthogonal of constant functions

Onp = I (Pop)itllasa. (13)

Recall that the singular values of a matrix T' are the square of the eigenvalues of T7T*. By
definition, oy, is the second largest singular value of P, , (we are counting eigenvalues
with multiplicities, meaning that o, , =1 for a nonconnected graph). If P, , is reversible,
then oy, ;, coincides with the spectral radius oy, p; that is, the second largest eigenvalue of
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P, , in absolute value. Note that P, , is reversible if the following condition holds:
Vield], pi=p;. (14)

Our aim is to prove a result analogous to Theorem A for p-anisotropic walks on Schreier
graphs. We fix the involution * and p and then investigate the asymptotic behavior of
the mixing time for p-anisotropic random walks on a sequence of Schreier graphs (G,)
associated with the involution .

Instead of comparing the spectral radius of P,, with that of the simple random walk on
the d-regular tree, we need here to compare it with that of a p-anisotropic walk on the
tree T4 considered as a Cayley graph. There are several natural ways to endow 74 with
a Cayley graph structure. For instance, we can consider k free copies of Z/27Z and [ free
copies of Z with their natural generators, for any value of k£ and [ satisfying k + 2] = d.
We are going to choose k to be equal to the number of fixed points of * so that the infinite
object we consider has a structure that is analogous to our finite Schreier graphs (we will
formalise this remark with Definition 2 below).

Using the Schreier graph structure of T, considered as a Cayley graph, we define in
a manner analogous to (11) the p-anisotropic random walk on 7. We denote by P, its
transition kernel. These random walk have been extensively studied in the literature (see,
e.g., [22, 24, 34]).

In analogy with (5), in the reversible case where (14) holds, one can asymptotically
compare the spectral radius of P, , with that of P,. From [17, 26], the Alon-Bopanna
lower bound for the spectral radius states that for any sequence of Schreier graphs we
have

liminf o, , > oy, (15)

where g, is the spectral radius of P, given by the classical Akemann-Ostrand formula [1].
In the general case, a lower bound of this type holds for the singular radii of powers of
P, ». More precisely, for integer ¢ > 1, we define the tth singular radius as

Tnp(D) = I(PL )1l and  ap(t) = (P12, (16)

We simply write o, , and op when ¢t = 1. Moreover, Gelfand’s formula asserts that the
tth singular radius converges to the spectral radius

tlggloan,p(t) =0np and tlglgoop(t) = 0p- (17)

Note that if (14) holds, then for any ¢ > 1, 0, p(t) = 0n,p and op(t) = 0p. Beware here
and througout this text that the spectral radius g is the spectral radius of the bounded
operator P, on £2(G). It can differ (in fact, it is larger than or equal to) from what is
often called the spectral radius of the walk in the literature, which is the asymptotic rate
of decay the return probability; that is, lim; . P2 (e, €)'/ (in the reversible case, the
two notions coincide). From [26], the Alon-Bopanna lower bound claims that for any fixed
t, for any sequence of Schreier graphs we have

liminf oy, (¢) > op (). (18)
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In particular, from Gelfand’s formula (17), we get

lim liminf oy, 5(¢) > 0p. (19)

t—00 n—o00

The latter formula can be thought as an extension of (15) to the nonreversible case.
Note that our assumption (12) simply corresponds to assuming that op < 1 (in the
discarded cases, the anisotropic random walk on 7y remains on a subset of the tree
that is homeomorphic to Z).

Adapting the reasoning that yields (4) to the isotropic case, we can also obtain an
asymptotic lower bound in n for the mixing time for the p-anisotropic random walk on
G,. Consider (X3)¢>0 an anisotropic random walk on 7y with transition kernel P, and
starting from the root of 7; denoted by e. Introduced by Avez [8], the entropy rate h(p)
of Pp is defined as

1
hp) = lim —= > Py(e,9)logPy (e, 9). (20)

9€Tq

We have h(p) > 0 as soon as (12) holds. From the Shannon-McMillan-Breiman theorem
[31, Theorem 2.1], we have almost surely

logPl(e, X
lim 28T ) pt( v

t—o00

=—h(p). (21)

A way to interpret this convergence is to say that at large times ¢, the marginal
distribution of X; is roughly uniform on a (deterministic) set of size e/®t1+o) e
have chosen our setup so that we can construct the random walk on G,, by taking the
image of X; by some function 74 — V,, (see Definition 2). Thus, for any time ¢ > 0
and x € V,, the entropy of wa(:v, -) is at most the entropy of ’Pﬁ(e;) (details are in
Proposition 6 below). As a consequence, for any fixed ¢ € (0,1), we have
mix

liminf min Tn'p (@.1-¢) > 1 .

t—>00 zeVy, logn h(p)

(22)

In the spirit of Theorem A, for a given probability vector p, a natural question is thus the
following: If a sequence of graphs on n vertices has a minimal asymptotic spectral radius
in the sense that lim;_, o limsup,,_, o, 0n, p(t) = 0p, does it also have an asympotic minimal

mixing time in the sense that lim,,_ o Tf‘;‘;xf) = (logn)/h(p) for any fixed ¢ € (0,1)?

It turns out that in the anisotropic setup, the relation between spectral gap and mixing
time could be more subtle. We have an asymptotically minimal mixing time for the p-
anisotropic random walk if the spectral radius is asymptotically minimal for another

anisotropy vector p’.

Theorem 1. Let d >3 be an integer, * an involution on [d] and p be a probability vector
on [d] that satisfies the condition (12). Then, there exists another probability vector p’
with the same support than p such that the following holds. If a sequence of Schreier
graphs G, on n vertices as in (10) satisfies for all integers ¢t > 1,

lim o,y (t) = oy (1), (23)
n—00
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then for every e € (0,1),
T:Lnix e 1
lim L() ——
n—oo logn h(p)
Finally, if p satisfies (14), then p’ also satisfies (14).

(24)

The condition (23) can be thought as a Ramanujan property for the anisotropic random
walk with probability p’. If (14) holds, condition (23) is equivalent to

lim F =0y
n»oogn’p S

In the nonreversible case, because oy, p(t) > 0np for any ¢ > 1, condition (23) implies
that
limsupon,p < 0p'-
n— 00

Note also that in some cases, this condition (23) can be relaxed to allow for n°® singular
values outside a neighbourhood of the interval [—oy,0p|; see Remark 5.1 below. An
explicit expression for the vector p’ is provided in the proof. In particular, we have that
p’ =p in only two cases. The first one is the simple random walk — that is, p is the uniform
vector (p; = 1/d for all i € [d]) — and our result is thus a generalisation of Theorem A.
The other case is the totally asymmetric isotropic walk. It corresponds to the case where
* has no fixed point and we have

Vield, pips=0 and pi+pi=—.
In that case, we have g, = v/2/d (see [28, Example 5.5]) and h(p) =log £. From Poincaré’s
inequality (32) below, Theorem 1 is extremely easy to prove in this case. For p different
from the uniform vector, a source of example for Theorem 1 is in [15]. Up to the
involution, we consider independent permutations o; on [n] vertices: If i # i*, o; is a
uniform permutation on n elements and, if i* = i, we take n even and o; is a uniform
matching on n elements (where a matching is an involution without a fixed point). Then,
in probability, the condition (23) is true for any probability vector p’ that satisfies the
condition (14).

A couple of open questions concerning anisotropic random walks.Let us focus
for simplicity on the reversible case (14). We emphasise again that as soon as p is not
the uniform vector, the condition (23) differs from what would be the most natural
generalisation of the Ramanujan property in the anisotropic setup. We call this property

R(p):
Jim on.p = 0p- (25)

We believe that this is not an artifact of our proof and that the result would be false
if (23) is replaced by (25). More precisely, we believe that for every p that is not the
uniform vector there should exist sequences of graphs satisfying (25) but such that (24)
does not hold. We cannot, however, prove that (p) and R(p’) are not equivalent. In
fact, this question yields two natural open problems:
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(A) With the setup described above, can one find a sequence of Schreier graphs and
two probability vectors p and q satisfying (14) such that 2 (p) holds and 9R(q)
does not?

(B) Given p # q satisfying (14), can one find a sequence of Schreier graphs such that
PR(p) holds and PR(q) does not?

Though we believe that the answer to (B) (and hence also to (A)) is positive, to our
knowledge, all known examples of graphs satisfying SR(p) for one value of p satisfy the
property for all values of p.

Minimal mixing time for covered random walks.

We now present another extension of Theorem A. We start with an extension of the
notion of Schreier graphs beyond the case of the free group.

Definition 2 (Group action, covering and Schreier graphs). Let G be a finitely generated
group with unit e and V a finite set. A map ¢ : Gx V — V is an action of G on V if we
have

VeeV,Vg,heG, o(e,x)y=1x and ¢(gh,z)=¢(g,¢h,x)).

For any g € G, we denote by S, the permutation matrix on V associated to the bijective
map on V: z+— ¢(g,1).

If A is a finite symmetric subset of G, then the Schreier graph of (G, A,¢) is the graph
(with possible loops and multiple edges) on V whose adjacency matrix is ) geA Sy. If
G = (V,E) is the Schreier graph of (G, A, ¢), we say that (G, .A) is a covering of G.

Let us check that this definition of a Schreier graph is equivalent to that given earlier.
If the adjacency matrix of a finite graph G = (V, E) is of the form (10), then G is the
Schreier graph of (Sy,A,¢) where Sy is the symmetric group on V, A= (S,...,59)
and the covering map is ¢(o,z) = o (). Conversely, if G is the Schreier graph of (G, A, ¢)
as in Definition 2 with A = {aj,..., a4}, then its adjacency matrix is of the form (10)
where the involution * : ¢ — 7* is defined as i* = j if and only if a; = ai_l. Note that
if the involution * on [d] has ¢ fixed points and ¢; + ¢2 equivalence classes, then G is
d-regular with d = ¢; +2¢2. As already pointed out, the infinite tree Ty is the Cayley
graph of the group gl ) generated by ¢ free copies of Z and ¢, free copies of Z/2Z

free

with their natural generators denoted Afee. By considering the group homeomorphism
from G/ % to G that maps Agee to A, we deduce that all Schreier graphs are covered by

(G522, Agree) with the corresponding involution.

Remark 1.2. Note that if p is fixed, the definition of the p-anisotropic random walk
T4 is the same (up to graph isomorphism) for all possible values of ¢; and ¢>. However,
the choice of the group structure we endow 7T, with turns out to be of importance when
considering coverings. Because the groups corresponding to different values of ¢; and g
are not isomorphic, there are d-regular graphs G that can be expressed as the Schreier
graph for gl @) (with ¢1 +2¢2 = d) for some values of ¢ and not for others (more

free
precisely, it is harder to find a covering for smaller values of ¢2).
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The standard example of an action on a finite set is the following. Let G be a finitely
generated group and H be a subgroup of G with a finite index. Then the set of left cosets
V ={gH : g € G} (with ¢gH ={gh : h € H}) is a finite set and ¢ defined by ¢(a,bH) = abH
is an action of G on V.

We introduce now a notion of anisotropic walk on a (sequence of) Schreier graph. Fixing
a group G, we assume that we have a sequence of finite sets (V) with #V,, = n and (¢,)
a sequence of actions of G on V,,. We consider p to be a probability vector G with finite
support. We are interested in the random walk on V,, with transition matrix

Pnyp= Zpgsgv (26)
geA

where for g € G, S, is the permutation matrix associated to the action ¢,, as in Definition
2. Note that if the support of p is contained in a finite symmetric set A, then P, ; is
an anisotropic random walk on the Schreier graph of (G, A, ¢,). This situation extends
the previous setup in both directions: the underlying group is not necessarily the free
group and the generating set is not necessarily the natural set of generators. Note that
the uniform measure on V,, is always stationary for this random walk. It is reversible if
we assume

Ygeg, pg=py1. (27)

We are going to compare the random walk on V,, with a random walk on G. To this end,
we define P, the transition kernel of this random walk on G defined by

Po=_ pgr(g), (28)

geA

where, for g € G, A(g) is the left multiplication operator (or the left regular representation
of g) defined on G by A(g)(h) = gh.

Our aim is to provide an extension of Theorem 1 that gives a condition in terms of
spectral properties for the mixing time to be minimal.

Let o, and o, be the spectral radius and the singular radius of P, and let o, , be the
singular radius of P, , defined in (13). For integer ¢t > 1, we define o, ,(t) and o, (%) as
in (16). From [26], the Alon-Boppana lower bound (19) is still valid.

We wish to focus on sequences of random walks whose spectral gap is uniformly bounded
away from one. Hence, we will assume that g, < 1. This is equivalent to assuming that
the subgroup (Ap) of G generated by A, :={g : p, > 0} is nonamenable (or simply
that G is nonamenable if one takes as an assumption that A, generates G). Recall that
a group is said to be amenable if it admits a finitely additive left-invariant probability
measure. The equivalence between nonamenability of (4p) and op < 1 for p satisfying
(27) was established by Kesten [32, 33]. In the nonreversible case, see forthcoming
Lemma 8.

As before, we can determine an asymptotic lower bound for the mixing time of the
random walk with generator P, , (valid for any sequence of group actions) in terms of the
entropy rate of P, denoted by (p) and defined by Equation (20). In Subsection 2.1 below,
we will check that the Avez lower bound h(p) > —2log gy, holds and that the mixing time
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of the anisotropic random walk on G,, is asymptotically larger than (1 —o(1))(logn)/h(p)
in the sense that for any fixed ¢ € (0,1), uniformly in z € V,,, the inequality (22)
holds.

For a given probability vector p supported by a generator, a natural question is thus
the following: Are there spectral conditions for a sequence of actions (¢,) of G on V,, with
# V= n to guarantee that the anisotropic random walk on V,, has an asymptotically min-
imal mizing time in the sense that T;j“ix(s) =(1+4+0())(ogn)/h(p) for any fized e € (0,1)?

Our answer to this question is based on the two following notions of group algebra.

Definition 3 (RD property). A finitely generated group G has the Rapid Decay (RD)
property (for Markov operators) if for every finitely supported probability vector p the
singular radius o, = || Pp 22 of P, is well controlled by the £2-norm of p in the following
sense: For any finite symmetric generating set A of G, there exists a constant C = C'(G, .A)
such that

op < CRY|pll2, (29)
where R is the diameter of the support of p in the Cayley graph associated with (G, A).

We refer to [18] for an introduction to the RD property. Among nonamenable groups,
we note that free groups and hyperbolic groups satisfy the RD property. Observe also
that because the distance corresponding to different generating sets is comparable (if d 4
and dy are the graph distance for the Caley graph associated with generators A and A’
respectively, we have da < Cg arda where Cyg 4 = maxyea da(e,y)), it is sufficient to
check (29) for a single finite symmetric generating set A of G.

Recall that we automatically have o, < ||pll1, and hence (29) is trivially satisfied when
Ipll2 > CR=C|p|l;. Therefore, the condition (29) says something about op for p that have
large support and whose mass is well spread on that support. In fact, because we have
op > |Ipll2, the property (29) for a nonamenable group tells us in particular that o is
close to this trivial lower bound (in the sense that op = ||p||é+0(1)) when p is reasonably
spread out on the ball of radius R for large values of R (recall that a nonamenable group
has exponential growth).

Our second notion is the strong convergence of operator algebras, which we define here
in our specific Markovian setting. It can be thought as an analogue of the Ramanujan
property for a sequence of group actions on finite sets. It is a stronger assumption because
the Ramanujan property only refers to one particular random walk on the free group and
the property below must be valid for every random walk.

Definition 4 (Strong convergence). Let G be a finitely generated group, (V,,) a sequence
of finite sets and (¢, ) a sequence of covering maps of G on V,,. We say that the sequence
of covering maps (¢,) converges strongly (on Markov operators) if for every finitely
supported probability vector p we have

lim 0, , =0
nooo P P

where o is the singular radius of P, defined in (28) and o, is the singular radius of
Py, p defined in (26) and (13).

https://doi.org/10.1017/51474748020000663 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748020000663

1582 C. Bordenave and H. Lacoin
From (17), the strong convergence of (¢,,) implies in particular that

lim hm On,p(t) = 0p. (30)

t—oon—

We are now ready to state the last result of this introduction.

Theorem 5. Let G be a finitely generated nonamenable group with the property RD,
(V5) a sequence of finite sets with #V, =n and (¢,) a sequence of actions of G on V,
that converges strongly. Then for every finitely supported probability vector p on G such
that gp < 1, the mizing time of the random walk with transition matriz Py, satisfies, for
every € € (0,1),

TN 1

lim 2 2~

n—oo logn  h(p)

The assumption that the group actions converge strongly is a strong assumption.
Notably, Theorem 5 does not imply either Theorem A or Theorem 1. These two theorems
rely on special properties of free groups. Nevertheless, in some cases, it is possible to
relax the assumption that the group actions converge strongly by supposing instead that
the strong convergence holds on some vector spaces of codimension n°*) (we discuss this
point further in Remark 4.2).

The paper [15] provides a source of examples for Theorem 5 by establishing that random
actions of the free group are strongly convergent. We consider an involution * in [d] with ¢;
fixed points, and gﬁfgc’ %) the group generated by ¢ free copies of Z/27Z and ¢, = (d — q1)/2
free copies of Z with its natural set of generators. We consider permutations &, ;, @ € [d]
on [n] vertices that are chosen such that

(A) If i #i* ap is a uniform permutation on n elements and ay, i« = «,, 1

(B) If i =1i* ap,; is a uniform involution on n elements without a fixed pomt (the
constructlon is made only for even n).

(C) The permutations are chosen independently for each equivalence class of the
involution .

We consider the action of gﬁfel(; 2 on V, =|n] defined by @, (a;,z) = an ;(z). Then, in

probability, this sequence of actions is strongly convergent. These random actions on the
free group are the only known examples of strongly convergent sequences of actions, but
it could indicate that choosing the action at random amongst all possible choices might
yield a strongly convergent sequence also for other choices of nonamenable groups.

Minimal mixing time for color covered random walks.

Finally, we also consider yet another extension that allows, in particular, considering
random walks on n-lifts of a base graph (not necessarily regular). Since the work of Amit
and Linial [6, 7] and Friedman [23], this model has attracted substantial attention. In this
context, we will give the analogue of Theorem 5. To avoid any confusion on notation, we
postpone the treatment of this model to Section 6.
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Organisation of the article

In Section 2 we provide a short proof for the entropic lower bound (22) only stetched in
this introduction and provide a general result (Proposition 9) that allows estimating the
mixing time of a Markov chain in terms of the distribution of a stopping time at which
the chain is close to equilibrium.

In Section 3, we provide a simple proof of Theorem A /B, proving and using a relation
between the k-nonbacktracking random walk on trees and Chebychev polynomials.

In Section 4, we prove Theorem 4 concerning cutoff in the more general setup under
the assumption of strong convergence (Definition 4).

In Section 5, we prove Theorem 1 concerning anisotropic walks by combining the ideas
of Section 4 with an analysis of the resolvent of the anisotropic random walk on 7.

Finally, in Section 6 we deal with the model of color covered random walks.

Notation

If V is a countable set and M is a bounded operator in £2( V), we use the matrix notation
M(z,y) = (15, M1,) for z,y € V, where 1, denotes the indicator function of . The integer
part of real number ¢ is denoted by |¢].

2. Preliminaries

2.1. The entropic time lower bound

For the sake of completeness, we provide a complete proof of the entropic lower bound
(22) that is only sketched in the introduction. The result is stated in the more general
setup of Theorem 5. Recall that G is a finitely generated group, (V,)n>0 a sequence of
finite sets with # V,, = n, (¢n)n>0 a sequence of actions of G on V,,, P, , Pp denote the
transition matrices on V,, and G respectively defined by (26) and (28) and h(p) is the
entropy rate associated with 7.

Proposition 6. Let p be a finitely supported probability vector on G such that h(p) > 0.
Given any sequence (Vy), (@n)ns0 as above, the mizing time associated with the random
walk on V,, with transition P, , satisfies, for any € € (0,1),
Toix(g,1—¢) 1
liminf min —=2 > .
n zeVy, logn h(p)

We consider Tg‘li)x(:r, 1—¢) (rather than T, ff};"(x, ¢)) when lower bounds on the mixing time
are concerned so that for both the upper and lower bounds, it is sufficient to consider

small values of ¢.

Proof. Let (X};) denote the random walk on G starting from the unit e and with transition
Pp. Its distribution is denoted by P. The result is an almost direct consequence of the
Shannon-McMillan-Breiman theorem [31, Theorem 2.1], which states that logP,(e, X)
concentrates around its mean; see (21). In particular, given ¢,8 > 0, we have for all ¢
sufficiently large

Plog Pl(e, Xy) < —(1+8)h(p)t] < /2.
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Thus, if one sets
Vs(t)i={g €G : Pl(e,g) = e @I}
we have
[Vs(t)| < e1TOY®and  PlX, ¢ Vs(b)] < /2.

Now, given x € V,, arbitrary, we consider X; := ¢,, (X, x), which is a random walk with
transition matrix P, started at z, and let Vs(¢) :={¢n(g,2) : g € Vs(¥)}, the image of
Vs(t) by the action. We have, for all ¢ sufficiently large,

Vi(t ¢ (1+8)b(®)t
(Vs = 01 _ Ol _ e |
n

n n

and Pfhp(x, Vs(t)) =P(X; € Vs(t)) > 1—¢/2. Thus, we have
1P} (@) = mnlloy = 1—g/2— 10D /p,
Considering t = |log(ne/2)/((14+8)h(p))], we conclude that for any arbitrarily small €,8 >
0, we have for n sufficiently large
(log n)

Ty 1 =) 2 Log(ne//(L+9HE)) = (1=8) o

This concludes the proof. O

The next lemma is the classical Avez lower bound adapted to our definition of spectral
radius. It implies notably that if g, <1, then h(p) > 0.

Lemma 7. If p is a finitely supported probability vector on G, we have h(p) = —2logop.

Proof. We may assume g, < 1. Let & > 0 be such that o, < e™". From (17), there exists
an integer ¢y > 1 such that for IIPlfII2 = IIP;P$*|| < e 2kt for all ¢ > ty. In particular,

Z(Pg(e, g))2 = (PL(PH ) (e.e) < e M.
9€9

From Jensen’s inequality, we deduce that

> Plle.g)log(Pie.9) <log | > (Pi(e.g))” | < —2ht.

=Y geg
It follows that h(p) > 2h. O

We conclude this subsection with a corollary of Kesten’s criterion for nonamenability
applicable to nonreversible walks.

Lemma 8. Let p be a finitely supported probability vector on G and A, ={g : py > 0}.
The subgroup (Ap) generated by Ay is nonamenable if and only if op < 1.

Proof. It is convenient to introduce the lazy random walk, £, = (Z+Pp)/2 = Ps, j2+p/2,
where 7 is the identity operator. Assume that (Ap) is nonamenable. Then £,L} is of the
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form Py for some p’ that satisfies (27) and (Ap) = (Ap). Kesten’s result then implies
that the singular radius of £, is smaller than 1 —4§ for some § > 0. The operator norm
of operators of the form Py with p’ a probability vector can be obtained by taking
the supremum over nonnegative functions. We can thus compare the norm of ﬁgt =
((Z+Pp)/2)?" with that of any term appearing in its binomial expansion. In particular,
we have

2t\ !
IPhll2—2 < 2”( t) 1£3 22 < 2VEIL, 130, < 2V/E(1—8)*

(where we have used that (2:) > 22t /(24/1)). From (17), it follows that o, < (1—6)% < 1.
Conversely, if op < 1 then, from (17), the singular radius of E; is strictly smaller than
one for some ¢. From the definition, it follows that the spectral radius of Py := C;(Elt))*
is smaller than one, which, by Kesten’s reciprocal, implies the nonamenability of (Apr) =

(-Ap>- O

2.2. Mixing time from stopping time

We present here a result derived from [9] that allows estimating the distance from
equilibrium using arbitrary stopping times. In this subsection, (X;) is an arbitrary Markov
chain on a finite set V with transition matrix P, and for z € V, P, denotes the distribution
of this process with initial condition Xg = .

A classical way to obtain mixing time upper-bounds is via the use of strong stationary
times (see [36, Chapter 6]). A strong stationary time is defined as a stopping time T
for the chain X for which X7 is at equilibrium and X7 and T are independent. The
standard bound [36, Lemma 6.11] says that if T is a strong stationary time for (1), then
(the bound is in fact proved for the separation distance, which is larger)

I Pt (z,) =7 |lry < Pu|T > t].

A careful inspection of the proof in [36] reveals that one can allow X1 to admit another
distribution provided that an adequate error term is added. However, the assumption
that X and T are independent is crucial in the mechanism of proof. However, using
recent techniques developed in [30, 9] to compare mixing times with hitting times, we can
bypass this independence assumption if the chain is reversible and if the mixing time is
much larger than the relaxation time, at the cost of a second error term. We will present
a variant of this argument for general finite Markov chains (which, in particular, does not
require reversibility).

We say that a filtration (F;), is adapted to (X;) if for any ¢t >0, z,y € V.

E[lix,=s, x,11=9) | Ftl = P(@, )1 x,=0) (31)

(in particular, this implies that X; is F; measurable). We denote by ¢2(r) the vector
space RV endowed with the scalar product

(f.9)x =Y w(@)f (@)g(x).

zeV
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Let us recall the definition singular radius given in (16) for a finite Markov chain P with
invariant measure 7,

||P|1if||62(n)
||f||e2(n)

For any integer ¢ > 1, we define the tth singular radius as

f;éO}

o =|Prllezir)y—e2m) = SUP{

o) = 1Pyl

02(m)—>02()"

Note that o(t) < 0. Moreover, in our context, the Poincaré inequality is the claim that
for any vector f e RV, with 7(f) = (1, f)x,

||Ptf—n(f)1||£2(7,) = ||(Pt)\1if||z2(n) = U(t)t”f”/z?(n)- (32)

This follows immediately from the definition of ¢th singular radius. We control distance
to equilibrium with the help of stopping time with the following result (in the present
article, the inequality (33) is sufficient for all purposes, but because the result might have
other applications, we also include a reversible version that is significantly better when o
is close to 1).

Proposition 9. Let (X;) be a finite irreducible Markov chain with transition matriz P,
equilibrium measure w and with tth singular radius o (t). If T is a stopping time with
respect to a filtration adapted to X and P, (X1 € -) = v, then we have for any positive
integers t and s

1P (2, ) = wllry < v =7lloy + P, [T > t]+2(1 —a ()™ Pa()*. (33)
Moreover, if (X;) is reversible and o = o (1) denotes the spectral radius of P, we have
1P (@) = llrv < v =mllrv +Py[ T > 1] 430/, (34)

Proof. In the reversible case, the main ingredient of our proof is [9, Corollary 2.4], which
we reformulate as follows. Given a set AC V, s >0 and ¢ > 0, we set

U(A s,e):={yeV : At>s |P(y,A)—m(A)|> ¢}
Then we have
w(U(A,s,8)) <2 20%.
From the definition of total variation distance, we deduce
V(U(A,5.6)) 26720 + v — 7|l 7v. (35)

For every z, t and s, using the triangle inequality and the fact that X ~ v, we obtain
(using the shorthand notation U for U(A4,s,¢)) that

t
Pz, A)—m(A) <Y Y Po(T=i; Xg = )Py, A) = w(A) + P, [T > t] + (D).
i=0 yg U
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From the definition of U(4,t,¢), the double sum above is smaller than ¢. Thus, from (35),
we obtain (maximising over A)

1P (2, ) = wllry < Po[T > t]+ v — 7| vv + 2620 +,

and one can conclude by choosing & = 02°/3. In the general case, we define for integer
s>0,

[o¢]
V(A4,s,e):={yeV :|P°(y,A)—n(A)| >¢} and U(4,s,8)= U V(A k,e).
t=s
In particular, we recover the above definition for U(A4, s,&). From the Markov inequality
and (32), for any integer ¢ > 0, we have

w(V(Ate) <e P Ly —n(D1l%,, <& o) n(A).

Because o; is nonincreasing, we thus have for any s and A,

T(U(As5.8) <Y a(V(Ake) <e(1—-a(s)>)a(s)*.

k=s

We deduce a slightly modified form of Equation (35):
V(U(As.6) <e2(1—0()*) o () + v —7|rv.

We may thus reproduce the same argument. O

3. Simple random walks on Ramanujan graphs revisited

3.1. Sketch of proof of Theorem A and Theorem B

In order to prove Theorem A and Theorem B, we apply Proposition 9 for a stopping time
defined using a coupling between the random walk on G, and that on Ty, the infinite
d-regular tree. This coupling is defined thanks to a covering map from 7y to G,,.

We denote by e the root vertex of 7y. Let X be the simple random walk on Ty starting
from e. Given z € V,,, we fix a local graph homeomorphism ¢ : Ty — G,, (each vertex v in
T4 has its d neighbours mapped to the d neighbours of ¢(v) in G,,) such that ¢(e) = 2. We
may construct the simple random walk on G,, by setting X; := ¢(X}). For a well-chosen
integer k > 1, we define the stopping time t as

t =inf{t > 0: Dist(X}, e) = k}, (36)

where Dist(v, e) is the distance of the vertex v in 7y to the root e. With k = logz%(l +
0(1)), we show that at the time 7, X; = ¢(X;) is close to equilibrium. More precisely, we
use that the distribution of X; can be expressed as an explicit polynomial of the transition
matrix P, (cf. Lemma 10), and thus its £2-norm can be controlled in terms of the spectral
radius of P, (cf. Lemma 12). This spectral bound turns out to be optimal.

Then the proof is concluded easily by using Proposition 9 and the fact that the detailed
behavior of t, which is a hitting time for a biased random walk, is known. It is worth

mentioning that this reasoning leads to a more quantitative result in Proposition 11 below
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(which can also be obtained using methods from [38]). We note also that the variables
X; and 7 are independent and Proposition 9 in its full strength is not really needed here.

3.2. Nonbacktracking walks and Chebyshev polynomials
In this subsection, let us consider G = (V, E) an arbitrary simple d-regular graph. Given
k > 1 integer, we let

Wy o= {(m)¥_ o e VF o Vie[k], (21,7} € E}

denote the set of paths of length & in G. Given z,y € V, we define the set of
nonbacktracking paths of length & from z to y as (with the convention that [0] is the
empty set)

NBi(z,y) :={xe Wy, : ;p=2z, o=y, Vi€ [k—1], 21 # 21},

and NBg(z) := UyevNBk(a:, y). We define the nonbacktracking operator of length k£ on
G to be the following stochastic matrix on V x V:

Qu(z.y) = #NBy(z,y) _ #NBp(2,y)
WY = T NB @) d(d—DF

We let P denote the transition matrix for the simple random walk on G (i.e., P = Q).
The following well-known result (see, e.g., [5, 44] and [16] for an early reference) will help
us to control the spectral radius of () in terms of that of P.

Lemma 10. For every integer k, there exists a polynomial py such that Qp = px(P) for
every simple d-reqular graph G. More precisely, we have

_ 1 d_1 T T
o=t (2)--(2)

where ¢ := (2+/d—1)/d and (Uy), k > —1, are the Chebyshev polynomials of the second
type defined recursively by

U1=0, Us=1and Upp1(z)=22Uk(x)— Up_1(x).

Proof (sketch). For a more detailed proof, we refer to the above-mentioned references
[5, 16, 44]. Tt is sufficient to check that the identity Qy = px(P) is valid on the d-regular
infinite tree Ty (it is the universal covering of G and the preimage by a covering map
of the nonbactracking paths on G that are the nonbacktracking paths on 73). We set
Qi :=d(d—1)F1Q,. Using that Qi (z, Y) = I{Dist(x, y)=k}, it is simple to check that

Qr+1=dP Qs — Qp_1. (37)

The result then follows by induction on k. We find p; =z, py = 22d/(d —1)—1/(d — 1)
and, from (37),

d 1

Pr+1 = ﬁfpk— d—1

Pr—1.
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It is then immediate to check that this recursion coincides with the recursion satisfied
by the polynomials d=(d —1)"*/2((d — 1) U(z/0) — Ux—2( 2/0)). The conclusion follows.
O

The polynomials (py) are called the Geronimus polynomials (in reference to [25]) or the
nonbacktracking polynomaials.

3.3. Proof of Theorem A

Recall that g, denotes the spectral radius for P,, restricted to a nonconstant function.

We let
don
Ny 1= max <O,L—1>
2/d—1

quantify by how much G, is far from being a Ramanujan graph. Theorem A is a
consequence of this more quantitative statement.

Proposition 11. Let (G,) be a sequence of d-regular graphs on n vertices such that
lim, oo = 0. There exists a constant C and a sequence 8, tending to zero such that
for all € € (0,1) for all n sufficiently large (depending on ¢),

d
(d—mkgw—1y+CJEOk%”+“M@+ﬁMVE%m (38)

where, if Z is a standard normal distribution, the function ®(-) is defined as the inverse

of

TFW@S(

e[ i ]
’ SENCCEDE

In particular, if lim,_, o n,logn =0, then

T (g) = logn+ ®(e)y/logn + o(y/logn). (39)

Note that the upper bound in (39) is an immediate consequence of (38), and the lower
bound (displayed in [38, Fact 2.1]), which is valid for any d-regular graph, follows from
the argument sketched in the introduction. We note also that it follows from [13] that, if
G, is a uniform random d-regular graph on n vertices, then n,+/logn converges to 0 in
probability. Hence, we recover the main result of [39] from Proposition 11. The remainder
of this subsection is devoted to the proof of Proposition 11. The proof includes a technical
lemma whose proof is postponed to the end of the section.

d
(d—2)log(d — 1)

Proof of Proposition 11. We apply the content of the previous subsection to our
problem. Let z be in V, and ¢ : Ty — G, be as in Subsection 3.1 be a local graph
homeomorphism such that ¢(e) = z, where e is the root of 7;. Let X; be the simple
random walk on 7y started at the root vertex e. Then X; := ¢(X;) is a simple random
walk on G, starting from z. For an integer k to be chosen later on, let T be defined as in
(36). Because nonbacktracking paths in a tree are geodesic paths, it is immediate to see
that the distribution of X; is given by Q. .(z,-), where Q. »(x,-) is the nonbacktracking
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operator on G,. Hence, in particular, the standard €5 upper bound on total variation
distance (2) applied for ¢t =1 yields

I Qk,n(xv J=mpllrv < rk,n\/%v (40)
where, using Lemma 10,
Tkon:=_ Mmax [A|= max pg(}).
AeSp(Qg, n)\1 AeSp(Pp)\1
Hence, if one sets
k=k in{k < !
=k, := min DT —_— 1,
" R = J/nlogn

we deduce from (40) that || Qx,.n(7,") — 7, |lTv < (logn)~t. We now apply Proposition 9
for T = 1. We obtain that, provided that ¢, <1—§ (which is true for all n large enough
if n, — 0 for, e.g., § = 1/20), for all ¢ >0,

dn (2, t+8) < | Qpp n (T, ) — 7 Iy + PlT > ] +3(1 — )2/, (41)

The last term can be made smaller than (logn)~! for all n large enough by choosing
s = s, := (loglogn)?. Hence, setting

tn(g) = inf{t : Plr>t] < 8—2(10gn)_1},
we obtain
TR (g) < tn(e) + sy

Now, the central limit theorem for the biased random walk on the line implies that
Dist(X, 0) —t((d —2)/d)
2/d—1/d

converges weakly to a standard normal distribution. We may thus easily estimate ¢, as a
function of k,. Hence, the only missing part is an estimate for k,.

Lemma 12. For any integer d > 3, there exists a constant C such that for all n
sufficiently large we have

o < | it + € doglogm), if 1 < (logm)~2(loglog n)?,
" 10:;%(1—}- cym if n > (logn)~2(loglogn)?.

The above estimates combined with the use of the central limit theorem (details are
left to the reader) imply that

d
tn(e) < ((d—2)log(d—1) + C\/n_n> logn + (®(g) +8,) /1ogn.

This concludes the proof of Proposition 11 (provided that Lemma 12 has been
established). O
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Proof of Lemma 12. We use the following classic identities, valid for all & € R\{0} and
keN:
sinh((k+1)0) sin((k +1)6)

Ug(coshf) = ——— = and Ui(cosO) =

_ . (42)
sinh 6 sin@

We note that Uy is either an even or an odd function (depending on the parity of k). We
thus have for any A,

1
(M| = W[(d = DU M/ + [ Up—2(/0)]]-

Using the fact (it can be checked using (42)) that |Ux(z)| < k+1 on [0,1] and Ug(z) is
increasing on [1,00), we obtain that

1
<—|(d—1 1 _o(1 4
redbax pE(M] = d(d—l)’“/Q[(d VU1 +15) + Up—2(141,)], (43)
and hence 7y, < (d —1)"*/2 U, (14 n,). Using the identity (42), we obtain that there
exists a constant C' such that

Thin < m min(n_l/g, k)eCk*/ﬁ.

This is sufficient to obtain the desired estimate on £, . O

3.4. Proof of Theorem B

Let n > 0. To prove Theorem B, we use (41) with k, replaced by &/, = logﬁfl)(l +1n/2).
By the law of large numbers, v = t(k) is asymptotically equivalent to kd/d —2 when k
goes to infinity. Hence, to prove Theorem B, it is sufficient to show that there exists ¢ >0
such that for all n large enough, we have || Qu n(z,") — 7, [lrv < n~7 for at least n'=2<"

vertices z in V,,. It is thus sufficient to show that for all n sufficiently large,

Y Qi () —nllmy < n' 73, (44)

zeVp

To take into account the information we have about the multiplicity of eigenvalues, we
must be more precise than (40) in our decomposition. For A € Sp(P,) \ {1}, we let a; ()
be the square norm of the projection of the vector 8, onto E}, the eigenspace of P,
corresponding to A; that is,

o, (z) := max L
fems Y yev, ()2

From the spectral theorem, we have )" __ v, (@) = dim(E}). Using the Cauchy-Schwartz
inequality and the decomposition on the eigenspaces of P,, we obtain

1 2
@21 Qrn(@ ) ~Tallry)’ < Y. (Qk,n(:r,y)——) = Y W)

yeVn LeSp(Pn)\{1}
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Hence, averaging over z, we have

1
~ D NQenG)—maliy = 30 pe*dim(E)).

z€Vn AeSp(Pp)\{1}

Using the fact (recall (43)) that py(1) < (d —1)"%/2(k+1) when A < o, we obtain that

> peWdim(E) < (d—1)F(k+1)%n. (45)
AeSp(Pn)N[-e.¢]

For A ¢ [—o, 0], as a consequence of (42) we have

. 1 o1 1
thUPEIOgka\N < klgrolozlog Uk(I2l/0) — §log(d— i}

k—o0
1
= log (IKI/Q - /0)* = 1) - §log(d -1).

Hence, recalling the definition of I(u) in (7) and the assumption g, <1—4§, we arrive at

log Y prg, () dim(E))

1eSp(Pp)\[—e.0]
. 2log (U/Q—\/(U/Q)Q—l)
< su +
u€lo, ?75] 1 IOg(d -1

limsup
n—oo 108

—1|+Iw | (46)

(where we have used the upper semicontinuity of u +— I(w)). Using the assumption (8),
we obtain that the left-hand side of (46) is at most con with

1 log(1-8)/e-V(@=8)/0)” 1)
coi=—— > 0.
2 log(d —1)

Together with (45), it concludes the proof of (44) with ¢ = ¢y/4. O

Remark 3.1 (Variant of Theorem B). If H is a vector space of RV with #V,, = n, we
define the flat dimension of H as dimo(H) = nmaxzev, |Prls ||§ where Py is the orthog-
onal projection onto H. This definition implies dimg(H) > dim(H), dimg(span(mr,)) =1
and dimg(span(1l;)) = n. If the graph G, is a transitive graph and H is the invariant
vector space generated by k eigenvalues of P,,, then we have dimy(H) = dim(H). Now,
we define Iy exactly as I in (7) except that we replace dim(E?) in (7) by dimg(E*). The
proof of Theorem B actually proves that (6) holds if ¢, <1—38 and for all u > g, (8)
holds with I instead of I.

4. Covered random walks: proof of Theorem 5

4.1. Notation

In this section, we fix a finitely supported probability vector p on G and we denote by
(X}) >0 the random walk on G with transition kernel P, started at X = e, the unit of G.
The underlying probability distribution of the process (X;);>0 on G will be denoted by
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P(-). Finally, if ¢,, is the action of G on V,, as in Theorem 5, given a fixed z € V,,, we set
Xt = on (X, z). Then (Xy)is0 is a trajectory of the Markov chain on V,, with transition
kernel P, , and initial condition z.

4.2. Proof strategy

Our strategy shares some similarities with that adopted in the Ramanujan case: We try
to build a backbone walk (Yy)s>0 with Y, = X;, using stopping times that are defined in
terms of the walk performed on the covering (our term ‘backbone’ comes from the fact
that the complete walk can be recovered from the backbone by adding the missing pieces).
The two important properties that our backbone walk must satisfy are the following:

(i) At each step, one jumps more or less uniformly to one of k vertices for a large
k.

(ii) The spectral gap associated with the backbone walk is close to the Alon-Boppana
bound.

The second property is obtained from our assumptions that the RD property on G
holds and that the sequence of actions converges strongly. To obtain a backbone walk
that jumps close to uniformity on large sets, we perform an explicit construction based
on the Green’s operator associated to Pp.

To conclude, we need to relate the mixing time of the backbone walk to that of the
original one. This is done using the tools developed in Subsection 2.2 that relate mixing
times and hitting times. Indeed, hitting times of the backbone walk provide an upper
bound for the hitting times of the original walk.

4.3. Construction of the backbone walk from the Green’s operator

Given k a large integer, our task is to find a stopping time 7 for the process (X;) starting
from Xy = e such that A, is close to being uniformly distributed on a set of k vertices.
We denote by A= {a,...,aq} the symmetric support of P,. We define I' as the Cayley
graph of G generated by A. By construction, (X;) is a random walk on I"'. We are going
to choose our stopping time of the form

t:=inf{t>0:X;, ¢ U}, (47)

where U is finite and contains e. Notably, 7 is almost surely finite and X, is supported
on the set d U defined by

AU :={g¢ U:a;'ge U for some i € [d]},

which satisfies #0U < (d—1)#U.

Now let us specify our choice for U. We let R, = (Z—P,)~" be the Green’s operator
associated with P,. The Green’s operator is a well-defined bounded operator; because
op <1, 1is not in the spectrum of P,. We define v to be the image of the coordinate
vector at e by Rp. The scalar u(g) corresponds to the expected number of visits at g
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starting from e:

u(g) == Ryle,g) =) _Pale.9). (48)

t=0

Given k£ > 1, we define the set

U::{geg:u(g)>%}. (49)
In the reversible case, our set U can be interpreted as the complement of a ball around e
in the Green metric on G associated to Pp. The Green metric is defined for all g,k € G by
d(g,h) =logRp(e,e) —logRy(g, h) and it is closely related to the entropy of the random
walk (X;); see [12]. Our backbone walk is the induced walk on the successive exit times
from U. More precisely, we define 75 := 0, 71 = t and, for integer s > 1, 7,41 :=inf{t > 7, :
XX, L'¢ U}. We finally set YV, := X;,. We denote by Q the transition kernel associated
with the Markov chain ()s): For any g,h € G,

Q(g.h) =P(X; =hg™"). (50)
By construction, we have Q =Py where, for all g € G,
gy :=Q(e,9) =P[V1 = g] =P[X; =g]. (51)

We let (Y;) be the projection of the walk ()s) onto V,,, Ys:=¢,(Vs,z) and let @), denote
the associated transition kernel. This Markov chain is our backbone walk. The following
result establishes that U has the desired property.

Proposition 13. Assume that o, < 1. Then there exists a constant C such that for
every integer k > 2, the set defined by Equation (49) satisfies e € U, #U < Cklogk,
diam(U) < Clogk (where diam denotes the diameter for the graph distance in T') and
such that for q defined by (51),

. (52)

e

VgeaU’ ng

Proof. By definition of the function u, we have e € U and for any g € dU, ¢4 =
P[X; = g] < u(g) <1/k, as requested. We now check that the cardinality of U is controlled
by klogk. This is a simple consequence of the assumption that g, < 1. We fix ¢ such that
0p < 0 < 1. Then, from (17), there exists s > 1 such that ||77;|| < o' for all t > 5. Hence,
there exists a constant Cy > 1, such that IIPIfII < Cpo! for all t > 1. Notably, we deduce
that for all g,h € G,

Plig.h) < P < Coo’ (53)

(see forthcoming Lemma 25 for an improvement of this inequality). Thus, if Dist(g, €) is
the graph distance between ¢ and e in I,

u(g) = Z 77;(6, q) < Cp(1—p) toPste:9),

t=|g|
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This implies that U is included in the ball B, of radius r = [ C;logk] around the unit e.
For any integer b > 1, we find

Ly u= Y Y Pl

geU geB, t=1
br 00

=2 2 Plep+ 2. ) Ppley
t=1geB, t=br+1geB,

<br+ Y (#B)C".

t=br+1
We choose b > 0 such that (d —1)p® < 1. Because # B, < d(d —1)""!, we thus find that
#U/k is at most Cylogk as requested (with Cy =2bC). O

4.4. Deducing mixing times from RD property and the strong convergence

To compare the original walk with the backbone walk, the first requirement is to control
how much time each backbone step requires on average. This can be deduced from the
definition of the entropy of G. Recall the definition of 7 in (47).

Lemma 14. Assume that op < 1. For any € > 0, there exists k(¢) > 1 such that for all
integers k > k(¢),

logk

h)

Proof. Given #; < t; < 00, we decompose the expectation in three contributions (t < t,
T € (t1,12], T > t3) and obtain

Elr] < (1+e)

Elr] < i+ 6P(t > 1) + E[t ljz= 1] (54)
We set

logk
t1:=(1+8/2)£ and t:= Clogk
h(p)

for some adequate constant C and prove that the second and third terms in (54) are
smaller than (¢/4)(log k/h(p)). We start by bounding the tail probability of t. Recall that
op is the spectral radius of P,. We fix ¢ such that g, < 0 < 1. From (53),

P(r>t) <P(X,e U)< Y Pile.g) <#UCo".
geU
Hence, for any s > 0,
P(r - log(Co#U)—i—s) -
log(1/0)

By Proposition 13, we deduce for some choice of constant C' > 0, for any s > 0 and integer
k>2,

P(t > (C/2)(logk+s)) < e”°.
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It follows that for any ¢ > 0, for all k& large enough,

1 - elogk.

logk = 4b(p)

Now to control the second term, we need to show that P(t > t1) <e/(4Ch(p)). Set

Eltlrsy] <

1 {g € g : ;[ tl(@ g) <e (I*S/S)tlh(l))}
p b f—
and, alguillg as above7

P(r> 1) <P(X, e U)< Y Pi(e.g)+P(X, ¢ H).
geUNH

Now, from (21), if k is large enough, P(X; ¢ H) < ¢/(8ChH(p)) and, by Proposition 13,

3 Plie,g) < #Ue D0 < (Chloghyk~ 010 < /(8CH(p)).
geUNH

as requested. O

Remark 4.1. The above proof actually shows that the conclusion of Lemma 14 is true
for any exit time from a set of cardinality k'*°®. On the other hand, (21) and the
lower bound u(X;) > Plf(e, Xp) imply easily that E[t] > (1 —¢&)(logk)/h(p) for all k large
enough. Hence, our set U asymptotically maximises the mean exit time (among all sets
of cardinality k1ToW).

All ingredients are now gathered to conclude.

Proof of Theorem 5. We fix ¢ € (0,1), § > 0 and z € V,, arbitrary and prove that for n
sufficiently large,

T (z,8) < (1+8)logn/h(p).

We consider t constructed with U from Proposition 13 for some large k, which we are
going to choose depending on § but not on n, and we set m := [(1+45/4)(logn)/logk].
We use Proposition 9 for the walk X; := ¢, (X}, z) with

T=1ty,, t=t,=[1+8logn/h(p)—loglogn] and s=s, = |loglogn].
We have

”P:LT,L[—J’—SYL (Z’ ) _nHTV =< ” Q;ﬂ _7'[”TV +P[Tm > tn] +2(1 _Un,p(Sn))_l/San,p(Sn)zsn/g- (55)

We are going to show that for n sufficiently large, each of the three terms in the right-hand
side are smaller than &/3.
We start with the third term. To deal with it we prove the following statement:

limsup oy, (8) < 0p, (56)
n—oo

§—> 00

where the limit can be taken over arbitrary sequences of n and s, which both go to infinity
(though it is sufficient for our purpose to know that the limsup is < 1). If s = asp+ b
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with a, b, s; nonnegative integers, we have

b
1(PE i llomwa < 1CPL2) 18 ol (PE Dyt o < (P01t 15

Applied to a = |s/sp], we deduce that for all ¢ > ¢,

O p(8) < Gn,p(SO)l‘s%l- (57)

From (30), we can choose s(8) and no(8) such that o, () < 0p+38/2 and we can deduce
from (57) that o, p(s) < op+6 for n > ny(§) and s > s;(8) sufficiently large. Let us now
move the second and third terms in (34).

The probability P[t,, > t,] is small as a consequence of the law of large numbers.
Indeed, choosing k(8) sufficiently large, Lemma 14, guarantees that ¢, > (1+38/2)mE|z]|.
The smallness of ||Q* —|Tv is obtained using spectral estimates for @,. Because G
has the RD property (29), we deduce from Proposition 13 that for some constants C, C’
(depending on p),

=Pyl < Cllogh)® (k243 U)"? < C'k 2 (log k) C1/2.

Now, the assumption that (¢,) converges strongly applied to q implies that for all n large
enough (depending on k), the singular radius o, 4 of @), satisfies

Onq <20k (logk)“ /2.

Then, we use the Cauchy-Schwarz inequality and the usual £2-distance bound (32). We
obtain that for any m > 1,

1@y (z,) = wullry < V/nll Q' (z,) = 7all2 < V/noy, (58)

and we can conclude by replacing m by its value. O

Remark 4.2 (Relaxation of the definition of the spectral radius). We may slightly relax
the assumption of strong convergence. If H is a vector subspace of R"” that is invariant
under P, ,, we set afp to be the operator norm of P, ;, on the orthogonal of H. Recall
the definition of the flat dimension dimg in Remark 3.1.

Now, we say that the sequence of actions (¢,) converges relatively strongly if for any
finitely supported probability vector p € £2(G) we have limsup,, 0, p < 1 and lim,, af; =0y
for a sequence (H,) of invariant vector spaces such that m,, € H, and dimg(H,) < n°»
with lim,, &, = 0. Then Theorem 5 also holds under this weaker assumption. Indeed, we
simply replace the bound (58) by the bound valid for any invariant vector space H of @,
that contains 7,,:

QI (2, = 7n ey < VAN QI (2,) = 7allz < V/ro " /dimo(H) /n+ /7 (62)", (59)

which follows directly from the spectral theorem and the observation that, if Py is the
orthogonal projection onto a vector space H, then

1Pafll2 <Y If @I Palelz < Iflly/dim(H)/n.

https://doi.org/10.1017/51474748020000663 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748020000663

1598 C. Bordenave and H. Lacoin

Finally, we notice that if dimg(H) = n°® and limsup, 0, q < 1, then the first term on
the right-hand side of (59) goes to 0 as soon as m is of order logn.

5. Anisotropic random walks: proof of Theorem 1

5.1. Notation

In this section, we fix an involution as in Theorem 1. We define G as the group obtained
by k free copies of Z and [ free copies of Z /27 where k+ [ is the number of equivalence
classes of the involution, as detailed below Definition 2. We denote by A = {g1,..., g4}
its natural set of generators. The probability vector p = (p1,...,pq) as in Theorem 1 is
identified with a vector in ¢2(G) defined by, for all i € [d], p,, = p; and p, = 0 otherwise. As
in the previous section, we denote by (&}):>¢ the random walk on G with transition kernel
Pp started at Xy = e, the unit of G. The underlying probability distribution of the process
(Xt)¢=0 on G will be denoted by P(-). Finally, we define ¢, as the action of G on V,,
such that for all ¢ € [d], S;, = S; where S; is as in (11) and S, is the permutation matrix
associated to ¢, (g,-). Finally, given z € V,,, we set Xy = ¢, (X, z); that is, (X¢)¢s0 is a
trajectory of the Markov chain on V,, with transition kernel P, , with initial condition z.

5.2. Proof strategy and organisation

Our starting point is to use the same stopping time strategy as that for the previous
section. But instead of using the RD property to conclude, we are going to show that the
generator of the backbone random walk can be reasonably approximated by a polynomial
in P, p, the generator of the random walk with anisotropy given by p’. Our first job is
thus to identify the value of p’ that is possible. We perform this approximation for the
backbone walk on the covering graph G (it is then sufficient to use the covering to have
an approximation for the walk on V). With the definition of the stopping set U in (49),
a natural object to compare Q to is the Green’s operator, which is expressed as a series
in Py. After a suitable truncation, we can in fact obtain a polynomial in P, that is a good
approximation of @ . By good approximation in the £! sense we mean that one can find
a polynomial R that is such that

Q(z,y) < R(Pp)(z,y) (60)

for all z and y and also such that ||R(Pp)(e, )ll¢, g) is not much larger than || Q(e,)ll¢, )
(which is equal to 1). However, for our spectral computations, we want an approximation
of Q in the £2 sense and it turns out that the above one is not satisfactory. In the same
way that the Green’s operator helps to find a good approximation in £!, we want to use
the operator R, defined by

R;)('/Ev ?/) = Vv Rp(xi 3/)

to find a good approximation of Q € £2(G). What makes this approach successful for
anisotropic random walks on free groups is that R; correspond to a point of the resolvent
of another anisotropic random walk Py for a vector p’ that has the same support as
p- Again, we can approximate the resolvent operator by a polynomial by an ad hoc
truncation procedure.
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Our study of the resolvent of the random walk, presented in Subsection 5.3, allows us
to derive an explicit relation between p and p’. Then in Subsection 5.4 we show that this
relation combined with a technical but somehow natural truncation procedure yields a
relevant bound on the kernel of the backbone walk (Proposition 21). Combining this with
a few £o computations (Lemma 22), this allows us to prove Theorem 1 by adapting the
approach used for Theorem 5.

5.3. The relation between p and p’ via resolvent
The resolvent of Py, is defined for z ¢ o (P,) by

R =(:I-Py) .

In the above expression, T is the identity operator on £2(G). Because we are particularly
interested in the behavior of the operator R} as |z| > o, approaches g,, we consider
the following alternative definition of R;(z,y) (which coincides with the one above for

|2] > op):
Ri(z.y) =Y 2 Pl y). (61)

t>0

As shown in [24] (see Lemma 16 below), the above series converges for all z and y if
and only if |z| > o, where (Q;))_l is the radius of convergence of the series ’Pg(e, e). It is
given by the following generalisation of the Akemann-Ostrand formula (see [24, Equation

26):
d
Q;,:rgg{mz(m_s)} ©)

and satisfies ¢, < 0p (With equality in the symmetric case p; = p; for all 7 € [d]).

Because our group is nonamenable, the vector (Rll)(e, T))zeg 18 very close to being
integrable (it does not belong to £'(G) but (Ry(e,2))zeg s in YG) for all z > 1), and
(Rgp(e, T))zeg is close to being in £2(G) in the same sense. What we prove in this section
(and which is made plausible by the observation above) is the following.

Proposition 15. Given p a probability vector on [d] such that (12) holds, there exists a
unique probability vector p' and a real C = C(p) such that for all x,y € G,
1 _ Qp 2
Ry(z,y)=C (Rp}’ (z, y)) .
To our knowledge, this quadratic identity has not been discovered before. It is of

fundamental importance in what follows: It establishes a relation between the vector
(Rll)(e, x))zeg — which, as seen in Subsection 4.4 is intimately connected with the entropy
h(p) — and (Rf}’,(e, T))gzeg, the resolvent of Py at its spectral edge. As a consequence of
the tree structure of the Cayley graph associated with (G,.4), which can be identified
with the regular tree Ty, the resolvent admits a simple ‘multiplicative’ expression (this
is a well-established result that can be found, e.g., in [24] or [22]). Indeed, R} (e, z) can
be obtained by multiplying R; (e, €) by a quantity r7(p) for each edge of type i that is
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crossed on the minimal path linking e to . Hence, to prove Proposition 15, we need to
, 2
find a probability vector p’ such that for all i € [d], i (p) = (rf Y (p )) .

We need some extra notation to give an expression for the coefficients r;. Let us denote
by R; ; the resolvent of the operator Py ; = Pp — (pide ® 8y, + pixdg, ®6e) (defined as in
(61) for |z| > g,) obtained from Py, by removing the transitions between e and g;. Finally,
we let y; be the diagonal coefficient of RJ ;:

yi=yip) = R;’i(e, e)= Z sz(HI)PIiZ-(@, e). (63)

t>0 t>0

Note that Pj;(e,e) is a function of p;p;s, i € [d] (because every transition from e to e
involves the same number of multiplications by ¢; and g¢;+). This implies in particular
that y7? = y%. Note that the reference in [24] only treats the case ¢» = d/2 and assumes
that every coordinate is positive. The positivity assumption, however, is not used in the
proof (save for the fact that the return probability to zero decays exponentially, which
is ensured by (12)). The proof also adapts to arbitrary values of ¢; and ¢ without any
change (cf. [22, Proposition 3.4], which only deals with the case ¢ = d).

Lemma 16 (see Lemma 2 and Lemma 3 in [24], [22]). For any reduced word x =
iy -+~ 9in, € G written in reduced form (that is, gi, ., # giz for all k) and |z| > g}, (recall

(62)),

Ri(e.x) =Ri(e.e) [ [ pivi-

t=1
Moreover,
—1 -1
Ry(e,e)=|2— Z ppiY; and yi=|z— Z ppiY; . (64)
jeld] JFE*

The above lemma allows one to compute explicitly the resolvent operator.

Lemma 17. We assume that (12) holds and that z € [Q;,OO). If s=5.=1/2R; (e, e))
and r; = p; Y7, we have riry < 1,

V2 pipix—s ; 2sr;
;= VI Pibr 78 when px >0, 1= b when p=0 and p=—"7 .
Dix 2s 1-— T T

Moreover, s, is the largest real solution of the following equation in x:

d
z:2x+2(1/x2+pjpj*—x>.
j=1

Proof. From (64) and the fact that y; = y;« (recall (63)), we have 2s =2 —3 . pj«r; and
DiDi* yiz +2sy; —1 = 0. The inequality r;r;x = p;pi* yf < 1 and the formulas follow (also
in the case p;p; = 0). It remains to prove that s is the largest solution of f(z) = z with
f(zx)=2x+ Zj (‘/ar2 +pipj — x) Because f is strictly convex and has a unique minimiser
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Zmin > 0 such that f(zmin) = Ql/]7 the equation f(z) = z has either zero, one or two solutions
according to whether z < Q;, z= Q;, z > Q;). In the latter case, we let z_(2) < Tpin < 24 (2)
denote the two solutions. Because s, is an increasing function of z, we have s, > xy, for

z > Q; and thus s(z) = xy(2). O
Lemma 18. Let z € [0p,00) and 1; = p;y7. We have
d d r2
Ty (1 — 1) (1_7’*)
Z T— =1l&z=1 and gl_(rﬁl*)z—l(i}zzgp.

=
The result is a direct consequence of the following combinatorial statement (whose proof
we include in the Appendix A for completeness).
Lemma 19. For any («;)%, in [0,1)¢, the function defined on G by F(x) := [}, o, if
T =i ..., n reduced form, then F is integrable for the uniform counting measure on
G if and only if

4 (1 —az)
2T <t
i=1 1“1
Proof of Lemma 18. From (61), }_ ;s RZ(e,7) < o0 if and only if z > 1. On the other
hand, from spectral considerations, IR58ell2 is finite for z > o, and diverges as z goes to

0p- Hence, recalling definition (61), we have }_ (Rf’(e,ag))2 < oo if and only if z > gp.
Lemma 19 implies that

d r2
7”1 7”1*) (1 - (Tz*) )
; L=y stez=l e ; 1— (rymye)? <lez>o

We can conclude using the fact that (cf. (63)) the y?s are continuous functions of z. [

Now we are ready to identify the value of p’ that is such that (15) holds. We set, for
i €[d], r7(p) = piy? (p), and we introduce the vectors a and b whose coordinates are given
for all 7 € [d] by
a;(p):=7/(® and  b(p):=1;"(p).
The formulas for the coordinates a; and b; of a and b are given in Lemma 17, and
Lemma 18 can be used to determine g, (this characterisation of o, could also be deduced

from [35, Corollary 3.1]). Notably, by Lemma 17 we have a;a;+, b;b;+ € [0,1). We can now
reformulate and prove Proposition 15.

Proposition 20. For any probability vector p on [d|, there exists a unique probability
vector p’ on [d] with the same support as p such that for all i € [d], we have

a:(p) = (b:(®")".
It is given by the formula, for all i € [d],

= Yu®) v Vi (@)
t o 1=Vai(p)ai(p) je[d]l— a; (p) a;(p)

-1
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Proof of Proposition 20. For ease of notation, we set r, = /a;(p). Assume that p’ is
a probability vector such that b;(p’) = r; for all i € [d]. By Lemma 17, (p})c[q) is the
probability vector proportional to (7“; /A= rg*))iel d] and hence we have uniqueness. We
now prove existence. We set p; = 2sr;/(1 —r;r}.), where s is the normalisation constant
such that p’ is a probability vector. Now, setting

z=25+2d:< /52+p;pj’.*—s), (65)
j=1

we only need to check that s = 2/R;,(€, e). Indeed, if this is the case, Lemma 17 implies
that r; =7 (p’) and Lemma 18 implies that z = gy. In view of (65) and the proof of Lemma
17, we only need to discard the possibility that s < i, where xy,;, is the minimiser of

f(z):=2x+ Z;i:l ( x2 +pj’-pj’-* — a:) Our definitions for p; and s imply that
V82+p;p;*_5 e/ / pg

, .

= T if pls >0 and 7= % if not. (66)
Q,/

Because both expressions above are monotone in s, if s < Zmin, one would have 7 > ¢,” (p’)

o,
whenever p; > 0 because r;” (p) is obtained by substituting s by Zyin in (66) (here we
use the definition (62), which implies that Q;), = f(Zmin), as well as Lemma 17). Because

0, < op' this also implies that r; > rf ¥ (p') and thus that

d
1—(rs
Z()( ()% o1, (67)
1—(rirls)?
i=1
which yields a contradiction to the definition of /. O

5.4. Deducing mixing time from a bounding kernel

Our aim now is to work with the same stopping time and backbone walk as in Subsection
4.3 and use the information we have to approximate the transition matrix of the backbone
walk @,, = P,, ¢ where the probability vector q was defined below (51), with a power series
of P, the transition matrix of the nearest neighbour random walk associated with p’
of Proposition 20. We further define @/ to be the following truncated series (which
approximates a multiple of the resolvent of P, ;y at z =gy ):

LI<§J ( >t

(The fact that oy is positive can be deduced from the expression (61) with a few simple
computations. It also follows from the forthcoming Lemma 25.)

Proposition 21. Given p a probability vector on [d], there exists a real C = C(p) such
that for p’ given by Proposition 20, we have, for all z,y € V,,
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We postpone the proof of this proposition to Subsection 5.6 and deduce Theorem 1 out
of it. The proof includes a few technical lemmas whose proofs are postponed to the end
of this section.

Proof of Theorem 1. Our first step is to use the comparison above to obtain spectral
estimates for @,. We cannot control directly the spectral gap but we can estimate the
contraction of functions with large variance. More precisely, given a matrix A of size n x n
and 1 < u < 4/n, we define

(Af, Af)
W(A) = AL
“uld) ¢Mﬂgﬁfh ) (68)

Note that «1(A) is the operator norm of A and « /5 (A) is the square root of the maximal
diagonal entry of A*A. For general u, the scalar «,(A4) can be thought of as a kind of
pseudonorm of A restricted to vectors that are localised in terms of their £2 over ¢! ratio.
The function u > k,(A4) can be thought of as a spectral analogu (for a matrix) of the
isoperimetric profile of a graph (if 4 is the adjacency matrix of a graph, the isoperimetric
profile is essentially obtained by restricting the maximum in (68) to functions f that are
indicator functions of a subset of vertices).

Lemma 22. Let A, B be two n x n matrices such that B is a bistochastic matriz. Assume
that for some real ¢ >0 and all x,y € [n], we have |A(z,y)| < ¢B(z,y), then for all

1<u<.n,
ku(A) < co(B)+ (69)
u
where o (B) = ||B|1,L||2_>2 is the singular radius of B.

From Proposition 21, we may apply Lemma 22 when A = @, and B = «a(Q),,, with

4
a=k"1? [tliﬁk] Q;,t and ¢ = Ca~! for the constant C given by Proposition 21. In this

case, from the triangle inequality, we have

logk]? ( pt Llog k)4 t

C (Pn /)|]Jl C Opny (1)

co(B)=|— P <= ( P ) (70)
vk tzg Qlt)/ NT ; Qp

and, because gy > 0 (see forthcoming Lemma 25), for some adequate choice of C’
c Llog kJ*
_ —t C'(log k)4
c= Z Oy =e :

VE S

We now bound (70). For that, we use the next proposition, which quantifies the
convergence of o, () to gp in (14).

Proposition 23. For any probability vector p and integer t > 1, we have

0p < 0p(t) < (t+ 1),
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From Proposition 23, we deduce that

Logk)* t
3 (“"—(t)) < ((logb)* +1)®.
t=0 &’

Using Assumption (23) and Lemma 22, for any fixed k > 5, for all n > ng(k) sufficiently
large, we obtain

(log k)*3
—

Now we want to use this estimate to build an adapted time for the original walk P, ;.
The idea is first to iterate Q, several times in order to contract the £2-norm below the
threshold u and then use the original transition matrix P, , to finish the job. For this
purpose, for a large integer k (we assume k > (logk)2%) that will be conveniently fixed
later on, and for n > 3, we set

logn
o = d b, :=|logl .
¢ Logk—?Gloglong o Lloglog ]

We define T := b, + 14, where (1,)s>0 are the successive times of the backbone walk as
in Subsection 4.3. Our spectral estimate (71) implies that X is close to equilibrium.

Lemma 24. For any fized integer k > 3, let a,,b, be as above and T = by, + 1, . If
Assumption (23) holds, then we have

lim max |P;[X7 € | =, |7y = 0.
n—>ooreVy

To show that

max T (,6) < (1+6) (log n) /h(p)

for n sufficiently large, we use Proposition 9 with ¢ = ¢, and s = s, where

T=bn+7a, tn:=L11+68/2)logn)/h(@)] and s, :=[(6/2)(ogn)/h(p)].

With this setup, the first term in (33) tends to zero according to Lemma 24. For the third
one we need to show that o, p(s,) is bounded away from one. Because (30) holds for p’,
we have (cf. (56))

limsupoy, p(s) = 0p < 1. (72)
n—00
S§—> 00

Now because p and p’ have the same support, one can compare o, (s) and o,  (s). More
precisely, applying [36, Lemma 13.22] to the operators Py(Pp)* and 73;, (77;/)3 yields for

every s and n

1— . 2s ; 2s

S S p(9) > min (p_/) . (73)
l—O'n’p/(S)% ield] \ p;
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Hence, limsup,,; 05,p(s50) < 1 for some sy and thus from (57) we get that
limsupoy, p(s) < 1. (74)
n—00
S§—> 00

It remains to show that

lim P[z,, > t—b,]=0.

n—0o0

From the law of large numbers and Lemma 14, for any § > 0, we may choose an integer
k sufficiently large such that

. 8 log k
1 P 1
niroo [ ( 1 ) "bip J

This concludes the proof of Theorem 1. O

Proof of Lemma 22. The statement is an immediate consequence of the following
functional inequality valid for every f:

JAfAf) < coB)|If 2+ %nful. (75)
n

Because B is bistochastic, the constant functions are left-invariant by B and its transpose.
It follows that o (B) is the operator norm of B projected on functions with zero sum. Now
given f, if |f] is the vector |f|(z) := |f(z)| and |A] is the matrix |A|(z,y) := |A(z,v)|, we
have

(Af,Af) < (ANIFLIANF) < ¢2(BIf1 BIf))-

The orthogonal projection of |f| on zero-sum functions is f(z) :=|f[(z) — | fIl1/n. We have

(BIf1. BIfl) = £ /n+(Bf.Bf) < IfI3/n+o(B)3IIfII3- (76)
We deduce (75) using the triangle inequality, ~/ a2+ b2 < |a|+|b|. O

Proof of Lemma 24. Recall that T = b, + 7,,. The distribution of X1 can be written
as

P [Xr €] = (P}, Qim)(x, ).

We first show that for any z € V,, (recall that u = uy, := 198 k)s),

1Q," (z,) —mall2 < (77)

f

Because @, is a contraction, we note that || Q% (x,) —m, | 2 is nondecreasing in ¢. Moreover,

2
Q! () —mnlla = 11 Qn(Q) (z,) — 1) |2 < max (xu(@n Ql(z,-) —mnll, —})
n

where we have used that || Q! (z,-) — 7, |l1 <2. Hence, an immediate induction yields for
all t >0,

” Q;;(xa ) _nnHQ < max (Ku(Q)tv %) .
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Thus, our bound (71) and our choice for a, imply (77). To conclude the proof, we use
the usual £2 bound and combine it with (77). This gives

n n
[Pl Qe (x,) — mallTv < %nP,’zfp Qi (x,) =2 < %op,n(bn)”n 1Q% (z,-)
_nnHZ Sap,n(bn)bnu~ (78)
Finally, we conclude by using (72) and that b,, tends to infinity. O

Remark 5.1 (Relaxation of our assumption concerning the spectral radius). As in
Remark 3.1, we denote by dimg(H) the flat dimension of a vector space H of RV» and
we set Qg p to be the operator norm of P, on the orthogonal of H. We may modify
Theorem 1 as follows: If () is a sequence of invariant vector spaces of P, y such that
lim,, O = Op and dimg(H,) < n°® (that is, lim, logdimg(H,)/logn = 0), then the
conclusion of Theorem 1 holds.

Indeed, in Lemma 22, if H is an invariant subspace of the bistochastic matrix B and
its transpose, then (69) can be improved to k,(A) < cog(B) + c+/dimg(H)/u, where
on(B) is the operator norm of B on the orthogonal of H. Recall that if Py is the
orthogonal projection onto H, then || Py glle < |lglli+/dimg(H)/n. Setting g = |f| — Prlf|,
we may thus replace the bound (76) by (B|f], BIfl) < |fl3dimo(H)/n + (Bg, Bg) <
/112 dimo(H)/n + o (B)|If|13. Tt gives the claimed improvement of (69). The rest of
the argument is essentially unchanged (the sequence b, has to be chosen so that

enlogn K b, <logn).

Remark 5.2 (More quantitative bound on the mixing time). A more quantitative upper
bound on T™*(g) can be obtained by choosing k,, tending to infinity and using a more
quantitative version of Proposition 6 for anisotropic walks on trees. In the reversible case
(14), optimising all choices of parameters in our proof, we obtain a result of the form
. logn
Tip(e) = 3o+ Cllog )™

provided that g,y converges fast enough to o as n goes to infinity (more specifically, we
require 0, < 0p + C(logn)~1/3). Note that our correction term is larger than (logn)'/?,
and thus the proof developed in this section does not allow one to obtain the anisotropic
counterpart of Equations (38), (39), which allow one to describe more accurately the
profile of relaxation to equilibrium provided that some quantitative information about
the convergence (23) is given.

5.5. Proof of Proposition 23

We start with a general lemma on the spectral radius of the operator P, and the
probability of transitions.

Lemma 25. Let G be a finitely generated group. For any probability vector p € £2(G),
any integer t > 1 and any x € G, we have

IPi8: 112 < o
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Proof. We may assume z = e without loss of generality. Because PIf is the generator of
a random walk with spectral radius Qf,, we may also assume that ¢ = 1. We have that
1Pp8ell2 < o0p(1) = | Pplla—2. If the reversibility condition (14) holds, then o, (1) = 0p and
the lemma follows. In the general case, we use the group structure to obtain the required
bound. We first write that for any integer k£ > 1,

k
||Ppae||§k=<27>p(e,x)2> = Y (Polez)-Pyle.zi)’.

xeG T]yeeny Tp

Using that Pp(zg, yg) = Pp(z,y) for all z,y, ¢ in G, we may write
Pple,x1)---Pyle, x) = Pple, 21)Pp(1, 1211) - - - Pp(Tp—1 - - - 11, T - - - 71),

and

ST PEe) =3 Y Pulea)Pylaram) - Pplapoy - 21,)
zeg

ZZ Z (Pp(6,$1)7)p($1,562$1)"'Pp(kafl"'$1,$))2

T L1, Thp—1

= Z (Pp(e,ml)Pp(m1,wzw1)~--7’p(wk71---:v1,fck~--w1))2-

T, T

‘We deduce that
1Pp8ell3” < IPysell3 < op(k)>.

We now let k tend to infinity and apply (17). O

Proposition 23 is now an immediate consequence of the RD property (29) for the free
group.

Proof of Proposition 23. Haagerup’s inequality (that is, RD property for free groups)
implies that for any ¢ > 0,

op()’ = | Phllam2 < (t+ D[ PLsell2:

see [27, Lemma 1.4] (the proof is written in the case of the free group, denoted by (]f(i’c(i
with our notation, but also applies to G/L % with ¢; +2¢> = d). It remains to use Lemma
25. O

5.6. Proof of Proposition 21

The matrices @, and P, are both defined as the transition kernel corresponding to
projections of Markov chains on the group G on V,,. From (26)—(28), if q is a finitely
supported probability vector on G, for all z,y in V,,

Prg(z,y) =Y Pyle.9)Mgnlg, 2) = y),

9€g
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where ¢, is the action of G on V,,. It is thus sufficient to prove the inequality for the
corresponding kernels Q (as in (51)) and Py on G; that is,

llog k% t
VzegG, Qer)<— Z < > (e, x). (79)

t=0
Because Q(e,z) =0 for all z ¢ dU, it is sufficient to check (79) for z € dU. By Lemma

16, if z > gp and = = g;y for some g; € A, then R*(e,z) > ¢R*(e,y) for some positive
c = c(p,z). Because R'(e,y) > 1/k for all y € U, we find for all z € 3 U,

Qe, x)ig_ 5_ Ry(e, ),

with C =1/4/c. Thus, from Proposition 15, for some new constant C' = C(p), for all
redlU,

C /
Q(e,) < ﬁRﬁi’ (e,2).

To deduce (79) from this last bound, we expand the resolvent as a power series. It requires
some care because, when the reversibility condition (14) holds, z = gy is precisely the
threshold g, for convergence of the power series (61).

With the notation of Lemma 16, for any p and i € [d], the function z — y/ is decreasing
in z > gp. Moreover, by Lemma 17, using the strict convexity of the function f there, we
have for all z > gy, yf P—y? < C/z—gp for some C = C(p) (the inequality is even valid
without square root when gp < Q;) for an adequate choice of constant). By Lemma 16, it
follows that for some new C' = C(p) for all z € G,

IRy (e.2) = RE(e.x)| < Clz|+1)y/z — 0p Ry’ (€. ),

where |z]| is the distance of z to e in the tree T; and where we have used the telescopic
sum decomposition (with the convention that a product over an empty set is one)

ﬁai—ﬁbi_zo_[al)(b a;) ﬁbi

j=1 i=j+1

By Lemma 13, the diameter of d U being at most Clogk, we find that for all x € 9 U,
Rf,p(e, z) < 2R; (e x) provided that 0 < z — o, < c(log k)~2 for some positive constant
c=c(p) > 0. We now fix z = gy + c(p)(log k)~2. From what precedes, for all z € U,

o . 2 (Po)’
'le (e,) <2R;(e,x) = > ; (7) (e,1).

By Lemma 25, we have ’P}f,(e,:v) < Q;, and, for some new constant C' = C(p’), for any
s >0,

oo

Py ! P
Z 7 (e,z) < C(logk)“e Clogh?,

t=s
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We now recall that by Proposition 15, for all z € 0 U, R;,(e, x) > Rif’/(e, )/2>¢/Vk. Tt
follows that if s = | C"logk]|® for some large enough constant C’, we have

1 & A\ 1
- E <P—p) (e,x) < —R;,(e,x).
2\ 2z 2

Consequently, for this value of s,

S

. 2 (Po )’ 2 &Py
Ry (e.x) < ;Z<7") (e,7) < EZ(—"/) (e,).

t=0

This concludes the proof of (79). O

6. Random walks covered by a colored group

6.1. Minimal mixing time for color covered random walks

We now present a last extension of our results. As in the setting of Theorem 5, we assume
that for a finitely generated nonamenable group G we have a sequence of finite sets (V,,)
with #V,, = n and (¢,) a sequence of actions of G on V,,. Let r > 1 be an integer. We
think of [r] ={1,...,7} as a set of colors. An element p € M,.(R)Y is written as a matrix-
valued vector p = (py) geg With pg € M,.(R). The support of p is then the subset of G such
that pg is not the null matrix. We consider p € M, (R)Y with finite support such that

Py pi= Zpg

9€g

is an irreducible stochastic matrix on [r] with invariant probability measure p. Then, we
denote by P, the operator on £2(G x |r|) defined by

Po=) pg®i(g), (80)

geg

where A(g) is as in (28) and ® is the tensor product. In probabilistic terms, P, is the
transition kernel of a random walk (X;) on G x [r] where the probability to jump from
(g,u) to (h,v) is ppg-1(u,v). We denote by o, the spectral radius of P, and by h(p) the
entropy rate of P, defined by the following: For any ug € [r],

1
h(p) = lim —- > Pie.u). (g, u)log Pl((e, u). (g, w)).

(g,w)eGx|r]

The fact that h(p) does not depend on ug is an easy consequence of the assumption that
Py p is irreducible. Again, if G is nonamenable and g, < 1 holds, then h(p) > 0. Besides,
the proof of the Shannon-McMillan-Breiman theorem in [31, Theorem 2.1] actually proves
that if Xy = (e, up), almost surely.

logpg((ev UO)» Xt)
: .

h(p) = lim — (81)
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With (Sg)geg as in (26), we define the stochastic matrix on R Vnxlrl

Pop=) p,®S,. (82)
9€g

This matrix is the transition kernel of a Markov chain on V,, x [r] covered by (X;) in
the sense that if we define for (g,u) € G x [r] and z € V,,, ¢,((g,u),z) := (9n(g, ), w),
then X := @, (X}, z) is a Markov chain with transition matrix P, , started at (x, ug). The
measure 7, (z,u) = u(w)/n is an invariant probability of P, ,. Moreover, because (81)
holds, the proof of Proposition 6 actually implies that the mixing time of X3, T;:};X(x, g),
for any fixed € € (0,1) and uniformly in z € V,,, satisfies the lower bound (22).

This setting allows considering a random walk on the n-lift of a base graph. More
precisely, let G; be a finite simple connected graph with d/2 undirected edges on the
vertex set [r]. We consider the free group Ggee with d/2 generators and their d/2
inverses (g1,...,9q); that is, g; ! = gi for some involution on [d] without fixed point.
Each generator g; is associated to a directed edge (u;,v;) of G; and gl-_l = (v, u;) is the
inverse directed edge. We consider the action of Ggee on [n] defined by ¢, (g, 2) = o;(z)
where (01, ...,04) are permutation matrices such that oi_l =o0;+. Then, if E;, , € M, (R) is
the canonical matrix defined by Ej, ¢(¢,7) = Uy, )=, )}, then the graph G,, with vertex set
[n] x [r] and adjacency matrix ), By, ., ® S; is a simple graph that is called an n-lift (or
an n-covering) of Gy: The [n]| x [r] = [r] map ¥ (2, u) = u is n to 1 and, for any (z, u), the
image by ¥ of the adjacent vertices of (z,u) in G, coincides with the adjacent vertices of
Y (z,u) in Gy. If d, is the degree of the vertex u in Gy and py;, = Ey, +;/dy;, then P, and
P, are the transition matrices of the simple random walks on G; and G, respectively.

We are ready to state the analogue of Theorem 5.

Theorem 26. Let G be a finitely generated nonamenable group with the property RD,
(V) a sequence of finite sets with #V, =n and (¢,) a sequence of actions of G on V,,
that converge strongly. For any integer r > 1 and any finitely supported p € M, (R)Y such
that op <1 and Py p is an irreducible aperiodic Markov chain, the mizing time of the
random walk with transition matriz P, , satisfies, for every ¢ € (0,1),

O
lim —— = ——.
n—co logn h(p)
Note that in the above statement the RD property and the strong convergence
property are defined in terms of scalar-valued vectors p € £2(G). From [15], an example
of application of Theorem 26 is the random walk on a random n-lift of a weighted base

graph such that Pj, is irreducible and aperiodic (see [19] for a recent alternative and
independent proof of this case).

6.2. Proof of Theorem 26

We let (X}) be the random walk with kernel P, started from Xy = (e, ug). For (g, u) € G x [1]
and z € V,,, we set ¢,((g,u),z) = (¢ (g,2),u) and let X; := ¢, (X, ) be a Markov chain
with transition matrix P, started at (z,up). We adapt the arguments of Section 4 to
our matrix-valued context.
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6.2.1. Relative spectral radius, strong convergence and RD property. Let
q=1(gq) € M, (R)Y with finite support. We define £2(11) as the Hilbert space on R” endowed
with the scalar product (f,g), =Y, w(i)f(i)g(i). Similarly, €2 (u) and Eé(u) are the
Hilbert spaces on the vector spaces RY»*I"l and R9*I"l endowed with the scalar products

o= Y. w@f@igi,

(z,1)eX x|[r]

with X = V,, and X = G respectively. We note that the subspace of RV»*I"l: H, =R"®1 of
vectors f of the form for some g € R", f(z,7) = ¢g(i) is an invariant subspace of dimension
r for P, q and its adjoint in €2 (u). Hence, P, q admits a direct sum decomposition on
H, ® H;-. We note also that the restriction of P, 4 to H, coincides with P; 4. We define
the relative singular radius as the following operator norm:

Onq = I (Pr.a)it e 0 00 (83)
From [40, p. 256] (see also [43]), if (¢,) converges strongly, then we have

i G =0 2

where oq := ||Pq||ﬁé(u)~>ﬁé(u)'
In addition, let E;; € M, (R) be the canonical matrix with all entries zero but entry (z,7)
equal to 1. The £2(u) — €2(u) operator norm of Ey; is o/1u(3)/u(5). Because gq coincides

with the Eé(u) — fé(u) operator norm, from the triangle inequality we have

- p(2)
O0q= Z ZQg(ZvJ)Eij@))»(g) = Z M_O)aq(i,j)»
i.jelr]? 9€G 2o D

where q(¢,7) = (g4(2,7)) € RY and 0q(i.j) is the singular radius of Py ;) in £2(G). It follows

that if G has the RD property and R is the diameter of the support of q (in the Cayley
graph associated to any symmetric generating set .A), then, for some constant C'(G,.A) > 0,

c [ | . 2pC 2
Uq S O‘R Z m qu(z7j)2 S CT‘ R Z ||qg||€2(“)_)e2(“_)’ (85>
(i,g)e[r]? g9eg g€y

where we have used that /i (2)/ () g5 )1 = 11995 7) Eijlle2 ()02 ) < 1991620y 02 1) -

6.2.2. Skeleton Walk. We now adapt the argument of Subsection 4.3. We let R, =
Zgx[r] —P,)~! be the Green’s operator associated with P,. For g,h € G, we denote by
Rp(g,h) € M (R) the matrix whose entry (7,5) is Rp((g,%), (h,5)). For g € G, we define
u(g) € M,-(R) as the matrix

u(g) = Rple.g) = Y _Plle.g).

t=0
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where P;(g, h) € M.(R) has entry (¢,5) equal to Plf((g, 1),(h,7)). Given k > 1, we define
the set
U:={g€G:lu@leqw-equ =1/k}. (86)
The backbone walk is the induced walk on the successive exit times from U: 7g := 0,
71 =t and, for integer s > 1, 1441 :=inf{t > 1} : XtX,’sl ¢ U}. We define Q = Py as the
transition kernel of the random walk A%, .
From (81) and gp < 1, the proofs and statements of Proposition 13 and Lemma 14
continue to hold in our new setting (in (52), we replace g, < 1/k by [1ggll 262y < 1/k).

6.2.3. Deducing mixing time from the RD property and the strong conver-
gence. We may now conclude the proof of Theorem 26 by adapting the content of
Subsection 4.4.

Proof of Theorem 26. We fix ¢ € (0,1), § > 0 and (z,up) € V,, x [r] and prove that for
n sufficiently large,

Ty (2, wo).€) < (L+8)log n/h(p).

Let (t,,) and U be as above for some large k£ to be chosen. We set m := [(1 +
8/4)(logn)/logk].
For integer s > 1, the relative sth singular radius is

1/s

_ . s/
Op,p(8) = ”(P:va)‘H'rJ‘_lu%(lL)—)Z%(ﬂ) and  op(s) == || P, /s

(G’

From (84), for all s > 1, lim,, 6, 5(s) = 0p(s) < 1. Because gp < 1 and lim;_, o 05 (5) = 0p,
we deduce that for all s > sy large enough and all n < ng large enough, o, p(s) <1—3§y for
some 8§y > 0 (we argue as below (57)). Moreover, because P, is irreducible and aperiodic,
we have that o71,, < 1. We deduce that for § =min(8g,1 —o07,p) > 0, for all s > s5 and all
n = N,

Onp(8) = NP 3 2 = WX p(5).01,p(5)) < 1=8. (87)

We use Proposition 9 for the walk X; = ¢, (X}, z) with
T=tp+s, t=[1+8)logn/h—2loglogn| and s= [loglogn].

For our choice of s, it follows from (87) that the third term in (33) is smaller than &/3.
It remains to prove that for n sufficiently large,

Plt, >t <e/3 and ||P, Q) (z,u),) —7walTv < &/3, (88)

where @, = P,, ¢ is the Markov chain of the induced walk X; = ¢, (X;,,,z) on V,, x[r].
For the first inequality of (88), we choose k(8) sufficiently large and it is a consequence
of Lemma 14 and the law of large numbers.

The second inequality of (88) is obtained using spectral estimates for @, = Py 4. The
Cauchy-Schwarz inequality gives

1PS QI (2, u0), ) — Tallry < Co/mll QI Po o fll2 (89)
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with Co = +/r/min; u(2) and f(y,v) = 8z, ug) (Y, v)/m(v) —1/n. Let Ty be the orthogonal
projection in €2 (u) onto a vector space H. We find

Il Q;npz,pf”z%w) <I Q;npfl,anerz%(u) +Il Q;RPZ,pHH}f”z%my (90)

We now compute a spectral bound of the two terms on the right-hand side of (90). We

first observe that ||f||e%(u) <1 and ||l'IHTf||L;%(M) < C//n with C =1//min; u(7). Because
(f, 1), =0, we find from (87) and the fact that @, is a contraction in €2 (u),

1QI P T, flez oy < IP5 T it fll2 ) < %on,p(sf < %(1 —8°. (91)
We now give a bound of the second term on the right-hand side of (90). From (85) and
Proposition 13, we have for some constant C'
0q < Ck=2(logk)©.
From (84) we deduce that for all n large enough,
Onq < 2Ck Y2 (logk)“.

Because ||f||e%(u) <1, PZ,pHHTL =My P, and Py, is a contraction in Zi (n), we deduce
that

1QE Py oy fll gy < Gl 2y < 2CK ™2 log k) ©. (92)

Equation (89) together with (90), (91) and (92) guarantees that X; s is close to
equilibrium in total variation. This concludes the proof of (88). O

7. Appendix A. Proof of Lemma 19

Let us consider A the set of finite words in the alphabet [d], B the set of words without
repetition in [d] and, for a fixed involution * on [d], C the set of finite words in which the
patterns #* and i*i do not appear.

Given a = (ocz-)f=1 a set of nonnegative numbers in [0,1)¢, we define the function
Fy(t..... i) = oy --- o, We have immediately

Y Fu@) <ocoe Y ai<1. (93)
A

[d]

Now a word i € A can be encoded by a word j € B and and a sequence (n,g)ltj‘:1 that
counts how many time each letter is repeated. For this reason we have, given g = (,Bi)le,
2oaFp@) =2 g Fp (i), where ;=3 ., Bj" = Bi/(1—B;). Hence, taking f; =a;/(1+a;),
we obtain

a;
F,() <o & < 1. 94
Yh <o T (90

Finally, to encode a word in i € C, we first consider a finite word j without repetition
in [d'] where d' is the number of conjugation classes for *. Let B’ be the set of such
words j. Then, to encode i, we have to replace each of the letters of j by a pattern. If the
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conjugation class j € [d'] is a single element {4} in [d], there is only one possible pattern,
which is ¢. We thus define the weight of j as y; := «;. Otherwise, the conjugation class
Jj €|d’] is a pair {i,i*}. Then the possible patterns are (4*)" and ¢", with n > 1. This gives
a total weight y; :== a; /(1 — ;) + o« /(1 — ot;x). We thus have Y ;. F, (i) = ZjGB, F, (). In
particular, the sum is finite if and only if

Z Vi ( @ 1 oi(l—ay) ap(l—ap)!
— = {i=i*

: Twin ) <1. (95
1+, Tt =T 2 T e (T—am) 7 }>< %)

jeld] i€[d]

This is the required statement. O
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