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Abstract

Let b > 3 be an integer and C(b, D) be the set of real numbers in [0,1] whose base b
expansion only consists of digits in a set DCH{O, ..., b — 1}. We study how close can numbers
in C(b, D) be approximated by rational numbers with denominators being powers of some
integer ¢ and obtain a zero-full law for its Hausdorff measure in several circumstances. When
b and t are multiplicatively dependent, our results correct an error of Levesley, Salp and
Velani (Math. Ann. 338 (2007), 97-118) and generalise their theorem. When b and ¢ are
multiplicatively independent but have the same prime divisors, we obtain a partial result
on the Hausdorff measure and bounds for the Hausdorff dimension, which are close to the
multiplicatively dependent case. Based on these results, several conjectures are proposed.

2020 Mathematics Subject Classification: 11J83 (Primary); 11J82, 11K55 (Secondary)

1. Introduction

In an influential paper [18], Mahler asked “How close can irrational elements of Cantor’s
set be approximated by rational numbers?” This question has inspired a wide range of
research, such as [5, 10, 17, 21] and references therein. In [16], Levesley, Salp and Velani
showed that there exist numbers which are not Liouville numbers in the middle-third Cantor
set C that can be very well approximated by rational numbers whose denominators are
powers of 3. More precisely, let ¢ : N — (0, co) be a function and define

Ws(yr) = {x [0, 1]: )x — %) <(n) for i.m. (p, n) € NZ} ,
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82 BING LI, RUOFAN L1 AND YUFENG WU

where i.m. is short for “infinitely many”. They proved that the f-Hausdorff measure
(we refer to Section 2 for terminologies) of W3(y) N C satisfies a zero-full law.

THEOREM 1-1 ([16, theorem 1]). Let f be a dimension function such that f(r)r—1082/1083 jg
monotonic and ¥ : N — (0, 00) be a function. Then

0, if 300 f(Yr(n)) x 3n1og2/1oe3 oo,

H W3(y)N C) =
(W3(y)NC) {Hf(C), if %0, F((n)) x 31082/ To3 — oo

In the same paper, the authors claimed their method can also yield a generalisation of
Theorem 1-1. For any integer b > 3 and set DC{0, ..., b — 1} with cardinality between 2 and
b — 1, the missing digit set C(b, D) is defined as the set of real numbers in [0,1] whose base
b expansions only consist of digits in D.

Claim 1-2 ([16, theorem 4]). Let C(b, D) be a missing digit set with Hausdorff dimen-
sion y, f be a dimension function such that »~7 () is monotonic and ¢ : N — (0, co) be a
function. Then

0, if 3,21 f(Pm)b™ < oo,

H (W) N C(b, D)) = { .
H(Cb, D)), if Y02, f(Yrm)b" = oo.

Unfortunately, this claim is not always valid. When the set D does not contain 0 and
b — 1, all rational numbers of the form pb™" are not in the missing digit set C(b, D), so it is
possible to find ¥ such that Zzozl f(r(n)) x b diverges while W (1) N C(b, D) = @; see
Example 3-1 for a concrete example. The correction of Claim 1-2 is as follows.

THEOREM 1-3. Let C(b,D) be a missing digit set with Hausdorff dimension y, m=
min{min D, b — 1 — max D}, f be a dimension function such that r~" f(r) is monotonic, and
Y :N— (0, 00) be a function. Then

H (Wy(¥) N C(b, D))

0, if > f (W(n) — ﬁ) b < o0,
_ n>1: 1//(n)>ﬁ
H(C®b, D)), if Y f (wn) - ﬁ) P = 0.
n>1: 1//(11)>W

It is crucial in Theorem 1-3 to approximate numbers in C(b, D) by rational numbers with
denominators ", as this matches the structure of C(b, D). One naturally wonders if similar
zero-full laws hold when denominators are powers of other numbers. Let ¢ > 2 be an integer,
we consider the Hausdorff measure of W;(y) N C(b, D), where

W) = {x c[0,1]: ‘x - ;in‘ <y (n) forim. (p, n) € N2} .
For t =2, Velani proposed the following conjecture.

CONIJECTURE 1-4 (Velani’s conjecture; see [2]). Suppose ¢ : N — (0, 00) is monotonic,
then
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Zero-full law in missing digit sets 83
0, if 3,2 ¥(n)x2" < oo,

HIOEH RS Wa(y) N €)=
L if 32, v(n) x 2" =oo.

Some progress towards proving Conjecture 1-4 has been made by various authors; see
[1-3]. The main difficulty is that we know very little about how the dyadic rationals are
distributed around the middle-third Cantor set, this is similar to the Furstenberg’s conjecture
on times two and times three [11].

We are going to consider the case that b and ¢ are multiplicatively dependent, that is,
log t/ log b € Q. Under this assumption, we prove a zero-full law.

THEOREM 1.5. Let C(b, D) be a missing digit set with Hausdorff dimension y such that D
contains at least one of 0 and b — 1, t > 2 be an integer which is multiplicatively dependent
with b, f be a dimension function such that r—V f(r) is monotonic, and v : N — (0, 00) be a
function. Then

0, if Yope f(W )" < o0,

H (W) N C(b, D)) = { -
H(Cb, D), if Y5, fW )" =o0.

Unlike Theorem 1-3, here we need the assumption that D contains at least one of 0 and
b — 1 to obtain a complete zero-full law. If this condition is dropped, we are still able to
deduce a result for ' (W:(¢) N C(b, D)), but the two series for the divergence and conver-
gence parts may be different. Indeed, our method is applicable to more general approximable
sets in the case that b and ¢ have the same prime divisors, which is weaker than that p and ¢
are multiplicatively dependent.

Suppose A = (a,),>1 1s a sequence of positive integers and define

WoA(W) = {xe [0, 1]: ‘x— t%) < () for i.m. (p, n) € NZ} .
Let
I(A) ={i e N: a, =i for some n}.
That is, I(A) is the set of elements of the sequence A. For i € I(A), let
Ya() =max {y(n): ap=i}.
If the prime divisors of b and ¢ are the same, denote

Vq([)
vq(b)
Vq(t)
Vq(b)

o1(b, 1) = min { : g is a prime divisor of b} S

oo (b, t) = max { : q is a prime divisor of b} s

where v,(b) means the greatest integer such that g"4® divides b. For the sake of clarity,
we will simply write I(A), a1(b, ) and ay(b,t) as I, a1 and « respectively when there
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84 BING LI, RUOFAN L1 AND YUFENG WU

is no confusion. We use the notations |-| and [-] to mean the floor and ceiling functions
respectively.

THEOREM 1-6. Suppose C(b,D) is a missing digit set with Hausdorff dimension y, m is
the greatest integer such that

DC{m,m+1,...,b—1—mj},

t > 2 is an integer that has the same prime divisors as b, and A = (ap),>1 is an unbounded
non-decreasing sequence of positive integers. Let f be a dimension function such that r =Y f(r)
is monotonic, and ¥ : N — (0, 00) be a function. Then

H (W, () N C(b, D))

0 D> £ (Va0 ~ iy ) B < o0,

B iel: WA(1)>W
H (Cbh, D)) if > f (IﬁA(Z) — M%) by = oo.

i€l YA >

Remarks.

(i) When b and ¢ are multiplicatively dependent, we have

_logt

a=a= log b
and thus Theorem 1-5 follows from Theorem 1-6 by taking A =(n),> and using
m=0.

(ii) If b=t and A = (n),>1, then a1 = =1 and hence [nay| = |nay | = n. Therefore
Theorem 1-6 also implies Theorem 1-3.

(iii) In general, the two series in Theorem 1-6 are different, so our formula is inconclusive
in the case that the first series diverges while the second series converges.

The rest of this paper is structured as follows. Section 2 includes terminologies and tools
needed. The main reason that Claim 1-2 is wrong and what modification is needed are
discussed in Section 3. We prove a variation of Theorem 1-6 in Section 4 and then use
it to obtain Theorem 1-6 in Section 5. Finally, we discuss Hausdorff dimension and the
large intersection property of W;(yr) N C(b, D) and propose a conjecture for multiplicatively
independent case in Section 6.

2. Preliminaries
2.1. Hausdorff measure and dimension
A function [ : (0, 0c0) — (0, 00) is called a dimension function if it is continuous, non-
decreasing and lim,_,¢ f(r) = 0. For a set § CR¥, we say a countable collection of balls {B;}
in R¥ is a p-cover of § if SCU; B; and their radii are not larger than p. The Hausdorff
f-measure H/ of S is

f(S) = 1 f
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Zero-full law in missing digit sets 85

where

HJ;(S) =inf Zf(r(Bi)) : {B;} is a p-coverof S ¢ ,
i
and r(B;) means the radius of ball B;.
When f(r) = r* for some s > 0, we write H/ as H*. The Hausdorff dimension of a set S is

dimy S = inf{s : H5(S) =0}.

It is known that a missing digit set C(b, D) has Hausdorff dimension log #D/ log b, where
#D denotes the cardinality of D. This number will be used frequently and we denote it by y.
More properties of Hausdorff measure and dimension can be found in [8].

2.2. Mass transference principle

For two positive numbers x and y, we write x < y if there exists a constant K > 0 such
that x < Ky. The relation x > y is defined similarly and we write x < y if x < y and x > y.

Let X be a compact subset of R¥ and . be a Borel measure on X. We say u is 8-Ahlfors
regular if there exists constant ro > 0 such that for any ball B(x, r)CX with x € X and radius
r < rog, we have

W(B(x, r)) < .

When X is a missing digit set C(b, D) with dimension y, the measure H” |c(,p) is y-Ahlfors
regular; see for example [19]. This allows us to use the mass transference principle, a widely-
used tool in computing Hausdorff dimension of limsup sets.

THEOREM 2.1 (Mass transference principle, [4]). Let X be a compact subset of R equipped
with a §-Ahlfors regular measure . Let (B,),>1 be a sequence of balls in X with r(B,) — 0
as n— 0o. Suppose f is a dimension function such that r~°f(r) is monotonic. For a ball
B = B(x, r), denote Bl = B(x,f(r)l/‘s). If for any ball B in X, we have

H°(B N lim sup B,)) = H°(B),

n—oo
then
H/ (BN lim sup B,) = H/ (B)
n—oo
for any ball B in X.

2.3. Measure theoretic lemmas

In this subsection we state several lemmas on measures. The first one is about when a
subset has the same measure as the whole set.

LEMMA 2.2 ([16, lemma 1]). Let X be a compact set in RK and . be a finite measure on X
such that all open sets are measurable and u(B(x, 2r)) < w(B(x, r)) for all balls B(x,r) with
center in X. Suppose E is a Borel subset of X and there exist positive constants ry, co such
that for any ball B with radius r(B) < rg and center in X, we have w(E N B) > cou(B). Then
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86 BING LI, RUOFAN L1 AND YUFENG WU
wW(E) = pu(X).

The second lemma is a generalisation of the divergence part of the Borellonger -Cantelli
lemma.

LEMMA 2.3 ([22, lemma 5]; see also [16, lemma 2]). Let X be a compact set in R¥ and
let n be a finite measure on X. Also, let E,, be a sequence of -measurable sets such that
302 | W(Ey) = 00. Then

2
(1_ E)> I <ZO<S<Q M(Ec))
p(lim sup im sup .
oo Qoo Y0<si<o MEsNED)

In Theorem 1-6, an infinite countable set / is used, and we have the following variation of
Lemma 2.3:if ) ,.; u(E;) = oo, then

2
(li E) > i <20<s<Q,se1 /’L(Es)>
p( lim sup £; 1m sup .
i—o0,i€l v= Q0—00 ZO<SJ<Q,s,tel W(Es NEy)

21

3. Intersection of balls and the missing digit set

The set W (1) is the limsup of balls of the form B(pb™", ¥(n)), so we investigate what
is the intersection of those balls and C(b, D). We start with an example illustrating why
Claim 1-2 is false.

Example 3-1. Letb=5,D = {1, 2}, y =log?2/ log5 be the dimension of the missing digit
set C(5,{1,2}) and

o0

1 1
o= G ite
i=n+1
Since
00 0
Z ! x 5" = 1 ,
4% 5n 47
n= n=1

Claim 1-2 says
HY (Ws (W) NC(5, {1,20) =HY(C5,({1,2})) > 0.
Let x € [0, 1] be a number in B(p5~", yr(n)) for some (p, n) € N2, then

p—1 3 p 21
et It 2
i=n+1 i=n+1

hence the base 5 expansion of x must contain a digit O or 4, and thus x ¢ C(5, {1, 2}).
Therefore in this case

Ws (y)NCG,{1,2) =0

cannot have positive measure.
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Zero-full law in missing digit sets 87

When the set D does not contain 0 and b — 1, we have pb~" ¢ C(b, D) for any (p, n) € N2,
so the intersections of balls B(pb™", y/(n)) and C(b, D) are all empty unless () is not too
small; see the proof of Lemma 3-2 for details. To better understand how those intersections
are, we introduce several notations. For any n > 1, let C,,(b, D) be the nth level of C(b, D),
which consists of 5" intervals of length 5~". More precisely,

(o¢]
Cu(b, D) = ; ;i; €[0.1]: x;eDfori=1,..n\ .

Denote the set of all left endpoints of the intervals in C,(b, D) by L, and the set of all
right endpoints of the intervals in C,(b, D) by R,,. Note that a point can be both a left and
right endpoint. For instance, in Example 3-1, we have L; ={1/5,2/5} and Ry = {2/5, 3/5},
hence 2/5 is in both L; and R;. The two quantities below are used to measure how many
digits of {0, ...,b — 1} are missing in D from left and right respectively.

my=min{D} and m,=>b—1— max{D}.
Recall that m = min{my, m,}.

LEMMA 3.2 Suppose y(n) < b~" /2. Denote

my my
dip=——""— and dip=—"""—.
M b= T b= Db
We make the convention that an open ball with non-positive radius is regarded as an empty

set.

(i) If pb~" € Ly \ Ry, then
B (%, 1//(11)) NC(b.D)=B (}% + dyp, V() — d,,,,) N Cb, D).
(ii) If pb~" € Ry \ L, then
B (l%, w(n)) N C(b, D)=B (% —dy, Y () — d,,n) N C(b, D).
(iii) If pb~" € L U Ry, then
B (5—", 1//(71)) N C(b, D)

= (B (5 +dun @) = du) UB (2 = dp ) — 1))
N Cb, D).
(iv) If pb™" & L,, UR,, then
B (5, 1//(1’1)) N C(b, D) = 0.
Proof.

(1) If m; =0, then d;, = 0 and the equality holds trivially. So we assume m; > 0 without
loss of generality. Let x € B(pb™", {r(n)). If x < pb™", then r(n) < b~"/2 implies that
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x¢ Cy(b,D)2C(b, D). If pb™" < x <pb™" +d,, then

o
p 14 my p my
" >

DRARCE I TR
i=n+1

so the base b expansion of x contains a digit between 0 and my; — 1, hence x ¢ C(b, D)
by the definition of m;. Then x € C(b, D) only happens when x > pb™" 4 d; ,, which
implies that ¥ (n) > d . Also note that if x > pb™" + dj,,, then

0<x— (5_n+dl,n> =x— [% —diy <y¥(n)—dpp,

soxeB (pb’” +dip, ¥(n) — dl,n). Therefore if Y (n) > d;, then

B (%, ¥(m) N Cb, DB (z% +dys ¥ (n) = i) N C(B, D)
and these two sets are equal since

p 14

B (f; +din v = di) SB (1. v0)
is trivial.

(i) Again, we may assume m, > 0 without loss of generality. Let x € B(pb™", yr(n)). If
x> pb™", then x ¢ Cy(b, D) since Y(n) <b™ /2. If pb™" — d,,, <x <pb™", then

p—1 . b—1-—m, p
Tl o S
i=n+1

so the base b expansion of x contains a digit between b — m; and b — 1, hence x ¢
C(b, D) by the definition of m,.. Then a similar argument as in the previous case shows
that

B (£ 0 ) N Cb. D) =B (£ = dups Y1) = drn) 1 C(b. D)

if ¥ (n) > d,,, and the intersection on the left is empty when ¥/ (n) < d, .

(iii) This part is treated by combining the arguments in previous two cases, hence we skip
the details.

(iv) If pb™ ¢ R, U L, then ¥ (n) < b~" /2 implies that
B (pb™", ¥ (m)) N Cu(b, D) =1,
and thus B (pb’”, 1//(n)) NCb,D)=20.

By the definition of m; and m,, the new ball centers pb™" + d;, and pb™" — d;,, are points
in the missing digit set C(b, D), hence if u =HY |c», p). then

(B (4 + dune ) = dia) ) = (W) — i 3
(B (5 = drns W) = i) ) = (W) = ) (32)

Downloaded from https://www.cambridge.org/core. Berklee College Of Music, on 12 Mar 2025 at 11:31:20, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/50305004125000027


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0305004125000027
https://www.cambridge.org/core

Zero-full law in missing digit sets 89
4. A special case

In this section we prove a special case of Theorem 1-6 where b = ¢. It will be used later to
deduce Theorem 1-6.

LEMMA 4.1. Suppose C(b, D) is a missing digit set with Hausdorff dimension y, m =
min{min D, b — 1 — max D}, and A = (ap)y>1 is an unbounded non-decreasing sequence
of positive integers. Let f be a dimension function such that r~Yf(r) is monotonic, and
Y N — (0, 00) be a function. Then

H (Wya(y) N C(b, D))

0, Y (- ) b7 <o,

. iel: Ya()>—"— - l)hl
W (C®b, D)), if Y (m(z) o 1)}») biY — 00,

iel: Ya()>—"— . l)bl

Remark. We can assume 4 (i) < b~ /2 for all i without loss of generality. Indeed, suppose
there exists an infinite set Iy such that {4 (i) > b_i/2 for all i € Iy, thus Wp () =0, 1].
Since the cardinality of D is at least 2, we have m < (b — 1)/2. Then

m ; 1 m ;
f (‘/’A(’) - 1)bi> b >f (2191 b— 1)bi> b
:f(—b_ ! _2".1> b
26— Db
o
20— Db
> prf <2b}+1> by @1)

for all i € Iy. For any p > 0 and any integer iy big enough, we have

. 1 .
f
H,Ch,DY< Y f (E) b .
iZiy: i€l

If #/(C(b, D)) =0, then Theorem 4-1 is trivial. Otherwise,

1 .
S flss ) o =00
. 2b

iely
which implies

. m i
Z f(l/’A(l)—m>by=00

iel: Ya()>

(b— l)b‘
by (4-1) and the monotonicity of »—7 f(). So in this case, Theorem 4-1 is also valid.
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90 BING LI, RUOFAN L1 AND YUFENG WU

The proof of Theorem 4-1 naturally splits into two parts: the convergence part and
the divergence part. We start with the convergence part, which involves finding covers of
Wp.a(¥) N C(b, D) of arbitrarily small measure.

LEMMA 4.2. If

. m i
Z ) f(WA(l)—m>by<OO,

iel: Ya()>

(b—1)bl
then

H (Wpa(¥) N C(b, D)) =0.

Proof. Foriel,let
p .
si= U B(5va)nc@.D)

0<p<h

Foreach 0 <p < b, we have
14 , p
(L) = B(gvm).

n: ap,=i

since all balls on the right-hand side have the same center and /4 (i) is the maximum of their

radii. So
s=J U B (1?%, 1//(}1)) N C(b, D).

an=i 0<p<bi
Therefore
Woa(W)NCb, D) =limsup | ] B (l)%, w(n)) N C(b, D)
n— 00 0<p<bn n

=limsup S;.
i—00

Lemma 3.2 implies that S; is a subset of
p . p .
U B (55 +du va) = dis) UB (3 = dris ¥aD — i)
56L,’UR,‘

where
m

_ [
T (b= 1)bi

Recall that m = min{m;, m,}, so

my
dr i

dy, ="
L T b= b

JWa@) = dii) +f(Wa)) — dri) <2f (wA(i) - ﬁ) :
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Zero-full law in missing digit sets 91
Then for any p > 0 and any integer iy big enough, we have
H(Wp () N C(b, D))
< Y HLs)

i>iy: iel

) m
< Z . S <WA(1) - m) x #(L; UR;)

i>io: ielyal)>

(b—1)bl

. m i
T )

izig: i€l ya(i)> T

Let iy — oo and then p — 0, we deduce Hf(Wb,A(w) NC(b,D))=0.

Now we turn to the more difficult divergence part. We are going to use Lemma 3-2 to
rewrite balls B(pb™", y(n)) as balls with center in C(b, D). Note that the new balls could
have different radii depending on whether pb~" is a left or right endpoint of C,(b, D), and
we will deal with these two cases separately. For any i > 1, let

Ly ={2 eLit & +dyy# - +dy forany gand j < i}
P .
LS = U B <ﬁ +dpi, Ya@) — dl,i> ,
ﬁeL;‘

and LWy ,(¢) =limsup;_, o, LS. Replacing L; by R;, the set RW} ,(y) is defined in a
similar way, and Lemma 3.2 implies that

LWy 4() URW, , () SWh a(Y). (4-2)
Let i =HY|c@.,p), B be an arbitrary ball with center in C(b, D) and
LS;(B)=BNLS;.

Recall that p is y-Ahlfors regular, so there exists a constant rg > 0 such that for any ball
B(x, r1) with x € C(b, D) and r; < rg, we have

w(B(x, r)) =< ri’. 4-3)

Suppose the radius of B satisfies that r(B) < rg/2, so (4-3) implies that ©(2B) =< w(B). For
ease of notation, we write

14

Biww) =B (5

. p 1
+dpi, Yai) — dl,i) and Bf := B (E +d;, @)

when the value of p is unimportant. Then

#{B] (Ya)SB: Bi(ya) N C(b, D) # 0}
= #{B*CB: B! N C(b, D) # ¥}
_ u(B)
~ (B
= u(B)b .

since B} are disjoint,
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Therefore
(LS} (B)) =< (BB (B (Yra)) < w(B)B' (Yra (i) — di)” . (4-4)
Next we show that the (4(LS} (B)) satisfies a quasi-independence relation.

LEMMA 4.3. Suppose y4(i) < b~"/2 for all i. Let ty be a sufficiently large integer satisfying
b~ < r(B). Then there exists a constant K > 0 such that for any i > j > to,

k k L k k
n(LS; (B) N LS; (B)) < M(B)M(Lsi (B)u(LS; (B)).

Proof. We first consider the case ¥4 (j) — dj; < b~'/2. Let p1b~" € L¥ and pob™ € L;.‘. By
the definition of L, the two ball centers plb_i +d;; and pzb_j + d,j are distinct. Recall that

m
dj=———,
b— Db
so the distance between the two centers is
D1 D2 D1 my P2 my
BTy TS Y T o BT (b—l)bl‘

p1—p2b' 7 m(bi - 1)
b b-1Db

1
Z —
bt

since b — 1 divides '/ — 1. Note that both radii ¥4 (i) — d;; and YyA(j) — d,j are not greater
than b~%/2, hence

P : p2 '
B (G + doasva() = dua) 0B (55 + i v ) =9,
Therefore

LS;(B)NLS;(B) =¥
and thus

K
W(LS; (B)NLS;(B)=0< mM(LS}k (B)u(LS; (B))

for any constant K > 0.
Now assume ¥4 (j) — dyj > b~'/2. We have
W(LS; (B) N LS} (B))
_ * p ;
=u(ss@nsn |J B (5 va0)
bp*/eLJf‘

<N (LS BN B W) 4-5)
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where
NGy =#|Biwa): Bi (W) NBNCb, D) # 0] .

Let 2B denotes the ball with same center as B but twice the radius. Since 2y4(j) < b7 <
b~ < r(B), we have

NGy < # {BIaC2B: B} (4a) N Cb, D) # 1}
<# {B;‘ng: B! N C(b, D) # @}

2B
< H2B) because B are disjoint,
W(B;) J
< BV (by y-Ahlfors regularity). (4-6)

Similarly, for any fixed j,

#{BIa): BY (W) N B (W) N C(b, D) # 11
<# {B;F  BY N B}(Wx) N Cb, D) £}
HBEYA))
(B
K2+ (Ya() — diy)? b7,

~

where the number 2 is for the possible existence of those B} which intersect with but are not
contained in B;-‘(WA). Then

(LT N B ()

<L B a2 + (Ya() — di )Y b'7) _

L (Pal)) —dp)? + (Yali) — dl,i).y(WA(I.) —di )’ b’

L (WYa() —di)Y (a() —dij)’ b 4-7)
since (Ya(j) — dij)b’ > 1/2.

Now (4-4), (4-5), (4-6) and (4-7) give that
(LS} (B) N LS} (B)) KB (Yai) — di)Y (Ya() — dij)* b
W(LS} (B)(LS} (B))
wu(B)
PROPOSITION 4.4. Let i =HY |coo.p). If Ya(i) <b~'/2 for all i € I and
D (Yal) —di)” b =0,

iel: I/IA(i)>d[’,'

then

W(LW, 4 (Y1) = n(C(b, D).

Proof. Let ty be the number as in Lemma 4-3. For all i > 1y, (2-1), (4-4) and Lemma 4-3
imply that
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ptlim sup 57(8) > 2.

i—00,i€l
Applying Lemma 2-2 and noting that
lim sup LS} (B) = BN lim sup LS; = BN LW, 4 (),

i—o00,iel i—o00,iel

we have (LW} () = 1(C(b, D).

Now we extends to f-Hausdorff measure by applying the mass transference principle
(Theorem 2-1).

LEMMA 4.5. Let fbe a dimension function such that r=" f(r) is monotonic. If Yr4(i) < b~ /2
foralliel and

Y f (W) — i) Y = o,
i€l Ya()>dy;
then
H (LW}, ,(¥) N C(b, D)) = H/(C(b, D)).
Proof. Define a function 6 : N — (0, oo) by

o) = FWm) —dig )V +dig,, ifY(n)>dg,,
dia,/2, otherwise.
Let
04())=max {#(n): a, =1},
then

> G —d) xbY = D fWa) —di) x b =0,

iel: 9A(i)>d/,i iel: 10,4(i)>d1,,'

Now Proposition 4-4 says that
(LW, 4(©)) = u(C(b, D)),
which is equivalent to
HY (LW, 4(0) N C(b, D)) =HY (C(b, D)).
Hence Theorem 2-1 implies that
H (LW} 4 () N C(b, D)) = H/(C(b, D)).

A similar result for RW}, A(¥) can be proved by the same method.

LEMMA 4.6. Let f be a dimension function such that ¥~ f(r) is monotonic. If y4(i) < b~ /2
foralliand
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Y F(Yal) —dni) b7 =0,

iel: Ya(i)>d,;

then
H (RW; o () = H/ (C(b, D)).

Note that m = min{my, m,}, so

. m i
Z f(WA(Z)—(b_—l)bl)by:OO,

- . - m .
iel: Ya()> T

implies either

Yo f(Yal) —di) b7 =0,

iel: I//A(i)>d1‘i

or

Y F(Wal) —dp) b7 =

iel: 1//A (l')>dr’,'

Therefore the divergence part of Theorem 4-1 is a consequence of Lemma 4-5 and
Lemma 4-6 since LW;,A(I//) U ngA(w)g Wy a(Yr).

5. Proof of Theorem 1-6
For any prime divisor g of b, we have
V(b1 1)) = |y ay Jvg(b) < a1anvg(h) < anvy(t) = v (™).
Hence b®1%] | 1% and thus

U B(bLofanJ"/’(")>g U B(z%’w("))'

o<p<hlaan] 0Lpan

Therefore

W (la1anus1 (VI EWi(an),s1 (V). (5-1

LetJ; = I({|ix1]}ier) be the set of integers appearing in the sequence {|ic | }ie;. Note that

V(lana) o1 () = max {Y(n): lapa1] =j}
=max {Y4(0): Llia1] =j}.
Then

. m oy
Z S (W(z) ~ b= el 1)bLia1J> by

S . m
iel: wA(Z)>7(b71)bU"’lJ

A m ior
:Z Z f<WA(Z)—m)b Y

jeJi i lioy =)

- m
Yali)> LT
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m .
< Z Z f(llf(LanalJ)nm(]) W) by

jeh ,  Llienl=/
Viane) D1 D> G755
. m b
<< Z f 1)//(LanaflJ)n}l (]) - m ’

T& Yanay 1y D> o l)hl

Therefore Theorem 4-1 and (5-1) imply that
H (W) N Cb, D) =1 (C(b, D))
if
; m iy _
Z f (WA(l) oo 1)bLia1J> b7 = 0.

iel: Ya()>

(- 1)b“°‘1J

The other half of the theorem is proved similarly using [o2a;,]. For any prime divisor ¢
of b, we have

Vg (BT = [0, 1vg(b) = a2anvy(b) = anvy(t) = vy (1),
which implies 7% | b[*29 1 Therefore
U 8(&v@)c U B via)
Ospsion 0L pghleaan
and hence
Wianus1 (WEWh,(lazan s (V)- (5-2)
Let J, = I({[ixa]}ier) be the set of integers appearing in {[ioy]}ic;. Then

. m o
Z S <1/fA(l) - m) b

iel: Yya()>

(b— l)h Wz]

. m ior
- Z Z f <1/fA(l) — m) by

jeh i Tiaol=j
Ya(i)>

i
(b—Dpl21

B m .
> Z f (df(fanaﬂ)@l(/) - m) P

Jjela: 1//([ana2w),,21(i)>ﬁ

s Z f (w([anaz])n%(j) (/) ml)b’) o

J&12 Wtanay 1 > 5 l)b/

Now Theorem 4-1 and (5-2) imply that
H Wi(y) N Cb, D) =0
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if

. m o
Z f (‘/fA(l) - m) b"*? < oc0.

7 . = m
iel: Ya()> DTt

6. Further discussion
6.1. Hausdorff dimension

When b and ¢ are multiplicatively dependent, we have computed the Hausdorff f-measure
of W,(y) N C(b, D) for any dimension function such that »~Yf(r) is monotonic (Theorem
1-5). In particular, if the set D contains at least one of 0 and b — 1, take f(r) = r* for any
s > 0 and we have

HA(Wi(y) N C(b, D))
_ o if Y2 v(n)® x 1 < oo,
e by, it T2, vy x 7 = .

Note that

o0 o log /()
3wy s v =y O )
n=1 n=1

Since ¢ > 2, the above series converges if

. —ynlogt
s > lim sup ————
n—oo log ¥ (n)

and diverges if

i —ynlogt
s <limsup ————.
n—oo log¥(n)

Let

—1
hp = lim inf 28V
n—oo  nlogt

For the rest of this paper, we assume Ay > 1 as otherwise the situation is trivial. By
computations above, we deduce the Hausdorff dimension of W;(y) N C(b, D).

COROLLARY 6.1. Suppose b and t are multiplicatively dependent, D contains at least one
of Oand b — 1 and Ay > 1. Then

dimg W,(y) N C(b, D) = ﬁ
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6.2. Multiplicatively independent case

We first consider the situation that b and ¢ have the same prime divisors but not necessarily
multiplicatively dependent. Using Theorem 1-6, we deduce that

0, if Y02 W(n) x b2 < oo,
H (Wi (y) N C(b, D)) = L
HS(C(b, D)), if Zn:l w(n)s x P"Y — 5o

if D contains at least one of 0 and » — 1. Then a similar computation as in the previous
section yields

COROLLARY 6.2. Suppose b and t have the same prime divisors and D contains at least
one of O and b — 1. If y, > 1, then
arlogh y

— < dimg W, NC(b,D) < .
logt Ay imy Wi(y) ®.D) logt Ay

an logbl

Based on Corollary 6.1 and note that
a1 logh <1< an logh
log t log ¢

we propose the following conjecture.

CONIJECTURE 6.3. Suppose b and t have the same prime divisors, D contains at least one
of Oand b —1and Ly > 1, then

dimg W,(4) N C(b, D) = ﬁ

In [2], the authors gave a heuristic of Conjecture 1.4. Here we modify their argument to
formulate a conjecture for H (W:(yy) N C(b, D)) when the sets of prime divisors of b and ¢
are different and D contains at least one of 0 and » — 1. For any big integer n, choose another
integer m such that b= < ir(n). Divide [0, 1] into " intervals of length =", among them
there are approximately b intervals that intersect with C(b, D). If the sets of prime divisors
of b and t are different, the distribution of points pt~" should be random with respect to those
length b~ intervals. So in the union

U 8(5vm).
oOsp<srt

there are about 5™~ balls that intersect with C(b, D). Therefore

H (Wi(y) N C(b, D)) < Zf(lﬁ(n))t"b’"(y_l)

n=ny
LY f@ ety
n=ny

for any ny > 0. Based on above heuristic argument, we propose the following conjecture.
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CONIJECTURE 6.4. Let C(b,D) be a missing digit set with Hausdorff dimension y, the set
D contains at least one of 0 and b— 1, t > 2 be an integer satisfying the sets of prime

divisors of b and t are different, f be a dimension function such that r~Y f(r) is monotonic,
and ¥:N — (0, 00) be a function. Then

o
0, if Y f(rm)ym)! ™ < oo,
H (Wi(y) N Cb, D)) = it
H(Cb, DY), if X F@E Y)Y =oc.
n=1
Assuming Conjecture 6-4, the Hausdorff dimension of W,(yr) N C(b, D) can be computed
in the same way as we did in Section 6-1, so the following conjecture holds if Conjecture 6-4
is valid.

CONIJECTURE 6.5. Let C(b,D) be a missing digit set with Hausdorf{f dimension y, with D
containing at least one of 0 and b — 1, t > 2 be an integer satisfying the sets of prime divisors
of b and t are different. If Ly, > 1, then

dimy (W,(¥) N C(b, D)) = max {kL +y—1, 0} . 6-1)
v

When b = 3 and ¢ is not a power of 3, formula (6-1) was already conjectured by Bugeaud
and Durand [6, conjecture 1-2]. Note that this formula is very different with the multi-
plicatively dependent case Corollary 6-1 and the same prime divisors case Corollary 6-2.
It is known that dimy (W;(¥)) =1/ (see [12]), so Corollary 6-1 says that the Hausdorff
dimension of the intersection W;(y) N C(b, D) is the product of two dimensions when b and
t are multiplicatively dependent, while Conjecture 6-5 predicts that the Hausdorff dimension
of the intersection is the sum of two dimensions minus one when the set of prime divisors
of b and ¢ are different. For two unrelated fractals, the Hausdorff dimension of their inter-
section is likely equal to the sum of dimensions minus the dimension of the ambient space
(see [8, chapter 8]), so Conjecture 6-5 is consistent with the intuition that W;(1) and C(b, D)
are “unrelated” when the sets of prime divisors of b and ¢ are different. This kind of formula
also appears in [13, 23] as well as in the study of other limsup sets induced by recurrence of
orbits in dynamical systems [7, 15]. Note that if b and ¢ are multiplicatively independent but
have the same prime divisors, then Corollary 6-2 implies that

1
dimg W,(y)NC(b,D) and max {)\— +y -1, 0}
4
are not necessarily equal since the right -hand side becomes O when 1, is large while the
lower bound in Corollary 6-2 is always positive.

6.3. Large intersection property

We are also able to show the large intersection property of W;(y) N C(b, D) when ¢ (n) =
9" for some 6 > 1. The large intersection property was introduced by Falconer [9] and has
many applications, we refer to [14] and references therein. Let (X, %, u, d) be a compact
metric space such that g is y-Ahlfors regular. When X = R¢, the set G*(X) is defined to be
the class of all G5 sets F in X such that

dimyg N5 gn(F) > s
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holds for all sequences of similarity transformations {g,},>1. Definition of G*(X) for general
metric spaces is more complicated and can be found in [20]. For any Borel set U, define

I(p, U) = / / lx — yI ™ dp(x)du(y).
UJU

Next we state two results that enable us to deduce the large intersection property of
Wi(yr) N C(D, D).

THEOREM 6.6 ([14 theorem 1-1]). Suppose {B;},>1 is a sequence of balls in X whose radii

decrease to 0 as n — . For each n > 1, let E,, be an open subset of B,, and define

B)I(u, E,
)“zsup S}O: Supw
n>1 W(Ey)
Then p(limsup,,_, o, B,) = w(X) implies lim sup,,_, . E, € GM(X).

LEMMA 6.7 ([14, lemma 3-1]). Suppose 0 < s <y and U is a Borel set with diameter
diam(U) > 0. Then

I(p. U) < diam(U)Y = ().
In our setting, we take X = C(b, D), u = H" |c(»,py and obtain the following result.

COROLLARY 6.8. Suppose the set D contains at least one of 0 and b — 1, ¥ (n) = t~" for
some 8 >1,s<y/0 andlogt/logh=oa € Q, then

W.(yr) € G*(C(b, D)).

Proof. Since 6 > 1, we have an > [an] for n big enough. Hence

1 1
1//(11): ta_n = pban S plan]

for n big enough. Then for all n big enough and any 0 < p <", we have

p q 1
B (l‘_"’ Ip(n)> EB <b|—an-| s bran*|>

for some 0 < g < pl*nl gince | plenl,

If pt~" = gb~1%"1 ¢ C(b, D), then both balls above are disjoint with C(b, D). Otherwise,
the fact that p is y-Ahlfors regular and D contains at least one of 0 or » — 1 imply that for n
big enough, we have

1
2 (B <Iﬁ%’ W)) L brienl gmrn, (6-2)

w (B (5 wim)) =< winy. 63)
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(B () ) 2 (o8 (o ww))

L) " (B (;£ w(n))) by (6-2) and Lemma (6-7),

Then

2
<7y~ (B (5.vm))” by ©3).
2
<rr (o (Bovm)
For any s < y /6, we have lim,,_, o, 77199 = 0. Note that

. q 1
limsup B (— —) N C(b, D) = C(b, D).
n— 00,0 g<blon] plan]’ plan]

Therefore Theorem 6-6 implies that
Wi(¥) € G*(C(b, D)).
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