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In the index coding problem, introduced by Birk and Kol (INFOCOM, 1998), the goal is
to broadcast an n-bit word to n receivers (one bit per receiver), where the receivers have
side information represented by a graph G. The objective is to minimize the length of a
codeword sent to all receivers which allows each receiver to learn its bit. For linear index
coding, the minimum possible length is known to be equal to a graph parameter called
minrank (Bar-Yossef, Birk, Jayram and Kol, IEEE Trans. Inform. Theory, 2011).

We show a polynomial-time algorithm that, given an n-vertex graph G with minrank
k, finds a linear index code for G of length 5(nf(k)), where f(k) depends only on k. For
example, for k = 3 we obtain f(3) &~ 0.2574. Our algorithm employs a semidefinite program
(SDP) introduced by Karger, Motwani and Sudan for graph colouring (J. Assoc. Comput.
Mach., 1998) and its refined analysis due to Arora, Chlamtac and Charikar (S70C, 2006).
Since the SDP we use is not a relaxation of the minimization problem we consider, a crucial
component of our analysis is an upper bound on the objective value of the SDP in terms
of the minrank.

At the heart of our analysis lies a combinatorial result which may be of independent
interest. Namely, we show an exact expression for the maximum possible value of the
Lovasz 9-function of a graph with minrank k. This yields a tight gap between two classical
upper bounds on the Shannon capacity of a graph.

2010 Mathematics subject classification : Primary 05C85

1. Introduction

In the index coding problem a sender wishes to broadcast a word x € {0,1}" to n receivers
Ry,..., R, in a way that enables the ith receiver R; to recover the ith bit x;. Every receiver
has prior side information on x induced by the (undirected) side information graph G on
the vertex set [n] = {1,2,...,n}. That is, the ith receiver R; knows x; for every j adjacent

T A preliminary version appeared in Proceedings of the 23rd Annual ACM-SIAM Symposium on Discrete
Algorithms, 2012, pp. 406-419.
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to i in G. The goal is to encode x using a code of minimum length so that every receiver
R; is able to recover x; given the encoded message and the side information that it has
on x according to G. For example, if G is a complete graph then a 1-bit message that
consists of the XOR of the x; enables every receiver to recover its bit using the bits of its
neighbours and the encoded message.

The study of index coding was initiated by Birk and Kol [6] and further developed by
Bar-Yossef, Birk, Jayram and Kol [5]. This research is motivated by applications such as
video on demand and wireless networking, in which a network transmits information to
clients, and during the transmission every client misses some of the information. At this
step, the clients have side information on the transmitted information, and the network is
interested in minimizing the broadcast length in a way that enables the clients to decode
their target (see, e.g., [32]). The study of index coding is also motivated by the more
general problem of network coding, introduced by Ahlswede, Cai, Li and Yeung [1]. It was
shown in [14] that network coding instances can be efficiently reduced to index coding
instances.

For a graph G we denote by f;(G) the minimum length of an index code for G. This
graph parameter is well known to be related to several classical graph parameters. Indeed,
for a graph G, $1(G) is bounded from below by «(G), the maximum size of an independent
set in G, as follows from the fact that an independent set in G corresponds to a set of
receivers with no mutual information. On the other hand, {(G) is bounded from above by
%(G), the chromatic number of the complement graph G. Indeed, given a colouring of G
we can construct an index code, each of whose bits is the XOR of the bits corresponding
to the vertices in a colour class.

In this paper we focus on linear index coding schemes, i.e., coding schemes in which
the encoding function is linear. Bar-Yossef, Birk, Jayram and Kol [5] proved that the
minimum length of a linear index code for a graph G equals the minimum rank over
F, of a matrix that has ones in the diagonal and zeros in the entries that correspond
to non-edges (and arbitrary values from F, in the other entries). This graph parameter
is called minrank and is denoted by minrk;(G). Clearly, minrk;(G) bounds f;(G) from
above. It was shown in [5] that this bound is tight for several graph families, including
perfect graphs, odd holes (odd-length cycles of length at least 5) and odd anti-holes
(complements of odd holes). These results raised the question whether the minrank
parameter characterizes the minimum length of general index codes. This question was
answered in the negative by Lubetzky and Stav [28], who showed that for any ¢ > 0 and
a sufficiently large n there is an n-vertex graph G with B(G) < n° and minrk,(G) > n'~*
(see [3] for additional examples). The following theorem summarizes the bounds mentioned
above.

Theorem 1.1 ([18, 19, 5]). For every graph G,
%(G) < fi(G) < minrky(G) < 1(G).

The original motivation to study the minrank parameter came from research on the
Shannon capacity of graphs. In [30], Shannon introduced the Shannon capacity of a graph
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G, denoted by ¢(G) and defined as the limit limy_,, </a(Gk), where G* is what is known
as the k-fold strong graph product of G with itself. This graph parameter, studied in
the context of information theory, measures the effective size of an alphabet in zero-
error communication over a noisy channel represented by the graph. Unfortunately, the
behaviour of the Shannon capacity of graphs in general is far from being well understood.
Even the Shannon capacity of very simple graphs, such as the cycle of length 7, is not
known. Therefore, upper and lower bounds on the Shannon capacity of graphs are of
interest. Haemers [19] defined the minrank parameter and proved that it gives an upper
bound on ¢(G). A more well-known and tractable upper bound on ¢(G) is the one of
Lovasz [27], known as the Lovdsz 9-function (see [25]). Although for most graphs the
3-function is a tighter upper bound than the minrank bound, Haemers [18] showed that
there are graphs for which the minrank bound is tighter. For example, it is known that
for every odd k there is a graph S; with minrk,(Sx) =k and 3(Sx) = 25+ 1 (see [19]).
In addition, it was shown in [28] that there can be an nz~°) multiplicative gap between
these parameters in either direction, where n is the number of vertices.

In this work we study the connection between the minrank parameter and the Lovasz
9-function of a graph. Specifically, we obtain a tight and exact upper bound on the
Lovasz 3-function of a graph with minrank k. This bound compares two classical upper
bounds on the Shannon capacity of a graph. We note that this research direction was also
suggested in work on index coding by Bar-Yossef, Birk, Jayram and Kol [5]. In addition,
we initiate the study of algorithms for linear index coding for graphs with bounded
minrank. That is, given a graph G with minrk,(G) = k, where k is a fixed constant, find
a linear index code for G, where the objective is to minimize the code length. Our bound
on the Lovasz 3-function lies at the heart of the analysis of our algorithms.

We start with some background and then review our results.

Graph colouring. For an integer g a graph G is g-colourable if it is possible to assign
a colour from {1,...,q} to every vertex so that no edge is monochromatic. Such an
assignment is called a g-colouring. The chromatic number y(G) of G is the smallest g for
which G is g-colourable. It is well known that the problem of deciding whether a graph
is g-colourable is NP-complete for any ¢ > 3 [16] and can be easily solved in polynomial
time for g € {1,2}.

For the problem of deciding between y(G) < ¢ and y(G) > Q, Khot [23] proved NP-
hardness with Q = qlo% for any large enough constant g. The largest Q for which deciding
between y(G) < 3 and %(G) > Q is known to be NP-hard is Q = 5 [22, 17]. However, Dinur,
Mossel and Regev [13] proved NP-hardness for any constants 3 < g < Q under a certain
complexity assumption, related to Khot’s unique games conjecture [24]. Recently, Dinur
and Shinkar [12] improved the analysis of [13] and showed that, whenever ¢ > 4, a similar
hardness result holds even for Q = log®n for some ¢ > 0, where n stands for the number
of vertices in the graph. In addition, it is known that it is NP-hard to approximate the
chromatic number of an n-vertex graph to within a factor of n'~¢ for any ¢ > 0 [23, 33].

On the other hand, there is a long line of research on (randomized) polynomial-time
algorithms for graphs with bounded chromatic number. These algorithms, given an n-
vertex g-colourable graph, find a Q-colouring of G where Q = O(n°) for some constant
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0 = d(q) > 0. For example, for ¢ = 3, a simple algorithm due to Wigderson [31] colours
a 3-colourable graph using O(n%) colours. It is interesting to note that Wigderson’s
algorithm works even if the input graph G is not 3-colourable but has the weaker
property that any subgraph induced by the neighbours of a vertex is 2-colourable. In
a series of increasingly sophisticated combinatorial algorithms, Blum [7] improved the
number of colours to (~)(n%).1 Then, Karger, Motwani and Sudan [21] introduced an
algorithm for this problem based on a semidefinite relaxation and improved the number
of colours to 5(n%). Combining the combinatorial approach of [7] and the semidefinite
relaxation of [21], Blum and Karger [7, 8] improved it to 5(n%). Recently, a sequence
of improvements by Arora, Chlamtac and Charikar [4] and Chlamtac [10] reduced the
number of colours to O(n®2!11) and O(n®27?) respectively. The situation with colouring
g-colourable graphs for g > 4 is similar. The best known algorithm, due to Halperin,
Nathaniel and Zwick [20], colours n-vertex g-colourable graphs using a(n“q) colours,
where 0 < a, < 1 is some constant depending on ¢. For example,

7 97
o4 = T 0368 and o5 = 207 = 0.469.

A major ingredient in the above colouring algorithms is a semidefinite programming
(SDP) relaxation of the chromatic number [21] called vector chromatic number, which we
denote by y,. As a relaxation of the chromatic number, the vector chromatic number
satisfies y,(G) < x(G) for every graph G. The main tool in [21] is a randomized rounding
algorithm that, given a graph G with y,(G) = «, finds a large independent set (whose
cardinality is monotone decreasing in k). Interestingly, it was proved in [21] that a tighter
relaxation, called the strict vector chromatic number and denoted by y¥, is related to the
Lovasz 3-function and satisfies, for every graph G,

29(G) = 9(G). (1.1)

The complexity of the minrank parameter. Consider the problem of deciding whether a
graph G satisfies minrk,(G) = k, where k is a fixed constant. For k € {1,2} the problem
is easy. Indeed, minrk,(G) = 1 holds only for the complete graph, while minrk;(G) = 2
holds precisely for the complement of a (non-empty) bipartite graph [29]. For k = 3,
Peeters [29] proved that the problem is NP-complete (even if the input graphs are planar)
via a reduction from 3-colourability. Langberg and Sprintson [26] observed that every
graph G satisfies

minrk;(G) > log, (G), (1.2)

and concluded (using the upper bound in Theorem 1.1 and the hardness result of [13])
that it is NP-hard to approximate the minrank of a given graph to within any constant,
assuming the same variant of the unique games conjecture as in [13]. In fact, using
the recent result of [12] one can obtain a corresponding hardness result even for an
approximation factor of Q(loglogn), where n is the number of vertices. We note that

! The O and Q notations are used to hide factors which are polylogarithmic in n.
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the hardness result of Langberg and Sprintson [26] is proved for additional problems,
including vector linear index coding, non-linear index coding, and the network coding
problem.

1.1. Our contribution

1.1.1. Algorithms for linear index coding. In this work we study algorithms for linear index
coding for graphs with bounded minrank (recall that minrank measures the minimum
length of a linear index code). Our approach to the problem is to design an algorithm
that, given a graph G with minrk,(G) =k, finds a colouring of G of as few colours as
possible. As we have mentioned, such a colouring yields a linear index code whose length
is the number of colours used. In what follows, for simplicity of presentation, the roles of
G and G will be reversed.

In the following discussion let us consider the case of k = 3 (recall that for k € {1,2}
the problem is easy). Let G be a graph satisfying minrk,(G) = 3. Our goal is to find a
colouring of G with few colours. One strategy would be to use the fact that such a graph
has the property that any subgraph induced by the neighbours of a vertex is 2-colourable
(see Lemma 2.8). As mentioned earlier, for such graphs Wigderson’s algorithm [31] can
find an O(n%)-colouring of G.

Another strategy is to find the largest possible chromatic number ¢ of a graph G
satisfying minrk,(G) = 3, and to apply an algorithm for colouring g-colourable graphs
to G. For example, by inequality (1.2), 7(G) < 8, and therefore the algorithm of [20] for
colouring 8-colourable graphs gives an (~)(n“8)-colouring of G where

175
g = ﬁ 0 646

and hence a linear index code of such length. However, this can be somewhat improved.
Pecters defined in [29] a graph family Gi (see Section 3) such that for any k, G is the
graph that has a maximum chromatic number among all the graphs whose complement
has minrank k. That is, for any k,

2(Gr) = max{y(G) | minrk,(G) = k}.

It turns out that G3 is a graph on 28 vertices with chromatic number 4, and this enables
us to use the algorithm of [20] for colouring 4-colourable graphs and to get a polynomial-
time algorithm that, given a graph G with minrk,(G) = 3, finds a linear index code for G
of length 5(n“4) where oy ~ 0.4609.

In order to improve the number of colours used in the above algorithm, we need to
improve the analysis of the colouring algorithms in a way that uses the fact that our graphs
have minrk,(G) = 3 and not only y(G) < 4. As mentioned earlier, the performance of the
best known colouring algorithms crucially depends on the vector chromatic number of
the input graph. This suggests studying the maximum possible vector chromatic number
of G assuming minrk,(G) = 3. A bound strictly smaller than 4 might imply an improved
algorithm for our problem. In this work we observe that the graph family Gy of Peeters [29]
satisfies, for any k,

10(Gx) = max{){l G) | minrk,(G) = }
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Using (1.1) and our result on the Lovasz 9-function (Theorem 1.4), we obtain an exact
expression for y,(Gy).? For example, for k = 3, we show that

1(G3) =1+ \3ﬁ ~3.1213 <4
(see Corollary 3.9) and use it to show that it is possible to efficiently colour a graph
G satisfying minrk,(G) = 3 using fewer colours than guaranteed by the algorithm for
colouring 4-colourable graphs of [20]. This, combined with additional properties of graphs
with minrk,(G) = 3 and some techniques used in [4], yields the following theorem and its
immediate corollary. We also prove similar results for general k > 3 (see Theorem 4.3).

Theorem 1.2. There exists a randomized polynomial-time algorithm that, given an n-vertex
graph G with minrks(G) = 3, finds an O(n°*>"*)-colouring of G.

Corollary 1.3. There exists a randomized polynomial-time algorithm that, given an n-vertex
graph G, for which there is a linear index code of length 3, finds a linear index code for G
of length O(n®*7%),

One obstacle presented by our approach is that the SDP relaxation we use (the
vector chromatic number of the complement graph) is not a relaxation of the minrank
parameter. This is in contrast to the usual framework (say, for combinatorial minimization
problems), in which the SDP is a relaxation of the minimization problem at hand, which
then automatically bounds the SDP optimum from above by the actual optimum (of the
original optimization problem). The fact that we deviate from this approach necessitates
an additional crucial component of the analysis, namely, bounding the largest possible
gap between the vector chromatic number and the minrank parameter.

It is then natural to ask whether an improved performance guarantee can be achieved
by a more straightforward approach. While the question of further improvements remains
open, we do note that using an SDP relaxation for minrank based on the structure of the
graph Gi, we can achieve the same performance guarantee by transforming the solution
of the new SDP into a vector x-colouring of the complement graph, where x = y,(Gx)
(see the discussion in Section 5).

1.1.2. Minrank versus the Lovasz 3-function. In addition to our algorithmic application,
the graph family Gy is interesting from a combinatorial point of view. Recall that both
9(G) and minrk,(G) are upper bounds on the Shannon capacity ¢(G) of a graph. A natural
question to ask is how large 3(G) can be if G satisfies minrk,(G) = k, or, equivalently, how
bad the 3(G) upper bound can be, compared to the bound minrk,(G). We show that the
largest 9(G) for a graph G with minrk,(G) = k is attained at Gy, for which we calculate
the exact 3 value.

2 It turns out that the gap between y(Gy) and 7.(Gy) is exponentially large in k (see Section 5 for details).
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Theorem 1.4. For every k, every graph G with minrk,(G) = k satisfies
9G) <28 +1—25,

In addition, equality holds for the graph Gy.

Our calculation of the § value of Gy is based on strong symmetry properties of G
which relate the 9 value to the spectrum of Gy. To calculate the spectrum, we fix a vertex
v and define a partition of the vertex set into five equivalence classes with the following
property: two vertices u; and u, are in the same class if and only if there exists an
automorphism f such that f(v) =v and f(u;) = u,. In group-theoretic terms, these are
the orbits of the vertex stabilizer of v relative to the automorphism group of the graph.

We show that the eigenvalues of Gy coincide with the eigenvalues of a weighted
graph obtained by contracting each equivalence class to a single vertex. This reduces
the eigenvalue calculation to finding the spectrum of a 5 x 5 matrix. For details see
Section 3.3.

1.2. Outline

In the next section we provide the background and definitions needed throughout the
paper, including two equivalent definitions of the minrank parameter. In Section 3 we
define the graph family Gy, prove its properties which are needed for the analysis of our
algorithms, and prove Theorem 1.4. Finally, in Section 4 we present and analyse our
algorithms for linear index coding and prove Theorem 1.2 and its extension to general k.
We end with a discussion in Section 5.

2. Preliminaries

2.1. Index coding

In the index coding problem a sender wants to broadcast a word x € F5 to n receivers
Ry,...,R,. Every receiver R; knows some fixed subset of the bits of x and is interested
solely in x;. An index code for this setting is a code over IF,, which enables R; to recover
x; for every x € F} and i € [n].

The index coding problem can be stated as a graph parameter. For a directed graph
G and a vertex v, let I';(v) denote the set of out-neighbours of v in G, and for x € F}
and S < [n], let x|g denote the restriction of x to the coordinates of S. The setting of the
definition of an index code is characterized by the directed side information graph G on
the vertex set [n] where (i, j) is an edge if and only if the receiver R; knows x;. An index
code of length ¢/ for G (over F,) is a function E : F} — Fg and functions Dy,...,D,, so
that for all i € [n] and x € [},

Di(E(x), x[rs ) = Xi-

The definition of an index code is naturally extended to undirected graphs by replacing
every undirected edge by two oppositely directed edges. From now on, all the graphs
considered in this paper are undirected. Finally, we say that the index code is linear if the
encoding function E is linear.
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2.2. Vector chromatic number
The vector chromatic number and the strict vector chromatic number [21] are defined as
follows.

Definition 2.1. For a graph G = (V,E) the vector chromatic number of G, denoted by
1»(G), is the minimal real value of x such that there exists an assignment of a unit vector
w; to each vertex i satisfying the inequality (w;, w;) < —ﬁ whenever i and j are adjacent
in G. Such an assignment is a vector k-colouring of G.

Definition 2.2. For a graph G = (V, E) the strict vector chromatic number of G, denoted
by ¥¥(G), is the minimal real value of x such that there exists an assignment of a unit
vector w; to each vertex i satisfying the equality (w;,w;) = —ﬁ whenever i and j are
adjacent in G. Such an assignment is a strict vector x-colouring of G.

Observe that the (strict) vector chromatic number is a relaxation of the chromatic
number. Moreover, for every graph G,

1(G) < 1Y(G) < 2(G).

There are, however, graphs which are vector k-colourable but are not k-colourable. It
is known that a (strict) vector k-colouring of a graph G, if it exists, can be found in
polynomial time by solving a semidefinite program (see [21] for details). We note that the
Lovasz 9-function, introduced in [27], is known to satisfy y¥(G) = %(G) for every graph
G [21].

The following lemma was used in the analysis of the colouring algorithm in [21]. For
a graph G and a vertex v in G we use I'(v) to denote the set of neighbours of v in G.
If G is clear from the context we omit the subscript. For a subset S of the vertices, G[S]
denotes the subgraph of G induced by the vertices in S.

Lemma 2.3 ([21]). Let G = (V,E) be a graph satisfying y,(G) = x for some k > 2. Then,
for every vertex v € V, the subgraph of G induced by the neighbours of v satisfies y,(G[I'(v)])
<k—1. ]

2.3. Minrank
The minrank of a graph (over F) is defined as follows.

Definition 2.4. Let A = (a;;) be an n by n matrix over IF,. We say that A represents an
n-vertex graph G over I, if a; =1 for all i, and a;; = 0 whenever i and j are distinct
non-adjacent vertices in G. The minrank of a graph G over F; is defined as

minrk,(G) = min{rankg,(4) | A represents G over F,}.

Bar-Yossef, Birk, Jayram and Kol [5] proved that the minrank parameter characterizes
the minimum length of a linear index code, as stated below.
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Theorem 2.5 ([5]). For every graph G, the minimum length of a linear index code for G
over F, equals minrk,(G). U]

Throughout the paper we need an equivalent characterization of minrank due to
Peeters [29]. In what follows we define an orthogonal bi-representation over F, of a graph
and then use it to characterize the minrank parameter in Lemma 2.7.

Definition 2.6. For a graph G = (V,E) an orthogonal bi-representation of G in FY is an
assignment of two vectors a! and a2 in F% to each vertex v of G, such that

(i) (al,a?) = 1 for every v € V and

(i1) (al a2) = (al,a?) = 0 for every two distinct non-adjacent vertices u,v € V.

u v
Lemma 2.7 ([29]). For every graph G, minrk,(G) is the smallest k for which there exists
an orthogonal bi-representation of G in F5. U]

We note that Lemma 2.7 follows from Definitions 2.4 and 2.6 and the linear algebra
fact that the rank of an n by n matrix M is the smallest k for which M = A4 - B for some
two matrices A and B of dimensions n X k and k x n respectively.

The following lemma is an analogue of Lemma 2.3 for minrank and is used in the
analysis of our algorithms.

Lemma 28. Let G = (V,E) be a graph satisfying minrk,(G) =k for some k > 2. Then,
for every vertex v € V, the subgraph of G induced by the neighbours of v satisfies

minrk;(G[[g(v)]) <k —1.

Proof. Let G be a graph that satisfies minrk,(G) = k and let v be a vertex in G. Observe
that any matrix M that represents G[I'g(v) U {v}] satisfies M,, =1 and M,, = M,, =0
for any u € I'g(v). This implies that

minrky (G[Tg(v) U {v}]) = 1 4+ minrky(G[T6(v)]),
which yields that
minrk,(G[[6(v)]) = minrky(G[Tg(v) U {v}]) — 1 < minrk,(G) — 1 =k — 1. U]

2.4. Graph symmetry

In the following we define vertex-transitive and edge-transitive graphs and state some of
their properties (for proofs, see [25, Section 25]). We let 1;(G) and 4,(G) denote the largest
and smallest eigenvalues of (the adjacency matrix of) an n-vertex graph G.

Definition 2.9. An automorphism of a graph G = (V, E) is a permutation f : V' — V that

preserves edges, i.e., for every u,v € V it holds that {u,v} € E if and only if {f(u), f(v)} €
E. The graph G is vertex-transitive if for every u,v € V there exists an automorphism
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f of G that satisfies f(u) =v. The graph G is edge-transitive if, for every two edges
{u,v},{x,y} € E, there exists an automorphism f of G that satisfies {f(u), f(v)} = {x,y}.

Lemma 2.10. If G is a vertex-transitive graph on n vertices, then 9(G) - 9(G) = n. ]

Lemma 2.11. If G is a regular edge-transitive graph on n vertices, then

_ln(G)

N G~ G

O

Since every vertex-transitive graph is regular, by combining Lemmas 2.10 and 2.11 we
obtain the following corollary.

Corollary 2.12. If G is a vertex-transitive and edge-transitive graph on n vertices, then

_ 46
7l G)

9G) =1

We also need the following straightforward lemma.
Lemma 2.13. If G is an edge-transitive graph, then y,(G) = 1\¥(G).

Proof. It suffices to show that a vector k-colouring of an edge-transitive graph G = (V, E)
can be transformed into a strict vector x-colouring of G. Let (w;)iey be a vector k-colouring
of G and let Aut(G) denote the group of all the automorphisms of G. For every i € V' let
z; be the normalized concatenation of all the wy; for f € Aut(G). Observe that (z;)icy is
also a vector k-colouring of G and that

1
(zi2j) = AU(G)] Z (Wi, Wr(i)-
feAut(G)

Since Aut(G) acts transitively on the edge set E, it can be seen that the number of
automorphisms of G mapping e to ¢ is equal for every two edges e and ¢ (see Claim 3.14).
This implies that for every edge {i, j},

1 1
a2l Wiawio) = D, (wewp),

feAut(G) (i.j}€E

and hence all the inner products (z;, z;) for edges {i, j} are equal, and are bounded from
above by —ﬁ, so we are done. ]

3. The graph family G

In this section we define the graph family Gy introduced in [29] and prove several
properties that it has which are crucial for the analysis of our algorithm for linear index
coding. We obtain a tight and exact upper bound on the Lovasz 9-function of graphs
with minrank at most k and prove Theorem 1.4. The inner products in the definition of
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Gy, are over F,. We denote by e; the vector in F§ that has a non-zero entry only in the ith
coordinate.
For a natural k > 1 we define the undirected graph G, = (V, E) on the vertex set

V = {(v1,v2) € F5 x F§ | (v1,02) = 1},

where two vertices (uy,up) and (vy,v;) are adjacent if and only if (uy,v2) = (v, us) = 0.
Observe that |V]| = (2K — 1) - 2=1 and that G, is regular with degree (2~! — 1) - 2k=2,

Claim 3.1. «(Gy) = ¢(Gy) = minrk,(Gy) = k.

Proof. By the definition of Gy, it is clear that there exists an orthogonal bi-representation
of Gy in F% (identify every vertex with the vectors in its name), and thus minrk,(Gy) < k.
On the other hand, the set of vertices {(e;, ei)}f?=1 is an independent set in Gy. Since the
size of an independent set in a graph bounds from below its Shannon capacity and since
the minrank bounds it from above, we obtain k < a(Gy) < ¢(Gy) < minrk,(Gy) < k, and
we are done. U]

Observe that Lemma 2.7 implies that the minrank of a graph G is precisely the smallest
k for which there exists a homomorphism from G to Gy. Peeters [29] used this observation
to show that G, has maximum chromatic number among the graphs whose complement
has minrank k. Similarly, this also holds for the (strict) vector chromatic number.

Lemma 3.2 ([29]). 7(Gx) = max{y(G) | mintky(G) = k}. O
Lemma 3.3. »\¥(Gy) = max{y¥(G) | minrk,(G) = k}.

Proof. By Claim 3.1, minrk,(Gj) = k, and hence
7L (Gk) maxl/(v ( ) | minrkz(é) = k}

For the other direction, denote k = XUS (Gy) and fix a strict vector k-colouring {w;} of G.
Let G be a graph that satisfies minrk,(G) = k and let h be a homomorphism from G
to Gi. To every vertex x of G assign the vector wyy), and observe that this is a vector
k-colouring of G. U]

The following corollary says that G, attains the maximum Lovasz 9-function among the
graphs with minrank k. It follows immediately from the previous lemma and equation (1.1).

Corollary 3.4. 3(Gy) = max{HG) | minrk,(G) = k}.

3.1. Symmetry properties of G}

We turn to prove that Gy is vertex-transitive and edge-transitive. By Corollary 2.12, this
implies that the strict vector chromatic of G, can be expressed in terms of the smallest
and largest eigenvalues of G,. We start with a simple claim. In what follows, for a vector
w € F5 we use the notation wt = {u € F5 | (w,u) =0}, and for a subspace V of F of
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dimension k — 1 we denote by V' the unique non-zero vector v € F4 for which (u,v) = 0
for everyu e V.

Claim 3.5. For every invertible linear transformation g : F§ — %, the function f ¢ that maps
every vertex (wy, w) of Gk to (g(w1),g(wy)t) is an automorphism of G.

Proof. Let w = (wy,w,) be a vertex of Gi. By definition, this implies that w; ¢ WZL, hence
g(w1) ¢ g(wy), so fg(w) is a vertex of Gi. Observe that the function that maps a vertex
(w1, w2) to (g7 (wy), g~ (wy)t) is the inverse of fe, hence f, forms a bijection from the
vertex set of Gy to itself. Now, let u = (u,u) and v = (v, v3) be two vertices in Gy. Observe
that {u,v} is an edge of Gy if and only if u; € 1)2L and vy € uzl. Since g is invertible, this
holds if and only if g(u;) € g(v3) and g(vy) € g(uy), that is, {f,(u), f¢(v)} is an edge of Gy.
Thus, f, is an automorphism of Gy, as desired. ]

Lemma 3.6. The graph Gy is vertex-transitive.

Proof. Let u = (u;,uz) and v = (vy,v;) be two vertices of Gi. By definition, u; ¢ uzL and
v1 ¢ vy. Hence, there exists an invertible linear transformation g : F§ — F% satisfying
g(u) = vy and g(uy) = vy Therefore, the corresponding function f, defined in Claim 3.5
forms an automorphism of G, and maps u to v, so we are done. ]

Lemma 3.7. The graph Gy is edge-transitive.

Proof. Let {u,v} and {x,y} be two edges of Gi. By definition, (u;,u2) = 1 and (vy,u) =0,
and therefore u; # v; (similarly, uy # v;, and x; # y, for b = 1,2). Thus, we also have that
uy Ny and x5 N y5 are subspaces of % of dimension k — 2 which do not contain u; and
vy, and x; and yq, respectively. Therefore, there exists an invertible linear transformation
g :F§ — FX satisfying g(u1) = x1, g(v1) = y1, and g(us Nvy) = x5 N yy. Finally, noting
that us = span({vi} U (uy Nvy)) (and similarly for vy, x5 and yy), it follows that the
corresponding function f, defined in Claim 3.5 forms an automorphism of G; and
satisfies {fq(u), fo(v)} = {x,y}, as required. O

3.2. Minrank versus the Lovasz 3-function
Now we are ready to derive our tight bound on the 3-function of graphs with minrank k.
Combining Lemma 2.13, equation (1.1) and Corollary 2.12 we obtain that

41(Gr)
n(Gk)’

20(Gr) = 1(G) = H(Gy) = 1 —

where n denotes the number of vertices in Gy. Recall that Gy is regular and hence 4,(Gy)
equals the degree of its vertices, i.e., (2~1 — 1) - 22, We need the following lemma proved
in Section 3.3, which immediately implies the corollary that follows it.

*k_3

Lemma 3.8. For every k, 1,(Gy) = —272
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Corollary 39. For every k, 7,(Gx) = 79(Gi) = 9(Gy) = 2% + 1 — 21—,
The following theorem follows from the above discussion using Corollary 3.4.

Theorem 3.10. For every k, every graph G with minrk,(G) < k satisfies
1(G) < £(G) = 9(G) <2 +1 -2,

In addition, equalities hold for the graph G.

3.3. Spectral analysis of G,

In what follows we show how graph symmetries allow us to reduce the problem of
eigenvalue calculation to identifying a certain partition of the vertex set. We then identify
this partition for the graph Gy, thus concluding its spectral analysis.

3.3.1. Spectral analysis via graph symmetry. Let us start by reviewing the following basic
group-theoretic definitions.

Definition 3.11. Let G be a group which acts on a set X. For a group element g € G,
denote the result of its action on an element x € X by g(x). For any element x € X, its
stabilizer (relative to G) is the subgroup

Stabg(x) = {g € G | g(x) = x}.

Definition 3.12. For a group G which acts on a set X, the orbit of an element x € X is
the set

Orbg(x) = {g(x) | g € G}.

Remark. The orbits of a set X form a partition of X, that is, they cover X and for any
two elements x,y € X, the orbits Orbg(x) and Orbg(y) are either equal or disjoint.

Definition 3.13. A group G acts transitively on a set X if for all x,y € X there is a group
element g € G such that g(x) = y.

Claim 3.14. Let G be a group that acts transitively on a set X. Then the sets Ty, = {g €
G | g(x) =y} have the same cardinality for every x,y € X.

Proof. Note that by transitivity, for every x,y € X the set Ty, is non-empty. Moreover,
the set T, is a coset of the stabilizer group T\ .. Therefore, for a fixed x € X all the sets
in {Ty,},ex have the same cardinality. By transitivity, this cardinality does not depend
on x. U]

We will be interested in the orbits of the vertex set V(Gy) relative to the stabilizer
subgroup of a fixed vertex vy, that is, the orbits induced by the group of automorphisms
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of G which map vy to itself. To simplify notation, for any graph G = (V,E) and any
vertex v € V, we will denote

AutStabg(v) = Stabauc)(v),
StabOrbg(v) = {Orbausstabs()(u) | u € V.

This partition will be crucial in finding the eigenvalues of Gy, as it will essentially allow
us to treat each orbit as an individual vertex. This is done via the following lemma, which
shows that for every eigenvalue there is an eigenvector whose structure depends on the
above partition.

Lemma 3.15. Let G = (V,E) be a vertex-transitive graph, let . be an eigenvalue of its
adjacency matrix Ag, and let v € V be any vertex in the graph. Then, there exists a (non-
zero) eigenvector a) of Ag corresponding to J such that for every orbit O € StabOrbg(v) all
the values of a; in the coordinates corresponding to O are equal.

Proof. Let by be an eigenvector of Ag corresponding to the eigenvalue . It must have at
least one non-zero coordinate. Note that permuting the coordinates of an eigenvector by
an automorphism of G always yields an eigenvector corresponding to the same eigenvalue.
Thus, by the vertex-transitivity of G, there is an automorphism which, applied to by, yields
an eigenvector by corresponding to the same eigenvalue, such that (by), #* 0. Now, consider
the effect of applying any automorphism in the stabilizer AutStabg(v) to by. This does not
change the value in the coordinate corresponding to v. Moreover, any linear combination
of such eigenvectors is also an eigenvector corresponding to A, since all such eigenvectors
lie in the same eigenspace. Define

1
a), = m ’ Z f(bl),

f€AutStabg(v)

and observe, using Claim 3.14, that for every orbit O and vertex u € O,

1 > (b)) = Wl‘ > (b)) O

~ JAutStabg(v)]
f€AutStabg(v) u'e0

(a/l)u

Corollary 3.16. For every vertex-transitive graph G = (V,E) and a vertex v € V, the adja-
cency matrix Ag has the same set of eigenvalues as the matrix M indexed by the orbits
in StabOrbg(v) defined as follows: Mo, o, is the number of edges between O; and O,
normalized by the number of vertices in Oy, and My, o, is twice the number of edges in
G with both endpoints in Oy, normalized by the number of vertices in Oj. ]

3.3.2. The eigenvalues of G;. We explicitly identify the orbit set StabOrbg, (v), where vy
denotes the vertex (er,e;). We will show (for k > 3) that the orbits of the stabilizer of
vertex vg are as follows:

Vi = {vo},

Vo= {(vi,v2) € V | (01)1 = (02)1 = 0},
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V3= {(vi,v2) € V | {(vi)1,(v2)1} = {0,1}},
Vi = {(vi,02) €V | ey € {v1,02}, v1 # 12},
Vs = {(vi,02) € V | (1)1 = (2)1 = 1, eg & {v1,02}}.

It is not difficult to show that {V;}2_, is a partition of V and that

Vil =1,

Vo =262 21 —1),

Vsl =271 @ =1,

Vil =2-2"—1),

Vsl = (22 —1)- 2" —1).

Lemma 3.17. For every k > 3, the orbit set StabOrbg, (vo) is precisely the partition {V;}:_,
of V.

Proof. We first prove that the partition {V;}3_, is a (not necessarily strict) refinement of
StabOrbg, (vg). To this end, we need to show that for every two vertices u,v in the same
vertex class V; (for some 1 < i< 5) there exists an f € Aut(Gy) such that f(u) =v and
f(vg) = vo. We note that for such u and v it suffices to show that there exists an invertible
function g : F§ — FX satisfying g(e;) = ey, g(u1) = vy, and g(us) = vy Indeed, for such a
function g, the corresponding function f, defined in Claim 3.5 forms an automorphism
of Gy and satisfies f,(u) = v and f,(vo) = vo.

The case of V; is trivial. For u,v € V5, we have e; € uy, e; € vy, u; ¢ uy and vy ¢ v5-.
Hence, a function g as above must exist. For u,v € V3, it can be assumed that (u;); =
(v2); = 0, since otherwise composing the automorphism that maps (uy, us) to (vp,v1) with
the one that switches the two vectors of every vertex gives us the required automorphism.
The assumption (v;); = (up); = 0 implies that e; € uzL and e € UZL, so we are done just
as in the V, case. For u,v € V4 it can be assumed that u; =v; = ¢; (again since we
can compose the appropriate automorphism with the automorphism that switches the
two vectors of every vertex), so the function g as above exists because u; = e¢; ¢ uj and
v1 = e1 ¢ vy Finally, for u,v € Vs, observe that e; + u; € us and that e; + vy € vy, thus a
function g as above exists.

Finally, we need to show that {V;}7_, is not a strict refinement, but rather is exactly
the set of orbits. That is, we need to show that no automorphism maps vy to itself and
any v € V; to u € V; for i # j. First, note that V; and V> are clearly orbits. For V, this is
trivial, and for V, this follows since the vertices of V), are precisely the neighbours of vy.
It remains to show that V3, V4 and Vs form three distinct orbits. However, this follows
by noting that vertices in each of these sets have a distinct number of neighbours in
V5. Specifically, vertices in V3 have 273(2k=2 — 1) neighbours in V5, vertices in V4 have
2k=2(2k=2 — 1) neighbours in V5, and vertices in V5 have 2¢=2(2¥=3 — 1) neighbours in V,
(see matrix Mj below). U]
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Now, a straightforward calculation shows that the matrix defined in Corollary 3.16 is

0 2k2.(2k1 ) 0 0 0

1 2k—3 . (Zk_2 _ 1) 2k—2 . (2k—2 _ 1) 2. (2k—2 _ 1) (zk—Z _ 1) . (2k—3 _ 1)
Mk =10 2k—3 . (Zk_2 _ 1) 2k—2 . (2k—2 _ 1) 2k—2 2k—3 . (2k—2 _ 1)

0 2k—2 . (2k—2 _ 1) 22k—4 0 0

0 2k—2 . (2k—3 _ 1) 22k—4 0 22k—5

It can be verified that the eigenvalues of the matrix M are

21{72 . (21{71 _ 1) 237/‘73 2k73 _2k72 _2%73
Therefore, these are the eigenvalues of our graph Gy as well, and in particular its smallest
eigenvalue is —2%3 as required for Lemma 3.8.

4. Algorithms for linear index coding

Let us start with some useful results related to graph colouring.

4.1. Graph colouring
We recall the following simple claim (simplified and rephrased from [7]), which reduces
the algorithmic task of colouring a graph to the algorithmic task of finding a large
independent set in it.

Claim 4.1. Let G be a graph family that is closed under taking induced subgraphs, let
c1,¢y > 1 be arbitrary fixed constants, and let f : N — N be any non-decreasing function sat-
isfying c1f(n) < f(2n) < caf (n) for all sufficiently large n. Then if there exists a (randomized )
polynomial-time algorithm which finds an independent set of size f(n) in any n-vertex graph
G € G, then there exists a (randomized) polynomial-time algorithm which finds an O(ﬁ)—
colouring of any n vertex graph G € G.

Note that the condition on the function f above is satisfied, for example, by any
function defined by f(n) = n*log? n for some fixed constants 0 < & < 1 and f > 0.

A major component in our algorithms is the following theorem of Karger, Motwani
and Sudan [21].

Theorem 4.2 ([21]). There exists a randomized polynomial-time algorithm that, given an
n-vertex graph G with maximum degree at most A and y,(G) < k for some k > 2, finds an
independent set of size Q(ﬁ) ]

4.2. An algorithm for linear index coding for graphs with constant minrank

In this section we present our algorithm for linear index coding for graphs with
minrank at most k, and analyse it. For every k, denote k; = 25 +1—21-%, Recall that,
by Theorem 3.10, every graph G whose complement has minrank at most k satisfies
£:(G) < K. Our main result is the following.
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Minrank-Basic(G, k)
Input: A graph G with minrks(G) < k.
e Ifk € {1,2} return the larger colour class in a 2-colouring of G.
e Otherwise, return the larger independent set between the following two:
— The independent set found by the Karger—Motwani—Sudan algorithm (Theorem4.2) applied
to G.
— The independent set obtained by running Minrank-Basic(G[I'(v)], k — 1), where v is a vertex
of maximum degree.

Figure 1. Algorithm Minrank-Basic.

Theorem 4.3. There exists a randomized polynomial-time algorithm that, given an n-vertex
graph G satisfying minrk,(G) < k, finds a linear index code for G of length O(n'—¢®)), where
g :N — (0,1] is the function defined by g(1) = g(2) =1, and for any k > 3,

gk —1)

STy g

As mentioned earlier, in order to find a linear index code for a graph G it suffices to
find a colouring of its complement. In order to simplify the notations, we consider below
the input graph G as a graph whose complement has minrank at most k, and the goal is
to colour G. Theorem 4.3 stems from combining Claim 4.1 and the following theorem.

Theorem 4.4. There exists a randomized polynomial-time algorithm that, given an n-vertex
graph G satisfying minrk,(G) < k, finds an independent set of size Q(n2")), where g is the
function defined in Theorem 4.3.

Proof. The proof is by induction on k. For k € {1,2} the graph is 2-colourable and thus
it is easy to efficiently find an independent set of size at least 5 in G.

Assume that k >3 and let A denote the maximum degree in G. Recall that the
assumption minrk,(G) < k implies that y,(G) < ;. We consider two ways of finding an
independent set in G (see Figure 1). The first is by applying the Karger—Motwani—Sudan
algorithm to G, which by Theorem 4.2 finds an independent set of size ﬁ(ﬁ) The
second is by applying the induction hypothesis to the subgraph G[I'¢(v)] of G induced by
the neighbours of a vertex v of degree A. By Lemma 2.8,

minrky(G[I'g(v)]) <k —1,

and thus, by the induction hypothesis, it is possible to find an independent set in G[I'G(v)],
which is also an independent set in G, of size Q(A$*—1). This implies that at least one of
the two independent sets has size

ﬁ(max (Alnz/xk . Ag(k_n)) = Q(nt®),

where the equality follows from the definition of g. Ul
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We note that our algorithm is essentially identical to the algorithm of [21]. However,
the analysis of the second way of finding an independent set is different. Recall that
here the algorithm is applied recursively to the graph G[I'(v)] where v is a vertex of
maximum degree. In [21], the analysis uses Lemma 2.3, which says that if y,(G) < k
then y,(G[I"(v)]) < k — 1. However, in our algorithm, which colours a graph G whose
complement has minrank at most k, we are able to use Lemma 2.8, which says that,
for such graphs, G[I'(v)] has minrank at most k — 1. This yields that G[I'(v)] has vector
chromatic number at most x;_;. It is not difficult to see that for every k > 3 it holds
that xx_1 < xx — 1, and therefore our analysis improves upon the analysis of [21] for our
graphs. For example, for k = 3 our analysis shows that the algorithm finds an independent
set of size Q(n%7357) since

3
9(3) = ”T*f ~ 0.7357,

whereas the analysis of [21] guarantees an independent set of size Q(n®>7).

4.3. An improved algorithm for linear index coding for graphs with minrank 3

In this section we adapt recent improvements in algorithms for colouring 3-colourable
graphs and their analysis by Arora, Chlamtac and Charikar [4, 11]. This improvement
arises from a more refined analysis of the rounding algorithm of a semidefinite program
of [21], as well as a new rounding algorithm which exploits this analysis. It turns out
that these improvements can be used for graphs with arbitrary (strict) vector chromatic
number k, and not only for 3-colourable graphs. This allows us to apply them to graphs
G with minrk,(G) = k for constant k. We demonstrate this approach for the case of k = 3,
but we note that this can be extended to any k > 4 as well.

Recall that every graph whose complement has minrank k has (strict) vector chromatic
number at most x;. For k = 3 we have k3 =~ 3.1213. The following theorem summarizes
the guarantee that arises from applying the aforementioned improvements to our setting
(for comparison, see Theorem 4.2 for k¥ = k3). While the analysis is somewhat technical,
it follows the same lines as the analysis in [4]. For the sake of completeness, we include
the proof in Section 4.4.

Theorem 4.5. There exists a randomized polynomial-time algorithm that, given an n-vertex
graph G satisfying minrk»(G) < 3, and has maximum degree at most A = n®™*°, finds an
independent set of size

ﬁ(n A09E4521-2/x3)) > ﬁ(n0.7426).

Theorem 1.2 follows easily from the following corollary, using Claim 4.1.

Corollary 4.6. There exists a randomized polynomial-time algorithm that, given an n-vertex
graph G satisfying minrk,(G) < 3, finds an independent set of size Q(n"42°),
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KMS' (G = (V, E), (w;)iev)
e Forallt > 0,

— Choose ¢ € R™ from the n-dimensional standard normal distribution, and let V¢ (t) = {i € V|
(Cwi) >t}

— Pick any edge {i,j} € E with both endpoints in V¢ (¢), and eliminate both  and j. Repeat until
no such edges are left.

- Let V/(t) be the set of remaining vertices in V¢ (t).

e For ¢ which maximizes |V{(t)|, return the independent set V/ (¢).

Figure 2. Algorithm KMS'.

Proof. The proof resembles that of Theorem 4.4. Suppose that there exists a vertex v in
G with degree at least A = n®74%%, By Lemma 2.8, G[I'(v)] has minrank at most 2, and
hence G[I'(v)] is 2-colourable. Thus, we can find an independent set of size at least % by
taking one of the two colour classes. Otherwise, the maximum degree is at most A, and
the corollary follows by Theorem 4.5. U]

4.4. Proof of Theorem 4.5

Recall that the density function of the standard normal distribution is the function that
maps any t € R to (2n)_1/2e_’2/2. A random vector { = ({y,...,{,) is said to have n-
dimensional standard normal distribution if the components {; are independent and each
has standard normal distribution. Note that this distribution is invariant under rotation,
and its projections onto orthogonal subspaces are independent. In particular, for any
unit vector w € R", the projection ({,w) has standard normal distribution. We denote the
corresponding tail bound by

“ 1 2
N(s) = ——e 2dt.
) /s 27

The following property of the normal distribution ([15], Chapter VII) will be used.

Lemma 4.7. For any s > 0,

L (1 — 1)652/2 g N(S) < 1 6732/2' D

2ns

Consider algorithm KMS' (Figure 2), a slight variant of the Karger—Motwani—Sudan
algorithm proposed in [4].

The following lemma summarizes the main technical result of [21]. It is easily seen that
Theorem 4.2 that was used in Section 4 follows directly from this lemma.

Lemma 4.8. For every constant ¢ > 0, and every graph G = (V, E) with maximum degree
at most A, there exists a threshold t = t(A) such that N(t) = QA~U=9/0+9) and such that
if (Wy)iey is a strict vector (1 4+ 1/c)-colouring of G (edges correspond to inner product —ao),
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then in algorithm KMS'(G, (w;)icy) we have for every vertex i,

Peli € Vi) i€ Ve(e)] = % (4.1)

O

Lemma 4.8 shows that, in algorithm KMS/, it is sufficient to choose the threshold ¢ such
that N(t) = O(A—(1=2/(1+9)) in order to guarantee that the probability in (4.1) is large for
every vertex. Note that in order to find an independent set of size Q(nN(t)), it suffices to
guarantee that this probability will be large for at least half the vertices. The improved
analysis of Arora, Chlamtac and Charikar [4, 11] shows that under certain conditions,
this must happen, even for slightly smaller values of t (i.e., larger values of N(t)). This, in
turn, guarantees a larger independent set. Specifically, they show the following (rephrased
here for general values of y\¥(G)).

Theorem 4.9 ([11], Theorem 3.4.5). For any graph G = (V, E) with strict vector (1 + 1/0)-
colouring (w;)icy and maximum degree at most A, either

e inequality (4.1) holds for at least half the vertices, or
e letting ¢ > 0 be such that N(t) = A—1=0)/l0+)U+N " there exists a vertex i € V, a con-
stant o € [0, ] and a set of vertices W = V' such that:

(i) for all j € W,
[(wi, w;) — pio ()] = O(1/ logn), (42)

where u, is defined by us(a) = 6> + (1 — a?)a;

(ii) letting zj = w; — (wi, wj)w; (the component of w; orthogonal to w;), we have
P:[3je W :({.zj) 2 polc,o)(1 + o)t — o(t)] = (1/logn), (4.3)
where p, is the function defined by

po(c,0) =1+ — oo — /(1 —o?)c. O

Remark. Equation (4.2) implies that for all j € W,
121> = (1 = 6%)mg ()] = O(1/ log n), (4.4)
where 7, is defined by

To(2) = (1 —2)(1 + 0> + (1 — 7)),

Remark. The vertex set W and vertex i in Theorem 4.9 in fact satisfy W < I'(I'(i)). That
is, W is actually a subset of the set of neighbours of neighbours of i. However, this fact
is not used at any later point in the analysis.
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Lemma 4.10. Let G, a,(wi)icy, A be as in Theorem 4.9, and write A = n°. Then if a constant
¢ > 0 satisfies

(pg(c,2))?

1
0<a<c/(1+c)<na(oc)(l +¢) + (e, Oc)> > P (4.3)

where p, and m, are as defined above, and ¢, and s, are defined by

l1—0¢ 1—s,()

bolc, ) = (I4+0)1+c) 1+s,(a)
and
_a + (,ua(a))z
o) = T 2

then there exists a threshold t such that N(t) = O (A~1=0/(1+)1+)) " and either

(i) KMS'(G, (W)icy) returns an independent set of expected size
Q(nN(t)) = ﬁ(nAf(lfﬂ)/((lJrG)(HC)))’

or
(ii) we can find, in polynomial time, a set W for which algorithm KMS'(G[W1],(z;)jew)
returns an independent set of size Q(nN(t)), as in Theorem 4.9.

Proof. Assume that case (i) does not hold. That is, for the above ¢ and t, KMS’ does
not return an independent set of expected size Q(nN(t)). Since every vertex i is included
in V¢(t) with probability exactly N(t), it follows that if, for at least half the vertices,
inequality (4.1) held, then the set Vg(t) would have expected cardinality at least inN (1),
contradicting our assumption. Thus, inequality (4.1) does not hold for at least half the
vertices, and therefore, by Theorem 4.9, the set W as described in the theorem must exist.
Note that if such a set exists, it can be easily identified. Simply take the set of all vertices
j satisfying (4.2), and (4.3) will still hold for this set (since this set contains or is identical
to the set W proposed in the theorem).

As the vectors (w;)jew all have a common component of length at least u, — o(1),
by (4.2), the vectors (z;/]|zj|)jew constitute a (non-strict) vector (1+ 1/(ss() — o(1)))-
colouring of G[W]. Indeed, (w;); is a strict vector (1 + 1/o)-colouring. Hence, for any edge
{j,k} such that j,k € W we have

—0 = <Wja Wk) = ((Wi: Wj>Wl + Zjs <Wi9 Wk>Wi + Zk) = <Wi: Wj><Wi, Wk> + <Zj7 Zk>a

and so
1

(zi/lzjll,z/ N zll) = —m(a + (wi, wj) (wi, wi))

b > o
ST (@t @) + o) = —(50(2) ol

Thus, by Theorem 4.2, we can find an independent set in G[W] (and in fact, algorithm
KMS', which generalizes the Karger—Motwani-Sudan algorithm, also accomplishes this)
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Augmented-KMS(G = (V, E))

e Compute the optimum strict vector colouring (w;);cv of G.
e For every vertex ¢:
— Forevery be (—1,1), let W;i(b) ={j € V|1 > (ws, w;) > b} and for all j € V let z; =
wj — (ws, w;)w;. For all b, run KMS'(G[W5(b)], (25 /1|51 sew; @))-
e Run KMS'(G, (w;)iev).

e Return the largest of the independent sets found above.

Figure 3. Algorithm Augmented-KMS.
of cardinality
ﬁ(‘ W|A1—2/(1+1/(Sa(0<)—0(1)))) - ﬁ(|W|A—(I—SU(%))/(1+SJ(%))—0(1)).

Therefore, by our choice of ¢, for case (ii) above, we need

|W| > nN(t) AU30(2)/ (I35 (2)+o(1) — 5y A—dslca)+o(l)

Assume for the sake of contradiction that this is not the case. That is, |W| <
nA~¢s(¢0)+o1) By the union bound (and using (4.4)), the probability of the event in (4.3)

is at most
1
|W|N(((1_02)%(d) “polc,o)(1+0) — 0(1)> t>

_ [+0 polc.s)
‘WN((\/l_a e 0(1))t>.

Moreover, by Lemma 4.7, for any constant f > 1 (independent of n) we have?

N(Bt) < O(N ().
Applying this bound, using our chosen value of N(t), the above is at most

6 (| w ‘A*(PJ(CJI))Z/(%(“)(1+(f))+0(1)) < 6 (nA*d)a((’,fl)*(ﬂn(C#))z/(ﬂa(a)(lﬂ’)Hﬂ(1)) ,

where the inequality follows from our upper bound on |W|. By (4.5), there is some
constant ¢ > 0 (due to the strict inequality between constant expressions independent of
n) such that the above bound on the probability is at most (N)(nA_g_l/ %) = 5(A"‘), which
given (4.3) yields a contradiction, and the lemma follows. Ul

Theorem 4.5 now follows as an immediate corollary of the above lemma (for ¢ = 0.03678
and 0 = 0.7426). The algorithm in Figure 3 gives the corresponding guarantee.

5. Discussion

The approach taken in this paper for finding a short linear index code for a given graph
relies on colouring the complement of the graph. This is done by studying the maximum

3 Note that t > 0, and the 0 notation suppresses factors which are polylogarithmic in n and/or functions of .
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vector chromatic number of graphs whose complement has minrank k. Recall that Gy is
the graph that maximizes both the chromatic number and the vector chromatic number
among the graphs whose complement has minrank k. This graph satisfies

k = minrky(Gy) < %(Gr) = 2(Gr) < 1(Gy),

which implies that we have a much stronger guarantee for the vector chromatic number
than for the chromatic number. Indeed, while by Corollary 3.9 we have y,(Gy) = 25 + 1,
Alon [2] has recently shown that

2(Gy) = 2k—0(JKTogk) _ (1—o(1))k_

For graphs with bounded chromatic number (as opposed to bounded vector chromatic
number), stronger results exist, such as the combinatorial algorithm of Blum [7] and
the SDP hierarchy approach of Chlamtac [10]. However, it seems difficult to gain any
additional improvements from such techniques, as the worst-case bound on the chromatic
number is strictly weaker than the bound on the vector chromatic number.

A possible interesting alternative would be to rely directly on the minrank guarantee,
and thus get around the gap between the minrank and the chromatic number of the
complement. One natural SDP relaxation for minrank relies on the characterization of
graphs with minrank at most k as graphs whose complements have a homomorphism to
Gy (see Section 3). This leads to a natural relaxation, similar to relaxations for the unique
games problem (see, e.g., [9]):

min k
st. o | x € V(G),i € V(Gk)}
s.t. (vyix;) =0 VxVi +# j
(vxisvyj) =0 Vx, y,i,j s.t. {x,y} ¢ E(G)
and (i = j or {i,j} ¢ E(Gy))
Z (Uxisvyj) =1 Vx,y € V(G) (including x = y).
ijEeV(Gy)

It turns out that there is a rounding for the above SDP relaxation for minrank which
matches our performance guarantee. Indeed, we have the following.

Claim 5.1. For a graph G = (V,E), let {vy;} be a solution to the above SDP relaxation

with value k, and let {u;} be an optimum strict vector colouring for Gy. Then the vectors
{wy | x € V} defined by

Wy = § Ux,i ® u;

i€V (Gy)

are a vector k-colouring of G, where k = y,(Gy). U]

It remains open whether one can achieve an improved rounding for this relaxation (or
possibly stronger relaxations).
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It would also be interesting to extend our algorithms to the case of general (non-linear)
index coding. We note that it was shown in [26] that the complement of a graph that has
an index code of length k has a colouring that uses at most 2" colours. This, together
with the colouring algorithm of [20], immediately implies an algorithm for general index
coding. However, it is possible that properties of graphs with bounded length index codes
can be exploited to improve the guarantee of this algorithm. The techniques used in this
paper, though, seem to be beneficial only for linear index coding which is characterized
by the minrank parameter.
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