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Abstract This paper sets up the foundations for derived algebraic geometry, Goerss–Hopkins obstruction
theory, and the construction of commutative ring spectra in the abstract setting of operadic algebras
in symmetric spectra in an (essentially) arbitrary model category. We show that one can do derived
algebraic geometry a la Toën–Vezzosi in an abstract category of spectra. We also answer in the affirmative
a question of Goerss and Hopkins by showing that the obstruction theory for operadic algebras in spectra
can be done in the generality of spectra in an (essentially) arbitrary model category. We construct strictly
commutative simplicial ring spectra representing a given cohomology theory and illustrate this with a
strictly commutative motivic ring spectrum representing higher order products on Deligne cohomology.
These results are obtained by first establishing Smith’s stable positive model structure for abstract
spectra and then showing that this category of spectra possesses excellent model-theoretic properties: we
show that all colored symmetric operads in symmetric spectra valued in a symmetric monoidal model
category are admissible, i.e., algebras over such operads carry a model structure. This generalizes the
known model structures on commutative ring spectra and E∞-ring spectra in simplicial sets or motivic
spaces. We also show that any weak equivalence of operads in spectra gives rise to a Quillen equivalence
of their categories of algebras. For example, this extends the familiar strictification of E∞-rings to
commutative rings in a broad class of spectra, including motivic spectra. We finally show that operadic
algebras in Quillen equivalent categories of spectra are again Quillen equivalent. This paper is also
available at arXiv:1410.5699v2.
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1. Introduction

Ever since Brown’s representability theorem, spectra occupy a central place in a variety of
areas. They are the objects representing cohomology theories, i.e., for some cohomology
theory H∗(−), one can find a spectrum E such that the cohomology of all spaces X is
given by homotopy classes of morphisms of spectra from the infinite suspension of X to
a suspension of the spectrum:

Hn(X) = [6∞X, 6n E].

Most cohomology theories in algebraic topology, algebraic geometry, and beyond carry a
commutative and associative product

Hm(X)⊗Hn(X)→ Hm+n(X).

This makes it desirable to refine the multiplicative structure on the cohomology to one on
the representing spectrum. Ideally, one would like a strictly commutative and associative
product

E ∧ E → E

that gives back the above product. In this case E is called a commutative ring spectrum.
The following theorem is the basis of the homotopy theory of commutative ring spectra
and spectra with a much more general multiplicative structure, namely algebras over
symmetric colored operads:

Theorem 1.1 (See Theorem 4.1). Suppose C is a symmetric monoidal model category
satisfying some mild additional assumptions (see Definition 2.3.1 for the precise list),
R is a commutative monoid in symmetric sequences in C, O is an operad in symmetric
R-spectra (i.e., R-modules in symmetric sequences in C). Then the stable positive model
structure on R-spectra exists and gives rise to a model structure on O-algebras in
R-spectra.
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Symmetric operads in abstract symmetric spectra 709

For example, this applies to C = sSet•, Rn = (S1)∧n or C = Top. If O is the commutative
operad (i.e., On = S0), R-modules are just symmetric spectra and O-algebras are
commutative symmetric ring spectra. If O is the Barratt–Eccles operad (i.e., On = E6n),
then O-algebras are symmetric E∞-ring spectra. (For the purposes of this introduction,
we highlight algebras over these two operads, but all our results are true for arbitrary
symmetric colored operads and their algebras.)
Another example is the category C of pointed simplicial presheaves sPSh•(Sm/S) or

presheaves of complexes of abelian groups PSh(Sm/S,Ch) on the site of smooth varieties
over a scheme S, equipped with the projective, flasque, or injective model structure, or
any localization thereof (such as the Nisnevich A1-localization), and Rn = (P1)∧n . In this
case R-modules are known as motivic symmetric P1-spectra and commutative monoids
are (strictly) commutative motivic symmetric ring spectra.
In addition to the above existence result, we also give a supplementary condition that

guarantees, for example, that the underlying spectrum of a cofibrant commutative ring
spectrum is nonpositively cofibrant (see Theorem 4.4 for the precise statement).
In practice, it is often hard to construct strictly commutative ring spectra. Often it is

the case that we instead can construct an algebra over an operad weakly equivalent to
the commutative operad Comm, for example, the Barratt–Eccles operad E∞. Essentially,
this means that instead of defining a single product, there is a whole space of binary
products and more generally n-ary products. The following theorem says in particular
that a multiplication whose space of n-ary operations is contractible, can be strictified
to a strictly commutative and associative product. Again, this is just one example, the
result is true for algebras over arbitrary operads.

Theorem 1.2 (See Theorem 4.6). With C and R as above, any morphism f : O → P of
operads in R-spectra induces a Quillen adjunction between O-algebras and P-algebras,
which is a Quillen equivalence if f is a weak equivalence.

Theorem 1.3 (See Theorem 4.9). With C and R as above, any simplicial operad O induces
an equivalence of quasicategories between the underlying quasicategory of algebras over O
in R-spectra and the quasicategory of quasicategorical algebras over the operadic nerve
of O in the underlying quasicategory of R-spectra.
We also study operadic algebras in spectra with values in Quillen equivalent categories

(Theorem 4.13). As a special case we obtain the following Quillen invariance:

Theorem 1.4 (See Corollary 4.15). For a weak equivalence ϕ : R
∼
→ S of commutative

monoids in 6C, and any levelwise fibrant operad P in S-spectra and any levelwise cofibrant
operad O in R-spectra, there are Quillen equivalences

ϕ∗ : Algs,+
O (ModR)� Algs,+

S⊗R O(ModS) : ϕ
∗,

ϕ∗ : Algs,+
ϕ∗P (ModR)� Algs,+

P (ModS) : ϕ
∗.

We give various applications of the above theorems. The first can be paraphrased by
saying that one can do derived algebraic geometry à la Toën–Vezzosi [49] over ring spectra
in the generality of R-spectra mentioned above:
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710 D. Pavlov and J. Scholbach

Theorem 1.5 (See Theorem 5.3). For any C and R as in Theorem 1.1 such that R1 is
the suspension of some object B ∈ C, the category Mods,+

R of R-spectra with the positive
stable model structure is a homotopical algebraic context.

Our next application is to show that one can do Goerss–Hopkins obstruction theory
[17, 18] in R-spectra. This answers in the affirmative a question raised by Goerss and
Hopkins.

Theorem 1.6 (See Definition 6.1 and Theorem 6.2). For any C and R as in Theorem 1.1
such that R1 is the suspension of some object B ∈ C, the category Mods,+

R is a
Goerss–Hopkins context.

Our third application is the construction of simplicial commutative ring spectra
representing cohomologies given by commutative dgas. For simplicity of the introduction,
we just outline the statement here.

Theorem 1.7 (See Theorem 7.16). Given a commutative ring spectrum H with coefficients
in Ch(A) (for some abelian category A) there is a commutative ring spectrum with
coefficients in sA representing the same cohomology as H , with all higher products (such
as Massey products) preserved.

The precise statement of Theorem 7.16 is flexible enough so that it is easily applicable
in concrete cases. For example, it allows to replace the monoid R with respect to which
the stabilization of the model structure is done by a weakly equivalent one. This is often
necessary in practice and requires a Quillen equivalence of ring spectra valued in Quillen
equivalent model categories. Among the theorems above, this is by far the most involved
fact in the homotopy theory of operadic algebras. Moreover, the Dold–Kan equivalence
uses the rectification theorem 4.6.
As an example, we choose Deligne cohomology because of its interest in arithmetic

and beyond. Recall that Beilinson’s conjecture [5] expresses special L-values in terms of
Deligne cohomology and algebraic K -theory. Massey products on Deligne cohomology
are related to special values of certain L-functions [11].

Theorem 1.8 (See Theorem 8.8). There is a strictly commutative motivic P1-spectrum
representing Deligne cohomology with integral coefficients, including the product structure
and all higher product operations such as Massey products.

After a few recollections on general model categories in § 2.1, we study the stable
model structure on R-spectra in § 3. Very briefly, our exposition uses a fairly flexible list
of axioms on model structures in symmetric sequences (6C), which is then transferred to
the category of R-spectra, i.e., R-modules in 6C. The next step is the usual stabilization
using the technique of Bousfield localization. We can summarize this by the following
chain of Quillen adjunctions. The middle adjunction is a Bousfield localization, while
the other two adjunctions serve to transfer the model structure on the left to the right.
The superscripts indicate the precise choice of model structure: ‘+’ and ‘s,+’ refer to
the positive and stable positive structures. Underneath we indicate the place where the
model structure in question is defined.
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https://doi.org/10.1017/S1474748017000202


Symmetric operads in abstract symmetric spectra 711

6+C � Mod+R � Mods,+
R � AlgO(Mods,+

R ).

2.3.3 3.1.3 3.2.1 4.1
(1.9)

For various special cases, the existence and properties of the stable positive model
structure are known, but do not appear in the literature in the generality needed for our
applications. In Theorem 4.1, we show that the stable positive model structure on ModR
can be transferred to a model structure on algebras over arbitrary operads in R-spectra.
The key argument, due to Smith, is very simple: for a stable positive acyclic cofibration
f (whose level 0 is by definition an isomorphism), the n-fold pushout product f 2n has
very good properties. For example, for any spectrum X with a 6n-action, X ⊗6n f 2n is
a couniversal weak equivalence, since 6n acts freely (roughly speaking) on f 2n so that
modding out the 6n-action on X ⊗ f 2n preserves the homotopical properties of f and
X . Being a couniversal weak equivalence is weaker than being an acyclic cofibration, but
joint with a mild condition on compact generators (called pretty small below) enough to
establish the model structure on operadic algebras. Along the way we prove the monoid
axiom for the stable model structures on R-spectra.
We go on to proving the operadic rectification result cited above (see Theorem 4.6)

using the notion of symmetric flatness which again holds for the stable positive model
structure on R-spectra. The key point here is that for a weak equivalence y : Y → Y ′ of
6n-equivariant spectra and a positively cofibrant R-spectrum X , y⊗6n X⊗n is again a
stable weak equivalence.
Sections 5–8 are devoted to the above-mentioned applications. Section 9 explains how

the (weak) assumptions on our basic model category C can be weakened further.
It is a pleasure to acknowledge the wealth of ideas that have helped to shape this paper.

For us, a starting point was an observation by Lurie that guarantees both the existence
of a model structure on commutative monoids in a model category C and a rectification
result [31, § 4.5.4]. It requires that f 2n is a 6n-projective acyclic cofibration for all acyclic
cofibrations f ∈ C. Roughly, this means that 6n acts freely on the complement of the
image of this iterated pushout product. This is a harder condition than just asking that
f 2n/6n is an acyclic cofibration. In fact, Lurie’s condition is rarely satisfied in practice.
It holds for chain complexes over a field of characteristic zero, but fails for the categories
of simplicial sets.
The positive model structure on spectra is due to Smith. It was studied in the context of

topological spaces by Mandell, May, Schwede, and Shipley, who showed the existence of
model structures on commutative ring spectra and noted the rectification of E∞-ring
spectra in topological spaces [33, Theorem 15.1, Remark 0.14]. The positive model
structure on symmetric spectra with values in an arbitrary model category has been
studied by Gorchinskiy and Guletskĭı [15]. They showed the homotopy orbits property
(under a strong assumption related to Lurie’s condition mentioned above). This property
is a key step in the operadic rectification. Harper also proved a rectification result
as in Theorem 1.2 [19, Theorem 1.4] for C = sSet•, which was generalized to C being
the category of simplicial presheaves with the injective model structure by Hornbostel
[23, Theorem 3.6]. These two model categories possess special features that substantially
simplify the proof, one of them being the fact that all objects are cofibrant. Pereira
has independently studied cofibrancy properties for operads in the (positive) stable
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model categories on spectra in sSet• with a particular focus on cofibrancy questions. For
example, his [34, Theorem 1.3] is closely related to the case C = sSet• of our Theorem 4.4,
see below.
In another direction, Harper showed the existence of a model structure on algebras

over operads [20, Theorem 1.4] under the assumption that every symmetric sequence is
projectively cofibrant. Again, this is a strong assumption, which applies to such special
categories as chain complexes over a field of characteristic zero. In this case, rectification
goes back to Hinich [21]. A recent application was the construction of motives (with
rational coefficients) over general bases by Cisinski and Déglise [10, Theorem 4.1.8]. In
fact, our paper grew out from the desire to construct a convenient (i.e., fibrant) ring
spectrum representing (higher) algebraic cobordism groups. We plan to present such
applications in a separate paper.

2. Preliminaries on spectra

2.1. Model-categorical preliminaries
This paper uses the language of model categories. Very briefly, we recall the less standard
notions developed in [36, § 2 and § 4]. A pretty small model category C has, by definition,
another model structure on the same underlying category which has the same weak
equivalences, but fewer cofibrations which are required to be generated by a set of maps
whose domain and codomain is compact. In this paper, a symmetric monoidal model
category is a model category which is also symmetric monoidal, such that the pushout
product axiom [24, Definition 4.2.6.1] holds. The unit axiom will always be explicitly
mentioned separately.
According to Batanin and Berger [3, Definition 1.7], a symmetric monoidal model

category C is called h-monoidal, if for any object Y ∈ C and any (acyclic) cofibration s,
Y ⊗ s is an (acyclic) h-cofibration. If C is left proper, as are all the model categories in
this paper, being an h-cofibration is equivalent to requiring that pushouts along this map
are homotopy pushouts (and that it is moreover a weak equivalence in the acyclic case)
[3, Proposition 1.5]. Moreover, any cofibration is an h-cofibration in this case. The point
of h-monoidality is that Y ⊗ s in many model categories C is not an (acyclic) cofibration
(for arbitrary Y ), but just an h-cofibration. However, h-cofibrations are sufficiently well
behaved for establishing model structures: for example, combining h-monoidality with a
compact generation condition yields the monoid axiom, see [3, Proposition 2.5] or [36,
Lemma 3.2.3].
We call C flat if for any cofibration s and any weak equivalence y ∈ C, the pushout

product s 2 y is a weak equivalence. Again, at least for s : ∅ → X , a cofibrant object, this
notion has appeared in various places in the literature.
To treat symmetric operads and their algebras, we also need symmetric enhancements

of these concepts. A class S of morphisms in a symmetric monoidal model category C
is (acyclic) symmetric h-monoidal, if for any finite multi-index n = (n1, . . . , ne), ni > 1,
and any object Y ∈ 6nC := (

∏
i 6ni )C, and any finite family of maps s = (si ) in S, the

map

Y ⊗6n s2n
:= (Y ⊗ s2n1

1 2 · · ·2 s2ne
e )6n
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Symmetric operads in abstract symmetric spectra 713

is an (acyclic) h-cofibration. Here (for a single map f ) f 2t is the t-fold pushout product
of f . It agrees with the notation Qt

t−1 in [20, Definition 4.13], say. A related condition is
called (acyclic) Y-symmetroidality of S: it requires that for any map y in a fixed class of
morphisms Yn ⊂ Mor6nC (for example all injective cofibrations), and any finite family s
of maps in S, the map

y 26n s2n

is an (acyclic) cofibration.
Finally, a class S of morphisms in C is called symmetric flat, if for any weak equivalence

y ∈ 6nC (i.e., a6n-equivariant map which is a weak equivalence in C) and any finite family
of maps (si ) in S, the map

y 26n s2n (2.1.1)

is a weak equivalence.
We call C symmetric flat, symmetric h-monoidal, or Y-symmetroidal, if the cofibrations

are symmetric h-monoidal symmetric flat, respectively the (acyclic) cofibrations are
(acyclic) symmetric h-monoidal, resp. (acyclic) Y-symmetroidal.

Example 2.1.2. We explain what these notions mean in the special case of a single
cofibration of the form s : ∅ → X (where X is a cofibrant object). The case of an arbitrary
cofibration is morally similar (and necessary to actually carry out the proofs).
Symmetric flatness asks that (Y → Y ′)⊗6n X⊗n is a weak equivalence for any

6n-equivariant weak equivalence Y → Y ′. This condition ensures a rectification result
for operadic algebras, when Y and Y ′ are the nth levels of weakly equivalent operads.
The nonacyclic part of symmetric h-monoidality requires that ∅ → Y ⊗6n X⊗n is an

h-cofibration (and similarly in the acyclic case). This condition arises when establishing
the model structure on operadic algebras.
Finally, an important special case of symmetroidality is when Yn consists just of
∅ → 1C , and s is a (single) map ∅ → X to a cofibrant object X . Then Y-symmetroidality
requires that (X⊗n)6n is cofibrant. This special case gives a hint that symmetroidality
ensures that cofibrant commutative algebras (for example, free algebras

∐
n>0 X⊗n

6n
on a

cofibrant object X) are cofibrant as objects of C. A different class Y would correspond
to similar cofibrancy properties for operads whose nth level is constructed from the
maps Yn .

Remark 2.1.3. The three preceding definitions make use of multi-indices. There are two
reasons for that: one is that it is necessary for the homotopy theory of colored operads.
The more important reason, though, is the observation that multi-indices are necessary to
ensure that the property in question is stable under weak saturation (most importantly,
under composition of morphisms). We explain this for symmetric h-monoidality: suppose
we know that in some model category C maps of the form Y ⊗6n s2n are h-cofibrations for
any (single) generating cofibration s and any object Y ∈ 6nC (and similarly for acyclic
cofibrations). This condition can be verified by hand in basic model categories such as
simplicial sets, simplicial abelian groups, or rational chain complexes [36, § 7]. Since only
generating cofibrations are concerned, this property is easily preserved under transfer
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[36, Theorem 5.8] and, with a bit more work for the acyclic part, under left Bousfield
localizations [36, Theorem 6.5]. In this sense, the condition for generating cofibrations
is easy to establish for many model categories. To obtain a similar statement for
arbitrary cofibrations, one has to consider (among other things) expressions of the form
Y ⊗6n (s1 ◦ s2)

2n , where s1, s2 are generating cofibrations. Unwinding this expression leads
to considering terms of the form Y ⊗6n1×6n2

s2n1
1 2 s2n2

2 for n = n1+ n2 (see for example
[16, Lemma 13], [34, Lemma 4.7], [50, Lemma A.1], or [36, Lemma 4.3.5]). Thus, even if
we are eventually only interested in algebras over single-colored operads, where we need to
know that Y ⊗6n s2n is an acyclic h-cofibration for a (single) arbitrary acyclic cofibration
s (see Remark 4.2), we have to include multi-indices in the definition in order to ensure
that symmetric h-monoidality only has to be tested on generating acyclic cofibrations,
which is crucial in showing that the property is stable under transfers and left Bousfield
localizations. Similar remarks apply for symmetric flatness and symmetroidality, see also
Remark 4.8.

While symmetric h-monoidality is satisfied for many model categories C,
symmetroidality and in particular symmetric flatness are more rare. For example,
simplicial sets are symmetric h-monoidal and symmetroidal, but not symmetric flat.
Simplicial presheaves with the projective model structure are symmetric h-monoidal,
but not symmetroidal. For a commutative ring R the category of chain complexes of
R-modules is symmetric h-monoidal, symmetroidal, and symmetric flat precisely if R
contains Q, but none of these properties hold otherwise. These and further basic examples
are discussed in [36, § 7]. A more sophisticated example is the positive stable model
structure on R-modules in symmetric sequences, i.e., symmetric R-spectra with values
in an abstract model category C (subject to some mild conditions). This category is
symmetric h-monoidal, symmetroidal, and symmetric flat, see Proposition 3.5.1 for the
precise statement.
A monoidal left Bousfield localization L⊗S C of a symmetric monoidal model category C

with respect to a class S is the left Bousfield localization in the bicategory of symmetric
monoidal model categories. Its underlying model category can be computed as LS⊗C,
where S⊗ denotes the monoidal saturation of S in C which can be computed as S⊗ =
{QS⊗ X, X ∈ C cofibrant}. If C is tractable, S⊗ can be taken to be QS⊗ (co)dom(I ),
where I is some set of generating cofibrations with cofibrant source. This notion is due to
Barwick [2, Proposition 4.47], the term monoidal localization was coined by White [51].
For a finite group G and a subgroup H and some object X with a left H -action, we

write G ·H X := colimH (
∐

G X). It carries a natural left G-action.

2.2. The category of R-spectra
The first step in the construction of symmetric spectra in a category C is the category

6C := Fun(6, C)

of symmetric sequences, i.e., functors from the category 6 of finite sets and bijections or,
equivalently, its skeleton. Prominent examples are given in Example 3.1.2.
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There is an obvious adjunction

Gn : 6nC � 6C : evn, (2.2.1)

where evn is the evaluation on n and Gn(X)(m) is X for m = n and the initial object of C
else. For some fixed k > 0, these assemble to an adjunction

G>k :
∏
n>k

6nC � 6C : ev. (2.2.2)

For k = 0 this is an equivalence of categories, but we will mostly be interested in k = 1
in the sequel.
The category 6C is equipped with the monoidal structure (denoted ⊗) coming from

the disjoint union of finite sets [29, Definition 2.1.3]. It satisfies

Gn(X)⊗Gn′(X ′) = Gn+n′(6n+n′ ·6n×6n′
X ⊗ X ′). (2.2.3)

Let R be a commutative monoid in 6C. We denote the category of R-modules in 6C
by ModR and refer to it as the category of R-spectra. See [29, § 2.2] or [43] for more details,
where this category is denoted by Sp6(C, R). R-spectra form a symmetric monoidal
category with the tensor product of R-modules M and N being

M ⊗R N = coeq(M ⊗ R⊗ N ⇒ M ⊗ N ),

where the tensor products on the right are computed in 6C.

2.3. Model structures on symmetric sequences
To do homotopy theory, we use the language of model categories. Throughout, we work
with a basic category C satisfying the following assumptions. In § 9, we will explain that
these assumptions can be weakened even further.

Definition 2.3.1. A model category C is nice if it is pretty small [36, Definition 2.1],
symmetric monoidal, h-monoidal, flat [36, Definition 3.2.4], and tractable [2,
Definition 1.21].

Remark 2.3.2. This list may look intimidating, but in practice these assumptions are both
mild and robust. We emphasize that no conditions such as symmetric h-monoidality
or symmetric flatness are imposed on C. Examples of nice model categories include
simplicial sets and chain complexes of abelian groups, as well as presheaves with values
in these categories [36, § 7]. Moreover, if C is nice, then so is any monoidal left Bousfield
localization L⊗S C, as well as any model structure that is transferred from C to D,
provided that the adjunction has good monoidal properties, see [36, § 5 and § 6] for
precise statements. In particular, the localization of the injective or the projective model
structure (on simplicial presheaves or presheaves of cochains) with respect to some
topology is also a nice model category. Topological spaces are not nice in the sense
above, but the majority of our results in this paper does apply for C = Top. See § 9.
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Depending on the model category C, there are typically different interesting
model structures on 6C, which later give rise to model structures on R-spectra
(Definitions 3.1.3, 3.1.6). The classical choice, for example used by Hovey [25,
Theorem 8.2], is the projective model structure on 6C. Somehow at the other extreme,
there is the injective model structure on 6C. For C = sSet, the injective model structure
on 6C yields to a model structure on S1-spectra called the level S-model structure
[42, Proposition 2.2]. Both injective and projective model structures their individual
advantages and disadvantages: the projective model structure is admissible, but not
usually strongly admissible (Lemma 2.3.12). The injective model structure is (up to
a minor technical point, see Lemma 2.3.7) strongly admissible, but its fibrations are
practically impossible to describe, which makes computations of derived mapping spaces
very hard. We therefore present a short list of axioms for model structures on 6C which
are used in the sequel. As a guide for the reader, we point out that admissible model
structures on 6C will ultimately guarantee that for all operads O in the stable positive
model structure on symmetric R-spectra, there is a model structure on O-algebras
(Theorem 4.1), i.e., O is admissible. The strong admissibility of the model structure
on 6C will be the essential ingredient guaranteeing that an operadic algebra in spectra,
which is cofibrant as an algebra, is also cofibrant as a spectrum (see Theorem 4.4).
Recall the notation G ·H − from § 2.1 and the notation 6n , h2n for a multi-index

n = (n1, . . . , nk) from [36, Definition 4.2.1]. We write C (AC) for the class of (acyclic)
cofibrations of a model category.

Definition 2.3.3. Let k be either 0 (referred to as nonpositive case below) or 1 (positive
case). A collection of model structures on 6mC, m > k is called admissible if the following
conditions are satisfied:

(1) Each 6mC is a tractable model category.
(2) The weak equivalences do not depend on the group action, i.e., W6mC = ϕ

−1(WC),
where ϕ denotes the functor that forgets any action of a finite group on some object
in C.

(3) The cofibrations satisfy:

6m ·CC ⊂ C6mC ⊂ ϕ
−1(CC).

(4) For any decomposition m = m′+m′′, m′,m′′ > k, f ∈ C6mC and f ′ ∈ C6m′C , the
map

6m ·6m′×6m′′
( f 2 f ′) (2.3.4)

is a cofibration in 6mC.

The following property will eventually be used to show that some operad O is
strongly admissible, i.e., cofibrant O-algebras in spectra have cofibrant underlying objects
(Theorem 4.4). We will only apply it in the positive case. Let Yn be a class of morphisms in
6n6C, where n is a multi-index. We suppose that for any y ∈ Yn , y 2− preserves (acyclic)
cofibrations in 6in

n 6C, i.e., those 6n-equivariant maps which are (acyclic) cofibrations in
6C. The purpose of the maps Yn is that the nth level of an operad O is constructed (by
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means of pushouts, transfinite compositions, and retracts) from the maps Yn . We have
two main examples in mind: Yn consists just of the single map ∅ → 16C(= G0(1C)) with
the trivial 6n-action. In this case strong Y-admissibility will be relevant for the strong
admissibility of the commutative operad. Another example is the class Yn of injective
cofibrations in 6n6C, i.e., 6n-equivariant maps which are cofibrations in 6C. In this case
strong Y-admissibility will yield the strong admissibility of levelwise injectively cofibrant
operads. See Theorem 4.4 for the precise statement.
With these motivations, we call the model structure strongly Y-admissible if, in addition

to (1)–(4), the following condition holds:

(5) For any multi-index n > 1, any multi-index (of the same size) t > 1, any y ∈ Yn ,
any finite family of generating (acyclic) cofibrations h ∈ 6tC (i.e., hi ∈ 6ti C), the
expression

6u+tn ·6u×(6no6n
t )

yu 2 h2n

is an (acyclic) cofibration in 6tn+uC, where yu ∈ 6n6uC is the uth component of y.

Notation 2.3.5. The model structure on6C which is the product of these model structures
is just denoted 6C in the nonpositive case and 6+C in the positive case. Concretely a
cofibration (respectively fibration, weak equivalence) in 6C is a map f = ( fm)m>0 whose
levels fm lie in the corresponding class of 6mC for all m > 0. In 6+C a map f = ( fm)m>0 is
a cofibration (respectively fibration, weak equivalence) if the fm are in the corresponding
class of 6mC for m > 1 and if f0 is an isomorphism (and arbitrary for fibrations and
weak equivalences). In order to indicate some particular choice of the model structures
on 6mC, we write 6+,pro etc. The notation 6[+]C refers to either 6C or 6+C.

Remark 2.3.6. Since C is combinatorial by 2.3.3(1), both the projective model structure
6Cpro and the injective model structures 6Cin exist (see below). Thus, the above
condition 2.3.3(3) is equivalent to requiring that the identity functors 6Cpro

→ 6C →
6Cin be left Quillen functors. In order to extend our results to certain noncombinatorial
model categories (§ 9), the above definition was phrased without explicitly referring to
these two model structures.

We now give examples of (strongly) admissible model structures. Lemma 2.3.7 shows
that the injective model structure on 6C is strongly admissible, except, possibly, for
the quasitractability. (This is also the reason why 2.3.3(4) and (5) do not contain any
requirements on the acyclic cofibrations.) The quasitractability requirement 2.3.3(1) is
primarily of technical importance. It will be used to carry through monoidal properties
to the stabilization of R-modules, which is helpful to prove the monoid axiom for the
stable structure on R-modules (Proposition 3.4.2). Ignoring this necessity, the injective
model structure can be used in the sequel. However, fibrancy is very difficult to check in
this model structure. A strongly admissible structure with controlled cofibrations (and
therefore, acyclic fibrations) is provided by Proposition 2.3.10.
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Lemma 2.3.7. Let C be a combinatorial, symmetric monoidal model category. The
injective model structure on 6C exists and satisfies the following properties:

(1) For m = m′+m′′, the functor 6m ·6m′×6m′′
−⊗− : 6m′C×6m′′C → 6mC is a left

Quillen bifunctor.
(2) For any finite family h = (h1, . . . , he) of (acyclic) cofibrations in 6ti C with ti > 0,

and any (injective) cofibration y ∈ 6n6uC, the following map is a cofibration

6tn+u ·6no(6u×6
n
t )

y 2 h2n
∈ 6tn+uC.

(3) The injective model structure on 6C is strongly Y-admissible for the class Yn of
6n-injective cofibrations in 6n6C, if we replace tractability by combinatoriality.

Proof. The existence is a special case of [32, Proposition A.2.8.2]. (1) holds because
of the noncanonical, but functorial isomorphism ϕ(6m ·6m′×6m′′

−) ∼= 6m/(6m′ ×6m′′) ·

ϕ(−) [36, Lemma 4.1.2].
(2) Using the notation of 2.3.3(5), h2n is an (acyclic) cofibration in C by the pushout

product axiom and therefore y 2 h2n is again a cofibration in C by the assumption on Y.
Finally apply [36, Lemma 4.1.2] to the subgroup 6n o (6u ×6

n
t ) ⊂ 6tn+u .

(3) In addition to the preceding points, it remains to note that the injective structure
is combinatorial [32, Proposition A.2.8.2] and that the first bifunctor in (2.3.4) is left
Quillen since the pushout product commutes with ϕ and C is monoidal.

Remark 2.3.8. The injective model structure on 6C is tractable if every object of C is
cofibrant. This applies, for example, for simplicial sets or for simplicial presheaves with
the injective model structure.

Remark 2.3.9. In the case of symmetric spectra in C = sSet• and Rn = Sn , the n-sphere,
not every cofibration in 6+,inC (positive injective structure) is a power cofibration:
the object (R⊗G1(∗+))

⊗R2
= R⊗G2(62 · ∗+) is cofibrant in 6

pro
2 ModR because its

evaluation in degree 2 is (∗t ∗)+ on which both copies of 62 act by permutation. This
object is not cofibrant in 6pro

2 6in
2 sSet•.

Between the injective and the projective model structure, there is the following minimal
strongly Y-admissible model structure.

Proposition 2.3.10. Suppose that Y is a set (as opposed to a class) of morphisms. Also
suppose that C is a nice model category (Definition 2.3.1). Then there is a strongly
Y-admissible positive model structure. We call it the canonical strongly Y-admissible
positive model structure.

Proof. We use [32, Proposition A.2.6.13] to construct a combinatorial model structure on
each 6mC for m > 1. The weak equivalences will always be W := ϕ−1(WC), as required
by 2.3.3(2). This is a perfect class (in the sense of loc. cit.) since C is pretty small
[36, Lemma 2.2]. In addition we need to define a set Im of maps in 6mC for m > 1.
These will be the generating cofibrations of a model structure on 6mC provided that
two conditions are met. (1) Any f ∈ Im is an h-cofibration in 6mC. This will be satisfied
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as soon as Im consists of injective cofibrations. (2) The class inj(Im) is contained in W .
This will be satisfied provided that Im contains 6m · IC , where IC is a set of generating
cofibrations of C, since all maps in inj(6m · IC) are projective acyclic fibrations in 6mC,
in particular weak equivalences in C.
Starting with I1 := IC , we inductively construct Im by

Im := 6m · IC ∪
⋃

m=m′+m′′
(6m ·6m′×6m′′

Im′ 2 Im′′)∪
⋃

m=tn+u,y

6m ·6u×(6no6n
t )

yu 2 I2n
t .

(2.3.11)
The first union runs over partitions of m into positive parts. The second union runs
over all multi-indices (of the same size) t > 1, n > 1 where at least one entry ni > 1,
all u > 0, and all y ∈ Yn (which is a set by assumption; yu is the uth level of y). As
usual, we have abbreviated I2n

t := I2n1
t1 2 · · ·2 I2ne

te . Note that m′, m′′, and the ti are
all strictly less than m. Therefore, Im′ etc. is defined. By Lemma 2.3.7(1) and (2), Im
consists of injective cofibrations. Moreover, 6m · IC ⊂ Im , as requested above. Hence, W
and I define a combinatorial model structure on 6mC. By design, the functor in 2.3.3(4)
is a left Quillen bifunctor (note that since we are establishing a positive model structure
m′,m′′ > 1 there). Again by design, the strong admissibility requirement 2.3.3(5) is met
for those multi-indices n where at least one ni is at least 2. If all ni = 1, then the expression
in 2.3.3(5) reduces to 6t+u ·6u×6t y 2 h (where t + u :=

∑
ti + u), which is the (t + u)th

level of Gu(y)2G t (h). The latter map is a cofibration in 6C by the assumption on Y
made in Definition 2.3.3.
This also shows that the tractability of 6m′C etc. carries over to the one of the newly

minted model structure on 6mC.

Lemma 2.3.12. If C is a cofibrantly generated model category (for example, a nice model
category in the sense of Definition 2.3.1), then the projective model structure on 6C
exists. It is admissible (Definition 2.3.3).
If every cofibration c in C is a power cofibration (i.e., c2n is a 6n-projective cofibration,

see [31, § 4.5.4]), then the projective model structure is strongly Y-admissible with respect
to the class Yn consisting of 6n-projective cofibrations in 6n6C.

Proof. The existence and admissibility is standard, see for example [36, Proposition
4.1.3]. As for strong admissibility, the generating projective cofibrations of 6tC are given
by 6t · IC . The following chain of inclusion shows our claim for generating projective
cofibrations in 6n6uC. The general case follows from this using [36, Lemma 4.3.1].

6u · z 2 (6t · IC)2n
= 6u ·6

n
t · z 2 (IC)

2n

⊂ 6u ·6
n
t · z 2C6pro

n C (2.3.13)
= 6u ·6

n
t · z 2 cof(6n · IC)

⊂ cof(6u · (6n o6n
t ) · z 2 IC) (2.3.14)

⊂ C6u×6no(6n
t )

proC .

The inclusion (2.3.13) holds by assumption. For (2.3.14), observe that 6n acts on 6n
t by

permutation.
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3. The stable model structure on R-spectra

3.1. Definitions
With this supply of model structures on 6[+]C, we turn to model structures on R-spectra.
To save space, we introduce the following definition:

Definition 3.1.1. A spectral context is a pair (6C, R), where C is a nice model category
(Definition 2.3.1), 6C is endowed with an admissible model structure (Definition 2.3.3),
and R is a commutative monoid in 6C.

Example 3.1.2. In many applications, R is the free commutative monoid on G1(A) for
some object A ∈ C, i.e., Rn = A⊗n with 6n acting by permutations. In Proposition 3.2.2
we discuss the case A = 1C , the monoidal unit. More specifically, for the category C =
sSet• of pointed simplicial sets (alternatively, Top•, see § 9) and the pointed circle A =
S1, ModR is the category of (simplicial or topological) symmetric S1-spectra. For this
category, the positive stable model structure has been established in [33, Theorem 14.2].
The model category used in motivic homotopy theory is C = sPSh•(Sm/S) (pointed

simplicial presheaves on the site of smooth schemes over some base scheme S), for which
we take the pointed projective line A = (P1

S,∞) or, alternatively, A = A1/(A1
\ {0}) [30].

The category ModR is known as the category of motivic P1-spectra. In the projective
model structure on pointed simplicial presheaves (or any localization thereof), (P1

S,∞)

is not cofibrant. This is why we avoid imposing any cofibrancy hypotheses on R, unlike
Hovey [25, §8]. The flatness of C ensures that the category of R-spectra is replaced by a
Quillen equivalent category if R is replaced by a weakly equivalent commutative monoid,
see [45, Theorem 4.3]. This is used in § 8 to construct a strictly commutative P1-spectrum
representing Deligne cohomology.
If C consists of the Nisnevich A1-localization of simplicial presheaves with the injective

model structure, the existence of the stable positive model structure has been shown by
Hornbostel [23, Theorem 3.4] in the case where the chosen model structure is the injective
model structure.

Definition 3.1.3. If (6C, R) is a spectral context, then the unstable model structure ModR
is the one transferred from 6C along the adjunction

R⊗− : 6C �ModR : U. (3.1.4)

It is occasionally referred to as the unstable nonpositive model structure. The unstable
positive model structure Mod+R is the one transferred from 6+C. As above, Mod[+]R stands
for either ModR or Mod+R .

The next step is to localize the unstable model structure on R-modules to obtain the
stable model structure. Consider the adjunction

Fn : C �ModR : Evn (3.1.5)
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obtained by composing the adjunctions 6n · − : C � 6nC, (2.2.1) and (3.1.4). The right
adjoint evaluates at the nth level (after forgetting the R-module structure and the
6n-action). The left adjoint is given by Fn(X) = Gn(6n · X)⊗ R.

Definition 3.1.6. Suppose (6C, R) is a spectral context. The stable (positive) model
structure Mods,[+]

R is the symmetric monoidal left Bousfield localization (i.e., left Bousfield
localization in the bicategory of symmetric monoidal model categories, see § 2.1) of the
(positive) unstable model structure Mod[+]R on R-modules with respect to the set

ξ R
:= {ξ R

n : Fn(QRn)→ R | n > 0}. (3.1.7)

Here Q is the cofibrant replacement functor in C.

Remark 3.1.8. For n > 0 (in the positive case for n > 1), the map ξn above is the derived
adjoint of the identity map Rn := Evn(R)→ Evn(R) ∈ C with respect to the Quillen
adjunction (3.1.5). The derived adjoint can be computed by precomposing with the weak
equivalence QRn → Rn so that the source is cofibrant and taking the ordinary adjoint.
If C is V-enriched, then Mods,[+]

R is the V-enriched monoidal localization by [36, Remark
6.3]. The name ‘stable model structure’ for this model structure is standard, even though
this model structure is not stable for all R, for example for Rn = 1C (see the discussion
following Proposition 3.2.2). See, however, Proposition 3.4.1 for a sufficient criterion for
stability.
Suppose R is the free commutative monoid on G1(R1), i.e., Rn = R⊗n

1 . Suppose further
that R1 is either cofibrant in C or there is a cofibration 1→ R1. Then the above
localization agrees with the one with respect to ξ1 only, since F1(QR1)

⊗n
= Fn((QR1)

⊗n)

and (QR1)
⊗n
∼ Q(R⊗n

1 ) by [35, Lemma 8.5].
For the projective structure on 6C and R = Sym(G1(R1)) with a cofibrant object

R1 ∈ C, the (nonpositive) stable model structure Mods
R has been defined by Hovey in

[25, Definition 8.7] as the localization (in the bicategory of mere model categories, i.e.,
disregarding the monoidality and V-enrichment of ModR) with respect to the set of maps

ζn(C) : Fn+1(C ⊗ R1)→ Fn(C)

adjoint to the map C ⊗ R1 → Evn+1 Fn(C) = 6n+1 ·C ⊗ R1 given by the identity element
of 6n+1. Here n > 0 and C runs through the (co)domains of generating cofibrations of
C. Hovey’s definition agrees with the one above. Indeed, the monoidal localization with
respect to ξ1 = ζ0(1) is the (ordinary) localization with respect to the set Fn(C)⊗R Qζ0(1),
which is equivalent to the one by Fn(C)⊗R ζ0(1) by the flatness of ModR . One checks
that this map is just ζn(C). The objects Fn(C) are precisely the (co)domains of generating
cofibrations of the (projective, nonpositive) model structure ModR .
For the same type of commutative monoid Gorchinskiy and Guletskĭı define the

stable positive structure to be the localization with respect to Hovey’s class, but
for n > 1. Both their definition and Definition 3.1.6 have the property that positive
stable weak equivalences agree with nonpositive stable equivalences [15, Theorem 9],
Proposition 3.3.1, so that the model structure in loc. cit. is Quillen equivalent to the one
defined above.
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3.2. Existence

Theorem 3.2.1. For any spectral context (6C, R) the model category Mods,[+]
R exists. Its

fibrant objects are those objects W that are fibrant in Mod[+]R and such that the derived
internal hom in Mod[+]R ,

R Hom(ξn,W )

is a weak equivalence for all n > 0.

Proof. We write C and AC for the cofibrations and acyclic cofibrations of a model
category. The first step for the existence of Mods,[+]

R is the monoid axiom for 6[+]C. For
the pushout product axiom, it is enough to check I 2 I ⊂ C(6[+]C) and I 2 J ∪ J 2 I ⊂
AC(6[+]C). Here I (J ) are the generating (acyclic) cofibrations of 6[+]C. They are of
the form Gn( f ), where n > 0 (respectively n > 1 in the positive case) and f ∈ 6nC is a
generating (acyclic) cofibration. Using (2.2.3), we obtain the monoidality of the model
structure by Definition 2.3.3(4).
The category 6[+]C is h-monoidal, i.e., for any X ∈ 6[+]C and any (acyclic) cofibration

u ∈ 6[+]C, X ⊗ u is an (acyclic) h-cofibration in 6[+]C. This has to be checked only for
generating (acyclic) cofibrations u = G t (h), h ∈ 6tC and also only for X = G t (Z). Here we
use that (acyclic) h-cofibrations in an h-monoidal model category are stable under finite
coproducts [3, Lemma 1.3] and therefore, using the pretty smallness and [36, Lemma 2.2],
under countable coproducts. As 6u ×6t is a subgroup of 6u+t , we obtain a noncanonical
isomorphism [36, Lemma 4.1.2]

ϕ(6t+u ·6u×6t Z ⊗ h2n) =
6t+u

6u ×6t
·ϕ (Z ⊗ h) ,

so the h-monoidality of C implies the one of 6[+]C, since ϕ detects h-cofibrations. Then,
6[+]C satisfies the monoid axiom by pretty smallness and h-monoidality [36, Lemma
3.2.3].
The unstable model structure Mod[+]R exists by the monoid axiom for 6[+]C

[45, Theorem 4.1(2)]. It is tractable: by definition, C and hence 6C and thus also ModR are
locally presentable. Moreover, 6mC is tractable and cofibrantly generated by assumption
(see Definition 2.3.3(1)) and therefore so is 6[+]C and hence Mod[+]R .
The stable model structure Mods,[+]

R exists since Mod[+]R is combinatorial.
The description of fibrant objects of Mods,[+]

R is an application of [2, 4.46.4].

As an example, we examine the special case R = E , where E is the free commutative
monoid in 6C on the monoidal unit. Its levels are given by En = 1C , the monoidal unit
(with the trivial 6n-action). In this case, E-modules coincide with I -spaces, as defined
by Sagave and Schlichtkrull [48]. By definition, these are functors from the category I
of finite sets and injections to C. Indeed, an E-module X is the same as a sequence of
objects Xn ∈ 6nC with a 6n-equivariant bonding map Xn ∼= Xn ⊗ 1→ Xn+1. This datum
is equivalent to specifying an I -space whose value on objects and isomorphisms σ ∈ 6n
is given by the Xn and whose value on injections is given by compositions of bonding
maps. What is more, the stable model structure on I -spaces defined in loc. cit. agrees
with the stable model structure on ModE :
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Proposition 3.2.2. Let C be a nice model category (Definition 2.3.1). We equip 6C with
the projective model structure and consider the resulting (un)stable (positive) projective
model structures on E-modules. The (un)stable (positive) projective structures on ModE
and the category IC of I -spaces coincide, i.e., all 5 classes of maps are preserved under
the above equivalence.

Proof. The unstable positive projective model structures on E-modules and I -spaces
coincide since they are both transferred from

∏
n>1 C.

For the stable structures it is enough to prove that stable weak equivalences of I -spaces
correspond to stable weak equivalences of E-modules. Both model structures are left
Bousfield localizations, so it is sufficient to establish that the stably fibrant E-modules
are exactly the stably fibrant I -spaces. By Theorem 3.2.1, stably positively fibrant
E-modules are precisely those E-modules X that are unstably positively fibrant and
RHom(Fn(Q1)→ E, X) is a weak equivalence in Mod+E for all n > 0, or, equivalently, the
r th level (r > 1) of this is a weak equivalence in C. Here and below RHom is the derived
internal Hom with respect to the positive stable model structure on E-modules. This
condition is automatic for n = 0 since F0(Q1)→ E = F0(1) is always a weak equivalence:
in spectral level r , the map is Er ⊗Q1 = 1⊗Q1

∼=
→ Q1

∼
→ 1. A cofibrant replacement of

E in the positive model structure is given by E+ which is ∅ (resp. 1C) in spectral level 0
(resp. >1). We can compute the r th spectral level of RHom(E, X) as Hom(E+, X)r = Xr .
Moreover, for n > 1, Fn(Q1) is positively cofibrant, so that there are weak equivalences
RHom(Fn(Q1), X)r = Hom(Fn(Q1), X)r = Xr+n . (The second weak equivalence uses the
unit axiom of C (implied by the flatness of C) in the equivalent formulation of [24,
Lemma 4.2.7].) In other words stably positively fibrant E-modules are those unstably
fibrant E-modules such that Xr → Xr+n is a weak equivalence for all n > 0 and all r > 1.
These are exactly the stably positively fibrant I -spaces [48, § 3.1]. The same works in the
nonpositive case.

3.3. Invariance properties
In this section, we establish a few Quillen equivalences between different model structures
on R-spectra. With a slightly different definition (see Remark 3.1.8), Proposition 3.3.1 is
due to Gorchinskiy and Guletskĭı [15, Theorem 9].

Proposition 3.3.1. For any spectral context (6C, R) the class of stable positive weak
equivalences Ws,+ :=WMods,+

R
agrees with the stable (nonpositive) weak equivalences

Ws :=WMods
R
. In particular, the categories Mods

R and Mods,+
R are Quillen equivalent.

Example 3.3.2. We continue with the notation of Proposition 3.2.2. By [25, Theorem 9.1],
Mods

E and therefore Mods,+
E is Quillen equivalent to C. For example, if C is not symmetric

flat (such as C = sSet), it is nonetheless Quillen equivalent to Mods,+
E (or I -spaces in C),

which is symmetric flat. This point of view goes back to Jeff Smith.

Proof. We essentially reproduce the proof of [15, Theorem 9]. We will not explicitly
mention that a model structure on ModR is nonpositive or unstable, but will always

https://doi.org/10.1017/S1474748017000202 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748017000202


724 D. Pavlov and J. Scholbach

indicate positivity and/or stability where necessary. Moreover, a superscript indicates a
certain model-categorical operation related to the model category structure in question.
For example, Q is the cofibrant replacement functor in ModR , Q+ the one of Mod+R .
Similarly, RMaps,+ is the derived mapping space of Mods,+

R . By definition, there is a
Quillen adjunction, where Hom denotes the internal Hom:

F1Q(R1)⊗R − :ModR �Mod+R : 21 := Hom(F1QR1,−). (3.3.3)

It localizes to a Quillen adjunction

F1Q(R1)⊗R − :Mods
R �Mods,+

R : 21. (3.3.4)

In fact, F1Q(R1)⊗
L
R ξ

R is weakly equivalent to F1Q(R1)⊗R ξ
R by the flatness of ModR .

As F1Q(R1) is cofibrant in Mod+R , the latter set is contained in the monoidal saturation
of ξ R with respect to the model structure Mod+R (recall that the monoidal saturation can
be computed as the class {ξ R

⊗ E, E ∈Mod+R cofibrant}). Therefore the derived functor
of the left adjoint sends ξ R to weak equivalences in Mods,+

R which shows that (3.3.4) is a
Quillen adjunction.
We first prove two preliminary claims. The first claim is that any f ∈W+ is a

stable (nonpositive) weak equivalence. Both Ws and W+ are preserved by (unstable
nonpositive) fibrant replacement, so that we may assume that f is a map between
nonpositively, a fortiori positively fibrant objects. By Brown’s lemma (applied to (3.3.3)),
21( f ) ∈W ⊂Ws. Let f

∼
→ f ′ be the fibrant replacement of f in the stable structure. In

the following commutative diagram, ∼ indicates a stable equivalence.

f = Hom(F01, f ) //

∼

��

Hom(F0Q1, f ) //

��

21( f )

��

f ′ = Hom(F01, f ′) ∗

∼
// Hom(F0Q1, f ′) ∗∗

∼
// 21( f ′).

The map ∗ is a stable weak equivalence since F0(Q1)⊗R Y → F0(1)⊗R Y is a weak
equivalence in ModR (and therefore Mods

R) for any cofibrant object Y ∈ModR by the
flatness of ModR (Proposition 3.4.2). The map ∗∗ is a stable weak equivalence by the very
definition of this model structure. Consequently, in the homotopy category Ho(Mods

R), f
is a retract of the isomorphism 21( f ), so that f is also a stable weak equivalence. This
finishes the first claim.
The second claim is that for any fibrant object Z ∈Mods,+

R , the map Hom(ξ1, Z) :
Z → 21(Z) is an (unstable) weak equivalence in Mod+R . Indeed, for any n > 1 and any
cofibrant object T ∈ 6nC,

RMap+(Fn(T ), Z)
ξ1
−→ RMap+(Fn(T )⊗R F1(QR1), Z)

∼ RMap+(Fn(T ),21(Z))

are weak equivalences, the first by the definition of the monoidal Bousfield localization,
the second by (homotopy) adjunction. Since the objects Fn(T ) are homotopy generators
of Mod+R , we are done with the second claim.
The first claim implies that there is a Quillen adjunction

id :Mods,+
R �Mods

R : id. (3.3.5)
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Indeed, Q+(ξ R
n ) is positively and therefore (by the first claim) nonpositively stably weakly

equivalent to ξ R
n . Therefore, any fibrant object T ∈Mods

R , is also fibrant in Mods,+
R .

For any X ∈ModR , the natural map of derived mapping spaces (in Mods
R and Mods,+

R ,
respectively) induced by the transformation of cofibrant replacement functors Q+X →
QX ,

RMaps(X, T )→ RMaps,+(X, T )

is a weak equivalence. Indeed, Q+X → QX is a positive weak equivalence and therefore
a stable (nonpositive) equivalence by the first claim.
We finally prove the proper statement. For a morphism f and an object Z ∈ModR ,

we consider the commutative diagram whose horizontal maps stem from the Quillen
adjunction (3.3.5):

RMaps( f, Z) //

��

RMaps,+( f, Z)

��

RMaps( f,21 Z) // RMaps,+( f,21 Z).

Suppose f is in Ws,+, so that RMaps,+( f,−) is a weak equivalence. For any fibrant
object Z ∈Mods

R , the top horizontal map is a weak equivalence (of arrows, i.e., a weak
equivalence of source and target) by the above consequence of the first claim. Thus
RMaps( f, Z) is a weak equivalence, i.e., f is in Ws.
Conversely, suppose f ∈Ws so that RMaps( f,−) is a weak equivalence. For any fibrant

object Z ∈Mods,+
R , 21(Z) is fibrant in Mods

R by (3.3.4). Hence, by the consequence of
the first claim, the bottom horizontal map is a weak equivalence. By the second claim
Z → 21(Z) is in W+ ⊂Ws,+, hence the right vertical map is a weak equivalence. We
conclude that RMaps,+( f, Z) is a weak equivalence so that f ∈Ws,+.

Proposition 3.3.6. For any spectral context (6C, R), different choices of admissible model
structures on 6C yield Quillen equivalent model structures on Mods,[+]

R .
Proof. By Definition 2.3.3(2), weak equivalences are the same in all admissible model
structures, so the same is true for the transferred model structures on Mod[+]R , which
are therefore Quillen equivalent. This localizes to a Quillen equivalence Mods,[+]

R between
different choices of admissible model structures since they are monoidal localizations with
respect to the same set ξ R of morphisms.

The next result compares spectra in different spectral contexts. Its proof uses the
following lemma.

Lemma 3.3.7. If F : C � C′ : G is a Quillen equivalence of monoidal model categories
such that F is strong monoidal, then (assuming the left Bousfield localizations exist)
there is a Quillen equivalence

F : D := LS⊗C � D′ := LLF(S)⊗C′ : G.
Proof. The class F(COC) is a class of homotopy generators of C′. Hence D′ can be
computed as the (nonmonoidal) localization with respect to the class F(COC)⊗L LF(S) =
F(COC ⊗L S). Thus, by [22, Proposition 3.3.18, Theorem 3.3.20], the left Quillen functor
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C → C′→ D′ factors over a left Quillen functor D→ D′ since LF(COC ⊗L S) consists of
weak equivalences in D′. Moreover, D � D′ is a Quillen equivalence if C � C′ is one.

Proposition 3.3.8. Suppose

ϕ : (6C, R)� (6D, S) : ψ

is an adjunction of spectral contexts, by which we mean an adjunction ϕ : C � D : ψ with
ϕ strong symmetric monoidal, and a map of commutative monoids R→ ψ(S).
Suppose, moreover, that the adjunction 6C � 6D is a Quillen equivalence. For

example, we can take C = D with the projective or the injective model structures. Suppose
in addition that ϕ(Q1) ∼ ϕ(1).
Finally, suppose that one of the following conditions is satisfied:

(a) The right adjoint ψ preserves all weak equivalences and R→ ψ(S) is a weak
equivalence in 6C.

(b) There is a weak equivalence R′→ R, where R′ is a commutative monoid in 6C
which is cofibrant as an object of 6C. Moreover, the composite ϕ(R′)→ ϕ(R)→ S
is a weak equivalence in 6D.

Then there is a Quillen equivalence

ϕ∗ = S⊗ϕ(R) ϕ(−) :Mods,[+]
R �Mods,[+]

S : ψ.

Example 3.3.9. For C = D and any weak equivalence R→ S, we obtain a Quillen
equivalence Mods,[+]

R �Mods,[+]
S . In other words, the assignment R 7→Mods,[+]

R is
‘derived’.
Another important case is ϕ(R) = S, in which case we obtain a criterion for replacing

C with a Quillen equivalent model category.

Proof. First note that ϕ(R) and ψ(S) is a commutative monoid since ϕ is strong monoidal
and ψ is lax monoidal. We claim that the Quillen equivalence 6C → 6D extends to a
Quillen equivalence ModR �ModS . In Case (a), this follows from [46, Theorem 3.12(2)]
and the flatness of ModR (see the proof of Proposition 3.4.2), which yields a Quillen
equivalence ModR �Modψ(S) [45, Theorem 4.3]. In Case (b), again using flatness, we
can replace R by R′. The forgetful functor ModR → 6C preserves cofibrant objects,
which follows from [36, Proposition 5.3(iv)], using that R is cofibrant as a symmetric
sequence. Furthermore, for any cofibrant R-module X the map ϕ(X)→ ϕ∗(X) is a weak
equivalence, using cellular induction, flatness, and h-monoidality. Then, the claim follows
from Quillen’s criterion for Quillen equivalences.
We now upgrade this to a Quillen equivalence Mods

R �Mods
S . This also settles the

claim for positive model structures by Proposition 3.3.1. By Lemma 3.3.7, Mods
R is

Quillen equivalent to the monoidal localization L⊗Lϕ∗(ξ R)
ModS . It is enough to show that

the natural map
Lϕ∗(ξ R

n )→ ξ S
n

is a weak equivalence of maps in ModS . Recall from (3.1.7) that ξ R
n : R⊗Gn(6n ·

QRn)→R.
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We first treat Case (a). For the codomains of these maps, we use the assumption
R
∼
→ ψ(S), which computes Rψ(S), since ψ preserves all weak equivalences. This is

equivalent to Lϕ(R)
∼
→ S. The domains of ξ R

n are cofibrant, so it is enough to show that

ϕ∗(R⊗Gn(6n ·QRn)) = S⊗Gn(6n ·ϕ(QRn))
S⊗α
→ S⊗Gn(6n ·QSn) is a weak equivalence.

For some cofibrant replacement QS
σ
→ S of S in 6C, QS⊗α is a weak equivalence by

Brown’s lemma. Moreover, tensoring σ with the cofibrant (co)domains of α gives a weak
equivalence by flatness of 6C. Therefore S⊗α is a weak equivalence.
We now do Case (b). Applying Case (a) to C = D and R′ vs. R, we may assume R

is cofibrant as an object of 6C. For the domains of the maps, Lϕ∗(R⊗Gn(6n ·QRn)) ∼

S⊗Gn(6n ·ϕ(QRn))→ S⊗Gn(6n ·QSn) is a weak equivalence: as above, use flatness to
replace S⊗− by QS⊗−, then use Brown’s lemma and the assumption ϕ(Rn)

∼
→ Sn . For

the codomains of the maps, Lϕ∗(R) can be computed as ϕ∗(R⊗Q1) since R is cofibrant
as an object of 6C. Now, ϕ∗(R⊗Q1) = S⊗ϕ(Q1) is weakly equivalent to S⊗ 1 = S: this
follows again using a cofibrant replacement QS

σ
→ S and flatness as above, and also using

that σ ⊗ 1 is an isomorphism, in particular a weak equivalence.

3.4. Monoidal and other basic properties

Proposition 3.4.1. Suppose (6C, R) is a spectral context such that C is pointed. We write
S1
∈ C for some cofibrant representative of the suspension of the monoidal unit 1C , i.e.,

the homotopy pushout ∗th
1C
∗. Suppose that R is such that R1 is weakly equivalent to

S1
⊗ B for some cofibrant object B ∈ C. Then the model structure Mods,[+]

R is stable in
the sense that it is pointed and the suspension and loop functors are inverse Quillen
equivalences on Mods,[+]

R [47, Definition 2.1.1].

Proof. By Proposition 3.3.1, we only need to consider the nonpositive case. For a cofibrant
object X ∈Mods

R , the suspension 6X is weakly equivalent to X ⊗ S1
= X ⊗ F0(S1), where

Fn is defined in (3.1.5). As F1 is a left Quillen functor, F0(S1)⊗ F1(B) = F1(S1
⊗ B) is

weakly equivalent to F1(Q(R1)) = R⊗G1(Q(R1)), where Q is the cofibrant replacement
functor. By definition of the stable model structure, this is stably weakly equivalent to
F0(1C) = R which is the monoidal unit in ModR .

We have the following basic properties of the stable model structure. For
C = sSet•, the monoid axiom of S1-spectra was shown independently by Hess and Shipley
[27, Notation 5.5]. We do not address the question of right properness of Mods,[+]

R . For
simplicial and topological spectra and motivic P1-spectra, the right properness was shown
by Schwede [40, Theorem III.4.11] and Jardine [30, Theorem 4.15]. Both proofs use that
these two examples are actually stable model categories, so any generalization of this
statement might use Proposition 3.4.1.

Proposition 3.4.2. Let (6C, R) be a spectral context (Definition 3.1.1). Then the stable
(positive) model structure Mods,[+]

R is nice (Definition 2.3.1). In particular, it is left
proper and satisfies the monoid axiom.
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Proof. We first show that 6[+]C is nice, except that 6+C is not flat. (For any map y ∈ C,
G0(y) is a weak equivalence in 6+C, but y 2G1(c) is not. However, 6C is flat, as we show
below.)
The tractability of 6[+]C is a basic property of transfer [36, Proposition 5.3]. Similarly,

C is pretty small, hence so is the projective model structure on 6mC, and therefore the
given admissible model structure on 6mC. The symmetric monoidality and h-monoidality
of 6[+]C were already shown in the proof of Theorem 3.2.1.
Using the h-monoidality of 6C it is enough to check flatness of 6C for generating

cofibrations [36, Theorem 4.3.8]. Thus we need to show y 2Gn(c) is a weak equivalence
for any weak equivalence y ∈ 6C and any cofibration c in 6nC, n > 0. We have y 2
Gn(c) =

∐
r>0 Gn+r (6n+r ·6r×6n yr 2 c). It is enough to see that 6n+r ·6r×6n yr 2 c is a

weak equivalence. Again by [36, Lemma 4.1.2], it is isomorphic, in C, to a finite coproduct
of copies of yr 2 c which is a weak equivalence in C by the flatness of C. Moreover, by the
h-monoidality, (co)dom(yr )⊗ c is an h-cofibration, so that yr 2 c is a couniversal weak
equivalence by [36, Lemma 3.2.5]. These are stable under finite coproducts in any model
category.
The nicety properties of 6[+]C transfer from 6[+]C to Mod[+]R by [36, Theorem 5.10]

and localize to Mods,[+]
R by [36, Proposition 6.4].

The monoid axiom for Mods,+
R follows from pretty smallness and h-monoidality

[36, Lemma 3.2.3].

Proposition 3.4.3. Let (6C, R) be a spectral context such that Rn is monoidally compact,
i.e., the derived internal hom R Hom(Rn,−) preserves filtered homotopy colimits. Then the
derived left adjoint of the following adjunction (cf. (3.1.5)) preserves homotopy compact
objects:

F0 : C �Mods,[+]
R : Ev0.

Proof. Preservation of compact objects by LF0 is equivalent to preservation of filtered
homotopy colimits by REv0. Since the functor C ← 6C ←ModR : Ev0 preserves all
colimits and is automatically derived, it is enough to note that filtered homotopy colimits
in ModR preserve local objects, i.e., �-spectra W such that the derived internal hom
(with respect to the unstable model structure) R Hom(ξ R

n ,W ) is a weak equivalence
(Theorem 3.2.1).

3.5. Symmetricity properties

We now establish the symmetricity properties of Mods,+
R . These are the technical key

points of this entire paper. For example, the symmetric h-monoidality of Mods,+
R will

give rise to the existence of model structures on operadic algebras, while the symmetric
flatness is responsible for the rectification of algebras over operads. See also Remarks 4.2
and 4.8 for further explanation of the notion of symmetric h-monoidality and flatness.
In the generality stated below, these properties are new. However, various aspects of

this description are well known and, in fact, the basic principle of these claims is a very
simple idea, due to Smith: many model categories (say, C = sSet) are not symmetric
flat: for a 6n-equivariant weak equivalence y and a cofibrant object X ∈ C, y⊗6n X⊗n
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is not usually a weak equivalence. The point of introducing 6+C is to allow only those
cofibrant objects X ∈ 6C (and more generally, cofibrations x) which are trivial in level 0.
For example, for X = G1(X ′), X⊗n

= Gn(6n · X ′⊗n), so that modding out the 6n-action
on y⊗ X⊗n preserves the homotopical properties of y. This property of 6+C is then
propagated to various symmetricity properties of Mods,[+]

R .
A special case of symmetric flatness (namely the case where the weak equivalence

y ∈ 6nModR is given by the projective cofibrant replacement of 1ModR = R, E6n → R)
is due to Gorchinskiy and Guletskĭı [15, Theorem 11]. They prove this statement under
the assumption that every positive projective cofibration in Mod+R (i.e., the transfer
of the positive projective structure on 6C to R-modules) is a power cofibration. As was
explained in Lemma 2.3.12, this condition ensures that the projective structure is strongly
admissible (which only holds in very special cases). The more general symmetric flatness
will be used to show the operadic rectification (Theorem 4.6).

Proposition 3.5.1. For any spectral context (6C, R), the model category Mods,+
R is

symmetric flat and symmetric h-monoidal. If, moreover, the model structure on 6C
is strongly Y-admissible for a collection Y = (Yn), Yn ⊂ Mor6n6C, then the (acyclic)
cofibrations of Mods,+

R form an (acyclic) cof(R⊗Y)-symmetroidal class in Mods
R. In

particular, Mods,+
R is cof(R⊗Y)-symmetroidal in this case.

Proof. We first show the following statements:

(a) The (acyclic) cofibrations of 6+C form an (acyclic) symmetric h-monoidal class
in 6C: for any finite family v of positive (acyclic) cofibrations, and any object
Y ∈ 6n6C, Y ⊗6n v

2n is an (acyclic) h-cofibration.
(b) The cofibrations of 6+C form a symmetric flat class in 6C: for any finite family v

of positive (acyclic) cofibrations, and any weak equivalence y ∈ 6n6C, y 26n v
2n

is a weak equivalence.
(c) If the model structure on 6C is strongly Y-admissible for some Y = (Yn) as in

Definition 2.3.3, then the (acyclic) cofibrations in 6+C form a class that is (acyclic)
Y-symmetroidal in the model structure in 6C: for any finite family v of positive
(acyclic) cofibrations, and any map y ∈ Yn , y 26n v

2n is a cofibration. In particular,
6+C is Y-symmetroidal in this case.

By [36, Theorem 4.3.8], these statements only have to be checked on generating (acyclic)
cofibrations. The acyclic parts of these statements are proven by replacing the words
‘cofibration’ and ‘h-cofibration’ by their acyclic analogues, so that proof is omitted. Let
v = (v1, . . . , ve) be a finite family of generating cofibrations of 6+C. They are given
by vi = G ti (hi ) for some generating cofibrations hi ∈ 6ti C and ti > 1. Let n = (ni ) be a
multi-index with ni > 1.
For an object Y = Gu(Z) in 6n6C, where Z ∈ 6n6uC, we have

Y ⊗6n v
2n
=
(
G tn+u(6tn+u ·6u×6

n
t

Z ⊗ h2n)
)
6n
= G tn+u(6tn+u ·6no(6u×6

n
t )

Z ⊗ h2n).

(3.5.2)
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The group 6n acts trivially on 6u and 6u acts trivially on h2n . In C (as opposed to
6tn+uC), there is an isomorphism

ϕ(6tn+u ·6no(6u×6
n
t )

Z ⊗ h2n) =
6tn+u

6n o (6u ×6
n
t )
·ϕ
(
Z ⊗ h2n) , (3.5.3)

by [36, Lemma 4.1.2]. This uses the positivity of at least one of the ti which implies that
6n o (6u ×6

n
t ) = 6u × (6n o6n

t ) is a subgroup of 6tn+u .
(a) We have to show that Y ⊗6n v

2n is an h-cofibration in 6C for all Y ∈ 6n6C. As
in the proof of h-monoidality of 6C (Theorem 3.2.1), we may assume Y = Gu(Z), where
u > 0 and Z ∈ 6m6uC is arbitrary. We show the stronger statement that the above map
is an h-cofibration in C in all degrees. The hi are cofibrations, so that h2n is also a
cofibration (in C, by the pushout product axiom). Hence, Z ⊗ h2n and therefore the right
side of (3.5.3) are h-cofibrations in C, using the h-monoidality of C.
(b) The symmetric flatness of the positive cofibrations in 6C is proven similarly: replace

Y ⊗6n − by y 26n − for any weak equivalence y ∈ 6n6C. Again, the reduction from
a general weak equivalence y to y = Gu(z), u > 0, z a weak equivalence in 6n6uC, is
possible by pretty smallness. Now, note that z 2 h2n is a weak equivalence in C since C
is flat.
(c) To show that y 26n v

2n is a cofibration in 6C we may replace y by Gu(yu), in which
case the expression reads

6tn+u ·6no(6u×6
n
t )

z 2 h2n .

This is a cofibration in 6tn+uC exactly by the strong admissibility condition 2.3.3(5). The
Y-symmetroidality of 6+C also follows from this, noting that tn+ u > u > 1 in this case,
so the previous expression is in addition an isomorphism in degree 0, hence a positive
cofibration.
We have finished the proof of (a)–(c). The adjunction 6C �ModR is a Hopf adjunction

with strong monoidal left adjoint, so we can apply [36, Theorem 5.8]. Therefore, the
cofibrations of Mod+R are symmetric flat and symmetric h-monoidal in ModR , and
similarly for symmetroidality with respect to the class R⊗Y.
By [36, Theorem 6.5], the positive cofibrations are also symmetric flat and symmetric

h-monoidal in Mods
R . Since (acyclic) h-cofibrations depend only on the weak equivalences,

the symmetric h-monoidality and symmetric flatness of a class of morphisms also depend
only on the weak equivalences. By Proposition 3.3.1, we therefore conclude that the stable
positive model structure is symmetric flat and symmetric h-monoidal.
The nonacyclic part of cof(R⊗Y)-symmetroidality of Mods,+

R follows immediately from
the one of Mod+R . The acyclic part follows from a variant of [36, Theorem 6.5(iii)], as
follows: by [36, Theorem 4.3.8(iii)], it is enough to show that the generating acyclic
cofibrations of Mods,+

R are acyclic cof(R⊗Y)-symmetroidal in Mods
R . By tractability, we

may assume they have cofibrant source. Thus they are acyclic Y-symmetroidal in Mods
R

by [36, Proposition 4.3.4].

Remark 3.5.4. The symmetroidality of 6C holds provided that C itself is symmetroidal.
This excludes the projective model structure on chain complexes of abelian groups, for
example. (See [36, § 7] for a discussion of concrete model categories (not) satisfying
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symmetric h-monoidality, symmetroidality and symmetric flatness.) The positive
structure 6+C does not require such an assumption. Likewise, the (nonsymmetric)
flatness of C promotes to the symmetric flatness property (b) of 6+C above.
The strong admissibility (as opposed to mere admissibility) is necessary to ensure

the symmetroidality 6+C. For example, the argument above fails for the projective
structure on 6C: take C = sSet and pick t = 1, v = G1(h), where h is some cofibration
(i.e., monomorphism) in sSet. However, 6n does not usually act freely on the complement
of the image h2n , so this map is not a projective cofibration in 6nsSet.

4. Operadic algebras in symmetric spectra

We now exploit the excellent model-theoretic properties of the stable positive model
structure Mods,+

R on symmetric R-spectra to study algebras over operads in this category.
A single-colored operad O in ModR consists of an R-module On with a 6n-action for
each n > 0. It can be thought of as the space of n-ary operations. For different n, they
are connected by 6r1 × · · ·×6rn -equivariant multiplication maps (tensor products are
over R)

On ⊗ Or1 ⊗ · · ·⊗ Orn → Or1+···+rn .

Moreover, there is a unit map ηO : R→ O1 (which we can rewrite as ηO : R[1] → O,
where R[1] is R in level 1 and ∅ otherwise). Multiplication and unit map obey the usual
rules. Specifying an O-algebra structure on some M ∈ModR amounts to specifying maps

On ⊗6n M⊗n
→ M

which are again compatible in a suitable sense. For example, the commutative operad
Comm is such that Commn = 1ModR = R, so a Comm-algebra is exactly a strictly
commutative ring spectrum.
Since there are no essential additional difficulties, we actually work with W -colored

operads or just operads for short. The set W (called set of colors) is fixed. Instead
of the indexing by n ∈ N in single-colored operads, W -colored operads are indexed by
tuples (s, w) consisting of a map of sets s : I → W (the multisource), where I is a
finite set and w ∈ W (the target). Such tuples form a category sSeqW . This category
is a groupoid and the automorphism group of (s, w) is given by 6s :=

∏
r∈W 6s−1(r).

The category sCollW (ModR) := Fun(sSeqW ,ModR) of symmetric collections is equipped
with the substitution product, denoted ◦, which turns this into a monoidal category. Its
monoidal unit R[1] is such that R[1]s,w = ∅ except for s : I = {∗} → W , s(∗) = w, in
which case it is R, the monoidal unit of ModR .
A symmetric W -colored operad is, by definition, a monoid in (sCollW (ModR), ◦). They

form a category denoted sOperW (ModR). The multiplication O ◦ O → O amounts to
giving maps

Os,w⊗
⊗
i∈I

Oti ,s(i)→ O∪i∈I ti ,w.
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An O-algebra consists of Mw ∈ModR , for every w ∈ W , together with maps

Os,w⊗
⊗
i∈I

Ms(i)→ Mw.

Of course, these are subject to appropriate associativity and unitality constraints. For
a slightly less short summary of operads and their algebras, the reader may consult
[35, § 3].
We now turn to the model-theoretic properties of algebras over operads in R-spectra.

We show the admissibility of all operads (4.1), give a criterion for (almost) strong
admissibility of levelwise cofibrant operads (4.4), rectification of algebras over weakly
equivalent operads (4.6), and Quillen equivalences of algebras over operads in different
categories of spectra (4.13) and finally the special case of R-spectra and S-spectra, where
R ∼ S are weakly equivalent (4.15).
The admissibility of operads in symmetric spectra is due to Elmendorf and Mandell for

C = Top [12, Theorem 1.3], and Harper for C = sSet• [19, Theorem 1.1]. It was generalized
by Hornbostel to the category C of simplicial presheaves with the injective model structure
and the injective model structure on 6C [23, Theorem 1.3]. In the latter two cases, all
objects are cofibrant. This considerably simplifies the situation because all h-monoidality
questions are trivial. The assumption that every object in C is cofibrant excludes the
projective model structures on presheaves, which is a main motivating example for us. In
fact, this paper grew out from an attempt to construct an algebraic cobordism spectrum,
as a fibrant commutative ring spectrum. The fibrancy is necessary to actually compute the
homotopy groups of this spectrum (i.e., the higher algebraic cobordism groups). For the
injective model structure on presheaves the fibrancy condition is practically impossible
to check.
Most theorems in this section are immediate consequences of the corresponding abstract

results on operadic algebras. To help the reader, we highlight the main ideas of the proofs
of these abstract results in the case of single-colored operads in Remarks 4.2, 4.5, 4.8
and 4.14.
Let us also point out that their proofs require some hard algebra to describe pushouts of

operadic algebras (Elmendorf–Mandell [12, § 12], Fresse [14, Proposition 18.2.11], Harper
[19, Proposition 7.12]) and operads (Spitzweck [44, Proposition 3.5], Berger–Moerdijk [8,
Lemma 3.1], [7, § 5.11]). In addition, the techniques developed in [35, 36] can be seen
as a way to conveniently handle model-categorical properties that allow one to control
the homotopical properties of the maps arising in such pushouts and other operadic
constructions.

Theorem 4.1. Suppose (6C, R) is a spectral context. Any (symmetric W -colored) operad
O in ModR is admissible, i.e., the category of O-algebras carries a model structure that
is transferred along the adjunction

O ◦− :Mods,+
R � AlgO(ModR) : U.

We refer to it as the stable positive model structure and denote it by Algs,+
O (ModR).

For example, for O = Comm, this gives a model structure on strictly commutative ring
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spectra. For the operad sOperW of W -colored operads, this gives a model structure on
W -colored operads in spectra.

Proof. This follows from [35, Theorem 5.11], whose assumptions are satisfied by
Theorem 3.2.1 and Proposition 3.5.1.

Remark 4.2. The key point in the proof of [35, Theorem 5.11] is to ensure that a
pushout a : A→ A′ of a map of free O-algebras O ◦ x , where x is an acyclic cofibration
of Mods,+

R , is again a weak equivalence of O-algebras. The functor U does not preserve
pushouts, but instead, as first observed by Elmendorf and Mandell, U (a) is a transfinite
composition of maps of the form Env(O, A)n ⊗6n x2n , where Env(O, A) is the so-called
enveloping operad (whose precise definition does not matter at this point). The symmetric
h-monoidality of Mods,+

R shown in Proposition 3.5.1 ensures that this map is a couniversal
weak equivalence.
In fact, we only need one part of the condition of symmetric h-monoidality, namely

the part about acyclic cofibrations, and (in the uncolored case) only a single map x , as
opposed to finite families. Finite families in the definition of symmetric h-monoidality
ensure that symmetric h-monoidality is stable under composition of maps, see
[36, Theorem 4.3.8] and its proof, which (somewhat surprisingly) is the least formal
part in showing that symmetric h-monoidality is stable under weak saturation. This
feature is crucial for carrying symmetric h-monoidality through transfer and left Bousfield
localizations, which was heavily used above (see the proof of Proposition 3.5.1). Similarly,
the presence of the nonacyclic part in the definition of symmetric h-monoidality is to
ensure the preservation of this property under left Bousfield localizations, see the proofs
of [36, Proposition 6.4(iv), Theorem 6.5(ii)]. See also Remark 2.1.3.

Example 4.3. For C = sSet• and R given by Rn = (S1)∧n , AlgComm(ModR) is known as the
category of commutative ring spectra (in simplicial sets). Another example is the case
C = sPSh•(Sm/S) of pointed simplicial presheaves on the site of smooth schemes over
some base scheme S and the monoid given by Rn = (P1

S,∞)
∧n . Any of the standard model

structures, for example the projective model structure or any monoidal localization, such
as the Nisnevich localization or the Nisnevich-A1 localization yields a nice model category
(Definition 2.3.1). In this case AlgComm(ModR) is the category of (strictly) commutative
motivic ring P1-spectra.

The next result addresses the strong admissibility of operads [35, Definition 5.1], i.e.,
the question when the forgetful functor U preserves cofibrant objects. The main abstract
result [35, Theorem 6.7] states that the forgetful functor Algs,+

O (ModR)→Mods,+
R

preserves cofibrations with cofibrant domains for all operads O whose levels Os,w are
of the form R⊗ some positively cofibrant object (with respect to the chosen strongly
admissible model structure on 6C). This result is inapplicable to the commutative
operad, for example, since Comm0 = R is not positively cofibrant. We therefore provide
a statement which requires a nonpositive cofibrancy condition on the levels of O,
and consequently only obtain that positive cofibrations of O-algebras are nonpositive
cofibrations of spectra.
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For C = sSet• and the injective model structure on 6sSet• and the commutative operad,
the statement is due to Shipley [42, Proposition 4.1]. By Lemma 2.3.7, the injective
structure on 6sSet• is strongly admissible, so our result generalizes Shipley’s. Recall the
notion of a strongly Y-admissible model structure from Definition 2.3.3 and also the
construction of such model structures from Proposition 2.3.10. For C = sSet the strong
admissibility of (single colored) operads O whose levels On are nonpositively cofibrant
was independently obtained by [34, Theorem 1.3].

Theorem 4.4. Let (6C, R) be a spectral context. Suppose the model structure on 6C
is strongly Y-admissible (Definition 2.3.3(5)) with respect to some class Y = (Yn ⊂

Mor6n6C). For single-colored operads O, suppose that for all n > 0, the nth degree of
the unit map of O,

(ηO)n ∈ cof(R⊗Yn).

For example, if Yn = {∅ → 1} for all n, this condition is satisfied for the commutative
operad Comm. If Yn is a set of generating 6n-injective cofibrations in 6n6C, this
condition is satisfied for any operad whose levels On are obtained as a transfinite
composition of maps of the form R⊗ some injective cofibration in 6n6C.
For arbitrary W -colored operads, suppose that for all (s : I → W, w ∈ W ) ∈ sSeqW ,

(ηO)s,w ∈ cof(R⊗Yn),

where n is the finite multi-index given by nr = ]s−1(r) for r ∈ W . (Note that only finitely
many r appear since I is finite.)
Then the forgetful functor

Mods
R ← AlgO(Mods,+

R ) : U

preserves cofibrant objects and cofibrations between them. (Note the + at the right, which
is not present at the left.)

Proof. By [35, Lemma 6.4], it is enough to notice that for any finite multi-index n = (nr ),
nr > 1, any multisource s as in the statement, any w ∈ W , and any finite family x = (xr )

of generating cofibrations of Mods,+
R

(ηO)s,w 26n x2n
:= (ηO)s,w 2∏

r 6nr 2
r

x2nr
r

is a cofibration in Mods
R by Proposition 3.5.1.

Remark 4.5. The main point in the proof of [35, Lemma 6.4] is a description of the levels
of cofibrant O-algebras: the underlying R-module of a cofibrant O-algebra A lies in the
weak saturation (saturation under transfinite composition, pushouts, and retracts) of
maps of the form (ηO)n 26n x2n . The strong admissibility of the model structure ensures
that these maps are (nonpositive) cofibrations of R-modules.

The following is a rectification result for algebras over weakly equivalent operads in
spectra. For C being the category of compactly generated topological spaces, it is due
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to Goerss and Hopkins [17, Theorem 1.2.4]. For R-spectra in spaces, where R is the
free commutative monoid on the monoidal unit 1 in degree 1, this is due to Sagave and
Schlichtkrull [48, Proposition 9.12], see also Proposition 3.2.2.

Theorem 4.6. Let (6C, R) be a spectral context. Let ψ : P → Q be a map of operads in
ModR. Then there is a Quillen adjunction

Q ◦P − : Algs,+
P (ModR)� Algs,+

Q (ModR) : U.

If ψ is a weak equivalence, i.e., if Ps,w → Qs,w is a weak equivalence in Mod+,sR for all
(s, w) ∈ sSeqW , this is a Quillen equivalence.

Example 4.7. For example, there is a Quillen equivalence of algebras over the
Barratt–Eccles operad (i.e., E∞-ring spectra) and commutative monoids in ModR (i.e.,
commutative ring spectra).
Another obvious application is that A∞-ring spectra can be rectified to strictly

associative ring spectra. See, e.g., [35, § 9.3] for a definition of A∞.

Proof. Again, this follows from [35, Theorem 5.11] and [35, Theorem 7.1], whose
assumptions are satisfied by Theorem 3.2.1 and Proposition 3.5.1.

Remark 4.8. The main point in the abstract rectification results (for single-colored
operads in a symmetric monoidal model category C) is to show that for a free P-algebra
A := P ◦ X on a cofibrant object X ∈ C, the map A→ Q ◦P A = Q ◦ X is a weak
equivalence (in C). By definition, ψ ◦ X is a coproduct of maps of the form ψn ⊗6n X⊗n

which are weak equivalences by the symmetric flatness of Mods,+
R .

For single-colored operads, it is therefore enough to know y⊗6n V⊗n is a weak
equivalence for any cofibrant object V ∈Mods,+

R and any 6n-equivariant stable weak
equivalence, which is somewhat less demanding than the actual definition of symmetric
flatness, which requires that y 2∏6ni

(v2n1 2 · · ·2 v2ne ) is a weak equivalence for finite
families of cofibrations v = (v1, . . . , ve) and

∏e
i=16ni -equivariant weak equivalences y. In

the same vein as explained in Remark 4.2, the point in considering multi-indices in the
definition of symmetric flatness is to ensure that the condition is stable under composition
(of the maps v), which is in its turn the crucial technical point in showing that symmetric
flatness is preserved under left Bousfield localizations and transfers. In other words, if we
were to replace the statement of (b) in the proof of Proposition 3.5.1 by the simpler, but
weaker statement that y⊗6n V⊗n is a weak equivalence for any cofibrant object V ∈ 6+C
and any weak equivalence y, we would be unable to promote this property to Mod+R and
then to Mod+,sR .

A related result addresses the following question: when does the quasicategorical notion
of an algebra over an operad in spectra coincide (up to an equivalence) with the usual
strict notion?
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Theorem 4.9. Let (6C, R) be a spectral context. Let O be an operad in simplicial sets.
Denote by COModR and COAlgO (ModR) the full subcategories spanned by the corresponding
classes of cofibrant objects, where in this theorem ModR is a shorthand for Mods,+

R . The
canonical comparison functor

N(COAlgO (ModR))[W
−1
AlgO (ModR)

] → HAlgN⊗O(N(COModR )[W
−1
ModR
])

is an equivalence of quasicategories. Here HAlg is used in the sense of [31,
Definition 2.1.3.1] (denoted by Alg there) and N⊗O denote the operadic nerve of O,
as explained in Definition 2.1.1.23 there.
Proof. This follows from the symmetric flatness of ModR (Proposition 3.5.1) and
[35, Theorem 7.11].

We finally give two transport results that describe the category of operadic algebras in
different categories of spectra. The first result is about a general weak monoidal Quillen
adjunction. In the special case of algebras in R-spectra and S-spectra, where R ∼ S are
weakly equivalent commutative monoids in 6C, we get a stronger result.
Let

F : C � D : G (4.10)
be an adjunction between closed symmetric monoidal categories where G is symmetric lax
monoidal. We pick commutative monoids S ∈ 6D and R ∈ 6C and a map of commutative
monoids ϕ : R→ G(S). Note that G preserves commutative monoids since it is symmetric
lax monoidal. There are adjunctions

FMod
:ModCR � ModDS : G,

(FMod)sOper
: sOperW (ModCR) � sOperW (ModDS ) : G,

(4.11)

where G is in both cases the obvious functor and FMod and (FMod)sOper are constructed
in, say, [9, Theorem 4.5.6].
From now on, assume that C and D are nice (Definition 2.3.1). To avoid technical

statements around the cofibrancy hypothesis on R, we also assume C is combinatorial or
C = Top (see Remark 9.2) and likewise for D. We equip 6C and 6D with some admissible
model structures and we consider the condition that this datum induces a weak monoidal
Quillen adjunction [46, Definition 3.6]

FMod
:Mods,+,C

R �Mods,+,D
S : G, (4.12)

that is
FMod(QR)→ S,

FMod(C ⊗R C ′)→ FMod(C)⊗S FMod(C ′)

are weak equivalences for all cofibrant objects C,C ′ ∈Mods,+,C
R . Using the Quillen

equivalences Mods,+,C
R ∼Mods,C

R (Proposition 3.3.1), this condition is equivalent for the
nonpositive or the positive stable model structures. Since FMod(R⊗−) = S⊗ F(−), the
first condition holds if 1 ∈ C is cofibrant. Using pretty smallness (via [36, Lemma 2.2]),
the second condition can be reduced to free R-modules C and C ′, so that it holds provided
that the original adjunction (4.10) is weakly monoidal and that 6C and 6D both carry
the projective model structure.
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Theorem 4.13. Fix two spectral contexts (6C, R) and (6D, S) satisfying the above
assumptions (in particular, (4.12) is supposed to be a weak monoidal Quillen adjunction).
Then, for any operad O in ModR and any operad P in ModS, there are Quillen
adjunctions

FAlg
: Algs,+

O (ModCR)� Algs,+
FsOper(O)(ModDS ) : G,

FAlg : Algs,+
G(P)(ModCR)� Algs,+

P (ModDS ) : G.

They are Quillen equivalences if (FMod,G) is a weak monoidal Quillen equivalence and
O is cofibrant and P is fibrant.

Proof. This is an immediate application of [35, Theorem 8.10] whose assumptions are
satisfied by Theorem 3.2.1.

Remark 4.14. The abstract transport result [35, Theorem 8.10] lies considerably deeper
than the (strong) admissibility and rectification results used above. The key point in the
transport for cofibrant operads O is to use Spitzweck’s and Berger–Moerdijk’s analysis
of the pushout of operads and tracking the homotopy-theoretic properties of the maps
arising in this description relative to a weak monoidal Quillen adjunction. The statement
for fibrant operads P uses in addition the rectification result 4.6.

In the special case C = D and a weak equivalence ϕ : R→ S in 6C, the transport of
algebras applies to more general operads:

Corollary 4.15. Suppose that for a spectral context (6C, R) and a weakly equivalent
commutative monoid S ∈ 6C, there are Quillen equivalences

ϕ∗ :Mods,+
R �Mods,+

S : ϕ∗. (4.16)

(See Proposition 3.3.8 for sufficient criteria.) Then there are Quillen equivalences

ϕ∗ : Algs,+
O (ModR) � Algs,+

S⊗R O(ModS) : ϕ
∗, (4.17)

ϕ∗ : Algs,+
ϕ∗P (ModR) � Algs,+

P (ModS) : ϕ
∗ (4.18)

for any operad O in ModR whose levels Os,w are cofibrant in Mods
R and any operad P

in ModS whose levels Ps,w are fibrant in Mods,+
S .

Example 4.19. If 1C is cofibrant, R = 1ModR is cofibrant in Mods
R . The levels of the

commutative operad O = Comm are given by On = 1ModR = R. We get S⊗R O = Comm
and therefore a Quillen equivalence of commutative ring spectra.

Proof. The left adjoint in (4.16) is strong symmetric monoidal, the right adjoint is lax
monoidal. It therefore gives an adjunction whose left adjoint is again strong monoidal.

ϕ∗ : (sColl(ModR), ◦)� (sColl(ModS), ◦) : ϕ
∗.

Therefore, by [1, Proposition I.3.91], both right and left adjoints preserve commutative
monoids, i.e., operads, and the induced functors on operadic algebras form an adjoint pair.
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In other words, on the underlying spectra, (ϕ∗)sOper is just ϕ∗. In the same vein, (ϕ∗)Alg

and (ϕ∗)Alg are also just given by ϕ∗ on the underlying level.
Applying Theorem 4.13 to QsOper(O) (the cofibrant replacement of O, using the

model structure on operads in Mods,+
R established in Theorem 4.1) and RP (the fibrant

replacement) and rectification (Theorem 4.6), we have to show weak equivalences of
operads

ϕ∗(QsOper(O)) ∼ ϕ∗(O)

ϕ∗(P) ∼ ϕ∗(RP).

The latter holds since RP → P is a weak equivalence of operads whose levels (RP)s,w →
Ps,w are a weak equivalence between fibrant objects in Mods,+

S (the latter by assumption).
Being a right Quillen functor, ϕ∗ preserves this weak equivalence by Brown’s lemma.
The former weak equivalence is shown as follows: the weak equivalence QsOper(O)→ O

gives a weak equivalence of the levels QsOper(O)s,w ∼ Os,w. The operad QsOper(O) is
cofibrant, and therefore its unit map η : R[1] → QsOper(O) is a cofibration of symmetric
collections. For unit degrees, (s, w) = (w,w), the unit map R = 1ModR → QsOper(O)w,w
is therefore a cofibration, whereas in degrees (s, w) 6= (w,w), QsOper(O)s,w is cofibrant
in Mods,+

R and a fortiori in Mods
R . By [35, Lemma 8.8], using the flatness of Mods

R ,
QsOper(O)s,w⊗R − preserves stable weak equivalences in both cases. Similarly for Os,w,
using the cofibrancy assumption on Os,w. Hence we get a chain of weak equivalences in
Mods

R or equivalently in Mods,+
R :

QsOper(O)s,w⊗R S ∼ QsOper(O)s,w ∼ Os,w ∼ Os,w⊗R S.

5. Derived algebraic geometry over spectra

In this section, we prove that symmetric spectra in a symmetric monoidal model category
form a homotopical algebraic context in the sense of Toën and Vezzosi [49], so that one
can do derived algebraic geometry over ring spectra.

Definition 5.1. A homotopical algebraic context is a model category D such that the
following conditions are satisfied.

(i) D is a proper, pointed, combinatorial symmetric monoidal model category. The
canonical morphism from the homotopy coproduct to the homotopy product of
any finite family of objects is a weak equivalence. The homotopy category of D is
additive.

(ii) For any commutative monoid P in D the transferred model structure on ModP (D)
exists and is a proper, flat, combinatorial symmetric monoidal model category.

(iii) The transferred structure on commutative P-algebras and commutative nonunital
P-algebras exists and is a proper combinatorial model category.

(iv) Given a weak equivalence f : E → F in ModP (D) and a cofibrant commutative
P-algebra Q, Q⊗P f is a weak equivalence in ModQ(D).
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Remark 5.2. Toën and Vezzosi also list Assumption 1.1.0.6 among the properties of a
homotopical algebraic context, which demands a t-structure whose positive part (i.e.,
connective objects) is closed under the derived tensor product. Given a homotopical
algebraic context in the sense of the previous definition, such a t-structure can be
constructed from any set of objects by closing it under derived tensor products and
homotopy colimits. Lurie [31, Proposition 1.4.4.11] proves the axioms of a t-structure.

Theorem 5.3. Suppose C is a pointed, nice model category (Definition 2.3.1). We fix
an admissible model structure on 6C and consider a commutative monoid R ∈ 6C such
that R1 is weakly equivalent to S1

⊗ B, where S1 is a cofibrant representative of ∗th
1C
∗,

the suspension of the monoidal unit, and B ∈ C is any cofibrant object. Then the stable
positive model structure D :=Mods,+

R on the category of symmetric R-spectra defined in
Theorem 3.2.1 is a homotopical algebraic context, except possibly for the properness of
the model categories.

Proof. (i) This is a restatement of Theorem 3.2.1. The last statement follows from the
stability of D, which holds by the assumption on R1 and Proposition 3.4.1.
(ii) Let P ∈ Comm(D), i.e., P is a commutative ring spectrum. The model structure on

D transfers to a combinatorial, left proper, symmetric monoidal model structure on ModP
by [36, Theorem 5.10], using that D satisfies the monoid axiom by Proposition 3.4.2.
Likewise, the flatness of D transfers to ModP by [36, Proposition 5.7(ii)].
(iii) The categories of (nonunital) commutative P-algebras are algebras over the operad

Comm and Comm+ (which is given by Comm+n = ∅ for n = 0 and the monoidal unit
1 for n > 0), with values in ModP . Again by [36, Theorem 5.10], ModP is symmetric
h-monoidal, so that any operad in ModP , in particular Comm and Comm+ are admissible,
so the transferred model structure on (nonunital) commutative P-algebras exists [35,
Theorem 5.11].
(iv) As usual, we prove this by cellular induction. The first case is when Q = Sym(P ⊗

X), where X is the (co)domain of a generating cofibration of D and Sym denotes the
symmetric algebra on the P-module P ⊗ X . As above, we have a canonical isomorphism
in C:

Q⊗P f =
∐
t>0

((P ⊗ X)⊗P n)6t ⊗P f =
∐
t>0

f ⊗6t X⊗t ,

where 6t acts trivially on f . This is a weak equivalence in D since D is symmetric flat. As
D is h-monoidal, weak equivalences are closed under finite coproducts [3, Proposition 1.15]
and therefore, using the pretty smallness of D, closed under countable coproducts.
Next, consider a cocartesian square in AlgP , where i : X → X ′ is a generating

cofibration in C,
Sym(P ⊗ X) //

��

Sym(P ⊗ X ′)

��

Q // Q′,

(5.4)

we want to show that our claim is true for Q′, provided that it holds for Q. We again
use the filtration that already appeared in the proof of [35, Theorem 5.11]. In the
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case considered here, O = Comm, so that Env(O, Q)t = Q (with the trivial 6t -action).
This description of the enveloping operad can be read off its explicit description in
[19, Proposition 7.6] (in loc. cit., Env(O, Q)t is denoted by OQ[t], and the formula
for OQ[t] simplifies to OQ[t] = colim(O ◦ A⇔ O ◦ (O ◦ A)) for O = Comm). As in [35,
Theorem 5.11], we get a cocartesian square in ModP ,

Q⊗ (�t i)6t = Q⊗P (�t
P (P ⊗ i))6t

//

��

Q⊗ (X ′⊗t )6t = Q⊗P ((P ⊗ X ′)⊗P t )6t

��

Qt // Qt+1.

We apply f ⊗P − to this square and get a cube whose front and back faces are cocartesian
(in ModQ , or in C):

(F ⊗P Q)⊗6t �
t i //

��

(F ⊗P Q)⊗6t X ′t

��

(E ⊗P Q)⊗6t �
t i //

∼

55

��

(E ⊗P Q)⊗6t X ′t

∼

66

��

F ⊗P Q t
// F ⊗P Q t+1

E ⊗P Q t
//

∼

55

E ⊗P Q t+1

55

The top horizontal arrows of this cube are h-cofibrations (in C, say), since i is a symmetric
h-cofibration. Consequently the front and back faces are homotopy pushout squares. The
three arrows labeled with ∼ are weak equivalences by induction and the case of free
commutative P-algebras considered above. Therefore, the map f ⊗P Qt+1 is also a weak
equivalence.
Now, any cofibrant P-algebra is a retract of transfinite compositions (in AlgP) of maps

as in (5.4). The forgetful functor AlgP →ModP commutes with sifted colimits, therefore
with transfinite compositions (and retracts). Weak equivalences in C are stable under
filtered colimits by [36, Lemma 2.2]. This finishes the proof of (iv).

6. Goerss–Hopkins obstruction theory for structured ring spectra

In [18] and [17], Goerss and Hopkins formulated a number of axioms that a category of
spectra should satisfy in order to admit a good obstruction theory for lifting commutative
monoid objects in the homotopy category of spectra to E∞-spectra. They pointed out
that the stable positive model structure on topological spectra satisfies these properties
and raised the question whether the same property is true for spectra in a general model
category. This was shown for spectra with values in simplicial presheaves by Hornbostel
[23, § 3.3]. In this section, we answer this question in the positive for spectra in the very
broad class of nice model categories (Definition 2.3.1).
We summarize the more recent version of the axioms in [17] in the following definition:
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Definition 6.1. A Goerss–Hopkins context is a symmetric monoidal quasitractable
combinatorial (or cellular) stable V -enriched model category C (V is a quasitractable
combinatorial (or cellular) symmetric monoidal model category) such that every operad O
in C is admissible with the resulting model structure on O-algebras being quasitractable
combinatorial (or cellular) and V -enriched and every weak equivalence of operads induces
a Quillen equivalence between their categories of algebras.

Theorem 6.2. Suppose (6C, R) is a spectral context (Definition 3.1.1) where C is in
addition pointed and V-enriched, and the first level R1 of R is weakly equivalent to S1

⊗ B,
where S1 is a cofibrant representative of the suspension of the monoidal unit and B is
any cofibrant object. The category of R-spectra, equipped with the stable positive model
structure established in Theorem 3.2.1, is a Goerss–Hopkins context.

Proof. The model structure Mods,+
R is stable, symmetric monoidal and tractable by

Theorem 3.2.1, Propositions 3.4.1, and 3.4.2. Every operad O in ModR is admissible
by Theorem 4.1, and weak equivalences of operads induce Quillen equivalent categories
of algebras by Theorem 4.6.

Definition 6.1 is slightly different from the list of properties mentioned in [18, §§ 1.1
and 1.4] and [17, Theorems 1.2.1 and 1.2.3]: we omit the requirement that the homotopy
category of C is equivalent to the homotopy category of Bousfield–Friedlander spectra,
i.e., nonsymmetric spectra. The Quillen equivalence of symmetric and nonsymmetric
spectra with values in an abstract model category is addressed by [25, Corollary 10.4].
Axiom 1.2.1.3 is automatically satisfied in our setup.
[17, Axiom 1.2.3.5] can be rephrased by requiring that the forgetful functor

AlgO(ModR)→ModR preserves cofibrations. In op. cit. this is only used in
Theorem 1.3.4.2, which in its turn is only used in Theorem 1.4.9 to establish cellularity,
which can be replaced by combinatoriality. Moreover, this property may fail for internal
operads if, say, O(1) ∈ModR is not cofibrant, so it is omitted in Definition 6.1. A positive
result in this direction, for a general model category C, is given by Theorem 4.4.
[17, Axiom 1.2.3.6] states that for any n > 0, and any cofibrant object X ∈ModR , the

functor 6in
n V →ModR , K 7→ K ⊗6n X⊗n preserves weak equivalences and cofibrations.

The cofibration part of this condition is again not present in Definition 6.1. It is used
only in [17, Theorem 1.2.4] (rectification for operads in R-spectra). Our proof of this
statement is based on the symmetric flatness of the stable positive model structure on
ModR , which is a generalization of the preservation of weak equivalences by the above
functor.

7. Construction of commutative ring spectra

In this section, we apply the results of § 2.2 to the construction of strictly symmetric ring
spectra representing a given cohomology theory. We will apply this in § 8 to the case of
Deligne cohomology.
We recall two technical tools: first, we study nonsymmetric lax monoidal right adjoints,

such as the Dold–Kan functor 0 : Ch+→ sAb, and the endomorphism operad associated
to such a functor. This is due to Richter [37, Definition 3.1] (also see [1, § 4.3.2]).
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Secondly, in order to capture the maximal information from the ring spectra constructed
in Theorem 7.16, we will not only consider mapping spaces, but convolution algebras,
which encode the multiplication on mapping spaces (see for example [1, § 3.4.5]).

Definition 7.1. Let G : D→ C be a lax monoidal (but not necessarily symmetric lax
monoidal) functor between two symmetric monoidal categories, where C is enriched over
a symmetric monoidal category V. The endomorphism operad of G is the operad in V
defined by

OG(n) = HomFun(Dn ,C)(G(−)⊗ · · ·⊗G(−),G(−⊗ · · ·⊗−)).

We say that G is O-lax monoidal for some operad O in V if there is a natural map
O → OG .

For example, a symmetric lax monoidal functor G is just the same as a Comm-lax
monoidal functor [1, Table 4.2].

Lemma 7.2. Let
F : C � D : G (7.3)

be an adjunction of symmetric monoidal categories, where G is O-lax monoidal for some
operad O. Also suppose that C and D are accessible.

(1) There is an adjunction

FAlg
: AlgOC � AlgCommD : G, (7.4)

where G sends a commutative algebra D ∈ D to G(D) with the O-algebra structure
defined by

O(n)⊗G(D)⊗n
→ OG(n)⊗G(D)⊗n

→ G(D⊗n)→ G(D).

(2) [1, Proposition 3.91] If G is symmetric monoidal (so that O = Comm) and F is
strong symmetric monoidal, then FAlg sends a commutative algebra C ∈ C to F(C)
with the commutative algebra structure

F(C)⊗ F(C)
∼=
→ F(C ⊗C)→ F(C),

where the first map is the isomorphism that is part of the strong symmetric monoidal
functor.

Proof. The functor G preserves limits and filtered colimits of algebras, since these are
created by the functor forgetting the algebra structure. Since G is a functor between
locally presentable categories, it therefore has a left adjoint FAlg.

Definition 7.5. Suppose that C is a closed symmetric monoidal category. The internal
hom functor Cop

× C → C is symmetric monoidal. The induced functor

HomAlg
: AlgComm(Cop)×AlgComm(C) = AlgComm(Cop

× C)→ AlgComm(C)
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is called the convolution algebra. More generally, given an operad O in C, the convolution
O-algebra is the functor

Conv : AlgComm(Cop)×AlgO(C)→ AlgO(C), (7.6)

which sends (X, Y ) to the internal Hom(X, Y ) ∈ C equipped with the O-algebra structure
induced by the comultiplication on X and the O-algebra structure on Y . Explicitly, it is
defined by

O(n)⊗Hom(X, Y )⊗n
→ O(n)⊗Hom(X⊗n, Y⊗n)

→ Hom(X⊗n, O(n)⊗ Y⊗n)→ Hom(X, Y ).

Lemma 7.7 (Cf. [1, 3.83]). In the situation of Lemma 7.2, let C′ ⊂ C be a full subcategory
such that F ′ := F |C′ is symmetric oplax monoidal (so that F ′ preserves commutative
coalgebras). The natural transformation

ConvC(−,G(−))→ G(ConvD(F ′(−), D)) (7.8)

is a morphism of functors AlgComm(C′op)×AlgComm(D)→ AlgOG
(C). It is an

isomorphism if the oplax structural map

F(T ⊗ X)→ F(T )⊗ F(X), (7.9)

is an isomorphism for any T ∈ C and any X ∈ C′.

Proof. The underlying internal hom objects are given by the compositions

8 = Hom(−,G−) : C′op
×D id×G
−→ C′op

× C HomC
−→ C,

9 = G Hom(F ′−,−) : C′op
×D F ′×id
−→ Dop

×D HomD
−→ D G

−→ C.

The functors G and id×G are OG-monoidal, and all other functors are symmetric lax
monoidal, i.e., Comm-monoidal. Thus, their composition is OG �Comm = OG-monoidal.
Here −�− denotes the Hadamard product of operads [1, Theorem 4.28]. The natural
transformation 8→ 9 induces the transformation in (7.8) which is therefore a map of
OG-algebras. For the second claim, 8→ 9 is an isomorphism in this case, hence so is
the transformation in (7.8).

We now consider the interaction of Conv and model structures. Suppose C is a
symmetric monoidal model category. Then the convolution algebra (7.6) is a functor
between categories with weak equivalences. To get homotopically meaningful information,
we therefore have to derive it. A natural strategy to compute this (right) derived functor
would be to endow the category of commutative coalgebras in C (=commutative algebras
in Cop) with a model structure. The standard choice of such a model structure is the
transferred structure along the forgetful functor

Cop
← AlgComm(Cop).

However, this is a notoriously difficult task (see, e.g., [6]), which we will not undertake
in this paper. Instead we use the following fact:

https://doi.org/10.1017/S1474748017000202 Published online by Cambridge University Press

https://doi.org/10.1017/S1474748017000202


744 D. Pavlov and J. Scholbach

Lemma 7.10. Let C be a symmetric monoidal model category. Let X ∈ C be a cofibrant
object which is also endowed with a commutative coalgebra structure. The functor

Conv(X,−) : AlgO(C)→ AlgO(C)
is a right Quillen functor. Its derived functor will be denoted by RConv(X,−).
Proof. We have to check Conv(X,−) preserves (acyclic) fibrations. These are created by
the forgetful functor to C. Forgetting the O-algebra structure, Conv(X,−) is just the
internal Hom(X,−), which is a right Quillen functor since X is cofibrant and C is a
monoidal model category.

We now upgrade Lemma 7.7 to model categories. We use the notation of Lemmas 7.2
and 7.7.

Proposition 7.11. Suppose that (7.3) is a Quillen adjunction between combinatorial model
categories and the transferred model structures on the categories of algebras in (7.4) exist.
Also suppose X is an object of C′, which is cofibrant in C and such that the lax monoidal
structural map (7.9) is a weak equivalence for all cofibrant objects T ∈ C.

(1) The adjunction (7.4), which exists by Lemma 7.2, is a Quillen adjunction. The map

RConvC(X,RG D)
∼
−→ RG(RConvD(F(X), D)) (7.12)

is a weak equivalence in AlgOC.
(2) In the situation of Lemma 7.2(2), suppose that (7.3) and (7.4) are Quillen

equivalences. Then, for any object C ∈ AlgCommC there is a weak equivalence in
AlgCommC

LFAlg RConvC(X,C)
∼
−→ RConvD(FAlg X,LFAlgC).

Proof. (1) (7.4) is a Quillen adjunction since (acyclic) fibrations are created by the
functors forgetting the respective operadic algebra structures.
By Lemma 7.7, (7.12) is a map of O-algebras. It is therefore enough to show that (7.12)

is a weak equivalence in C, i.e., after forgetting the O-algebra structure. This is an easy
consequence of the assumption that (7.9) is a weak equivalence.
(2) In (7.12), put D = LFAlg(C). As (7.4) is a Quillen equivalence, there is a weak

equivalence C → RG(LFAlg(C)). Hence we get a weak equivalence RConvC(X,C)
∼
−→

RG RConvD(F X,LFAlgC) which implies our claim again using the Quillen equivalence
(7.4).

We now prepare for Theorem 7.16 by fixing some notation related to the Dold–Kan
equivalence. Let A be a symmetric monoidal Grothendieck abelian category. We fix a
model structure on the category sA of simplicial objects. We assume that this model
structure transfers, via the Dold–Kan equivalence,

N : sA� Ch+A : 0 (7.13)

to a model structure on connective chain complexes. Finally, we pick a model structure
on chain complexes, such that the adjunction of the good truncation functor and the
inclusion of chain complexes in nonnegative degrees,

ι : Ch+A� ChA : τ (7.14)
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(with τ A∗ := [· · · → A1 → ker d0]) is a Quillen adjunction. We assume that these three
model categories are nice (Definition 2.3.1), i.e., they are pretty small, tractable, flat,
h-monoidal, symmetric monoidal model categories. We also assume that the monoidal
unit is cofibrant in Ch+A. (This is needed to apply Example 4.19.)
We fix the projective model structure on symmetric sequences with values in sA

etc. This is the model structure transferred from sA. Let R̃1 ∈ Ch+A and R1 ∈ A be
any objects. We regard R1 as simplicially constant object in sA. We write R for the
commutative monoid in 6A ⊂ 6sA whose nth level is given by R⊗n and likewise for
R̃ ∈ 6Ch+A. We suppose there is a weak equivalence

ϕ : R̃→ N (R)

in 6sA. The categories of R- and R̃-modules are equipped with their stable positive
model structure (Theorem 3.2.1). To simplify the notation, we will write Mods

R :=

Mods,+
R (6sA), ModCh+

R̃
:=Mods,+

R̃
(6Ch+A), and similarly with ModCh

R̃
.

The normalization functor N in the Dold–Kan equivalence (7.13), applied to 6A
instead of A, is symmetric lax monoidal and (nonsymmetric) oplax monoidal by means of
the Alexander–Whitney and Eilenberg–Zilber maps (see for example [1, § 5.4]). Therefore
the right adjoint 0 is symmetric oplax monoidal and (nonsymmetric) lax monoidal.
However, the lax monoidal structural map

0(A)⊗n
⊗0(B)→ 0(A⊗n

⊗ B)

is a 6n-equivariant isomorphism for any B ∈ Ch+6A provided that A is a chain complex
concentrated in degree 0. This can be checked using the explicit description of this map.
Dually, there is a lax monoidal map for N ,

N (A⊗ B)→ N(A)⊗N(B),

which is an isomorphism if A is a constant simplicial object. Applying this to A = R, we
obtain an adjunction

N : sModR �ModCh+
N (R) : 0. (7.15)

With these preparations, we can now state the construction of commutative ring
spectra. Similar methods have been employed by Shipley to construct (noncommutative)
ring spectra [43, Theorem 1.1].

Theorem 7.16. With the notation and assumptions fixed above, there is a functor

H : AlgComm(ModCh
R̃
)→ AlgComm(Mods

R)

defined by
H(A) := Comm ◦LO (0(R⊗

L
R̃

Rτ A)).

The spectrum H(A) represents the same cohomology as A in the sense that the following
derived mapping spaces are weakly equivalent, where X is any object in A:

RMapMods
R
(R⊗ X,H(A)) ∼ 0Rτ RMapModCh

R̃
(ι(R̃⊗ N (X)), A).
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Moreover, the multiplicative structure is preserved in the strongest possible sense: if X ∈
A(⊂ sA) is cofibrant and in addition a commutative coalgebra, there is a weak equivalence
of convolution algebras

RConvMods
R
(R⊗ X,H(A)) ∼ Comm ◦LO 0R⊗L

R̃
Rτ RConvModCh

R̃
(ι(R̃⊗ N (X)), A).

Proof. We prove this using Proposition 7.11, a theorem of Richter [37], and the
rectification theorem 4.6.
The functor ι is strong monoidal and τ is symmetric lax monoidal (because of the

Leibniz rule). Therefore, (7.14) induces a similar adjunction

ι :ModCh+
R̃
�ModCh

R̃
: τ.

The unstable positive model structures on R̃-modules (Definition 3.1.3) are transferred
from (7.14) which is a Quillen adjunction by assumption. Therefore, by the universal
property of the Bousfield localization, the stable positive model structures are also related
by a Quillen adjunction. Thus Proposition 7.11(1) yields a weak equivalence

RConvModCh
R̃
(R̃⊗ N (X),Rτ A) ∼ Rτ RConvModCh

R̃
(ι(R̃⊗ N (X)), A). (7.17)

The map ϕ : R̃→ N (R) induces a Quillen adjunction

−⊗R̃ N (R) :ModCh+
R̃
�ModCh+

N (R) : restriction.

The left adjoint is strong monoidal, the right adjoint is symmetric lax monoidal. Since
ϕ is a weak equivalence by assumption, both this adjunction, as well as the induced
adjunction of commutative algebra objects are Quillen equivalences (Example 4.19, using
the cofibrancy of the unit in Ch+(A)). Proposition 7.11(2) gives a weak equivalence

RConvModR(Ch+6A)(N (R)⊗ X, R⊗L
R̃

Rτ A) ∼ R⊗L
R̃

RConvModCh
R̃
(R̃⊗ N (X),Rτ A). (7.18)

The next step is the Dold–Kan equivalence. (7.13) is a Quillen adjunction by
assumption. Therefore so is (7.15) (where both sides carry the stable positive model
structures of Theorem 3.2.1). Let O = O0 be the endomorphism operad of 0. Using
Proposition 7.11, we get a weak equivalence

RConvMods
R
(R⊗ X, 0(R⊗L

R̃
Rτ A)) ∼ 0 RConv

ModCh+
N (R)

(N (R)⊗ X, N (R)⊗L
R̃

Rτ A). (7.19)

Given a commutative monoid object Z ∈Mods
R , it is easy to check that there is an

isomorphism of O-algebras,

ConvMods
R
(R⊗ X,U Z)

∼=
−→ U ConvMods

R
(R⊗ X, Z).
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Here U denotes the forgetful functors from commutative to O-algebras, by means of the
unique map of operads O → Comm. This passes to a weak equivalence

RConvMods
R
(R⊗ X,RU Z)

∼
−→ RU RConvMods

R
(R⊗ X, Z). (7.20)

Using that R is simplicially constant and therefore N (R) is concentrated in degree 0,
we can rewrite the adjunction (7.15) as the Dold–Kan equivalence applied to the abelian
category ModR(6A):

N : sModR(6A)� Ch+ModN (R)(6A) : 0.

According to Richter’s theorem [37, Theorem 4.1], O → Comm is a levelwise weak
equivalence for the Dold–Kan equivalence on the abelian category Ab. The proof of
loc. cit. readily generalizes to a general abelian category such as ModR(6A). Thus,
Theorem 4.6 establishes a Quillen equivalence

Comm ◦O − : AlgO(Mods
R)� AlgComm(Mods

R) : U.

This Quillen equivalence and (7.20), applied to Z = Comm ◦LO Y gives the following chain
of weak equivalences of convolution algebras, i.e., commutative algebras in ModR :

Comm ◦LO RConv(X, Y )
∼
→ Comm ◦LO RConv(X,RUO→CommComm ◦LO Y )
∼
→ Comm ◦LO RUO→Comm RConv(X,Comm ◦LO Y )
∼
→ RConv(X,Comm ◦LO Y ). (7.21)

Combining (7.17)–(7.19) and (7.21), we obtain the desired weak equivalence

RConvMods
R
(R⊗ X,H(A)) = RConvMods

R
(R⊗ X,Comm ◦LO (0(R⊗

L
R̃

Rτ A)))

∼ Comm ◦LO 0R⊗L
R̃

Rτ RConvModCh
R̃
(ι(R̃⊗ N (X)), A).

8. A commutative ring spectrum for Deligne cohomology

In this section, we construct a strictly commutative ring spectrum representing Deligne
cohomology with integral coefficients. For a smooth projective variety X/C, Deligne
cohomology is defined as the hypercohomology group

Hn
D(X,Z(p)) := Hn(X an, [Z(p)→ �0

X → �1
X → · · · → �

p−1
X ]︸ ︷︷ ︸

=:Z(p)D

), (8.1)

where X an is the smooth complex manifold associated to X , Z(p) := (2π i)pZ sits in
degree 0 and �∗X is the complex of holomorphic forms on X an. Applications of Deligne
cohomology range from arithmetic geometry, notably Beilinson’s conjecture on special
values of L-functions [5] to higher Chern–Simons theory [41, § 5.5.8]. The product
structure on Deligne cohomology is surprisingly subtle. It was defined by Beilinson by
certain maps

−∪α − : Z(p)D ⊗Z(q)D → Z(p+ q)D
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that depend on a parameter α ∈ C [13, Definition 3.2]. This parameter is used to
show that the product on the complexes of sheaves is commutative and associative up
to homotopy. In particular,

⊕
n,p Hn

D(X,Z(p)) is a commutative ring. This was used
by Holmstrom and the second author to construct an unstructured commutative ring
spectrum representing Deligne cohomology [28]. This is the weakest possible requirement
on the product operation on a spectrum: the multiplication is only commutative and
associative up to homotopy. In a somewhat similar vein, Hopkins and Quick studied ring
spectra that result from replacing the Betti cohomology part in Deligne cohomology by
a different ring spectrum, such as complex cobordism [26]. In this section, we provide
a structured strictly commutative model for Deligne cohomology, which is the strongest
possible multiplicative structure on such a spectrum.
We emphasize that we are working with integral coefficients. For rational coefficients

(i.e., with Q(p) instead of Z(p)), all model categories in sight are freely powered, so it
is possible to use Lurie’s rectification result [31, Theorem 4.5.4.7] to obtain a strictly
commutative ring spectrum. However, integral coefficients are interesting from many
points of view. To refine the treatment of special L-values, which is up to rational factors
in [39], it will be necessary to have the integral structure available. One motivation for
Hopkins and Quick’s work is to find new torsion algebraic cycles, which also requires
integral coefficients. In yet another direction, one may speculate about the relation of
modules over the Deligne cohomology spectrum and mixed Hodge modules by Saito [38].
Again, for such considerations, it would be unnatural to throw away torsion.
Before discussing Deligne cohomology proper, we show how to turn a certain product

structure on a fiber product of commutative differential graded algebras (cdga’s) into a
strictly commutative and associative one. As in § 7, our complexes are regarded as chain
complexes, i.e., deg d = −1. Consider a diagram of cdga’s, where we suppose that B takes
values in Q-vector spaces:

A
a
→ B

c
← C.

Because of rational coefficients, a path object for B is given by B⊗ Q [4, Lemma 1.19],
where Q is the chain complex of polynomial differential forms on11 familiar from rational
homotopy theory. It is the complex in the left column, where the terms are in degrees 0
and −1, respectively. The complex R at the right is quasiisomorphic to Q:

Q[t]

d
��

ev(0), ev(1)
// Q⊕Q

(a,b)7→a−b
��

Q[t]dt
∫ 1

0 − // Q.

We endow R with the multiplication R⊗ R→ R given by the following matrix in terms
of the standard basis e1, e2 ∈ R0, f ∈ R−1: e1 · e1 = e1, e2 · e2 = e2, f · e2 = f , e1 · f = f ,
and all other products of basis vectors are 0. This product is associative and left unital,
but not commutative. Because of the latter defect, we consider the following diagram of
associative left unital differential graded algebras

Q = Q⊗Q[0] id⊗1
−→ S := Q⊗ R

(1,1)⊗id
←− Q[0]⊗ R = R.
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The horizontal maps are induced by the unit elements of Q and R, respectively. These
maps are quasiisomorphisms. In addition, the augmentation maps Q0 = Q[t] → Q2 and
similarly for S and R commute with these quasiisomorphisms. Therefore, there is a zigzag
of quasiisomorphisms of associative (noncommutative, except for D) left unital differential
graded algebras

D := A×B (B⊗ Q)×B C
∼
→ A×B (B⊗ S)×B C

∼
← A×B (B⊗ R)×B C. (8.2)

The right object is just E := cone(A⊕C
a−c
→ B)[1] or, equivalently, the homotopy

pullback A×h
C B in the model category of chain complexes, while D is the homotopy

pullback in the (much more natural) model category of cdga’s. The quasiisomorphisms
in (8.2) are compatible with the respective product structures. In particular, the induced
product on H∗(D) agrees with the one on H∗(E). Moreover, higher order multiplications,
such as Massey products, also agree.
In the sequel, we just write PSh• := PSh(Sm/C,Set•) for the presheaves of pointed sets

on the site of smooth schemes over C. We write sPShAb for simplicial presheaves of abelian
groups and ChPSh for chain complexes of presheaves of abelian groups and likewise
Ch+PSh for presheaves of chain complexes in degrees > 0. We equip the categories sPSh•,
sPShAb, Ch+PSh, ChPSh with the local projective model structure. They are the left
Bousfield localizations of the projective model structures with respect to the covers

[(U ×X V )+ ⇒ U+ t V+] → X+

(for sPSh•, and likewise for the three other categories). Here U t V → X is a covering in
the Zariski topology.
The corresponding categories of presheaves on the site SmAn of smooth complex

manifolds are endowed with the local projective model structures with respect to the
usual topology on SmAn.

Remark 8.3. The results of this section hold unchanged if we replace the Zariski by the
Nisnevich or etale topology on Sm/C. We could also furthermore localize with respect to
A1 on the algebraic side and with respect to the disk D1 on the analytic side.

Lemma 8.4. There is a chain of Quillen adjunctions of the model categories mentioned
above

sPSh•
Z[−]
� sPShAb

N
�
0

Ch+PSh
ι

�
τ

ChPSh.

The analogous categories for the site SmAn are related to these categories by Quillen
adjunctions, for example

ChPSh
an∗

�
an∗

ChPSh(SmAn,Ab).

All these model categories are nice (Definition 2.3.1). Moreover, their monoidal units are
cofibrant.
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Proof. The Quillen adjunctions of these categories, equipped with the projective model
structure, transfer from the standard Quillen adjunctions for simplicial sets etc. It
passes to adjunctions of the local structures by the universal property of the Bousfield
localization. The Quillen adjunctions to presheaves on SmAn hold since an : Sm→ SmAn
sends Zariski covers to analytic covers. The properties required in Definition 2.3.1 are
discussed in [36, § 7.2]. Like any representable presheaf, the monoidal units, which are
the representable presheaves associated to Spec C (or an(Spec C)) are cofibrant.

We now turn toward the construction of our Deligne cohomology spectrum. The cdga
corresponding to Betti cohomology is defined by A =

⊕
p∈Z Ran∗Z(p)[−2p]. Similarly,

let B :=
⊕

p Ran∗�∗[−2p], where �∗ denotes the cdga of holomorphic differential forms.
Finally, let

C : X 7→
⊕

p

(
colim

X
F p�∗

X
(log(X\X))

)
[−2p],

be the Hodge filtration, i.e., the stupid truncation σ>p of the complex of meromorphic
forms on X

an, which are holomorphic on X an and have at most logarithmic poles at X\X .
The colimit runs over all smooth compactifications j : X → X such that X\X is a strict
normal crossings divisor.
We have obvious maps A

a
→ B

c
← C of cdga’s of presheaves on Sm/C and consider the

cdga D and the weakly equivalent dga E = cone(A⊕C
a−c
−→ B)[1] defined above. On the

other hand, we have the associative (but noncommutative) product on E which is the
particular case α = 0 of the classical product on the Deligne complexes [13, Definition 3.2].
The following result, which was already pointed out by Beilinson [5, Remark 1.2.6], relates
the two products:

Proposition 8.5. The cdga D of presheaves on Sm/C defined above represents Deligne
cohomology with integral coefficients in the sense that there is a functorial isomorphism,
for any X ∈ Sm/C: ⊕

p∈Z

H2p−n
D (X,Z(p)) = Hn RMapChPSh(X, D).

Under this isomorphism, the product on the right term induced by the multiplication on D
and the comultiplication given by the diagonal map X → X × X agrees with the classical
product on Deligne cohomology. Moreover, all classical higher order products induced
by the multiplication on E, such as Massey products [11], agree with the corresponding
higher order products on the cdga D, in the sense that the derived convolution algebras
are weakly equivalent differential graded algebras of presheaves:

RConvChPSh(X, D) ∼ RConvChPSh(X, E).

Proof. The identification of Deligne cohomology with the right side is well known, see
for example [28, Lemma 3.2] for a very similar statement. Note that X ∈ ChPSh (i.e., the
free abelian representable presheaf Z[X ]) is cofibrant in the projective model structure.
Hence the derived convolution algebras are defined (Lemma 7.10). The extra information
concerning the products follows immediately from the above discussion.
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In order to connect the cdga D of Proposition 8.5 to, say, algebraic K -theory, it is
necessary to work with presheaves of simplicial sets. As is well known to the experts
(we learned it from Denis-Charles Cisinski), it is not possible to construct a strictly
commutative simplicial abelian group representing Deligne cohomology or even Betti
cohomology with integral coefficients. In fact, Steenrod operations preclude the existence
of a strictly commutative simplicial abelian (pre)sheaf representing Betti cohomology
with integral coefficients. This problem gives rise to an application of the operadic
rectification for which we need to work in some category of symmetric spectra. Because
of its interest from the viewpoint of motivic homotopy theory, we work in the category
of symmetric P1-spectra.
The category of motivic symmetric P1-spectra is the categories of modules over the

monoid R ∈ 6sPSh• whose nth level is Rn = (P1, 1)⊗n , i.e., the nth smash power of P1,
pointed by 1. Here and below we identify any scheme over C with its representable
presheaf. Note that Rn is a constant simplicial presheaf. We will abbreviate Mods

P1 :=

ModR(6sPSh•). We have a similar category ModsAb
P1 :=ModZ[R](6sPShAb) of modules

over the monoid Z[R] whose nth level is (coker(Z 1
→ Z[P1

]))⊗n .
Given the cdga D =

⊕
p Dp of Proposition 8.5, we consider the symmetric sequence,

again denoted by D, whose lth level is given by D(l) :=
⊕

p Dp+l , with a trivial 6l -action.
Then D is a commutative monoid object in 6ChPSh. Turning D into a commutative
monoid object in Mods

P1 , i.e., a commutative symmetric P1-spectrum is equivalent to
specifying a monoid map R→ D in 6sPSh•, which is equivalent to specifying a pointed
map (P1, 1)→ D(1) =

⊕
p Dp+1 in sPSh or, equivalently, a section on P1 of D whose

restriction to the point 1 ∈ P1 vanishes. In other words, we need to specify a line bundle
with a flat connection on P1. As is well known, a nontrivial line bundle (more precisely,
a generator of H2

D(P
1,Z(1))) is not representable by a global section, but has to be

constructed by patching local data. In the parlance of model categories, the nonfibrancy
of D obstructs the existence of the required map. We therefore replace P1 by a weakly
equivalent model. This amounts to the standard idea of representing cohomology classes
by Čech covers. Consider the object P̃1 ∈ sPSh defined as

P̃1 := [G ⇒ P1
\0tP1

\∞],

where the simplicial presheaf G is defined by the homotopy pullback diagram

G //

∼

��

Ran∗U

∼

��

Gm // Ran∗an∗Gm

where U = [U± ⇒ U+ tU−] is the simplicial scheme whose only nondegenerate simplices
are in degrees 1 and 0, which is the Čech cover of Gan

m arising from the cover
Gan

m = U+ ∪U−, where U+ = {z ∈ C,+z /∈ R>0
} and similarly with U−. The map U →

an∗Gm = Gan
m is a weak equivalence in the local model structure (with respect to the

usual topology on SmAn). Hence the map G → Gm is a weak equivalence. Likewise,
[Gm ⇒ P1

\0tP1
\∞] → P1 is a weak equivalence in the (Zariski) local model structure.
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Therefore, the composition of these maps yields a weak equivalence P̃1 ∼
−→ P1. It induces

a Zariski-local weak equivalence

(P̃1)⊗n ∼
→ (P1)⊗n

in sPSh: for this we may use the local injective model structure on sPSh• in which all
objects are cofibrant, so weak equivalences are stable under tensor products. Note that the
local injective model structure is a monoidal localization of the injective model structure,
which is monoidal, since sSet is monoidal.
Let Z̃{1} := coker(Z 1

→ NZ[P̃1]) ∈ Ch+PSh. As in Example 3.1.2, we consider the free
commutative monoid R̃ on Z̃{1}, i.e., R̃n = (Z̃{1})⊗n . By the above, the natural map

R̃→ NZ[R]

is a Zariski-local weak equivalence in Ch+PSh.
We now specify the R̃-module structure on the symmetric sequence D defined above. As

for Betti cohomology, the map NZ[P̃1] → an∗Z(1)[−2] ⊂ A1 is given by the map an∗U± =
an∗(HtH′)→ an∗Z(1) which is given by the section 2π i on H := {=z > 0} and 0 on H′ :=
{=z < 0}. The map NZ[P̃1] → C1 is determined by the map Gm → F1�1

P1(log({0,∞}))
given by the section d log z = dz/z ∈ �1

P1(log({0,∞})).
Finally, the map P̃1 → �∗⊗ Q[−2] ⊂ B1 is given by the following map of complexes

(the leftmost term lies in degree 2):

an∗U± //

(
2π i |H
0|H′

)⊗(1−t)
��

Gm t an∗(U+ tU−) //

dz/z⊗t+(
log+ z|U+
log− z|U−

)⊗dt
��

an∗an∗Gm tP1
\0tP1

\∞

0
��

�0
⊗Q[t] // �1

⊗Q[t]⊕�0
⊗Q[t]dt // (�∗⊗ Q)2 // · · ·

Here, log+ z and log− z are two branches of the complex logarithm (defined on U+ and
U−, respectively) which agree on H′ and satisfy log+ z− log− z = 2π i on H. One easily
checks that this defines a map of complexes which yields a map

Z̃{1} → D1 = A1×B1 (B1⊗ Q)×B1 C1. (8.6)

This defines an R̃-module structure on the symmetric sequence D = (D(l))l>0 defined
above. Therefore, we obtain a strictly commutative motivic P̃1 ring spectrum, which we
denote by H̃D. As above, we write ModCh+

P̃1
:=ModR̃(6Ch+PSh) and likewise for ModCh

P̃1
.

The cohomology represented by H̃D is Deligne cohomology, including all higher product
operations:

Proposition 8.7. The strictly commutative P̃1 ring spectrum

H̃D ∈ AlgComm(ModCh
P̃1 ),

defined above is such that, for any smooth scheme X/C, there is a natural isomorphism
of derived convolution algebras

RConvModCh
P̃1
(R̃⊗ X, H̃D) ∼ RU RConvChPSh(X, D),
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where
U :ModCh

P̃1 → 6ChPSh
ev0
→ ChPSh

is the forgetful functor and

U : AlgComm(ModCh
P̃1 )→ AlgComm(ChPSh)

is the induced functor (Lemma 7.2). In particular, by Proposition 8.5, all products and
higher order operations such as Massey products are computed by H̃D.

Proof. Again, X ∈ Ch(PSh) is cofibrant, hence so is R̃⊗ X as an R̃-module. Therefore
the derived convolution algebras are well defined. By Proposition 7.11(1), we have to
check that RU H̃D → U H̃D = D is a weak equivalence. This is implied by the fibrancy of
H̃D which by Theorem 3.2.1 follows from the fact that the maps

D(l)→ RHom(Z̃{1}, D(l + 1))

are weak equivalences. This can be checked by applying the derived mapping space
Hn RMap(X,−) for any X ∈ Sm/C and any n ∈ Z. By Proposition 8.5, we get

⊕pH2p−n
D (X,Z(p)) −→ ker

⊕
p

(H2p+2−n
D (P1

× X,Z(p+ 1))→ H2p+2−n
D (X,Z(p+ 1))).

The map between them is the cup product with the element in ζ ∈ H2
D(P

1,Z(1))
represented by the map (8.6). The element ζ generates this cohomology group,
since the forgetful map to Betti cohomology H2

D(P
1,Z(1))→ H2(P1,Z(1)) ∼= Z is an

isomorphism which sends ζ to 1. By the projective bundle formula for Deligne cohomology
[13, Proposition 8.5] the map above is an isomorphism.

Finally, we construct the strictly commutative Deligne cohomology spectrum:

Theorem 8.8. There is a strictly commutative P1-spectrum with values in simplicial
presheaves on Sm/C,

HD ∈ AlgComm(Mods
P1)

defined by
HD := Comm ◦LO 0R⊗L

R̃
Rτ H̃D,

which represents Deligne cohomology with integral coefficients, i.e., for any smooth
algebraic variety X/C, there is an isomorphism

πn RMapMods
P1
(R⊗ X,HD) =

⊕
p∈Z

H2p−n
D (X,Z(p)).

The multiplication on the left induced by the ring spectrum structure on HD agrees with the
classical product on Deligne cohomology. Moreover, the convolution algebras are related
by the following natural weak equivalence:

Comm ◦LO 0R⊗L
R̃

Rτ RConvModCh
P̃1
(R̃⊗ X,HD) ∼ RConvMods

P1
(R⊗ X,HD).

In particular, all higher order products on Deligne cohomology, such as Massey products,
are represented by the commutative ring spectrum HD.
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Proof. This follows from Propositions 8.5, 8.7 and Theorem 7.16, applied to the
Grothendieck abelian category A = PSh(Sm/C,Ab) and the model structures mentioned
in Lemma 8.4.

Remark 8.9. In the context of complex-analytic smooth manifolds, a variant of the
Deligne complexes above is given by replacing the Hodge filtration as defined above by
F p�∗X . The resulting groups (called analytic Deligne cohomology) are the ones defined
in (8.1) for all (including noncompact) manifolds. The above technique of rectifying
this spectrum works essentially the same way. An even more basic case covered by the
techniques above is a strictly commutative ring spectrum representing Betti cohomology
with integral coefficients.

9. The case of topological spaces

This supplementary section shows how to adapt the main results of this paper
to even more general basic model categories than nice model categories. Suppose
that C is a symmetric monoidal model category that is h-monoidal, flat (as in
Definition 2.3.1), but instead of tractable (i.e., locally presentable, cofibrantly generated,
and quasitractable) and pretty small, we assume C is cellular [22, Definition 12.1.1],
cofibrantly generated, quasitractable [36, Definition 2.1], and strongly admissibly
generated [36, Definition 7.5.1]. We will use the projective model structure on 6C
(Lemma 2.3.12). We also require that Rn ∈ C is cofibrant for all n > 0.
As is explained in [36, § 7.5], topological spaces satisfy all the properties above (but

fail to be pretty small or combinatorial).
With these definitions, all the results in this paper remain valid, except where we use

combinatoriality to construct model structures (this only occurs in Lemma 2.3.7 and
Proposition 2.3.10). In particular, all operads in topological spectra are admissible, and
a rectification result for weakly equivalent operads in topological spectra holds true.
We now explain where the combinatoriality and pretty smallness have been used in

this paper and show how to modify the proofs using the above set of assumptions. The
point of combinatoriality is to ensure the existence of the Bousfield localization Mods,[+]

R
in the proof of Theorem 3.2.1. We have the following replacement for this:

Lemma 9.1. Under the above assumptions, the model structure Mods,[+]
R exists.

Proof. We first show that Mod[+]R is cellular.
As 6m is a finite group, an object X ∈ 6mC is small (or compact in the sense of [22,

Definition 10.8.1]) relative to a class I of maps if ϕ(X) ∈ C is small (or compact) relative
to ϕ(I ). The cofibrations in 6[+]C are effective monomorphisms since they are injective
cofibrations by 2.3.3(3) and the evaluation functor

∏
evm : 6C →

∏
m C creates all limits

and colimits. Therefore 6[+]C is cellular.
To show that Mod[+]R is cellular note that the forgetful functor U sends any cofibration

f in Mod[+]R to an injective cofibration in 6[+]C [36, Proposition 5.3(iv)], since R⊗−
sends cofibrations in 6[+]C to injective cofibrations in 6[+]C by 2.3.3(3)–(4) and the
assumption that R is levelwise injectively cofibrant. By cellularity of 6[+]C, U ( f ) is thus
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an effective monomorphism in 6[+]C. Since U preserves limits and colimits, f is itself
an effective monomorphism. The remaining conditions on a cellular model category [22,
Definition 12.1.1.(1), (2)] follow since generating (acyclic) cofibrations in Mod[+]R are of
the form R⊗ a generating (acyclic) cofibration of 6[+]C.
Moreover Mod[+]R is h-monoidal, therefore left proper. Hence the left Bousfield

localization Mods,[+]
R exists by [22, Theorem 4.1.1].

Remark 9.2. The cofibrancy assumption on R was used in the proof above to show
that U sends cofibrations f in Mod[+]R to effective monomorphisms in 6C. For C = Top,
this is true for arbitrary R. Indeed, U ( f ) is an inclusion of topological spaces (in all
spectral levels) and therefore an effective monomorphism: inclusions are stable under
A×−, pushouts, transfinite compositions, and retracts.

Recall from [36, Definition 2.1] that a model category C is pretty small, if there is
another ‘auxiliary’ cofibrantly generated model structure on the same category with the
same weak equivalences, (possibly) fewer cofibrations, and whose generating cofibrations
have compact (co)domains. Pretty smallness of a model category implies that (acyclic)
h-cofibrations and weak equivalences are stable under transfinite compositions. This
point is helpful in the proofs of admissibility of operads and their rectification [35,
Theorems 5.11, 7.1] because the homotopic properties of transfinite compositions are
easy to handle then. A closer look, however, reveals that one does not need compactness
of the (co)domains of the (auxiliary) generating cofibrations with respect to all maps, but
just with respect to the weak saturation of the class Y ⊗6n v

2n , where Y is arbitrary and
v is a finite family of cofibrations. This property is called strongly admissibly generated
[36, Definition 7.5.1]. Arguing as in [36, Theorem 4.3.8(i)], it is enough to check this for
finite families of generating cofibrations. Using this property instead of pretty smallness,
the above admissibility and rectification results can still be applied.

Lemma 9.3. Under the above assumptions on C, Mods,+
R is strongly admissibly generated.

Proof. To show that 6[+]C (with the projective model structure) is strongly admissibly
generated, we have to show that the (co)domain X = 6k · X ′ of a generating cofibration
in 6kC is compact with respect to

cell(evk(Y ⊗6n v
2n)). (9.4)

Note that X ′ is cofibrant by quasitractability. One reduces to the case Y = Gu(Z) and
to generating cofibrations vi = G ti (hi ), hi ∈ C6ti C . By adjunction, X is compact relative
to some subcategory D ⊂ 6kC if X ′ ∈ C is compact relative to ϕ(D) ⊂ C. By 2.3.3(3),
ϕ(X) is cofibrant in C. As C is strongly admissibly generated, X ′ is indeed compact with
respect to ϕ applied to the class (9.4) (if all ti = 0, the expression reduces to Z ⊗6n h2n

otherwise the expression is given by the right side of (3.5.3)).
The property of being strongly admissibly generated is stable when passing from 6C

to Mod[+]R since we only have to consider generating cofibrations of Mod[+]R . Finally, the
property is trivially stable under Bousfield localizations.
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