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Abstract

Let b � 3 be an integer and C(b, D) be the set of real numbers in [0,1] whose base b
expansion only consists of digits in a set D⊆{0, ..., b − 1}. We study how close can numbers
in C(b, D) be approximated by rational numbers with denominators being powers of some
integer t and obtain a zero-full law for its Hausdorff measure in several circumstances. When
b and t are multiplicatively dependent, our results correct an error of Levesley, Salp and
Velani (Math. Ann. 338 (2007), 97–118) and generalise their theorem. When b and t are
multiplicatively independent but have the same prime divisors, we obtain a partial result
on the Hausdorff measure and bounds for the Hausdorff dimension, which are close to the
multiplicatively dependent case. Based on these results, several conjectures are proposed.

2020 Mathematics Subject Classification: 11J83 (Primary); 11J82, 11K55 (Secondary)

1. Introduction

In an influential paper [18], Mahler asked “How close can irrational elements of Cantor’s
set be approximated by rational numbers?” This question has inspired a wide range of
research, such as [5, 10, 17, 21] and references therein. In [16], Levesley, Salp and Velani
showed that there exist numbers which are not Liouville numbers in the middle-third Cantor
set C that can be very well approximated by rational numbers whose denominators are
powers of 3. More precisely, let ψ : N→ (0, ∞) be a function and define

W3(ψ) =
{

x ∈ [0, 1] :
∣∣∣x − p

3n

∣∣∣<ψ(n) for i.m. (p, n) ∈N2
}

,
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82 BING LI, RUOFAN LI AND YUFENG WU

where i.m. is short for “infinitely many”. They proved that the f -Hausdorff measure Hf

(we refer to Section 2 for terminologies) of W3(ψ) ∩ C satisfies a zero-full law.

THEOREM 1·1 ([16, theorem 1]). Let f be a dimension function such that f (r)r− log 2/ log 3 is
monotonic and ψ : N→ (0, ∞) be a function. Then

Hf (W3(ψ) ∩ C) =
{

0, if
∑∞

n=1 f (ψ(n)) × 3n log 2/ log 3 <∞,

Hf (C), if
∑∞

n=1 f (ψ(n)) × 3n log 2/ log 3 = ∞.

In the same paper, the authors claimed their method can also yield a generalisation of
Theorem 1·1. For any integer b � 3 and set D⊆{0, ..., b − 1} with cardinality between 2 and
b − 1, the missing digit set C(b, D) is defined as the set of real numbers in [0,1] whose base
b expansions only consist of digits in D.

Claim 1·2 ([16, theorem 4]). Let C(b, D) be a missing digit set with Hausdorff dimen-
sion γ , f be a dimension function such that r−γ f (r) is monotonic and ψ : N→ (0, ∞) be a
function. Then

Hf (Wb(ψ) ∩ C(b, D)) =
{

0, if
∑∞

n=1 f (ψ(n))bnγ <∞,

Hf (C(b, D)), if
∑∞

n=1 f (ψ(n))bnγ = ∞.

Unfortunately, this claim is not always valid. When the set D does not contain 0 and
b − 1, all rational numbers of the form pb−n are not in the missing digit set C(b, D), so it is
possible to find ψ such that

∑∞
n=1 f (ψ(n)) × bnγ diverges while Wb(ψ) ∩ C(b, D) = ∅; see

Example 3·1 for a concrete example. The correction of Claim 1·2 is as follows.

THEOREM 1·3. Let C(b,D) be a missing digit set with Hausdorff dimension γ , m =
min{min D, b − 1 − max D}, f be a dimension function such that r−γ f (r) is monotonic, and
ψ : N→ (0, ∞) be a function. Then

Hf (Wb(ψ) ∩ C(b, D))

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0, if
∑

n�1: ψ(n)> m
(b−1)bn

f
(
ψ(n) − m

(b−1)bn

)
bnγ <∞,

Hf (C(b, D)), if
∑

n�1: ψ(n)> m
(b−1)bn

f
(
ψ(n) − m

(b−1)bn

)
bnγ = ∞.

It is crucial in Theorem 1·3 to approximate numbers in C(b, D) by rational numbers with
denominators bn, as this matches the structure of C(b, D). One naturally wonders if similar
zero-full laws hold when denominators are powers of other numbers. Let t � 2 be an integer,
we consider the Hausdorff measure of Wt(ψ) ∩ C(b, D), where

Wt(ψ) =
{

x ∈ [0, 1] :
∣∣∣x − p

tn

∣∣∣<ψ(n) for i.m. (p, n) ∈N2
}

.

For t = 2, Velani proposed the following conjecture.

CONJECTURE 1·4 (Velani’s conjecture; see [2]). Suppose ψ : N→ (0, ∞) is monotonic,
then
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Zero-full law in missing digit sets 83

Hlog 2/ log 3(W2(ψ) ∩ C) =
{

0, if
∑∞

n=1 ψ(n) × 2n <∞,

1, if
∑∞

n=1 ψ(n) × 2n = ∞.

Some progress towards proving Conjecture 1·4 has been made by various authors; see
[1–3]. The main difficulty is that we know very little about how the dyadic rationals are
distributed around the middle-third Cantor set, this is similar to the Furstenberg’s conjecture
on times two and times three [11].

We are going to consider the case that b and t are multiplicatively dependent, that is,
log t/ log b ∈Q. Under this assumption, we prove a zero-full law.

THEOREM 1.5. Let C(b, D) be a missing digit set with Hausdorff dimension γ such that D
contains at least one of 0 and b − 1, t � 2 be an integer which is multiplicatively dependent
with b, f be a dimension function such that r−γ f (r) is monotonic, and ψ : N→ (0, ∞) be a
function. Then

Hf (Wt(ψ) ∩ C(b, D)) =
{

0, if
∑∞

n=1 f (ψ(n))tnγ <∞,

Hf (C(b, D)), if
∑∞

n=1 f (ψ(n))tnγ = ∞.

Unlike Theorem 1·3, here we need the assumption that D contains at least one of 0 and
b − 1 to obtain a complete zero-full law. If this condition is dropped, we are still able to
deduce a result for Hf (Wt(ψ) ∩ C(b, D)), but the two series for the divergence and conver-
gence parts may be different. Indeed, our method is applicable to more general approximable
sets in the case that b and t have the same prime divisors, which is weaker than that p and t
are multiplicatively dependent.

Suppose A = (an)n�1 is a sequence of positive integers and define

Wt,A(ψ) =
{

x ∈ [0, 1] :
∣∣∣x − p

tan

∣∣∣<ψ(n) for i.m. (p, n) ∈N2
}

.

Let

I(A) = {i ∈N : an = i for some n}.

That is, I(A) is the set of elements of the sequence A. For i ∈ I(A), let

ψA(i) = max {ψ(n) : an = i} .

If the prime divisors of b and t are the same, denote

α1(b, t) = min

{
vq(t)

vq(b)
: q is a prime divisor of b

}
,

α2(b, t) = max

{
vq(t)

vq(b)
: q is a prime divisor of b

}
,

where vq(b) means the greatest integer such that qvq(b) divides b. For the sake of clarity,
we will simply write I(A), α1(b, t) and α2(b, t) as I, α1 and α2 respectively when there
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84 BING LI, RUOFAN LI AND YUFENG WU

is no confusion. We use the notations 	·
 and �·� to mean the floor and ceiling functions
respectively.

THEOREM 1·6. Suppose C(b,D) is a missing digit set with Hausdorff dimension γ , m is
the greatest integer such that

D⊆{m, m + 1, . . . , b − 1 − m},
t � 2 is an integer that has the same prime divisors as b, and A = (an)n�1 is an unbounded
non-decreasing sequence of positive integers. Let f be a dimension function such that r−γ f (r)
is monotonic, and ψ : N→ (0, ∞) be a function. Then

Hf (Wt,A(ψ) ∩ C(b, D))

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 if
∑

i∈I : ψA(i)> m
(b−1)b�iα2�

f
(
ψA(i) − m

(b−1)b�iα2�
)

biα2γ <∞,

Hf (C(b, D)) if
∑

i∈I : ψA(i)> m

(b−1)b	iα1

f
(
ψA(i) − m

(b−1)b	iα1

)

biα1γ = ∞.

Remarks.

(i) When b and t are multiplicatively dependent, we have

α1 = α2 = log t

log b

and thus Theorem 1·5 follows from Theorem 1·6 by taking A = (n)n�1 and using
m = 0.

(ii) If b = t and A = (n)n�1, then α1 = α2 = 1 and hence �nα2� = 	nα1
 = n. Therefore
Theorem 1·6 also implies Theorem 1·3.

(iii) In general, the two series in Theorem 1·6 are different, so our formula is inconclusive
in the case that the first series diverges while the second series converges.

The rest of this paper is structured as follows. Section 2 includes terminologies and tools
needed. The main reason that Claim 1·2 is wrong and what modification is needed are
discussed in Section 3. We prove a variation of Theorem 1·6 in Section 4 and then use
it to obtain Theorem 1·6 in Section 5. Finally, we discuss Hausdorff dimension and the
large intersection property of Wt(ψ) ∩ C(b, D) and propose a conjecture for multiplicatively
independent case in Section 6.

2. Preliminaries
2.1. Hausdorff measure and dimension

A function f : (0, ∞) → (0, ∞) is called a dimension function if it is continuous, non-
decreasing and limr→0 f (r) = 0. For a set S⊆Rk, we say a countable collection of balls {Bi}
in Rk is a ρ-cover of S if S⊆ ∪i Bi and their radii are not larger than ρ. The Hausdorff
f-measure Hf of S is

Hf (S) = lim
ρ→0

Hf
ρ(S),
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Zero-full law in missing digit sets 85

where

Hf
ρ(S) = inf

{∑
i

f (r(Bi)) : {Bi} is a ρ-cover of S

}
,

and r(Bi) means the radius of ball Bi.
When f (r) = rs for some s � 0, we write Hf as Hs. The Hausdorff dimension of a set S is

dimH S = inf{s : Hs(S) = 0}.
It is known that a missing digit set C(b, D) has Hausdorff dimension log #D/ log b, where
#D denotes the cardinality of D. This number will be used frequently and we denote it by γ .
More properties of Hausdorff measure and dimension can be found in [8].

2.2. Mass transference principle

For two positive numbers x and y, we write x � y if there exists a constant K > 0 such
that x � Ky. The relation x � y is defined similarly and we write x � y if x � y and x � y.

Let X be a compact subset of Rk and μ be a Borel measure on X. We say μ is δ-Ahlfors
regular if there exists constant r0 > 0 such that for any ball B(x, r)⊆X with x ∈ X and radius
r � r0, we have

μ(B(x, r)) � rδ .

When X is a missing digit set C(b, D) with dimension γ , the measure Hγ |C(b,D) is γ -Ahlfors
regular; see for example [19]. This allows us to use the mass transference principle, a widely-
used tool in computing Hausdorff dimension of limsup sets.

THEOREM 2.1 (Mass transference principle, [4]). Let X be a compact subset of Rk equipped
with a δ-Ahlfors regular measure μ. Let (Bn)n�1 be a sequence of balls in X with r(Bn) → 0
as n → ∞. Suppose f is a dimension function such that r−δf (r) is monotonic. For a ball
B = B(x, r), denote Bf = B(x, f (r)1/δ). If for any ball B in X, we have

Hδ(B ∩ lim sup
n→∞

Bf
n) =Hδ(B),

then

Hf (B ∩ lim sup
n→∞

Bn) =Hf (B)

for any ball B in X.

2.3. Measure theoretic lemmas

In this subsection we state several lemmas on measures. The first one is about when a
subset has the same measure as the whole set.

LEMMA 2.2 ([16, lemma 1]). Let X be a compact set in Rk and μ be a finite measure on X
such that all open sets are measurable and μ(B(x, 2r)) �μ(B(x, r)) for all balls B(x,r) with
center in X. Suppose E is a Borel subset of X and there exist positive constants r0, c0 such
that for any ball B with radius r(B)< r0 and center in X, we have μ(E ∩ B) � c0μ(B). Then
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86 BING LI, RUOFAN LI AND YUFENG WU

μ(E) =μ(X).

The second lemma is a generalisation of the divergence part of the Borellonger -Cantelli
lemma.

LEMMA 2.3 ([22, lemma 5]; see also [16, lemma 2]). Let X be a compact set in Rk and
let μ be a finite measure on X. Also, let En be a sequence of μ-measurable sets such that∑∞

n=1 μ(En) = ∞. Then

μ( lim sup
n→∞

En) � lim sup
Q→∞

(∑
0<s�Q μ(Es)

)2

∑
0<s,t�Q μ(Es ∩ Et)

.

In Theorem 1·6, an infinite countable set I is used, and we have the following variation of
Lemma 2·3: if

∑
i∈I μ(Ei) = ∞, then

μ( lim sup
i→∞,i∈I

Ei) � lim sup
Q→∞

(∑
0<s�Q,s∈I μ(Es)

)2

∑
0<s,t�Q,s,t∈I μ(Es ∩ Et)

. (2·1)

3. Intersection of balls and the missing digit set

The set Wb(ψ) is the limsup of balls of the form B(pb−n,ψ(n)), so we investigate what
is the intersection of those balls and C(b, D). We start with an example illustrating why
Claim 1·2 is false.

Example 3·1. Let b = 5, D = {1, 2}, γ = log 2/ log 5 be the dimension of the missing digit
set C(5, {1, 2}) and

ψ(n) =
∞∑

i=n+1

1

5i
= 1

4 × 5n
.

Since
∞∑

n=1

(
1

4 × 5n

)γ
× 5nγ =

∞∑
n=1

1

4γ
= ∞,

Claim 1·2 says

Hγ (W5 (ψ)∩ C(5, {1, 2}))=Hγ (C(5, {1, 2}))> 0.

Let x ∈ [0, 1] be a number in B(p5−n,ψ(n)) for some (p, n) ∈N2, then

p − 1

5n
+

∞∑
i=n+1

3

5i
< x<

p

5n
+

∞∑
i=n+1

1

5i
,

hence the base 5 expansion of x must contain a digit 0 or 4, and thus x /∈ C(5, {1, 2}).
Therefore in this case

W5 (ψ)∩ C(5, {1, 2}) = ∅
cannot have positive measure.
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Zero-full law in missing digit sets 87

When the set D does not contain 0 and b − 1, we have pb−n /∈ C(b, D) for any (p, n) ∈N2,
so the intersections of balls B(pb−n,ψ(n)) and C(b, D) are all empty unless ψ(n) is not too
small; see the proof of Lemma 3·2 for details. To better understand how those intersections
are, we introduce several notations. For any n � 1, let Cn(b, D) be the nth level of C(b, D),
which consists of bnγ intervals of length b−n. More precisely,

Cn(b, D) =
{ ∞∑

i=1

xi

bi
∈ [0, 1] : xi ∈ D for i = 1, ..., n

}
.

Denote the set of all left endpoints of the intervals in Cn(b, D) by Ln and the set of all
right endpoints of the intervals in Cn(b, D) by Rn. Note that a point can be both a left and
right endpoint. For instance, in Example 3·1, we have L1 = {1/5, 2/5} and R1 = {2/5, 3/5},
hence 2/5 is in both L1 and R1. The two quantities below are used to measure how many
digits of {0, . . . , b − 1} are missing in D from left and right respectively.

ml = min{D} and mr = b − 1 − max{D}.
Recall that m = min{ml, mr}.
LEMMA 3.2 Suppose ψ(n)< b−n/2. Denote

dl,n = ml

(b − 1)bn
and dr,n = mr

(b − 1)bn
.

We make the convention that an open ball with non-positive radius is regarded as an empty
set.

(i) If pb−n ∈ Ln \ Rn, then

B
( p

bn
,ψ(n)

)
∩ C(b, D) = B

( p

bn
+ dl,n,ψ(n) − dl,n

)
∩ C(b, D).

(ii) If pb−n ∈ Rn \ Ln, then

B
( p

bn
,ψ(n)

)
∩ C(b, D) = B

( p

bn
− dr,n,ψ(n) − dr,n

)
∩ C(b, D).

(iii) If pb−n ∈ Ln ∪ Rn, then

B
( p

bn
,ψ(n)

)
∩ C(b, D)

=
(

B
( p

bn
+ dl,n,ψ(n) − dl,n

)
∪ B

( p

bn
− dr,n,ψ(n) − dr,n

))
∩ C(b, D).

(iv) If pb−n /∈ Ln ∪ Rn, then

B
( p

bn
,ψ(n)

)
∩ C(b, D) = ∅.

Proof.

(i) If ml = 0, then dl,n = 0 and the equality holds trivially. So we assume ml > 0 without
loss of generality. Let x ∈ B(pb−n,ψ(n)). If x< pb−n, then ψ(n)< b−n/2 implies that
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88 BING LI, RUOFAN LI AND YUFENG WU

x /∈ Cn(b, D)⊇C(b, D). If pb−n � x< pb−n + dl,n, then

p

bn
� x<

p

bn
+ ml

(b − 1)bn
= p

bn
+

∞∑
i=n+1

ml

bi
,

so the base b expansion of x contains a digit between 0 and ml − 1, hence x /∈ C(b, D)
by the definition of ml. Then x ∈ C(b, D) only happens when x � pb−n + dl,n, which
implies that ψ(n)> dl,n. Also note that if x � pb−n + dl,n, then

0 � x −
( p

bn
+ dl,n

)
= x − p

bn
− dl,n <ψ(n) − dl,n,

so x ∈ B
(
pb−n + dl,n,ψ(n) − dl,n

)
. Therefore if ψ(n)> dl,n, then

B
( p

bn
,ψ(n)

)
∩ C(b, D)⊆B

( p

bn
+ dl,n,ψ(n) − dl,n

)
∩ C(b, D)

and these two sets are equal since

B
( p

bn
+ dl,n,ψ(n) − dl,n

)
⊆B

( p

bn
,ψ(n)

)
is trivial.

(ii) Again, we may assume mr > 0 without loss of generality. Let x ∈ B(pb−n,ψ(n)). If
x> pb−n, then x /∈ Cn(b, D) since ψ(n)< b−n/2. If pb−n − dr,n � x< pb−n, then

p − 1

bn
+

∞∑
i=n+1

b − 1 − mr

bi
� x<

p

bn
,

so the base b expansion of x contains a digit between b − ml and b − 1, hence x /∈
C(b, D) by the definition of mr. Then a similar argument as in the previous case shows
that

B
( p

bn
,ψ(n)

)
∩ C(b, D) = B

( p

bn
− dr,n,ψ(n) − dr,n

)
∩ C(b, D)

if ψ(n)> dr,n and the intersection on the left is empty when ψ(n) � dr,n.

(iii) This part is treated by combining the arguments in previous two cases, hence we skip
the details.

(iv) If pb−n /∈ Rn ∪ Ln, then ψ(n)< b−n/2 implies that

B
(
pb−n,ψ(n)

) ∩ Cn(b, D) = ∅,

and thus B
(
pb−n,ψ(n)

) ∩ C(b, D) = ∅.

By the definition of ml and mr, the new ball centers pb−n + dl,n and pb−n − dl,n are points
in the missing digit set C(b, D), hence if μ=Hγ |C(b, D), then

μ
(

B
( p

bn
+ dl,n,ψ(n) − dl,n

))
� (ψ(n) − dl,n)γ , (3·1)

μ
(

B
( p

bn
− dr,n,ψ(n) − dr,n

))
� (ψ(n) − dr,n)γ . (3·2)
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Zero-full law in missing digit sets 89

4. A special case

In this section we prove a special case of Theorem 1·6 where b = t. It will be used later to
deduce Theorem 1·6.

LEMMA 4.1. Suppose C(b, D) is a missing digit set with Hausdorff dimension γ , m =
min{min D, b − 1 − max D}, and A = (an)n�1 is an unbounded non-decreasing sequence
of positive integers. Let f be a dimension function such that r−γ f (r) is monotonic, and
ψ : N→ (0, ∞) be a function. Then

Hf (Wb,A(ψ) ∩ C(b, D))

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0, if
∑

i∈I : ψA(i)> m
(b−1)bi

f
(
ψA(i) − m

(b−1)bi

)
biγ <∞,

Hf (C(b, D)), if
∑

i∈I : ψA(i)> m
(b−1)bi

f
(
ψA(i) − m

(b−1)bi

)
biγ = ∞.

Remark. We can assumeψA(i)< b−i/2 for all i without loss of generality. Indeed, suppose
there exists an infinite set I0 such that ψA(i) � b−i/2 for all i ∈ I0, thus Wb,A(ψ) = [0, 1].
Since the cardinality of D is at least 2, we have m< (b − 1)/2. Then

f

(
ψA(i) − m

(b − 1)bi

)
biγ � f

(
1

2bi
− m

(b − 1)bi

)
biγ

= f

(
b − 1 − 2m

2(b − 1)bi

)
biγ

� f

(
1

2(b − 1)bi

)
biγ

� b−γ f

(
1

2bi+1

)
b(i+1)γ (4·1)

for all i ∈ I0. For any ρ > 0 and any integer i0 big enough, we have

Hf
ρ(C(b, D)) �

∑
i�i0 : i∈I0

f

(
1

2bi

)
biγ .

If Hf (C(b, D)) = 0, then Theorem 4·1 is trivial. Otherwise,

∑
i∈I0

f

(
1

2bi

)
biγ = ∞,

which implies

∑
i∈I : ψA(i)> m

(b−1)bi

f

(
ψA(i) − m

(b − 1)bi

)
biγ = ∞

by (4·1) and the monotonicity of r−γ f (r). So in this case, Theorem 4·1 is also valid.
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The proof of Theorem 4·1 naturally splits into two parts: the convergence part and
the divergence part. We start with the convergence part, which involves finding covers of
Wb,A(ψ) ∩ C(b, D) of arbitrarily small measure.

LEMMA 4.2. If

∑
i∈I : ψA(i)> m

(b−1)bi

f

(
ψA(i) − m

(b − 1)bi

)
biγ <∞,

then

Hf (Wb,A(ψ) ∩ C(b, D)) = 0.

Proof. For i ∈ I, let

Si =
⋃

0�p�bi

B
( p

bi
,ψA(i)

)
∩ C(b, D).

For each 0 � p � bi, we have

B
( p

bi
,ψA(i)

)
=

⋃
n : an=i

B
( p

ban
,ψ(n)

)
,

since all balls on the right-hand side have the same center and ψA(i) is the maximum of their
radii. So

Si =
⋃
an=i

⋃
0�p�bi

B
( p

ban
,ψ(n)

)
∩ C(b, D).

Therefore

Wb,A(ψ) ∩ C(b, D) = lim sup
n→∞

⋃
0�p�ban

B
( p

ban
,ψ(n)

)
∩ C(b, D)

= lim sup
i→∞

Si.

Lemma 3·2 implies that Si is a subset of⋃
p
bi ∈Li∪Ri

B
( p

bi
+ dl,i,ψA(i) − dl,i

)
∪ B

( p

bi
− dr,i,ψA(i) − dr,i

)
,

where

dl,i = ml

(b − 1)bi
and dr,i = mr

(b − 1)bi
.

Recall that m = min{ml, mr}, so

f (ψA(i) − dl,i) + f (ψA(i) − dr,i) � 2f

(
ψA(i) − m

(b − 1)bi

)
.
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Then for any ρ > 0 and any integer i0 big enough, we have

Hf
ρ(Wb,A(ψ) ∩ C(b, D))

�
∑

i�i0 : i∈I

Hf
ρ(Si)

�
∑

i�i0 : i∈I,ψA(i)> m
(b−1)bi

f

(
ψA(i) − m

(b − 1)bi

)
× #(Li ∪ Ri)

�
∑

i�i0 : i∈I,ψA(i)> m
(b−1)bi

f

(
ψA(i) − m

(b − 1)bi

)
× biγ .

Let i0 → ∞ and then ρ→ 0, we deduce Hf (Wb,A(ψ) ∩ C(b, D)) = 0.

Now we turn to the more difficult divergence part. We are going to use Lemma 3·2 to
rewrite balls B(pb−n,ψ(n)) as balls with center in C(b, D). Note that the new balls could
have different radii depending on whether pb−n is a left or right endpoint of Cn(b, D), and
we will deal with these two cases separately. For any i � 1, let

L∗
i =

{ p

bi
∈ Li :

p

bi
+ dl,i �= q

bj
+ dl,j for any q and j< i

}
,

LS∗
i =

⋃
p
bi ∈L∗

i

B
( p

bi
+ dl,i,ψA(i) − dl,i

)
,

and LW∗
b,A(ψ) = lim supi→∞ LS∗

i . Replacing Li by Ri, the set RW∗
b,A(ψ) is defined in a

similar way, and Lemma 3.2 implies that

LW∗
b,A(ψ) ∪ RW∗

b,A(ψ)⊆Wb,A(ψ). (4·2)

Let μ=Hγ |C(b,D), B be an arbitrary ball with center in C(b, D) and

LS∗
i (B) = B ∩ LS∗

i .

Recall that μ is γ -Ahlfors regular, so there exists a constant r0 > 0 such that for any ball
B(x, r1) with x ∈ C(b, D) and r1 < r0, we have

μ(B(x, r1)) � rγ1 . (4·3)

Suppose the radius of B satisfies that r(B)< r0/2, so (4·3) implies that μ(2B) �μ(B). For
ease of notation, we write

B∗
i (ψA) := B

( p

bi
+ dl,i,ψA(i) − dl,i

)
and B∗

i := B

(
p

bi
+ dl,i,

1

2bi

)

when the value of p is unimportant. Then

#{B∗
i (ψA)⊆B : B∗

i (ψA) ∩ C(b, D) �= ∅}
� #{B∗

i ⊆B : B∗
i ∩ C(b, D) �= ∅}

� μ(B)

μ(B∗
i )

since B∗
i are disjoint,

�μ(B)biγ .
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Therefore

μ(LS∗
i (B)) �μ(B)biγ μ(B∗

i (ψA)) �μ(B)biγ (ψA(i) − dl,i)
γ . (4·4)

Next we show that the μ(LS∗
i (B)) satisfies a quasi-independence relation.

LEMMA 4.3. Suppose ψA(i) � b−i/2 for all i. Let t0 be a sufficiently large integer satisfying
b−t0 < r(B). Then there exists a constant K > 0 such that for any i> j> t0,

μ(LS∗
i (B) ∩ LS∗

j (B)) � K

μ(B)
μ(LS∗

i (B))μ(LS∗
j (B)).

Proof. We first consider the case ψA(j) − dl,j � b−i/2. Let p1b−i ∈ L∗
i and p2b−j ∈ L∗

j . By

the definition of L∗
i , the two ball centers p1b−i + dl,i and p2b−j + dl,j are distinct. Recall that

dl,i = ml

(b − 1)bi
,

so the distance between the two centers is∣∣∣p1

bi
+ dl,i − p2

bj
− dl,j

∣∣∣ =
∣∣∣∣p1

bi
− ml

(b − 1)bi
− p2

bj
+ ml

(b − 1)bj

∣∣∣∣
=

∣∣∣∣p1 − p2bi−j

bi
− ml(bi−j − 1)

(b − 1)bj

∣∣∣∣
� 1

bi

since b − 1 divides bi−j − 1. Note that both radii ψA(i) − dl,i and ψA(j) − dl,j are not greater
than b−i/2, hence

B
(p1

bi
+ dl,i,ψA(i) − dl,i

)
∩ B

(p2

bj
+ dl,j,ψA(j) − dl,j

)
= ∅.

Therefore

LS∗
i (B) ∩ LS∗

j (B) = ∅
and thus

μ(LS∗
i (B) ∩ LS∗

j (B)) = 0 � K

μ(B)
μ(LS∗

i (B))μ(LS∗
j (B))

for any constant K > 0.

Now assume ψA(j) − dl,j > b−i/2. We have

μ(LS∗
i (B) ∩ LS∗

j (B))

=μ

⎛
⎜⎝LS∗

i (B) ∩ B ∩
⋃

bp−j∈L∗
j

B
( p

bj
,ψA(j)

)⎞
⎟⎠

�N (j)μ
(

LS∗
i (B) ∩ B∗

j (ψA)
)

, (4·5)

https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0305004125000027
Downloaded from https://www.cambridge.org/core. Berklee College Of Music, on 12 Mar 2025 at 11:31:20, subject to the Cambridge Core terms of use, available at

https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0305004125000027
https://www.cambridge.org/core


Zero-full law in missing digit sets 93

where

N (j) = #
{

B∗
j (ψA) : B∗

j (ψA) ∩ B ∩ C(b, D) �= ∅
}

.

Let 2B denotes the ball with same center as B but twice the radius. Since 2ψA(j) � b−j �
b−t0 < r(B), we have

N (j) � #
{

B∗
j (ψA)⊆2B : B∗

j (ψA) ∩ C(b, D) �= ∅
}

� #
{

B∗
j ⊆2B : B∗

j ∩ C(b, D) �= ∅
}

� μ(2B)

μ(B∗
j )

because B∗
j are disjoint,

�μ(B)bjγ (by γ -Ahlfors regularity). (4·6)

Similarly, for any fixed j,

#
{

B∗
i (ψA) : B∗

i (ψA) ∩ B∗
j (ψA) ∩ C(b, D) �= ∅

}
� #

{
B∗

i : B∗
i ∩ B∗

j (ψA) ∩ C(b, D) �= ∅
}

� 2 + μ(B∗
j (ψA))

μ(B∗
i )

� 2 + (ψA(j) − dl,j)
γ biγ ,

where the number 2 is for the possible existence of those B∗
i which intersect with but are not

contained in B∗
j (ψA). Then

μ
(

LS∗
i (B) ∩ B∗

j (ψA)
)

�μ(B∗
i (ψA))(2 + (ψA(j) − dl,j)

γ biγ )

� (ψA(i) − dl,i)
γ + (ψA(i) − dl,i)

γ (ψA(j) − dl,j)
γ biγ

� (ψA(i) − dl,i)
γ (ψA(j) − dl,j)

γ biγ (4·7)

since (ψA(j) − dl,j)bi > 1/2.
Now (4·4), (4·5), (4·6) and (4·7) give that

μ(LS∗
i (B) ∩ LS∗

j (B)) �μ(B)bjγ (ψA(i) − dl,i)
γ (ψA(j) − dl,j)

γ biγ

�μ(LS∗
i (B))μ(LS∗

j (B))

μ(B)
.

PROPOSITION 4.4. Let μ=Hγ |C(b,D). If ψA(i) � b−i/2 for all i ∈ I and∑
i∈I : ψA(i)>dl,i

(
ψA(i) − dl,i

)γ
biγ = ∞,

then

μ(LW∗
b,A(ψ)) =μ(C(b, D)).

Proof. Let t0 be the number as in Lemma 4·3. For all i> t0, (2·1), (4·4) and Lemma 4·3
imply that
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μ( lim sup
i→∞,i∈I

S∗
i (B)) � μ(B)

C
.

Applying Lemma 2·2 and noting that

lim sup
i→∞,i∈I

LS∗
i (B) = B ∩ lim sup

i→∞,i∈I
LS∗

i = B ∩ LW∗
b,A(ψ),

we have μ(LW∗
b,A(ψ)) =μ(C(b, D)).

Now we extends to f -Hausdorff measure by applying the mass transference principle
(Theorem 2·1).

LEMMA 4.5. Let f be a dimension function such that r−γ f (r) is monotonic. If ψA(i)< b−i/2
for all i ∈ I and ∑

i∈I : ψA(i)>dl,i

f
(
ψA(i) − dl,i

)
biγ = ∞,

then

Hf (LW∗
b,A(ψ) ∩ C(b, D)) =Hf (C(b, D)).

Proof. Define a function θ : N→ (0, ∞) by

θ(n) =
{

f (ψ(n) − dl,an)1/γ + dl,an , if ψ(n)> dl,an ,

dl,an/2, otherwise.

Let

θA(i) = max {θ(n) : an = i} ,

then ∑
i∈I : θA(i)>dl,i

(
θA(i) − dl,i

)γ × biγ =
∑

i∈I : ψA(i)>dl,i

f (ψA(i) − dl,i) × biγ = ∞.

Now Proposition 4·4 says that

μ(LW∗
b,A(θ)) =μ(C(b, D)),

which is equivalent to

Hγ (LW∗
b,A(θ) ∩ C(b, D)) =Hγ (C(b, D)).

Hence Theorem 2·1 implies that

Hf (LW∗
b,A(ψ) ∩ C(b, D)) =Hf (C(b, D)).

A similar result for RW∗
b,A(ψ) can be proved by the same method.

LEMMA 4.6. Let f be a dimension function such that r−γ f (r) is monotonic. If ψA(i)< b−i/2
for all i and
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Zero-full law in missing digit sets 95∑
i∈I : ψA(i)>dr,i

f
(
ψA(i) − dr,i

)
biγ = ∞,

then

Hf (RW∗
b,A(ψ)) =Hf (C(b, D)).

Note that m = min{ml, mr}, so∑
i∈I : ψA(i)> m

(b−1)bi

f

(
ψA(i) − m

(b − 1)bi

)
biγ = ∞,

implies either ∑
i∈I : ψA(i)>dl,i

f
(
ψA(i) − dl,i

)
biγ = ∞,

or ∑
i∈I : ψA(i)>dr,i

f
(
ψA(i) − dr,i

)
biγ = ∞.

Therefore the divergence part of Theorem 4·1 is a consequence of Lemma 4·5 and
Lemma 4·6 since LW∗

b,A(ψ) ∪ RW∗
b,A(ψ)⊆Wb,A(ψ).

5. Proof of Theorem 1·6
For any prime divisor q of b, we have

vq(b	α1an
) = 	α1an
vq(b) � α1anvq(b) � anvq(t) = vq(tan).

Hence b	α1an
 | tan and thus⋃
0�p�b	α1an


B
( p

b	α1an
 ,ψ(n)
)

⊆
⋃

0�p�tan

B
( p

tan
,ψ(n)

)
.

Therefore

Wb,(	α1an
)n�1(ψ)⊆Wt,(an)n�1(ψ). (5·1)

Let J1 = I({	iα1
}i∈I) be the set of integers appearing in the sequence {	iα1
}i∈I . Note that

ψ(	anα1
)n�1 (j) = max {ψ(n) : 	anα1
 = j}
= max {ψA(i) : 	iα1
 = j} .

Then ∑
i∈I : ψA(i)> m

(b−1)b	iα1


f

(
ψA(i) − m

(b − 1)b	iα1


)
biα1γ

=
∑
j∈J1

∑
i : 	iα1
=j

ψA(i)> m
(b−1)b	iα1


f

(
ψA(i) − m

(b − 1)b	iα1


)
biα1γ
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�
∑
j∈J1

ψ(	anα1
)n�1 (j)> m
(b−1)bj

∑
i : 	iα1
=j

f

(
ψ(	anα1
)n�1(j) − m

(b − 1)b	iα1


)
biα1γ

�
∑

j∈J1 : ψ(	anα1
)n�1 (j)> m
(b−1)bj

f

(
ψ(	anα1
)n�1(j) − m

(b − 1)bj

)
bjγ .

Therefore Theorem 4·1 and (5·1) imply that

Hf (Wt(ψ) ∩ C(b, D)) =Hf (C(b, D))

if ∑
i∈I : ψA(i)> m

(b−1)b	iα1


f

(
ψA(i) − m

(b − 1)b	iα1


)
biα1γ = ∞.

The other half of the theorem is proved similarly using �α2an�. For any prime divisor q
of b, we have

vq(b�α2an�) = �α2an�vq(b) � α2anvq(b) � anvq(t) = vq(tan),

which implies tan | b�α2an�. Therefore⋃
0�p�tan

B
( p

tan
,ψ(an)

)
⊆

⋃
0�p�b�α2an�

B
( p

b�α2an� ,ψ(an)
)

and hence

Wt,(an)n�1(ψ)⊆Wb,(	α2an
)n�1(ψ). (5·2)

Let J2 = I({�iα2�}i∈I) be the set of integers appearing in {�iα2�}i∈I . Then

∑
i∈I : ψA(i)> m

(b−1)b�iα2�

f

(
ψA(i) − m

(b − 1)b�iα2�

)
biα2γ

=
∑
j∈J2

∑
i : �iα2�=j

ψA(i)> m

(b−1)b�iα2�

f

(
ψA(i) − m

(b − 1)b�iα2�

)
biα2γ

�
∑

j∈J2 : ψ(�anα2�)n�1 (j)> m
(b−1)bj

f

(
ψ(�anα2�)n�1(j) − m

(b − 1)b�iα2�

)
biα2γ

�
∑

j∈J2 : ψ(�anα2�)n�1 (j)> m
(b−1)bj

f

(
ψ(�anα2�)n�1(j) − m

(b − 1)bj

)
bjγ

Now Theorem 4·1 and (5·2) imply that

Hf (Wt(ψ) ∩ C(b, D)) = 0
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if

∑
i∈I : ψA(i)> m

(b−1)b�iα2�

f

(
ψA(i) − m

(b − 1)b�iα2�

)
biα2γ <∞.

6. Further discussion
6.1. Hausdorff dimension

When b and t are multiplicatively dependent, we have computed the Hausdorff f -measure
of Wt(ψ) ∩ C(b, D) for any dimension function such that r−γ f (r) is monotonic (Theorem
1·5). In particular, if the set D contains at least one of 0 and b − 1, take f (r) = rs for any
s � 0 and we have

Hs(Wt(ψ) ∩ C(b, D))

=
{

0, if
∑∞

n=1 ψ(n)s × tnγ <∞,

Hs(C(b, D)), if
∑∞

n=1 ψ(n)s × tnγ = ∞.

Note that

∞∑
n=1

ψ(n)s × tnγ =
∞∑

n=1

t
n
(
γ+s logψ(n)

n log t

)
.

Since t � 2, the above series converges if

s> lim sup
n→∞

−γ n log t

logψ(n)

and diverges if

s< lim sup
n→∞

−γ n log t

logψ(n)
.

Let

λψ = lim inf
n→∞

− logψ(n)

n log t
.

For the rest of this paper, we assume λψ � 1 as otherwise the situation is trivial. By
computations above, we deduce the Hausdorff dimension of Wt(ψ) ∩ C(b, D).

COROLLARY 6.1. Suppose b and t are multiplicatively dependent, D contains at least one
of 0 and b − 1 and λψ � 1. Then

dimH Wt(ψ) ∩ C(b, D) = γ

λψ
.
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6.2. Multiplicatively independent case

We first consider the situation that b and t have the same prime divisors but not necessarily
multiplicatively dependent. Using Theorem 1·6, we deduce that

Hs(Wt(ψ) ∩ C(b, D)) =
{

0, if
∑∞

n=1 ψ(n)s × bnα2γ <∞,

Hs(C(b, D)), if
∑∞

n=1 ψ(n)s × bnα1γ = ∞
if D contains at least one of 0 and b − 1. Then a similar computation as in the previous
section yields

COROLLARY 6.2. Suppose b and t have the same prime divisors and D contains at least
one of 0 and b − 1. If λψ � 1, then

α1 log b

log t

γ

λψ
� dimH Wt(ψ) ∩ C(b, D) � α2 log b

log t

γ

λψ
.

Based on Corollary 6.1 and note that

α1 log b

log t
� 1 � α2 log b

log t
,

we propose the following conjecture.

CONJECTURE 6.3. Suppose b and t have the same prime divisors, D contains at least one
of 0 and b − 1 and λψ � 1, then

dimH Wt(ψ) ∩ C(b, D) = γ

λψ
.

In [2], the authors gave a heuristic of Conjecture 1.4. Here we modify their argument to
formulate a conjecture for Hf (Wt(ψ) ∩ C(b, D)) when the sets of prime divisors of b and t
are different and D contains at least one of 0 and b − 1. For any big integer n, choose another
integer m such that b−m �ψ(n). Divide [0, 1] into bm intervals of length b−m, among them
there are approximately bmγ intervals that intersect with C(b, D). If the sets of prime divisors
of b and t are different, the distribution of points pt−n should be random with respect to those
length b−m intervals. So in the union⋃

0�p�tn
B

( p

tn
,ψ(n)

)
,

there are about tnbm(γ−1) balls that intersect with C(b, D). Therefore

Hf (Wt(ψ) ∩ C(b, D)) �
∞∑

n=n0

f (ψ(n))tnbm(γ−1)

�
∞∑

n=n0

f (ψ(n))tnψ(n)1−γ

for any n0 > 0. Based on above heuristic argument, we propose the following conjecture.
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CONJECTURE 6.4. Let C(b,D) be a missing digit set with Hausdorff dimension γ , the set
D contains at least one of 0 and b − 1, t � 2 be an integer satisfying the sets of prime
divisors of b and t are different, f be a dimension function such that r−γ f (r) is monotonic,
and ψ :N→ (0, ∞) be a function. Then

Hf (Wt(ψ) ∩ C(b, D)) =

⎧⎪⎪⎨
⎪⎪⎩

0, if
∞∑

n=1
f (ψ(n))tnψ(n)1−γ <∞,

Hf (C(b, D)), if
∞∑

n=1
f (ψ(n))tnψ(n)1−γ = ∞.

Assuming Conjecture 6·4, the Hausdorff dimension of Wt(ψ) ∩ C(b, D) can be computed
in the same way as we did in Section 6·1, so the following conjecture holds if Conjecture 6·4
is valid.

CONJECTURE 6.5. Let C(b,D) be a missing digit set with Hausdorff dimension γ , with D
containing at least one of 0 and b − 1, t � 2 be an integer satisfying the sets of prime divisors
of b and t are different. If λψ � 1, then

dimH (Wt(ψ) ∩ C(b, D)) = max

{
1

λψ
+ γ − 1, 0

}
. (6·1)

When b = 3 and t is not a power of 3, formula (6·1) was already conjectured by Bugeaud
and Durand [6, conjecture 1·2]. Note that this formula is very different with the multi-
plicatively dependent case Corollary 6·1 and the same prime divisors case Corollary 6·2.
It is known that dimH (Wt(ψ)) = 1/λψ (see [12]), so Corollary 6·1 says that the Hausdorff
dimension of the intersection Wt(ψ) ∩ C(b, D) is the product of two dimensions when b and
t are multiplicatively dependent, while Conjecture 6·5 predicts that the Hausdorff dimension
of the intersection is the sum of two dimensions minus one when the set of prime divisors
of b and t are different. For two unrelated fractals, the Hausdorff dimension of their inter-
section is likely equal to the sum of dimensions minus the dimension of the ambient space
(see [8, chapter 8]), so Conjecture 6·5 is consistent with the intuition that Wt(ψ) and C(b, D)
are “unrelated” when the sets of prime divisors of b and t are different. This kind of formula
also appears in [13, 23] as well as in the study of other limsup sets induced by recurrence of
orbits in dynamical systems [7, 15]. Note that if b and t are multiplicatively independent but
have the same prime divisors, then Corollary 6·2 implies that

dimH Wt(ψ) ∩ C(b, D) and max

{
1

λψ
+ γ − 1, 0

}

are not necessarily equal since the right -hand side becomes 0 when λψ is large while the
lower bound in Corollary 6·2 is always positive.

6.3. Large intersection property

We are also able to show the large intersection property of Wt(ψ) ∩ C(b, D) when ψ(n) =
t−θn for some θ > 1. The large intersection property was introduced by Falconer [9] and has
many applications, we refer to [14] and references therein. Let (X, B,μ, d) be a compact
metric space such that μ is γ -Ahlfors regular. When X =Rd, the set Gs(X) is defined to be
the class of all Gδ sets F in X such that

dimH ∩∞
n=1gn(F) � s
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holds for all sequences of similarity transformations {gn}n�1. Definition of Gs(X) for general
metric spaces is more complicated and can be found in [20]. For any Borel set U, define

Is(μ, U) =
∫

U

∫
U

|x − y|−sdμ(x)dμ(y).

Next we state two results that enable us to deduce the large intersection property of
Wt(ψ) ∩ C(b, D).

THEOREM 6.6 ([14 theorem 1·1]). Suppose {Bn}n�1 is a sequence of balls in X whose radii
decrease to 0 as n → ∞. For each n � 1, let En be an open subset of Bn and define

λ= sup

{
s � 0: sup

n�1

μ(Bn)Is(μ, En)

μ(En)2
<∞

}
.

Then μ( lim supn→∞ Bn) =μ(X) implies lim supn→∞ En ∈ Gλ(X).

LEMMA 6.7 ([14, lemma 3·1]). Suppose 0 � s< γ and U is a Borel set with diameter
diam(U)> 0. Then

Is(μ, U) � diam(U)γ−sμ(U).

In our setting, we take X = C(b, D), μ=Hγ |C(b,D) and obtain the following result.

COROLLARY 6.8. Suppose the set D contains at least one of 0 and b − 1, ψ(n) = t−θn for
some θ > 1, s< γ/θ and log t/ log b = α ∈Q, then

Wt(ψ) ∈ Gs(C(b, D)).

Proof. Since θ > 1, we have θαn � �αn� for n big enough. Hence

ψ(n) = 1

tθn
= 1

bθαn
� 1

b�αn�

for n big enough. Then for all n big enough and any 0 � p � tn, we have

B
( p

tn
,ψ(n)

)
⊆B

(
q

b�αn� ,
1

b�αn�

)

for some 0 � q � b�αn�, since tn | b�αn�.
If pt−n = qb−�αn� /∈ C(b, D), then both balls above are disjoint with C(b, D). Otherwise,

the fact that μ is γ -Ahlfors regular and D contains at least one of 0 or b − 1 imply that for n
big enough, we have

μ

(
B

(
q

b�αn� ,
1

b�αn�

))
� b−γ �αn� � t−γ n, (6·2)

μ
(

B
( p

tn
,ψ(n)

))
�ψ(n)γ . (6·3)
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Then

μ

(
B

(
q

b�αn� ,
1

b�αn�

))
Is

(
μ, B

( p

tn
,ψ(n)

))
� t−γ nψ(n)γ−sμ

(
B

( p

tn
,ψ(n)

))
by (6·2) and Lemma (6·7),

� t−γ nψ(n)−sμ
(

B
( p

tn
,ψ(n)

))2
by (6·3),

� tn(−γ+θs)μ
(

B
( p

tn
,ψ(n)

))2
.

For any s< γ/θ , we have limn→∞ tn(−γ+θs) = 0. Note that

lim sup
n→∞,0�q�b�αn�

B

(
q

b�αn� ,
1

b�αn�

)
∩ C(b, D) = C(b, D).

Therefore Theorem 6·6 implies that

Wt(ψ) ∈ Gs(C(b, D)).
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