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Let f: G — H be a fixed homomorphism and p’ : G *H — G and p”’ : G« H — H
the two projections of the free product. Then a co-action relative to f is a
homomorphism s : G — G * H such that p’s = id and p”’s = f. We study this notion
and investigate the following questions. What restrictions does s place on the
structure of the group G? What form does s take in special cases? When does s
induce a co-multiplication on H? What is the relation between associativity of s and
associativity of the induced co-multiplication m on H? What are the properties of
the operation of Hom(H, B) on Hom(G, B) induced by s : G — G * H? In addition,
we give several diverse examples of co-actions in the last section.

1. Introduction

Let f: X — Y be a map of topological spaces and Cy the mapping cone of f. Let
XX be the suspension of X and p' : €y VEX — Cpandp” : CyV XX — XX the
two projections of the wedge. Then there is a homotopy co-action of XX on Cy
which is given by amap s : Cy — CyV XX such that p’s is homotopic to the identity
map of Cy and p”s is homotopic to the collapsing map Cy — X X. Geometrically,
s is obtained by identifying the ‘equator’ of the cone CX C C to the base point.
This homotopy co-action is a basic concept of homotopy theory and has proved to
be an extremely useful tool (see [3, ch. 11, 14], [7, ch. 2]). In the case Y is a point,
the co-action becomes the canonical co-multiplication m : XX — XX V Y X of the
suspension X' X.

The notion of a co-multiplication for groups has been considered by several
authors [1,2,4]. For a group G, this consists of a homomorphism m : G — G * G,
the free product of G with itself, whose composition with each of the two projec-
tions is the identity homomorphism id of G. In the present work we transfer the
notion of homotopy co-action from the homotopy category of spaces to the cate-
gory of groups, thereby obtaining a generalization of the notion of a group with
a co-multiplication. More precisely, let f : G — H be a fixed homomorphism and
p':GxH — G and p” : G+ H — H the two projections. Then a co-action of H on
G relative to f is a homomorphism s : G — G % H such that p’s = id and p"s = f
(definition 4.5). This is the central notion which we study in this paper.
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We now briefly summarize the contents of the paper. Section 2 introduces our
terminology and notation in group theory. In § 3, after stating some known results
on co-multiplications, we prove that a stable subgroup for a co-multiplication is
a free factor (theorem 3.7). We begin the study of co-actions in §4. We show a
co-action s : G — G * H rel f gives a free product decomposition of G into a
free subgroup and a free product of subgroups of K = kernel f on which s is
determined (proposition 4.8). We then obtain a complete description of s on all finite
subgroups of G (corollary 4.10). In §5 we give necessary and sufficient conditions
for a co-action s to induce a co-multiplication m on H (proposition 5.3). For such
co-actions, we study the relation between associativity of s and associativity of m
(proposition 5.11). We then obtain in theorem 5.15 a canonical set of generators of G
in the case when the co-action s is associative. We consider in § 6 homomorphisms
f : G — H, called free homomorphisms, such that G and H are free and f is
compatible with certain bases of G and H (definition 6.1). We investigate the right
action of Hom(H, B) on Hom(G, B) induced by a co-action s rel f, for any group
B. For certain co-actions s, we prove that the pre-images of i* : Hom(G, B) —
Hom (K, B) are precisely the orbits of Hom(G, B) under the action of Hom(H, B),
where ¢ is the inclusion of K in G (theorem 6.7, remark 6.8). The final section deals
with several diverse examples of co-actions. These are intended to illustrate our
results.

2. Preliminaries

In this section we introduce our conventions regarding group theory and fix our
notation. All groups will be written multiplicatively. If G is a group, then 1 € G
is the unit or identity of G. If ¢ € G, we usually denote the inverse g~! by g.
The commutator [g, h] of elements g,h € G is given by [g,h] = ghgh. If g € G
and H C @G is a subgroup, then the conjugate subgroup gHg is denoted HY. For
subgroups H, K C G, we denote the smallest subgroup containing H and K by
HK.If S C G is a subset of the group G, then S is the normal closure of S in G,
i.e. the smallest normal subgroup containing S.

For groups G and H, the free product G * H is defined in the usual way. An
element £ € G * H can be written

g = glhl : "gnhny

where g; € G and h; € H. We call £ reduced if g2, ..., g, # 1 and hy, ..., hp—1 # 1.
We frequently write & = g¢ihY ... g}, h), especially in the case G = H, where g
signifies that g/ is in the first factor of the free product and hf signifies that b} is
in the second factor. For ¢ € G, h € H and k € K, we denote by ¢, h” and k"’
the obvious elements in the triple free product G * H %« K. If G is a group, then a
subgroup H C G is called a free factor of G if there exists a subgroup K C G such
that G = H x K.

The identity homomorphism of G is denoted id : G — G. For a free product
G * H, there are projection homomorphisms pg : G*H — G and py : GxH — H
and injection homomorphisms i : G — Gx H and iy : H — G* H. When G = H,
we write p’ = pg, p”’ = pu, i = ic and V" = iy. Homomorphisms f : G — L and
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g : H — M induce a homomorphism f*g: G* H — L+ M in the standard way. If
L = M, then we obtain a canonical homomorphism (f,g) : G« H — L.

We will frequently work with free groups F' and consider bases of F. If X is a
basis of F, then we write F' = (X) to indicate that F' is generated by the basis
X. Let G be a group, H a set with distinguished element e and f : G — H a
surjection such that f(1) = e. Then a section of f is a function o : H — G such
that fo =id : H — H and o(e) = 1. Since f is onto, a section o always exists.
If H is a group and f : G — H is an epimorphism, we still refer to a section as a
function ¢ : H — G such that fo =id and (1) = 1. If ¢ is a homomorphism, we
call it a section homomorphism. If f : G — H is an epimorphism of groups and H
is free, there is a section homomorphism ¢ : H — G.

3. Co-multiplications

We begin this section by recalling some known results on co-multiplications. Let H
be a group and p’,p” : H * H — H the two projections. We define Fy C H *« H
to be the equalizer of p’ and p”. Thus if £ = g{hY ---g,hl, € H* H, then £ € Eg
if and only if gy g, = hy---h,. For each h € H, set &, = h'h" € Ey and let
Xy ={& |heH h#1},

THEOREM 3.1 (see theorem 1.4 of [2], proposition 3.1 of [1]). The group Ey is a
free group with basis Xp.

REMARK 3.2. In proposition 3.1 of [1], there is an algorithm to express £ = g} hf - -
ghh' in Eg in terms of the basis Xp. If

01 = g1, 52=B1g1, 63:B191927---762n—1:Bn—l---ﬁlgl---gny

then g = gélgézgésg& T §62n—1 .

DEFINITION 3.3. A homomorphism m : H — H * H is called a co-multiplication if
p’m=p"m=1id: H — H, where p',p”" : H* H — H are the two projections. We
call m associative if (m *id)ym = (id*m)m : H - H+ H x H.

For any group H, there is a homomorphism 7y : Eg — H defined by 7y =
p'|Eg = p”|Fg. If m is a co-multiplication of H, then m induces a homomorphism
(also called m) H — FEpy, which is a section homomorphism of 7g. Conversely, a
section homomorphism of 7z determines a co-multiplication of H. We shall often
not distinguish the co-multiplication H — H * H from the section homomorphism
H — FEpy. Moreover, if m is a co-multiplication of H, then m : H — FEpy is a
monomorphism and so H is a free group by theorem 3.1.

DEFINITION 3.4. If m : H — H x H is a co-multiplication, then the set
Dy ={h|heH h#1, mh=hnh"}CH
is called the diagonal set of m.
THEOREM 3.5 (see corollary 3.12 of [4], corollary 4.6 of [1]). Let m be a co-multi-

plication of H. Then m is associative <= D,, is a basis of H.
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This concludes our summary of known results on co-multiplications which we
shall need. The remainder of this section is devoted to a new result on co-multiplica-
tions which is needed in later sections.

Let H be a group with co-multiplication m and let A C H be a subgroup.

DEFINITION 3.6. We say that A is left stable (with respect to m) if m(A) C AxH.
A similar definition holds for right stable.

THEOREM 3.7. Let m be a co-multiplication of H such that A C H s left stable.
Then A is a free factor of H.

Proof. Let p: H— H/A be the natural projection onto the set of left co-sets of A
defined by p(h) = hA. Since p is onto, we choose a section o : H/A — H of p. We
set h = op(h) for each h € H and note that the set of all h is a complete set of co-set
representatives of H modulo A. The basis Xy of the equalizer Ey (theorem 3.1)
can be written as the disjoint union X4, UY'UZ, where X4 = {§, | w € A, w # 1},
Y'={¢ | k€A k#k}and Z = {& | k # 1}. By an elementary transformation,
we obtain that X4 UY U Z is also a basis of EH, where Y = {£,§;, | k # k, k¢ A}.

Now let w € A and write mw = g{h{ ---gl,hl!, where g; € A and h; € H. Let
01,09,...,02,_1 be the sequence of elements of H defined in remark 3.2. Note that
each §; = n;7;, where 7; € H and v; € A. Also, §1 = 71 and 72k = Mak+1, S0 that
Sgk = 521@—&-1- Thus

mw = &51 g(szg(ss T §62n—1
n—1
= g’h l_[ (&5219 €62k+1 )
k=1
n—1
= g’h l_[ (55219 gszk )(€62k+1€82k+1 )_1'
k=1
If (5 =1, then &, &, = &s,, and so either &5, §,=1or &s, &, € X If (5 # 1, then
either &, §,=1or 55 §, €Y. Since &, =1 or &, € X4, we have that mw lies
in the subgroup of By generated by the subset X4 UY of the basis X, UY U Z
of Ep. It follows that m(A) is a free factor of m(H) [5, exercise 32, p. 117]. Since
m : H — m(H) is an isomorphism, A is a free factor of H. O

REMARK 3.8. Let m : H — H+*H be a co-multiplication and A,, € H the equalizer
of (m *1id)m and (id *m)m. We proved in [1, theorem 4.4(2)] that A,, is left and
right stable under m, and then showed that A,, is a free factor of H with basis
D,,. We now see that this latter result is a special case of theorem 3.7.

COROLLARY 3.9. Let A C H be a subgroup, j : A — H be the inclusion and
"+ A — Ax A a co-multiplication. Then m’' extends to a co-multiplication of
H < H is free and A is a free factor of H.

4. Co-actions

In this section f : G — H will be a fixed homomorphism. We let K = kernel f,
I = image f and denote the inclusions i : K — G and j: I — H. For every g € G,
we denote 7y = ¢f(g) € G * H, which is sometimes written ¢’ f(g)"”.
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DEFINITION 4.1. The equalizer of fpg : G*x H — H and py : G* H — H is
denoted £ C G x H. The semi-equalizer Ey is the subgroup of G * H generated by
ng =9 f(g)", forall g € G.

Clearly, Ey C &, but they are not equal in general (see remark 4.7(iii) and
lemma 4.4). We introduce some notation next.

Let py = pale, : Ef — G and 7y = pgle, : £ — G. Note that ig : G — G+ H
carries K to E¢ and so induces homomorphisms iy : K — Ef and vy : K — &;.
Also, fxid: GxH — Hx*H carries Ey to Ey since (f xid)(ny) = £f(g) € E1. We let
v=(fxid)|g, : Ef — Er. Now f : G — H is onto I and so determines a surjection
f':G—1 Let ¢: I — G be asection of f'. If g € G, we write § = ¢f(g). Then
¢ determines a section homomorphism o : E; — Ey of v by setting (§¢(g)) = 15-
Our next few results deal with E.

PROPOSITION 4.2. Ef =if(K) *xo(E1), and so Ey is isomorphic to K * Ej.

Proof. If k € K, note that n, = k' = ig(k). For each g € G, there exists a
kg € K such that g = ky4g. In particular, a generator n, of E; can be written
ng = kygf(g) = kyng. Thus every non-trivial element of Ey can be written as a
product

mkimaky - m kL, (*)

with n > 1, where (a) k; € K and k; # 1 fori =1,...,n—1 and (b) m; € o(Fy),
m # 1fori=2,...,n and 7; is a product of factors - Lj_, with €;; #0, §;; # 1
and §i j # Gij+1- Thus cancellation cannot occur in the terms of (x ), and so
Ef—lf(K)*O’(E[) O

We note that i7(K) is a canonical free factor of E¢, but the other factor depends
on the choice of section ¢.

COROLLARY 4.3. E¢ is a free group <= K is a free group.
LEMMA 4.4. If f: G — H is onto, then &y = Ey.
Proof. An element ¢ € £¢ can be written
c=gihigshy - - gl
with g; € G and h; € H, where f(g1---gn) = h1---hy. Since f is onto, h; = f(x;),
for some z; € G. We apply the method given in remark 3.2 to define elements

of G: 0y = g1, 62 = Z191, 03 = T19192,---,02n—1 = Tp_1° " T191 " Gn- Then
c= 7761776277637764 C Nan—1> and so c € Ef O

We now give the main definition of the paper.

DEFINITION 4.5. Let f: G — H be a homomorphism. A homomorphism s : G —
G * H is called a right co-action rel f if pgs =id and pgs = f.

There is clearly a definition of left co-action. However, we shall usually consider
right co-actions and call them co-actions.

Note that a co-action s : G — G * H factors through £ C G * H, and we also
call this homomorphism s : G — &£¢. The next lemma is then obvious.
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LEMMA 4.6. s : G — G * H is a co-action rel f <= s : G — &y is a section
homomorphism of m¢ : E¢ — G.

REMARK 4.7.

(i) If G = H and f = id, then a co-action s : G — GG is just a co-multiplication
of G and Sf = EG = Ef.

(ii) If f: G — H is onto, then s : G — G * H is a co-action rel f if and only if
s: G — Ey is a section homomorphism of py : By — G.

(iii) In examples 7.2 and 7.4 we show that s(G) need not be contained in E¢ and
hence Sf 7& Ef.

(iv) f m : H — H % H is a co-multiplication and A C H is left stable (defini-
tion 3.6), then m|4 : A — A= H is a right co-action rel the inclusion A — H.

The following proposition and its corollaries show that it is only the free part of
G on which a co-action is non-trivial. Apart from its independent interest, this will
justify considering co-actions on free groups.

In the case that s is a co-action and f is onto, s(G) C Ey and Ey =~ K * E;
(proposition 4.2). By the Kurosh theorem [6, theorem 5.1], we then obtain an iso-
morphism of s(G) with the free product of a free group and a free product of
conjugates of certain subgroups of K. The next result, which also uses the Kurosh
theorem, extends this by not requiring that f be onto and by giving a precise
description of s on the non-free factor.

PROPOSITION 4.8. If s : G — G * H is a co-action rel f, then G = L x Ky for
subgroups L and K1 of G such that L is a free group, K1 C K = kernel f and K;
is isomorphic to * U; for subgroups U; C K. Furthermore, for every j € J, there
exists w; € kerpées‘]uch that s(u) = wjuw;, for every u € Uj.

Proof. We apply the Kurosh theorem [6, theorem 5.1, p. 219] to the subgroup
s$(G) € G * H (which is isomorphic to G) and obtain

G=Lx(xU)*(2 Vi),

icA

where L is free and s(U;) (respectively, s(V;)) is conjugate in G * H to a subgroup of
G (respectively, H). Thus pys(U;) = pgs(Vi) =1 and f = pys (respectively, id =
pas) gives Uj C K (respectively, V; = 1). Finally, if u € Uj, s(u) = yjwy; for some
w € Uj. Then u = pa(s(u)) = (pa(¥;))w(pa(y;)), and so w = (pa(y;))u(pa(7;))-
Thus s(u) = wjuw;, where w; = (pa(7;))y; € ker pa. O

COROLLARY 4.9. K is free <= G is free. In particular, if f : G — H is one-to-one,
then G is free.

We next show how a co-action s behaves on finite subgroups of G.

COROLLARY 4.10. Let s : G — G * H be a co-action rel f : G — H and T C G
a finite subgroup. Then T C K and there is an element v € kerpg such that
s(t) = vtv, for allt € T.
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Proof. Since s(T) C G x H is a finite subgroup, by [5, p. 194, exercise 12], s(T) is
conjugate to a subgroup of G or to a subgroup of H. The argument in the proof
of proposition 4.8 shows that s(T") = aUa, where U C K, and that, for ¢t € T,
s(t) = ata, with a € ker pg. O

COROLLARY 4.11. Let G be a finite group. If s : G — G*H s a co-action rel f, then
f s the trivial homomorphism and there exists v € ker pg such that s(g) = vgv,
for g € G. Moreover, there is a one-to-one correspondence between co-actions of G
and elements of ker pg.

COROLLARY 4.12. If s : G — G = H is a co-action rel f: G — H and L is as in
proposition 4.8, then there exists a co-action §: L — L H rel f | L: L — H such
that the following diagram commutes:

le lpL*id
L —— LxH

Proof. The proof is an easy exercise and hence omitted. O

5. Co-multiplications induced by co-actions

Let s : G — G * H be a co-action rel f.

DEFINITION 5.1. A co-multiplicationm : H — H*H is induced by s if the following
diagram commutes:

In this section we determine when a co-action induces a co-multiplication. In that
case, we then study the relationship between properties of the co-action and of the
co-multiplication.

DEFINITION 5.2. Let s : G — G * H be a co-action rel f. We say that s is inductive
if s(K) C ker(f *id), where f*id: G+ H — H x H.

We now give necessary and sufficient conditions for s to induce a co-multiplication
on H.

PROPOSITION 5.3. Let s : G — G * H be a co-action rel f and H be a free group.
Then we have the following.

(i) If f is onto, then s induces a co-multiplication on H <= s is inductive.

(ii) For any f : G — H, s induces a co-multiplication on H <= s is inductive
and I = f(Q) is a free factor of H.
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Proof.

(i) <=: If s is inductive, then (f *id)(sK) = 1, and so (f *xid)s : G — H * H
induces a homomorphism m : H — H * H such that the diagram in definition 5.1
commutes. Since f is onto, m is a co-multiplication.

==: Conversely, if there is a co-multiplication m : H — H % H such that the
diagram in definition 5.1 commutes, then s(K) C ker(f *id). Thus s is inductive.

(ii) <=: Apply (i) to the homomorphism f’: G — I to conclude that there is a co-
multiplication my on I such that myf’ = (f*id)s. But H = I*J, for some subgroup
J. Since H is free, so is J, and hence there is a co-multiplication my : J — J * J.
Then m; and m y determine a co-multiplication m on H with the desired properties.

=>: If s induces m, then (f *id)s(K) = 1, so s is inductive. Also, H is free by
§3. Finally, m(f(G)) C (f *id)(G* H) = f(G) * H. Therefore, I is left stable with
respect to m. By theorem 3.7, [ is a free factor of H. O

REMARK 5.4.

(i) In the proof of the second part of proposition 5.3, we wrote H = I *J, where
H is free. If Z is a basis for J, then we may assume that the co-multiplication
m of H satisfies mz = 2’2" for all z € Z. Unless otherwise stated, we will
assume that m is so defined.

(ii) Let s : G — G * H be a co-action rel f and s : L — L * H the associated
co-action rel f|L given in corollary 4.12. Then it is not difficult to show that
s induces a co-multiplication m : H — H % H if and only if § induces the
co-multiplicationm : H — H x H.

(iii) In example 7.2 we show that a co-action need not induce a co-multiplication.

We next use proposition 5.3 to extend theorem 3.7 from co-multiplications to
certain co-actions.

DEFINITION 5.5. Let s : G — G * H be a co-action rel f and A C G a subgroup.
We say that A is stable with respect to s if s(A) C A H.

PROPOSITION 5.6. If A C G is stable with respect to a co-action s : G — G * H rel
f, [ is one-to-one and I is a free factor of H, then A is a free factor of G.

Proof. Since I is a free factor of H, there is a projection py : H — I. The homo-
morphism s’ : G — G x I given by
G5 GxH L Gur

is then a co-actionrel f' = prf. Since f’ : G — I is an isomorphism, s’ is inductive
and so, by proposition 5.3, s’ induces a co-multiplication m on I,

f’l lf’*id

I — . IxT
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Then m(f'A) = (f' *id)s’A C (f’ = id)(id*p;)(A * H) C f'A*I. Thus f'A is
left stable with respect to m. By theorem 3.7, f'(A) is a free factor of I = f/(QG).
Therefore, A is a free factor of G. O

In example 7.3, we show that if f is not one-to-one, then A need not be a free
factor.
We next turn to a consideration of associativity for a co-action.

DEFINITION 5.7. Let s : G — G * H be a co-action rel f which induces a co-
multiplication m : H — H * H. We say that (s,m) is associative or, more briefly,
that s is associative if the following diagram commutes:

sl ls*id
GsxH 4, GuHxH

More generally, the associator A, of s is the equalizer of (s *id)s and (id *m)s :
G—-GxH=xH.

REMARK 5.8.

(i) f G = H and f = id, then s = m, A; = A,, and associativity of the co-
action s is just associativity of the co-multiplication m (definition 3.3 and
remark 3.8).

(il) f(4s) € A
(iii) s is associative <= A, = G.

DEFINITION 5.9. Fori=1,2,lets; : G; — G;*H be a co-actionrel f; : G; — H. A
homomorphism ¢ : G — G3 is a co-action homomorphism ¢ : (G1,51) — (G2, $2)
if f1 = f2¢ and the following diagram commutes:

For example, in corollary 4.12, pr, : (G,s) — (L, 3§) is a co-action homomorphism.
The proof of the following proposition is then clear.

PROPOSITION 5.10. If s: G — G * H is a co-action rel f and m : H — H* H is a
co-multiplication, then we have the following.

(i) m is induced by s <= f: (G,s) — (H,m) is a co-action homomorphism.

(ii) (s,m) is associative <= s : (G,s) — (G * H,id*m) is a co-action homomor-
phism.

PROPOSITION 5.11. Let s : G — G * H be a co-action rel f which induces a co-
multiplication m : H — H * H that satisfies the condition in remark 5.4 ().
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(i) If s is associative, then m 1is associative.

(ii) If f is one-to-one, then s is associative if and only if m is associative.

Proof.

(i) By remark 5.8(ii), I = f(G) C Ay,. Since mz = 2’2" for z € Z, a basis of J, it
follows that J C A,,,. But H = I *J, and so A,, = H. Thus m is associative.

(ii) We assume f is one-to-one and m is associative. Then

(id*m)mf = (m *id)mf,
(id*m)(f *id)s = (m *id)(f * id)s,
(f *id *id)(id *m)s = (f * id *id)(s * id)s.

Since f *id*id is one-to-one, s is associative. O

REMARK 5.12. In examples 7.5 and 7.6 we give examples of non-associative co-
actions. In example 7.7 we give an example in which m is associative but s is not.

For the last theorem of this section we introduce the following definition.

DEFINITION 5.13. Let s : G — G * H be a co-action rel f. An element g € G is
called s-characteristic if s(g) = hyg'h4 for some hy,hs € H.
Note that f(g) = hihs.

The proof of the next lemma is then clear.

LEMMA 5.14. Let the co-action s rel f induce a co-multiplication m on H and let
g € G be an s-characteristic element. If s(g) = h{g'hy, then hy, hs € Dy, U {1}.

Then we have the following theorem, whose proof is a modification of [4, theo-
rem 3.10].

THEOREM 5.15. Let the co-action s rel f induce a co-multiplication m on H. Then
(s,m) is associative if and only if G is generated by the set of s-characteristic
elements.

Proof. If the s-characteristic elements generate G, then (s,m) is associative by
lemma 5.14. For the converse, let ¢ € G and write s(g) =[]}, g/h} in reduced
form. The number, between 2n — 2 and 2n inclusive, of non-trivial factors in s(g)
is denoted |g|. We prove by induction on |g| that g is in the subgroup generated
by the s-characteristic elements. If |g| < 2, the result is clear, and so we assume

g = 3.

CASE 1 (g #1). Our hypothesis gives gi(m(h1))'g5--- = s(g1)hy’ ---. Comparing
the two expressions up to the first occurrence of a triple prime term, we obtain
that s(g1) must equal gjh” for some h € H. Clearly, h = f(g1) and so g; is s-
characteristic. But |g1g| < |g|, and thus, by induction, g is in the subgroup generated
by s-characteristic elements.
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CASE 2 (g =1). Then we have m(hq1)'gh--- = h{"s(g2)---. Comparing the two
expressions up to the first occurrence of a single prime term, we get m(hy) = h{h)
and s(g2) = h{ghh”, where h may be trivial. As in case 1, g is in the subgroup

generated by s-characteristic elements.
This completes the induction. O

COROLLARY 5.16. Let the co-action s rel f induce a co-multiplication m on H.
Then the associator As is generated by all elements in As which are s-characteristic.
Consequently, As is stable with respect to s.

COROLLARY 5.17. Let m be an associative co-multiplication on H. Then A C H is
a stable subgroup if and only if A has a basis of elements of the form c or de, where
¢, d and e belong to D,,.

Proof. In this case, s=m | A: A — A x H is a co-action relative to the inclusion
and (s,m) is obviously associative. Thus A has a set of generators of the required
form and, by eliminating redundancies, a basis of such elements. O

6. Operations in exact Hom sequences

In this section we study the exact sequence of homomorphism sets obtained by
applying the functor Hom(—, B) to a certain sequence of groups and homomor-
phisms. We show that the existence of a co-action yields more structure in the
exact sequence and hence more information regarding exactness. The motivation
for this section comes from a study in topology of the Puppe sequence of homotopy
sets of a co-fibration [7, ch. 2].

We put restrictions on the homomorphism f : G — H. We consider inductive
co-actions s : G — G * H rel f, and so H must be free. We will also assume that
G is free. Although there are non-trivial co-actions s : G — G * H when G is not
free (see example 7.8), the results 4.8, 4.9, 4.12 and 5.4(ii) provide strong reasons
for studying co-actions in the case when G is free. Thus, for a homomorphism
f G — H with kernel K and image I, we introduce the following definition.

DEFINITION 6.1. The homomorphism f : G — H is called free if there are disjoint
sets X, Y, Y’ Z such that G is free with basis X UY, I is free with basis Y’, H is
free with basis Y/ U Z, f|ly : Y — Y’ is a bijection and f(z) =1, for all x € X.

Thus if we set Ko = (X), then K = K§ and G = K * (Y'). We also identify Y
and Y’ under f and write Y for Y. We set J = (Z) and so H = I *J. Furthermore,
f:G=Kyg+xI— H =1x%J can be regarded as f = i;p;. We also set

lo=ig, : Ko—=G=Ko*xI and k=p;:H=IxJ—J

LEMMA 6.2. If f is a homomorphism of free groups of finite rank, then f is free
homomorphism <= I is a free factor of H.

Proof. The proof follows immediately from [5, theorem 3.3]. O

In this section we assume f is a free homomorphism.
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DEFINITION 6.3. The sequence of groups and homomorphisms
1-Kgy—G—H—J—1
is called the co-fibre sequence of the free homomorphism f.

Note that ig is one-to-one and k is onto, but that the co-fibre sequence is not
exact. However, the kernel of each homomorphism is the normal closure of the
image of the previous homomorphism.

For groups A and B, let Hom(A, B) denote the set of homomorphisms A — B.
Then the constant homomorphism which carries A to 1 € B is a distinguished
element of Hom (A, B). A homomorphism g : A’ — A induces g* : Hom(A, B) —
Hom(A’, B) defined by g*(a) = ag.

DEFINITION 6.4. For any free homomorphism f : G — H and group B, the co-fibre
sequence of f yields the following sequence,

1 — Hom(J, B) %% Hom(H, B) - Hom(G, B) > Hom(K,, B) — 1,
which is called the Puppe sequence of the co-fibre sequence of f.

PROPOSITION 6.5. The Puppe sequence of the co-fibre sequence of f is an exact
sequence of based sets and maps.

Now we consider a co-action s : G — G * H rel f. Then s induces a right
action of the set Hom(H, B) on the set Hom(G, B), which is defined as follows.
Let @« € Hom(G, B) and 8 € Hom(H, B) and set « - § € Hom(G, B) equal to the
composition

a5 arge? g

DEFINITION 6.6. Let f : G — H be a free homomorphism and s : G — G * H a
co-action rel f. Then s is called special if

(i) s(ko) = ki, for every kg € Ky, and
(i) X' UY'UsY UZ” is a basis for G« H.
Here, X' =ig(X), Y =ig(Y) and Z" = ig(Z).

We note that every special co-action is inductive. For if s is special and k € K,
then & is a product of elements of the form Zkgx, with z € G and ky € Ky. But
s(Tkox) = (sZ)k{(sz), and so s(Tkox) is in the kernel of f *id. However, not every
inductive co-action is special, as example 7.3 shows.

THEOREM 6.7. Let f : G — H be a free homomorphism, s : G — G*H a special co-
action rel f and if : Hom(G, B) — Hom(Ky, B) the map induced by ig : Ko — G.
For o,/ € Hom(G, B), iy(«) = i§(a’) if and only if there exists a € Hom(H, B)
such that o/ = a - 3. Furthermore, if f is onto, then 3 is unique.

Proof. Clearly, i§(a - ) =i§(«). Now suppose iy(a) = if(e’) and consider P the
push-out of ig : Ky — G and ig : Ky — G with inclusions ji,j2 : G — P. Then
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P is just the free product of G with itself with amalgamated subgroup Kj. Since
sig = iglg, there is a homomorphism 6 : P — G+ H such that 8j; = s and 0js = iq.
Because X is a basis of Ky and X UY is a basis of G, then W = X’ UY'UY" is a
basis of P. Thus 6| is given by 6(z') = 2/, 6(y') = sy and 0(y") = ¢/, for x € X
and y € Y. Hence (W) = X' UsY UY’, a subset of the basis X’ UY'UsY UZ" of
G+ H (definition 6.6). Therefore, there is a homomorphism p : G¥ H — P such that
16 = id. Note that if f is onto, Z is empty, and so u = 6~ is an isomorphism. Now
let o, o/ € Hom(G, B) with i§(a) = i§(a’). Then o and o’ determine a|a/ : P — B
such that (o/|a)j1 = o’ and (/|a)j2 = a. We define 5 : H — B as the composition
¥ gemgt ple,

Then a straightforward argument yields o - 8 = .

Now assume the homomorphism f is onto. Then 6 is an isomorphism and so
6* : Hom(G * H, B) — Hom(P, B) is a bijection. Suppose 3,y € Hom(H, B) and
a-f=a-v. Then (o, 8)s = (a,v)s. Thus

0% (o, B)j1 = 0" (a,7)j1 and  0%(a, B)j2 = 0" (a,7) -
Therefore, 8*(a, 8) = 6*(«,y) and so (o, 8) = («, 7). Hence 8 = 7. O

REMARK 6.8. If i : K — G is the inclusion, then theorem 6.7 holds, with i replacing
io. This is so because K is the normal closure of K in G and hence i§(«) = if(a)
if and only if i*(«) = i*(a).

Now let f : G — H be free and s : G — G * H an inductive co-action rel f. By
proposition 5.3, s induces a co-multiplication m on H. Then m determines a binary
operation, denoted ‘+’, on the set Hom(H, B) in the usual way.

PROPOSITION 6.9. Let s : G — G * H be an inductive co-action rel a free homo-
morphism f : G — H. If a,«/ € Hom(H, B), then f*(«a) = f*(&') if and only if
there is a unique v € Hom(J, B) such that o' = k*y + «, where k =py: H — J.

Proof. Consider ¢t = (k *id)m defined as the following composition,

H™ H«HE2Y 7eH,

which is then a left co-action rel k. Note that H = I * J = (Y) * (Z), and let
j =17 :1— H. Then we have the co-fibre sequence of k,

1—>Ii>Hi>Jﬁl—>1,

where k is a free homomorphism. One easily shows that ¢ is special and then applies
theorem 6.7 (for left co-actions) to complete the proof. |

REMARK 6.10. If s : G — G * H is a special co-action rel a free homomorphism
f, then theorem 6.7 and proposition 6.9 are applicable to s and give additional
information on the exactness of the Puppe sequence. In fact, theorem 6.7 and
proposition 6.9 are the group-theoretic analogues of proposition 2.48 of [7].
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7. Examples

We give examples to show the necessity of the hypotheses of some of the previous
results and to illustrate the possibilities. We let (ai,...,ax) denote the free group
with basis {ay,...,ax}.

EXAMPLE 7.1. A co-action with H not free. Let Z be the infinite cyclic group
generated by x and let o be the non-trivial element in the two-element group Zs.
Let f : Z — Z;3 be defined by f(x) = . Then a co-action s : Z — Z % Z5 can be
defined by

s(x) =z ax™a- - ax™,

where n; are integers such that na, ..., ng—1 #0, »_n; = 1 and k — 1 (the number

of occurrences of «) is odd. This, in fact, determines all co-actions s : Z — Z x Zy
rel f.

EXAMPLE 7.2. A co-action that does not induce a co-multiplication. Let G = (y)
be the free group on y and H = (z,u) the free group on z and u. Define f : G — H
by f(y) = z2. Define a co-action s : G — G * H rel f by

2 0 M= =
sy=y - Zu'yu z .

Then s does not induce a co-multiplication on H. For, if it did, the co-multiplication
would carry 22 to 242w Z"?u" 2", which is not possible since the latter term is not

a square. Note that f is not free and s(G) € Ey.

EXAMPLE 7.3. An inductive co-action which is not special (also a counterexample
to extending proposition 5.6). G = (x,y), H = (y) and f : G — H is the free
homomorphism given by f(z) =1 and f(y) = y. Define s: G — G« H by

s =9y"2'y" and sy=y'y".
Then s is clearly inductive but not special. Let M C G be the subgroup generated
by x2. Then M is stable under s, but M is not a free factor of G.

EXAMPLE 7.4. A co-action with s(G) € E;. Let G = (z,y), H = (y,2) and
f G — H be the free homomorphism defined by f(z) = 1 and f(y) = y. Define
s:G— Gx*H by

sz =2,
Sy — i‘liul‘lzllyly”
— [xl le]ylyll

EXAMPLE 7.5. A co-action which is not associative in the case f is one-to-one.
G={y), H=(y,z) and f : G — H is given by f(y) = y. Define s : G — G * H by

Sy — ley”Z”gI,g”.
Then it is easily seen that s is special (hence inductive). The induced co-multi-
plication m on H satisfies

my — leyllzllglzll and mz = 212117
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and, by theorem 3.5, is seen to be non-associative. By proposition 5.11, s is not
associative.

EXAMPLE 7.6. A co-action which is not associative in the case f is onto. Let

G = (35791792793)7 H = <y17y27y3>7 f(l') =1 and f(y’t) = Yi, t=1,2,3. Define
s:G— Gx*H by

st =1,

sy1 = Y12’y 7,

SY2 = YaYs s

sys = yays 71, [71, vl
Then s is special since @', ¥}, y5, ¥4, sy1, syz2, sys are a basis of G * H. The induced
co-multiplication m : H — H * H is given by

my; =y, i=1,2, and mys = y5y5[5, 71 vl

By [1, example 3.7(4)], m is not associative. By proposition 5.11, s is not associative.
EXAMPLE 7.7. m associative does not imply s associative. Let G = (x,y1,¥s),
H = (y1,y2), f(x) =1 and f(y;) =y, i = 1,2. Define s : G — G * H by

!
sr=u1a,

sy1 =y [=
SY2 = Yols -

!/

Y3,

Then s is special and the induced co-multiplication m : H — H * H satisfies
my; = Yy, i = 1,2. Thus m is associative, but a simple computation shows that
s is not associative.

EXAMPLE 7.8. A co-action with G not free. Let Z = (x) and Zs be the two-element
group with generator a. Let v : Z — Z5 be defined by v(z) = a. Let G = Z x Zs,
H=2Zsandlet f:G=Z+Zy — H= Z5 be the homomorphism which is v on Z
and trivial on Zs. Then a co-action s : G — G * H rel f is defined by

8(.1') — l‘la”a”/d” and s(a) — O?IHO/IO/H.

Acknowledgments

M.A. thanks the Freie Universitat of Berlin for its hospitality during the time that
some of this work was done.

References

1 M. Arkowitz and M. Gutierrez. Comultiplications on free groups and wedges of circles.
Trans. Am. Math. Soc. 350 (1998), 1663-1680.

B. Eckmann and P. Hilton. Structure maps in group theory. Fund. Math. 50 (1961), 207—
222.

P. Hilton. Homotopy theory and duality (London: Gordon and Breach, 1965).

D. Kan. Monoids and their duals. Bol. Soc. Mat. Mexz. 3 (1958), 52—61.

W. Magnus, A. Karras and D. Solitar. Combinatorial group theory (Wiley, 1966).

W. Massey. Algebraic topology: an introduction, GTM 56 (Springer, 1967).

R. Switzer. Algebraic topology—homotopy and homology (Springer, 1975).

(Issued 27 April 2001)

[\

N O Uk W

https://doi.org/10.1017/50308210500000858 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500000858

