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ABSTRACT

In this paper, we provide a new approach to prove some weighted-blowup formulae
for genus zero orbifold Gromov-Witten invariants. As a consequence, we show the
invariance of symplectically rational connectedness with respect to weighted-blowup
along positive centers. Furthermore, we use this method to give a new proof to the
genus zero relative-orbifold correspondence of Gromov—Witten invariants.

1. Introduction

Let X be a smooth projective variety and let S C X be a smooth subvariety. Denote the blowup
of X along S by X. Consider X x P! with the standard C*-action on P (see (8)). There are two
fixed loci X := X x {0} and X, := X x {co}. By blowing up X x P! along Se := S x {0}, we
get a new space, denoted by . With respect to the induced C*-action on W, the fixed locus WC€”
has three connected components, which we denote by Fy = X, Fio = X and F, & S. It is then
natural to expect, with the virtual localization technique (cf. [GP99, Liul3]), one might relate
Gromov—Witten invariants of fix loci, in particular, such as Fy =2 X and F =2 X. But extracting
the desired invariants effectively from localization formulae may not be trivial. In order to do this,
the main ingredient we use in this paper is to take the weight-r blowup, which is also known as the
rth root construction, along certain divisors of W, then we apply a polynomiality property in r
of certain Gromov—-Witten invariants when r > 1. Such a polynomiality property was discovered
by Pixton (cf. [JPPZ17, JPPZ20]) and is proved to be very powerful in this kind of computation;
see, for example, [FWY20, FWY21, TY20]. Note that this polynomiality property for orbifold
Gromov-Witten invariants was obtained by Chen, Du and Wang (cf. [CDW22]) and Tseng and
You (cf. [TY23]) independently. In this paper, we use this strategy to get a new blowup formula
of genus zero Gromov—-Witten invariants (see Theorem 1.3). We also allow both X and S to be
Deligne-Mumford stacks and the blowup to be weighted (see Theorems 1.8 and 1.9). In order to
consider higher genus invariants, one may consider P(L @ O) instead of X x P! for some proper
chosen line bundle L over X. This will be addressed in a further paper. On the other hand, we
apply the same strategy but more complicated treatments to give a new proof to the genus zero
relative-orbifold correspondence of Gromov—Witten invariants.
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We now outline the results presented in this paper. As there are some significant differences
between the formulae for the smooth case and the orbifold case, for convenience, we deal with
the smooth case (see §1.1) and the orbifold case (see § 1.2) separately.

1.1 A blowup formula of genus zero smooth Gromov—Witten invariants
The searching of blowup formulae of Gromov-Witten invariants is an important issue in the
Gromov—Witten theory and far from being completed. This issue was usually studied by using
the degeneration formula of Gromov—Witten invariants (see Remark 1.4). In this paper, the
approach we propose provides a direct comparison of Gromov—Witten invariants, hence avoids
the detour to the degeneration formula and relative Gromov—Witten theory (see Remark 1.6).
We first consider the smooth case, i.e. X is a smooth projective variety and S C X is a
smooth subvariety with codimension x > 2. Denote by N the normal bundle of S in X.

DEFINITION 1.1. The normal bundle N of S in X is called nonnegative, if for every holomorphic
map f: P! — S, the pullback bundle f*N over P! satisfies

/ a(f*N)+ k=0, (1)
Pl

and when the inequality in (1) is strict, N is called positive.

Remark 1.2. Recall that the bundle N — S is called convez if for every holomorphic map
f: P! — S we have H' (P!, f*N) = 0. Obviously, convexity implies nonnegativity.

Our main result on the blowup formula is the following theorem.

THEOREM 1.3 (See Theorem 2.3). Let X be a smooth projective variety and S C X be a smooth
subvariety. Let X be the blowup of X along S. Suppose the normal bundle N of S in X is positive
and S has codimension k > 2. Then we have the following equality of genus zero Gromov—Witten
invariants

X X
<a17 e ’an>0,n,A = <p*0417 e >p*an>07n7p!A7 (2)
where p: X — X is the natural projection of the blowup.

Remark 1.4. In [Hu00, HuOl], by using the degeneration formula (cf. [LRO1, Li02, IP04]) of
Gromov—Witten invariants, Hu showed that the blowup formula (2) holds when S is (i) a point,
(ii) a higher genus curve and (iii) a genus zero curve or a surface over which the bundle TX|g is
semipositive (this implies that T X |g is positive in the sense of Definition 1.1).

On the other hand, the blowup projection p: X — X induces a natural morphism between
moduli spaces of stable maps of X and X. By using this induced morphism together with
degeneration formula, Lai [Lai09] showed that the blowup formula (2) holds when the normal
bundle N is convex and has a rank rk > 2 subbundle F' generated by global sections, or when
every holomorphic map from P! to S is constant. For both cases the normal bundle N is positive
in the sense of Definition 1.1. Lai [Lai09] and Manolache [Manl1] also proved the formula (2)
for the case that X is a smooth projective subvariety of a homogeneous space P and S is the
transversal intersection of X with a smooth subvariety of P.

The formula (2) generalizes these blowup formulae in [Hu00, Hu01, Lai09, Manl1] on the
way to loosen the conditions on the normal bundles of the blowup centers.

Remark 1.5. When the normal bundle N is nonnegative and the homology class A in (2) belongs
to the image of Hy(S,Z) — Ha(X,Z) and satisfies ¢1(N)(A) + £ = 0, there would be some extra
contributions from S and formula (2) does not hold for such an A. See, for example, [Ke20,
Theorem 1.1(2)] for blowups along (—1, —1)-curves. This will be addressed in a future paper.
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Remark 1.6. Asreviewed in Remark 1.4, the usual argument for the blowup formulae is to use the
degeneration formula and then apply the dimension arguments, or compare the moduli spaces
of stable maps via the blowup projection. Comparing with their work, our approach has two
advantages. The first is on the geometry model: we give a short-cut model relating X and X
directly instead of detouring to the degeneration model. Second, our approach provides a way to
extract expected invariants effectively from localization formulae, which at least may be viewed
as a ‘dimension argument’ in the localization technique.

1.2 Weighted-blowup formulae of genus zero orbifold Gromov—Witten invariants
We now consider the orbifold case. Let X be a Deligne-Mumford stack with projective coarse
space, and S C X be a smooth substack of codimension x > 1 with normal bundle denoted by N.

In this orbifold case, we could study the weighted-blowup formulae of orbifold
Gromov—Witten invariants. There has been little progress in this direction. In [HH15, Dul7,
Du23], some weighted-blowup formulae for weighted-blowup of symplectic manifolds along
points, certain curves and surfaces were studied. We now state the results in this paper.

DEFINITION 1.7. The normal bundle N of S in X is called nonnegative, if for every genus zero
orbifold holomorphic map f : C — S, the de-singularization, denoted by |[f*N| (cf. [CR04, §4.2]),
of the pullback bundle f*N over the coarse space P! = |C| of C satisfies

/ (N + 5 >0, 3)
IC|

and when the inequality in (3) is strict, N is called positive.

Let a = (a1,...,as) € Z5, be the blowup weight, and let )A(a be the weight-a blowup of X
along S (cf. [MM12, CDH19]). Unlike the standard blowup, the weighted-blowup formula is
nontrivial even when x = 1. Moreover, the formulae are different for the cases k > 2 and k = 1.

Thus, we deal with them separately in Theorems 1.8 and 1.9. For the meaning of the notation
in (4) and (5), see §3.2.

THEOREM 1.8 (See Theorem 3.7). Let X be a smooth Deligne-Mumford stack with projective
coarse space, and let S C X be a smooth substack. Let X, be the weight-a blowup of X along S.
Suppose the normal bundle N of S in X is positive and S has codimension « > 2. Then we have
the following equality of genus zero orbifold Gromov—Witten invariants:

X * * Xa
<0417 R a”>0,g,A = <p[g1]041, e ap[gj]an>07’g\7;i' (4)

For the codimension k =1 case, when blowup weight a = (1), )A(cl and X have the same
Gromov—Witten theory. Thus, we only consider the case that a = (a) with a > 2. Then X, is just
the ath root construction (cf. [Cad07, §2] and [AGV08, Appendix B]) of X along the divisor S.

THEOREM 1.9 (See Theorem 3.8). Under the same assumption as Theorem 1.8 on X, S and N,
when the codimension k = 1 and the blowup weight a = (a) satisfies a > 2, we have the following
equality of genus zero orbifold Gromov—Witten invariants:

X . . Xa
<a1, e ’a">0,g,A = <p[gl]oz1, <y Pg; s 1,...,1 >0,EA,A' (5)

Ta

1.3 Applications to symplectically rational connectedness
As an application of our blowup formulae, we study the symplectically rational connectedness
under blowups.
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DEFINITION 1.10. A smooth projective variety X is called symplectic k-point rationally con-
nected if there is a non-zero genus zero Gromov—Witten invariant of the form

< [p }7"'7[pt]7ak+17"'aak‘+n>éfk+n,,4 75 0’ (6)
k

with A # 0 and a; € H*(X). When k=1, X is also called symplectically uniruled, and when
k = 2, X is also called symplectically rationally connected.

Remark 1.11. There are as yet no standard definitions for symplectic k-point rationally
connectedness except k = 1 (cf. [HLRO8]). In this paper, we just take (6) as a definition.

Then as a direct consequence of Theorem 1.3 we have the following result.

THEOREM 1.12. Suppose the normal bundle N of S in X is positive and X is symplectic k-point
rationally connected. Then X, the blowup of X along S, is also symplectic k-point rationally
connected.

Hu and the present authors studied a more general notion of symplectic uniruledness on
orbifolds (cf. [CDH19]), which motivates the following definition.

DEFINITION 1.13. Let g = ([g1],-..,[gk]) be a k-tuple of indices of twisted sectors of X. We
say that X is g-symplectic k-point rationally connected if there is a nonzero genus zero orbifold
Gromov—Witten invariant of the form

(Ptiga)s- - - [Ptliga)s @1+ Q)G kg, a 7 O,
with A # 0 and [pt],,) being the point class of the twisted sector X[g;] of X for 1 < j < k.
Then as a direct consequence of Theorems 1.8 and 1.9, we have the following result.

THEOREM 1.14. Suppose the normal bundle N of§ in X is positive and X is g-symplectic k-point
rationally connected for g = ([g1], ..., [gk]). Then X, is g-symplectic k-point rationally connected
with g = ([g1], .-, [gk])- See (23) for the meaning of [g].

1.4 Genus zero relative-orbifold correspondence

With well-chosen root constructions, our model can also give a new and direct proof of
the following genus zero relative-orbifold correspondence (cf. [ACW17, FWY20, TY20, TY23,
CDW22]).

THEOREM 1.15 (See Theorem 4.3). The following genus zero relative-orbifold correspondence
holds:

Torbye ([, (X)]"™) = oot o (A1 (X|S)]'™),  when r>> 1. (7)

For the meaning of notation, see §4.2. The statements given in [ACW17, TY20, CDW22] are
in terms of invariants, and the statements given in [FWY20, TY23] are in the form of (7). The
case that X and S are both smooth was dealt with in [ACW17, TY20, FWY20], and the case
that X and S are both orbifolds was dealt with in [TY23, CDW22].

1.5 Organization of this paper
We prove the blowup formula in Theorem 1.3 in §2 and the weighted-blowup formulae in

Theorems 1.8 and 1.9 in §3. Then we apply our approach to give a new proof for
Theorem 1.15 in §4.
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2. A blowup formula of Gromov—Witten invariants

In this section we focus on the smooth case, i.e. X is a smooth projective variety and X is
the blowup of X along a codimension k smooth subvariety S, and prove the blowup formula in
Theorem 1.3. In the rest of this section, we fix the following notation: IV is the normal bundle of
S, p: X — X is the blowup projection and Z := p~!(S) is the exceptional divisor of X , which
is the projectivization P(NN) of N.

2.1 A geometric model: a symplectic cobordism between X and X
In this subsection, we construct a symplectic cobordism W between X and its blowup X. The
terminology symplectic cobordism was introduced by Guillemin and Sternberg in [GS89], and
later was adapted in [HLROS8] to consider symplectic birational geometry. The symplectic cobor-
dism W is obtained as follows. Note that such a construction appears in [FL19] where S is taken
to be a divisor, i.e. kK = 1. In the rest of this section, we assume s > 2.

Consider the product X x P! of X with the projective line P'. Denote the homogeneous
coordinates of P! by [z9, z1]. Set 0 := [0, 1] and oo := [1,0]. Let C* act on X x P! by acting on

P! via
A [Zo, 21] = [Zo, )\2’1]. (8)
Then the fixed locus (X x P1)C" consists of the disjoint union of Xg:= X x {0} and X, :=
X x {o0}.
Let W be the blowup of X x P! along S, = S x {00} C Xo. The exceptional divisor of
W is

D = P(N D Os).

Here Og = S x TooPL. Then D contains an infinity divisor P(N @ 0), identified with Z = P(N),
and a zero section P(0 @ Og), which is a copy of S and denoted by S,. The C*-action lifts
to W.

LEMMA 2.1. The fixed locus WC" of W with respect to the induced C*-action consists of three
disjoint components

FOZXogX, FOO:)?OOg)?y F*:S*ES

The normal line bundle Ly of Fyy in W is trivial with action weight —1; the normal line bundle
Lo of Fi is Og(—Z) with action weight 1; the normal bundle N, of F is N & Og with action
weight (—1,1).

Proof. The normal line bundles L and L., of Xy and X, in X x P! are both trivial and
have action weights —1 and 1, respectively. As we blow up X x P! along S, C X, the
normal line bundle Ly of Fy is L{, with action weight —1. The normal bundle of F is
p*Li, ® O5(~Z) = O (—Z) with action weight 1 + 0 = 1, where p: Foo 2 X — Xoo = X is the
natural blowup projection. Finally, the lifting S, of Ss has normal N & Og, where Og = L/ _|s..
with action weight 1 and N is the normal bundle of S, in P(N & Og) = P(N @ L._|s..) with
action weight —1. O

Let r > 1 be an integer. Let W, be the rth root construction of W along Fy, = X (cf. [CadO7,
§2] and [AGV0S8, Appendix B]), which is the same as the weight-r blowup of W along Fy
(cf. [MM12, CDH19]). The root construction/weighted blowup is essentially derived from the
construction of root of line bundles. In fact, locally near F.,, W is isomorphic to L, and W, is
obtained by replacing L., with its rth root. Here we take L, as an example to briefly recall the
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construction of root of line bundles (cf. [AGV08, Appendix B] and [CDW22, §2.1.1]). Let L}
be Lo minus the zero section F., i.e. the C*-principal bundle of Lo,. Then
LOO — LZO XC*(fl,l) C

and its zero section Fi is L% /C*. Consider the following Z,-extension

=)
1 Zr C C* C* 1

of C*. The rth root of Ly, is

v Loo = LZO XC*(—T,I) C.

The zero section [L, /C*(r)] of \/L is called the rth root gerbe (cf. [AJT15, §2.2]) of Lo, and
is denoted by {/Ls/Fs in the literature. In this paper, we simply denote it by v/Fs, as we
only consider the line bundle L, over F.

We have a natural projection W, — W. The v/Fy is the divisor of W, lying over F,, and its
normal line bundle in W, is /Lso. The divisor of W, lying over D is the rth root construction
D, of D along its infinity divisor Z = P(NV). In fact,

D, = P('r,...,'r,l) (N @ OS)

is the weight-(r,...,r, 1) projectivization (cf. [CDH19]) of N & Og, and the normal line bundle
of D, in W, is Op, (—r), the pull back of the tautological line bundle Op(—1) via the natural
projection D, — D.

Similarly, with respect to the projection D, — D, the divisor of D, lying over Z is the rth

77777

Then the v/F, intersects with D, transversally along the v/Z. Again, the C*-action lifts to W,..

LEMMA 2.2. The fixed locus WS of W,. with respect to the induced C*-action consists of three

disjoint components Fy = X, v/ Foo = vV X and F,=5,2 5. The normal bundles of Fy and F
in W, are the same as their normal bundles in W. The normal bundle of /Fs, in W, is /L«
with action weight 1/r.

As an orbifold, the inertia space (see Remark 3.3) IW, of W, is a disjoint union of the
untwisted sector W, together with r — 1 twisted sectors, indexed by e2™/7) 1< j<r—1,
each of which is a copy of /Fag = V X. We write I W, as

w,=w,u || /Fulil, (9)

1<j<r—1

where for each j a point in the twisted sector /Fuo[j] consists of a pair (z,e*™0/")), 2 € F.
The group element e2mii/r) acts on the fiber of {/Log by multiplication. Since v/Z C /Foo, we
also have V/Z[j] C V/Fuolj] for 1 < j <r— 1.

2.2 The blowup formula

2.2.1 The statement of the formula. Let ]0%,4()() be the moduli space of genus zero,
degree A € Hy(X;Z), n marked, stable maps into X. Let o;j € H*(X) for 1 < j <n. A genus
zero Gromov—Witten invariant of X is

n
X
<O‘17""0‘”>0,n,A = / ' Hev;(aj),
j=1

(A o,n,a(X)]V"

where ev; is the jth evaluation map associated to the jth marking.
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Recall that p: X — X is the blowup projection. Then we have the following Gromov—Witten
invariant of X

<p*a1>"'7p*an>gfn7p!l4 = / . He’l);ﬂ(p*aj)

(A oyt a (KOIVT 521
Our first main result on the blowup formula of Gromov—Witten invariants is stated as follows.

THEOREM 2.3. Let X be a smooth projective variety and S C X be a smooth subvariety. Let
X be the blowup of X along S. Suppose the normal bundle N of S in X is positive (see
Definition 1.1) and S has codimension k > 2. Then we have the following equality of genus zero
Gromov—Witten invariants

<O‘1""’O‘">gfn,A = <p*a1,...,p*an>éfn7p!A. (10)

Remark 2.4. The virtual dimension of .#¢, 4(X) is the same as that of %07n7p!A()?).
Therefore, a priori, we assume that the total degree of insertions in (10) matches the dimension
constraint, i.e.

l — —
3 > dega; = vdim Ao pa(X). (11)
j=1

In fact, when the dimension constraint is not satisfied, both Gromov-Witten invariants in (10)
are zero and the blowup formula (10) holds trivially.

Remark 2.5 (Remark on psi-class). Here the blowup formula (10) deals with primary
Gromov—Witten invariants. The computation in §2.4 shows that this formula also holds for
certain descendent invariants, as we now explain. First, we have the natural projection

7t Mo pa(X) = Moy a(X).

Let 1/;]- be the psi-class of ]()W,A(X) associated to the jth marking, and W*l/;j be the pullback
class. Then under the assumption of Theorem 2.3, we have the equality

_ _ X e X
(Fayo, - Tanan)g g = (T 01, Ta, D70 ) g
_ o : . —dy —d; <
where 74, means the additional insertion wjj for X and 7r*1/1jJ for X.

2.2.2 Proof of the blowup formula. We prove the blowup formula modulo Propositions 2.8,
2.9 and 2.10, which are proved in §2.4. The main ingredient is the vanishing of a certain
Gromov—Witten invariant of W, for all r.

Viewing A as a homology class of X x P! via the inclusion X — X x {0} C X x P!, we
get a homology class p!WA € Ho(W;Z) with pyy: W — X x P! the blowup projection. Recall
that W, is the rth root stack of W along Fi... Its coarse space is W. Consider the moduli space
]O,n,p’w (W) of genus zero, degree p!WA, orbifold stable maps into W,. with n smooth markings
(cf. [CRO2, AGVO08]), and the following Gromov-Witten invariant of W,

* W'r‘ *
(don. gy, = /M T evitaay). (12)

where ¢ is the projection ¢: W, - W — X x P! — X.
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Remark 2.6. We will compute the integration (12) by the virtual localization technique
(cf. [GP99, Liul3]). Since the projection ¢: W, — X is equivariant with respect to the C*-
action, where the action on the target X is trivial, ¢« is also an equivariant cohomology class.
Thus, the integration (12) can be treated as equivariant integration.

LEMMA 2.7. Under the dimension constraint assumption (11), the Gromov—-Witten invariant
(12) vanishes for all r € Z>;.

Proof. Note that ¢ (piyA) = e (A), Vdim%{),n,p‘WA(Wr) = vdim .4y 4(X) + 1. Therefore,
by the dimension constraint assumption (11), we have

l — e R
3 Z dega; = vdim A4, 4(X) < vdim //lo,n,p’WA(WT)
j=1
and, consequently, the Gromov—Witten invariant (12) vanishes. O

This lemma says that the Gromov—Witten invariant (12) vanishes. By Remark 2.6, we will
compute this vanishing invariant by the virtual localization technique via the C*-action on W,.
We denote by ¢ the equivariant parameter of the C*-action.

By the virtual localization technique, the invariant (12) is contributed from the fixed locus of
the C*-action on //lo,n,p’WA(W?")- As usual, each component of the fixed locus of //lo,n,p’WA(Wr)

is indexed by a decorated graph ® and the component is denoted by .#¢. Then the total

contributions to the invariant (12) of all components of the fixed locus of %0771713’”/ nuo
are

0:/[/// H (" ay) Z/ Hev q ;) ec*% ZCont

O,n,p!vVA(Wr)]v}r 7=1 q) j= 1

where A% is the virtual normal bundle of .#Z ¢ in %Dm’pqw AWy).

All components .# ¢ are described explicitly in §2.3. The contribution Cont(®) of each
component .# ¢ to the invariant (12) is computed in §2.4. In particular, there are two special
graphs, ®) and @, for which every stable map in .#Z ¢, (and .# ¢, respectively) has images in
Fy (and /F, , respectively). We will prove the following propositions in §§2.4.1, 2.4.2 and 2.4.3,
respectively.

PROPOSITION 2.8. The contribution of # ¢, to the invariant (12) is

1 X
Cont(q)o) = —E . <041, s 7O‘n>0,n,A'

PROPOSITION 2.9. The contribution of # ¢, to the invariant (12) is

1 N o \X
Cont(Poo) = - <p a1, -5 P O‘">0,n,p’A'

t

PropoSITION 2.10. Suppose the normal bundle N of S in X is positive and S has codimension
k > 2. Then for a decorated graph ® other than ®¢ and ®,, under the transformation s = tr,
the contribution Cont(®) of .4 ¢ to the invariant (12) is a polynomial in r with lowest degree at
least 2 when r > 1.

With these three propositions, we finish the proof of Theorem 2.3.

1840

https://doi.org/10.1112/S0010437X23007315 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X23007315

WEIGHTED-BLOWUP FORMULAE OF GENUS 0 ORBIFOLD GROMOV—WITTEN INVARIANTS

Proof of Theorem 2.3. Under the assumption of the theorem, by Propositions 2.8, 2.9 and 2.10
we see that, after the transformation s = ¢r, when r > 1,

0 = Cont(®g) + Cont(Poc) + Y Cont(®)

= £(<p*a1, e 7P*O"ﬂ>§n,p!,4 — <a1, . 70‘”>gfn,,4) + Z Cont(®P)
DA, Poo

with the right-hand side being a polynomial in r. Thus, the vanishing of the coefficient of r on
the right-hand side implies the blowup formula. O

Remark 2.11. To consider the blowup formulae for a higher genus Gromov-Witten invariant
<a1, . 7O‘">§n,A’ g > 1, we choose a suitable line bundle L — X, such that <cl(L),A> =gK
for some K € Z31, to construct the geometric model W and W,. Then we also use localization
technique to compute a vanishing invariant of W, similar to (12) for r > 1. However, it requires a

X y N X
g and <p Qlyeey P O‘”>g,n,p!

computation. Some certain integrals over DR-cycles associated to (X, L) also appear naturally
in the localization computation. This will be addressed in a further paper.

more delicate work to extract <a1, el an> 4 from the localization

2.3 Description of Me for r > 1

2.3.1 Decorated graphs. It is standard to associate connected components of fixed locus
of %0%27’”/ 4(W,) with decorated graphs. See, for example, [Liul3]. We assume r > 1 in this
subsection.

Recall that the fixed locus W€ consists of the disjoint union of Fy = X, /I, = \T/)T( and
F,. = S, whose coarse spaces are |Fy| = Fy, |V/Foo| = Fx and |F,| = F.. Now consider a C*-fixed
stable map f: (C,z1,...,2,) — W, in *//lo,n,p!WA(W?“)~ We associate it with a decorated graph
® which consists of the set V(®) of vertices with labels, the set E(®) of edges with labels, and
the set of n tails T'= {¢1,...,tn}. The decorated graph @ is described as the following.

Vertices. Assign a vertex v to a connected component C, in f _1(WTC*). Moreover, for each v we
associate it with the following labels:

— label ¢, = 0, 0o or x depending on whether |f(C,)| C Fy, F, or F, respectively;
— label A, = f.[|Cy|] € Ha(F,,;Z), the homology class of f.([|Cy|]);
— label T, C T, the set of markings on C,,.

We define three subsets Vj, Voo and V; of V(®) by V, :={v | ¢, = e}.

Edges. Assign an edge e to each connected component of C'\ UUEV(F) C,. Let C, be the closure

of the corresponding component. Then C, is an orbifold P! and the map f: C, — D, is a
branched covering of a fiber of D, — S, ramified over S, and v/'Z. We assume 0 = f_l(S*),
0o = f~YIV/Z). We associate e the following labels:

— label d. to be the degree of f, i.e. fi[|Ce|] = de[F| € H2(D;Z), where [F] is the fiber class of
D — S,
— label twisted sectors v/Z[d,] of v/Z, which is the image of co; here d. <  since r > 1.

As previous subsection, for each decorated graph ®, we denote by M the corresponding
component of the fixed locus of .# 0,m.pL 4(W;.) and the virtual normal bundle of .#Z ¢ by A5.

Denote by Aut(®) the group of automorphism of ® that fixes all labels.
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DEFINITION 2.12. For a decorated graph ®, a vertex v € V(@) is called stable if val(v) + n, > 3
or A, # 0, where val(v) is the number of edges adjacent to v and n, = |T,| is the number of
markings on C,. Let V¥(®) be the set of stable vertices in V(®), and VY(®) be the set of
unstable vertices in V(®).

The set of unstable vertices VY (®) is the union of the following three types of vertices:

VH®) = {v e V(®) |val(v) =1, n, =0, A, =0},
V(@) = {v e V(®) | val(v) = n, = 1, A, = 0},
Vi®) = {v e V(®) |val(v) =2, n, =0, A, =0}.
LEMMA 2.13. When r > 1, for a decorated graph ®, we have Vo, C V°(®) or, equivalently,
vU(®) C V..

Proof. We show that any v with ¢, = oo must be stable. Let v be a vertex with ¢, = oo. If it is
not stable, then v belongs to V1(®), VEL(®) or V(D).

If v € V(@) U VHL(®), let e be the unique edge adjacent to v. This e then corresponds to
an orbifold map f : C, — D, with C, being the point co = f~'(Iv/Z) in C,. Then we see that
C, = oo is mapped into v/Z [de] since r > 1 and, hence, is an orbifold marking over the domain
curve C. This contradicts to the assumption that stable maps in ]O,mplw 4(W}.) contain only
smooth markings.

Similarly, an unstable vertex v € V2(®) with ¢, = oo must correspond to a balanced orbifold
nodal point whose two branches are mapped into V/Z[d,,] and /Z[d.,], respectively, where e;
and es are the only two edges adjacent to v. Since for a balanced orbifold nodal point, its two
branches must be mapped to two twisted sectors of v/Z decorated by two elements in p, that
are inverses of each other, therefore we must have e2™(de1/r) . g2mildey /1) = 1 j e,

de, +dey =0 (mod 1),
which is impossible when r > 1. This finishes the proof. O

DEFINITION 2.14. Let & (and @, respectively) denote the graph consisting of one single vertex
v with ¢, =0 (and ¢, = o0, respectively). Then

%(ﬁo - %0’”:‘4(1:’0)’ and %(I)OO = Zo,n,p!A( V Feo)-

Now consider a graph ® other than ®g, ®,,. Since the homology class is p!WA, there is no
vertex v € V(®) with ¢, = 0. For this graph ®, suppose

Voo ={u1,...,up}, Vi={v1,...,v4},
and the set of edges is
E={ep|1<j<p, 1<k<q}

Set the degree of ej;, to be d;;. We remark that Vo may be empty.

2.3.2 Euplicit expression of # &. Roughly speaking, . o is certain (fiber) products of moduli
spaces associated to vertices and edges, which we denote by .#, and .%., respectively.

The moduli space M, for each vertex u € V. The labels on u are ¢, = oo, A, and T, =
{tuts -, tua}. Suppose the set of edges adjacent to w is Ey, = {ey,,...,eu,}. Then E, pro-
vides b nodal points on the domain curve C' whose branches on C,, are viewed as (unordered)
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orbifold markings. These orbifold markings on C, are mapped into the twisted sectors

\/Z - ulk C \/ - ulk
for 1 < k < b. Thus, we get

b
%U = %0 Tu, By A u /\ Ulk ]

where .# .1, £,.A,(VFs) is the moduli space of genus zero stable maps in {/Fy with original
T, markings and E, (unordered) orbifold markings, [v/Z[r — d,;,]] is the class of V/Z[r — du, ]
in /Fs[r — dy, ] which equals to the pullback of the class of Z in F, via the natural projection

VFoolr — muy,] — Foo.
LEMMA 2.15. For each edge ey, € E,, there is a natural map
EVy,, s My — F, =S,
induced from the evaluation map evy, : M o1, B,.A,(VFoo) — 1/ Feo.
Proof. Note that after taking intersection with [\/Z[r — d,]], the image of evaluation map ev,;,

is \/Z[r — dyi,.]- Then by composing €V, with the projection v/ Z[r — dui,| = Fi = Sy, we get
EVyl, - O
The moduli space M, for each vertex v € V. If v is unstable, then .#, = F, = S,. Now suppose

v is stable, and is labelled by ¢, = %, A, and T, = {ty1, .. ., tya}- Similarly, suppose the set of
edges adjacent to v is E, = {e},4, ..., €1, }. Then we get a moduli space

]U = ]03T’UaE’L)7A’U (F*) = ]OaT’LME’U’A’U (S*)

Here T, stands for the original marked points on C', and F, stands for the unordered markings
on C, from the nodal points determined by edges in F, as above.

The moduli space F. for each edge e € E. Let e = ej;, be the edge connecting u; € V and
v, € Vi with degree djj,. If vy, ¢ Vi®), Fejy, 1s the fixed locus of

%0,1,[d]k],d]k[F] (‘D’I”) g ]0,1,[d]k],d]k[F] (WT))

where 0 is the genus, 1 is the number of smooth markings, [d;;] indicates the twisted sector
V/Z[d;x] of the unique orbifold marking, d;x[F] is the degree of maps. If vy € V1(®), Fe,y, 1s the
fix locus of

Furthermore, Z., is a fibration over S, with fiber being the C*-fixed locus of the moduli space
stable maps into P(r,._,ml)(C’*H) with topological data (0,1, [d;x], d;r[F]) or (0, [d;k], djr[F]).
This fixed locus Z,,, is determined by the marking mapped into VZ [djx]. It is straightforward
to see that ﬂ}jk is a Zdjk—gerbe over Z.

The moduli space M o

PROPOSITION 2.16. For a graph ® other than ®q and ®o, set dg := [].cp de. Then
_ rlEl _
My = 7o AT N Ay xgm 1] Ao (13)

u; €Voo v €V

Here we use the map defined in Lemma 2.15 for the fiber product.
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Proof. First, we have

_ 1 — 72
Tom gt T %o T Favgn T 7 (10

u; €EVoo e;k€E v €V

where Iv/Z is the inertia space of NA
Let {3} be a basis of H*(F,) = H*(S,) and {£3;} be its dual basis. Let H be the hyperplane
class of Z — S,, then
{yk =BH" | 1<k <r—1}

is a basis of H*(Z) with {¥;x} being its dual basis. We now simplify (14). For simplicity, we
only consider the case Voo = {u}, Vi = {v}, E = {ew}, and omit the factor 1/|Aut(®)|. For the
general cases, the computation is identical. From (14), we have

My =1 ([ Mu0 i) - [Fey, N (i U B)] - [ Ay M v, Br]),

Vik Byt

where r comes from the orbifold Poincaré dual of v/Z. Since Z,,, is a Zg,, -gerbe over Z, only
when ik = Yy (k1) = By H" ' the term [F.,, N (v U Br)] is nonzero, and contributes 1/d
Therefore,

€uv*

%qb = dr Z[]u N GNUZUBZ’] ) [%1} N ev:vﬂl/] =

r

. (]u XS, ]U)

Cuv /Bl’ Cuv
Here, we use the facts that 4y, = 5y when vy, = Sy H*!, and evy, ik = GUZUBV = éi}Zva. O

2.4 Contributions Cont(®)
We prove Propositions 2.8, 2.9 and 2.10 in this subsection.

2.4.1 Proof of Proposition 2.8. For the graph ®) we have .# ¢, = %O,n,A(FO)- Let C — A g,
be the universal curve and f: C — Fy be the universal map. The virtual normal bundle of .Z ¢,
in ]Oﬂ%P!W A (W) is the induced index bundle R, f* Lo by the normal line bundle Lg of Fy = X
in W,. We denote this index bundle simply by (Lo)as,. It is a line bundle with action weight —1.
Thus, since (¢*a;)|r, = ¢, by the dimension constraint (11), the contribution of ®g is

Cont(®g) = / [T evj((a*ag)lm) _ / IT)_y evs((a eyl m,)
(o a(E)vir c1((Lo)ag ® O(=1))  Jizg, aroyr —t+ c1((Lo)ao)
“ 1

1 / ) .
=—- /| 6U»(O[j):——-<0[1,...,0[n> A
b S o (Fo) ]Hl ! t 0.m,

This finishes the proof of Proposition 2.8.
2.4.2 Proof of Proposition 2.9. For the graph ®,, we have .#Z ¢ = ]07n7p!A((/Foo). The

virtual normal bundle of .Zg__ in ]0,n,p!w 4(W;) is the induced index bundle R, f*v/Loc by

the normal bundle of /F,, in W,, i.e. the rth root /Ly of the line bundle L,,. We denote
this index bundle simply by (\/Leo)a... It is a line bundle with action weight 1/r since r > 1.
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Moreover, we have the following commutative diagram

€V;

jo,n,p!A(VT FOO) y Foo

N
€ s
EUj P
F. X

0,n,p A(F )
and ¢*a;| - = (gl o) o = 7*p* (@ ). Thus, the contribution of ®q is
Cont(®o) = [T ev;((¢" o) )
[ aF) €1 (VLoo) 2 ® O(1/7))

[Tj=; evi(m*p*(a;))
YFo)ie t/1 + e1((V Do) o)

| )

A(F ]v1r "

Il
—\

OnpA

/[ Onp

ro1 / oL
S ev} (p )
tr [//Zoyn’p[A(Foo)]"ir]l;Il ’

, -
= E ' <p*a1’ <o ,p*an>gfn7p!A’

where the third equality follows from the dimension constraint assumption (11) and
vdim A, 0 A(V Foo) = vdim A, i a(Fioo) = vdim Ao 4 (X),

and the fourth equality follows from the computation of Gromov—Witten invariants of root gerbes
in [AJT15, Theorem 4.3], i.e. € ([ g, AV Fo)|™) = (1/1)[ M o a(Foo)]V™. This finishes the
proof of Proposition 2.9.

13

2.4.3 Proof of Proposition 2.10. We now consider a general graph ® other than ®y and @
For such a graph, the contribution is

- 1 o (A 5]V B 1 e [A 3"
Cont(®) = e @) [ L evja as)n ec-(Ma)  JAut(D)] Al evitaen ﬂ€*<t‘fc*(=/%b)>’

J=1 J=1

with e: ., g, AWr) = M nph, A(W) the natural projection.

As usual, the contribution from the virtual normal bundle can be decomposed into a combi-
nation of contributions of vertices, edges and nodal points. Before we give explicit computations,
we introduce some notation:

— the set V, is decomposed into
%:KSUKII—'V;JUVE?

the disjoint union of stable vertices and three types of unstable vertices (see Definition 2.12);
— the set E of edges is decomposed into

E=E°UE'UEYM L E?

according to the vertices in Vi, that the edges are adjacent to;
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— nodal points attached to Cy, u € V,, are denoted by n with lower indices; nodal points attached
to Cy,v € Vi, are denoted by n with lower indices.

(1) Contributions from stable vertices. For a stable vertex v € V°(®), .4, is a moduli space of
stable maps into the fixed component Fy, v/F,, or F, C W, according to ¢, = 0, oo or . Let .4,
be the virtual normal bundle of .#, in the moduli space of stable maps into W, with the same
topological data. By the contribution of a stable vertex we mean the equivariant Euler class
of ;. The explicit formula for the contribution of each stable vertex is given as follows.

(la) If u € Vo,
conty, = eq (RIS Loo)u) ™" = Cutqu) (‘ (R f* /Lo )u @ OC))

where (R, f*v/Loo)u means the induced index bundle over .#,, and rk(u) = |E,| — 1 since
r> 1.
(1b) If v € V5,
cont, := ec ((Rms f*(N & Og))y) L,
where (Rm.f*(N @ Og)), means the induced index bundle over .#,, whose rank is rk(v) =
Jprei(fiN)+ K +1 for a stable map f,: P! — S, in ., hence rk(v) = ¢;(N)(4,)
K+ 1.
(2) Contributions from edges. Let e € E be an edge. By the contribution of the edge e, we mean
the equivariant Euler class of the virtual normal bundle of .%, in the corresponding moduli space
of W,.. Suppose the edge e connects the vertex u € V5, and the vertex v € V, and has degree d,.
By the standard computations, when v & V,!, the contribution of e is

oo (IS ) ()

0<j<de—1 1<I<de—1 €

where those ‘- - -’ represent lower degree (but nonnegative) terms in t. When v € V!, in addition
to cont, there is an extra contribution ¢/d. coming from the automorphisms of the domain curve.

LEMMA 2.17. The cont, is a polynomial in t=! with lowest degree rke := de(k — 1) + 1.

(3) Contributions from nodal points. Nodal points correspond to some half edges or vertices with
exactly two adjacent edges. Be precise, there are three cases.

(3a) Let u € Vi and e = ey, be an edge adjacent to u with degree d.. Then we have a half edge

(u, e) corresponding to a nodal point n. attached to C,,. The contribution is
1 B de

(t +evis(e1(Loo)))/de = u  t+evi(c1(Loo)) — dethy”
where 0o in evy is the co marking on Ce, 1y, is the first Chern class of the cotangent line
bundle over .#, associated to the unordered orbifold marking corresponding to the nodal
point n., whose fiber is the cotangent space of the coarse space of C,, at n.

(3b) Letw € V.S and e = ey, be an edge adjacent to v with degree d.. Then we have a half edge
(v, e) corresponding to a nodal point n. attached to C,. The contribution is

(_1)th+l - de . (_1),‘%5—&—1

(-t —evis(c1(Loc)))/de = s —t —evig(c1(Los)) — dethy’

where 0o in Voo is the co marking on Ce, 1y, is the first Chern class of the cotangent line

bundle over .#, associated to the unordered marking corresponding to the nodal point n.,

(16)

conty, :=

contg, :=
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whose fiber is the cotangent space of C, at h, and the t**! corresponds to the deformation

of stable maps at the nodal point n. along the normal direction of S, in W,.

(3c) Let v € V2 and e1 = ey,0, €2 = €y, be the only two adjacent edges with degrees d, and
de,, respectively. The nodal point n, is the intersection of the two components Ce, and Ce,
corresponding to the two edges. The contribution is

(_1)Ntﬁ+1
(=t — evise1(Loo))/dey + (—t — evioe1(Loo))/dey

where 00 in evy, is the co marking on Cp, and C.,, respectively, and the t*! corresponds
to the deformation of stable maps at n, along the normal direction of S, in W,.

contgp, 1=

We conclude that

M =11 (contu 11 contne> 11 <contv 11 contﬁe> I conts, [ conte H —

u€EVo ecEy, veV,S eck, veV2 eclR eGE’qi
veV,

For a stable vertex u € V., we set
1 Bul .
Cont, = — (cont H contne) M), (17)
eEEu

with d,, = HeEEu d. For a vertex v € V,, we set

.
cont, - H conty, - H cont, ifve V*S,
eckE, ecE,
o contp, - H conte if ve V2,
Cont,, := [#,]"™ N ec B, (18)
conte ifve V*l’l,
— - cont, if v e V25,
( de

where when v € V"' UV}, E, = {e}. Then we have the following.
PROPOSITION 2.18. When r > 1, the contribution Cont(®) is
1 - X[k ~ * o)
A Z Hevj (" aj) H ev, | f.evy [, H €xCont,, H Cont,,,
le,e€F j=1 ecFE UE Vo vEV

where {3} is a basis of H*(F,)= H*(S.) with {3} the dual basis as in the proof of
Proposition 2.16, ev, + and ev. _ are the evaluation maps corresponding respectively to the two
special points oo and 0 on C, for an edge e, and ev, 4 is obtained from ev.  via Lemma 2.15.

To prove Proposition 2.10, we need the following two technical lemmas. The first was proved
in [JPPZ20, § 3].

LEMMA 2.19. When r > 1, under the transformation s = tr, for each vertex u € V., the term
t - €.Cont, is a polynomial in r and rational in s.

LEMMA 2.20. When the normal bundle N of S in X is positive and S has codimension k > 2 in
X, the product HUEV* Cont, is a polynomial in t=! with lowest degree at least |V|. Moreover,

when V,° is not empty, the lowest degree is at least |Vi| + 1.
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Proof. For a polynomial in t~!, denote its lowest degree in ¢t~ by deglow( -). We next compute
degl®% (Cont,) for all v € V.
For a vertex v € V,°, we have

deg!®Y (Cont,) = deg}® (cont,,) + Z (deg}™ (conts, ) + deg,”¥ (cont))

eck,
= (al(N)(Ap) +E+ 1)+ D (1= (5+1)+rk)
eckE,
=(a(NM)(A) +r+1)+ > (1= (r+1)+de(k—1)+1)
eck,
>[40+ ) (de—1D(k—1) =2

BEEU

Here we use the key assumption ¢1(N)(A4y) + & = [p1ci(faN) + £ > 0.
For a vertex v € V2, let e; and ey be the only two adjacent edges. Then the degrees of these
two edges satisfy d.,,de, > 1. Consequently, we have

degl® (Cont,) = rke, +1ke, +1— (K + 1)
=(de;(k—1)+14+dey(k—1)+1) —
=(dey +dey —1)(k=1)+1 >k >2.
For a vertex v € V"' with the unique adjacent edge e of degree d., we have d. > 1 and
degl® (Cont,) = ke = de(k — 1) + 1 > k > 2.
For a vertex v € V,! with the unique adjacent edge e of degree d., we have d, > 1 and
degl®(Cont,) =1k, — 1 =de(k — 1) +1—-12r—12> 1.
The lemma follows. 0
Now we prove Proposition 2.10.
Proof of Proposition 2.10. By Proposition 2.18, when r > 1, Cont(®) is
Cont(®) = |Aut Z Hev q" o H ev, 4 B evg, B, H exCont,, H Cont,.
le,c€E j=1 e€E uE Vo vEVi

Under the transformation s = tr, i.e. t—+ = rs— 1, for V, we have

H Cont, = <1>v*|G(t_1) _ <:>V*|G(r,s),

where G(r,s) is a polynomial in r by Lemma 2.20. Similarly, when V., is nonempty, by
Lemma 2.19, for each vertex u € Vi,

1
exCont, = ZFU(Tyﬁ) = gFu(T75)7

where F,(r,s) is also a polynomial in » when r > 1, which implies that

N\ Vel
H e.Cont,, = (5) F(r,s),

ueVoo
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with F'(r,s) being a polynomial in  when r > 1. Put them together, we conclude that when
Voo # @ and r > 1, Cont(®P) is a polynomial in r with lowest degree at least |Vi| + |Vo| = 2. If
Vs is empty, Vi, contains at least one stable vertex, i.e. V.° # @. By Lemma 2.20, we have the
fact that Cont(®) is a polynomial in r with lowest degree at least |V| + 1 > 2. This finishes the
proof of Proposition 2.10. O

3. Weighted-blowup formulae of orbifold Gromov—Witten invariants

In this section we focus on the orbifold case. Let X be a Deligne-Mumford stack with a projective
coarse space and S C X be a codimension x smooth substack with normal bundle N. Let X, be
the weight-a blowup (cf. [MM12, CDH19]) of X along S with weight

a=(ay,...,ax) € Z5,.

Denote by Z the exceptional divisor of )A(Gl7 which is the weight-a projectivization P4(N) of N.

We treat Deligne—-Mumford stacks via proper étale Lie groupoids, which are called orbifold
groupoids. There are some nice references on orbifold groupoids. See, for example, [ALRO7]
and [MP97]. One can see also [CDH19, §2] for a brief introduction to orbifold groupoids,
Chen-Ruan cohomology, weighted blowups, etc. The strategy to prove the weighted-blowup
formulae is exactly the same as the proof of the blowup formula in § 2.

3.1 The symplectic cobordism between X and )A(a
As in §2.1, let W be the weight-(a, 1) blowup of X x P! along So, = S x {oc}. The exceptional
divisor is

D:=P1(Na Os).

Here Os 2 S x Too P!, Then D contains a copy of Z = P4(N) as the infinity divisor P4 1)(N & 0)
and a copy of S as the zero section P4 1)(0 @ Os), which we denote by S.. The C*-action on P!
given by (8) induces an action on X x P!, which lifts to an action on W. Similar to Lemma 2.1
we have the following lemma.

LEMMA 3.1. The fixed locus WE" of W with respect to the induced C*-action consists of three
disjoint components

The normal line bundle Ly of Fy in W is a trivial line bundle with action weight —1; the normal
line bundle Ly, of F is (9)? (—=Z) with action weight 1; the normal bundle N, of F, is N @ Os
with action weight (—1,1).

Let W, be the rth root construction of W along F., = )A(u. With respect to the natural
projection W,. — W, the divisor of W,. lying over F,, is the rth root gerbe induced from the
line bundle Lo, — Foo. We denote it by v/Fs. Its normal line bundle in W, is the rth root line
bundle /Lo of L. The divisor of W, lying over D is the rth root construction D,. of D along Z.
Explicitly,

D, = P(ra,l)(N ® 05)7

the weight-(ra, 1) projectivization of N & Os. The normal line bundle of D, in W, is Op_(—7),
which is the pullback of the tautological line bundle Op(—1) via the natural projection D, — D.
The divisor of D, lying over Z is the rth root gerbe of Lo|z — Z, denoted by V/Z, which is also
the weight-ra projectivization P,q(N) of N. The /F. intersects with D, along the v/Z. The
C*-action on W lifts to W,..
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LEMMA 3.2. The fixed locus WE™ of W,. with respect to the induced C*-action consists of three
disjoint components

Fo=X, {/Fo2{/Xe F.=S5.28.
The normal bundles of Fo and F, in W,. are the same as their normal bundles in W. The normal

bundle of \/Fo in W, is /Lo, with action weight 1/r.

Remark 3.3. In general, given an orbifold X its inertia space IX is defined to be the union of the
twisted sectors of X (cf. [CR04]). Being precise, let 7% denote the index set of twisted sectors.
For any [g] € 7%, the twisted sector is denoted by X[g], then

IX=| | X[g].
[gleT*
We now describe the inertia space of W,. and related subspaces.
Twisted sectors of S. Let [g] be an element in .75, It is an equivalence class of some group

elements. Let g be any representative of the class. Denote the order of g by o(g). Suppose its
action weight on the fiber direction of N is

b(g) = (b'(9), ..., b%(g)) € Z%,.
Note that here we take 1 < b%(g) < 0(g) for 1 < w < k. Note also that TS Cc gX.
LEMMA 3.4. For each [g] € 7%, S[g] is a suborbifold of X[g] whose normal bundle is the
restriction of the inertia normal bundle IN — IS on S[g].
Proof. Set
Iy :=={w | b(g)" = 0(9), 1 <w <k} (19)
It determines an obvious subbundle Ny . of N over which g acts trivially. If Ij; is empty, then

X[g] = Slg], otherwise, S[g] is a suborbifold of X|g] whose normal bundle is the ‘restriction’ of Ny,
on S[g|, which is the same as the restriction of the inertia normal bundle IN — IS on S[g]. O

The codimension of S[g] in X[g] is [/|4|, the cardinality of I|5). Motivated by Lemma 3.4, we
set

T8 = {lg € 75| Iy = o). (20)
Twisted sectors of Z. Recall that Z = P4(N). The projection w: Z — S induces projections
lr: 1Z—1S and A: T% — 75,

Let [g] € 7%, we describe A~!([g]). Note that .7% C .7° x S, we write an element in .7 in the
form

[9,¢*™F], where [g] € 7%, 0 < R< 1.

Here we abuse the notation [g] and g. Then by direct computations, we have

A Y([g) = {[g, >R e 75 % §1|31 < w < &, st bo((gg)) + Ra,, € Z}.
We set
Rig = {R € (0, +00) | lg,e” 2™ € A7 ([g])} and Ryg = min Ryy. (21)
We now describe twisted sector Z[h] for an [h] = [g, e2™%] € .7%. Set
) }
I =<w|l < w< Kk, + Ra, € Z ;. 22
" { ' o(g) 22
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The I determines an obvious subbundle of N, denoted by Nf;). The blowup weight a induces a
subweight ap, := (aw)wel[h] on Np.

LeMMA 3.5. We have Z[h] = Pq, (Njp).
We skip the proof.

Twisted sectors of Xaq. Since Xq \ Z 22X\ S, we have %\ %2 = X\ 75, Hence, if [h] ¢ TZ,
Xa[h] = X[h]. Now consider an [h] = [g, e*"*#] € 7%. The normal bundle of Z in X, is isomorphic
to Oz(—1). The action of [h] on the fiber direction of Oz(—1) is by multiplying e~ We
conclude as follows.

LEMMA 3.6. For an [h] = [g, e2miR) ¢ 72 when €2 £ 1, Xy[h] = Z[h]. Otherwise, Z|h] is a
divisor of Xq[h] whose normal bundle is Oz (—1).

Twisted sectors of W. Since W is a weight-(a, 1) blowup of X x P! along S, = S x {00} and the
exceptional divisor is D = P q1)(N @ Os), we may apply the same strategy to get 7 D and IV,
Then we have

9W — (gXXPl \ gsm) U yD.
Furthermore, since Z and S, are two special suborbifolds of D, it is easy to conclude that
TP =70 75

Twisted sectors of W,.. Since the rth root construction (i.e. Weight—z blowup) is on Fo, = )A(a, the
difference of twisted sectors between W and W, happens at Fo, = X,. In fact, we have

FVFe = gFo 7, and (/@[h] = {/Feo[A(R)].

3.2 Weighted-blowup formulae

Let A € Ho(|X[;Z) and g := ([g1], .., [gn)) € (7X)". Consider the moduli space .# 4.4(X) of
genus zero, n marked, degree A orbifold stable maps into X (cf. [CR02, AGVO08]) with jth
marking mapped into X[g;]. For o € H*(X][g;]), 1 < j < n, a Gromov-Witten invariant of X is

X
<a1,...,an>0,g7A = / ' Hevj(ozj).

[#0,q,4(X)]V

In order to consider a corresponding invariant of X,, we need some preparations. For the
projection 77X« — FX we fix one of its right inverse

o gX L g (23)
as the following;:

(i) if [g] € T, set [g] := [g, e >"Fia], where Ryg = min Ry is given in (21);
(i) if [g] € 75\ T, set [g] = [g, 1];
(i) if [9] € T\ T3, set [g] := [g].

Now set

/9\1: ([gl]av[gn]) (24)

For each [g;], denote the projection over the corresponding twisted sectors by

~

Plg,) - Xo)lgs] — Xlgjl-
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This is the restriction of the projection of inertia spaces. Then the corresponding insertions are
transformed as

o = Pl Q- (25)
For simplicity of exposition, in g we assume

[91]7 ceey [gno(g)] € %Sa [gno(g)+1]7 ey [gn] € yx \ ’703' (26)

We next explain the transformation of A. When x =1, \)/Za] = |X|, A remains the same. We
next consider the case that x > 2. For this case, we need extract from p'A some fiber class of
Z — S. We first explain the fiber class [F] € Ha(Z;R) of Z — S. It is the dual of ¢;1(Oz(1)) (cf.
[CCLTO09, p. 141] for the case of weighted projective space). Similarly, we have fiber class of
D — S, which is the dual of ¢;(Op(1)) and restricts to the fiber class of Z — S, so we also denote
it by [F]. Then when x > 2, we set

A:=p'A- Z Ry [F]. (27)
1<i<no(9)
The weighted-blowup formula of the orbifold Gromov—Witten invariants for the codimension
Kk > 2 case is stated as follows.

THEOREM 3.7. Let X be a smooth Deligne-Mumford stack with projective coarse space and
S C X be a codimension k smooth substack. Let )/Zu be the weight-a blowup of X along S. Suppose
the normal bundle N of S in X is positive (see Definition 1.7). Then when k > 2, we have the
following equality of genus zero orbifold Gromov—Witten invariants

X . " Xa
<a1, e O‘">0,g,A = <p[g1]a1, .. ’p[ﬁn}a”%fgﬁ‘ (28)
Next we state the formula for the case kK = 1, i.e. S is a divisor of X. Unlike the case kK > 2, in
addition to the transformations given in (24) and (25), we need add extra orbifold markings for

Xa, which comes from the intersection information of stable maps in the moduli space %0797 A(X)
with the divisor S. Set

Ipn:=1[S Ao — Z bg:)

1<i<no(g)

where ng(g) is given in (26), b(g;) is the action weight of g; on the normal line bundle of S in
X, and [S- Alop, is the intersection number of an orbifold stable map f: C— X in .# 4 4(X)
with S. The 14 is a nonnegative integer. Then we add I4 orbifold markings associated with the
twisted sector corresponding to

Iz = [l,e ™/ € 77,

where a = (a) is the blowup weight. Then we set

~

gA = ([gl], ey [gn], 12, ey iz)
———
Iy
The insertions of the I4 extra markings are set to be 1.
THEOREM 3.8. Under the same assumption as that in Theorem 3.7 on X, S and N, when the

codimension k = 1 and the blowup weight a = (a) satisfies a > 2, we have the following equality
of genus zero orbifold Gromov—-Witten invariants

X Xa
<a1, . 70‘n>07g,A = <pf§1]a1, . ,prgn]an, 1,...,1 >0,§A,A‘ (29)

Ia
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Remark 3.9. As the smooth case, under the assumptions in Theorems 3.7 and 3.8, the virtual

~

dimension of .# g 4(X) equals to that of %0@ 1(Xa) and 454 4(Xa). Therefore, a priori, we
assume that the total degree of insertions matches the dimension constraint in both (28) and
(29), i.e.

IR —
5 Zdeg aj = vdim.#o g a(X). (30)
j=1

Otherwise, the invariants in (28) and (29) are all zero, and the formulae hold trivially.

Remark 3.10. As in Remark 2.5, the blowup formulae (28) and (29) also hold for descen-
dent invariants with psi-classes over ., o 7(Xa) (or (54 4(Xa)) being pullbacks of those of

Mo,.4(X) via the natural projections
]O@A(Xa) — ]0,9,14()() and %O@A,A(Xa) — ]0797,4()().
We next give a brief proof of the weighted-blowup formulae in Theorems 3.7 and 3.8.

Proof of the weighted-blowup formulae. The strategy to prove the weighted-blowup formulae is
almost the same as the proof of the blowup formula (10) given in §2. As X = Fy — W,., 7% C
TWr. A twisted sector of X can be treated as a part of a twisted sector of W,., and we have a
natural projection

¢: Wy[g] — Wlg] — (Xx P')[g] — X[g], V[g]eT™.

Moreover, this projection is C*-equivariant with C* acting on X[g| trivially. Consider the
following orbifold Gromov—Witten invariant of W,

(dar. . qan)e = /w L evita ). (31)

As Remark 2.6, we could treat the integration (31) as equivariant integration. We also have the
following result.

LEMMA 3.11. We have Vdim]o,g,p!WA(Wr) = vdim .#,44(X) + 1, and consequently by the
dimension constraint (30) the invariant (31) vanishes for all r € Z>,.

As in §2 we next compute the vanishing invariant (31) by the virtual localization tech-
nique via the C*-action on W,. As in §2.3 we represent each component of the fixed locus of
<///0,g,p!WA(WT) by a decorated graph ® (see §3.3), which we denote by .#¢. Then we compute

the contribution Cont(®) of each component .# ¢ to the invariant (31). As in Propositions 2.8
and 2.9, we also have two special graphs &y and ®,,. We will prove the following propositions
in §3.4.

PROPOSITION 3.12. The contribution of .4 ¢, to the invariant (31) is

X

1
Cont(®g) = -7 <a1, e ’O‘”>0,g,A'

PROPOSITION 3.13. When r > 1, the contribution of # ¢, to the invariant (31) is

1
Cont(®) = =

: (32

pgon - P, 0m)
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if Kk > 2, and
1 . Xa
Cont(P) = 7 <p>["g1]a1, P ns 1 1 >07§A7A (33)
Ia
if k =1.
For the blowup weight a = (a1, ..., ax), we set [la]| := >0 | aq.

PROPOSITION 3.14. Suppose the normal bundle N of S in X is positive and the blowup weight
satisfies ||a|| > 2. Then when r > 1, the contributions of all decorated graphs other than ®( and
®, are polynomials in r with lowest degree at least 2 under the transformation s = tr.

Finally, with these three propositions, the argument in the end of § 2.2.2 proves the weighted-
blowup formulae in Theorems 3.7 and 3.8. We omit it here. ]

3.3 Description of Me for r > 1
3.3.1 Decorated graphs. As in §2.3.1 we use decorated graphs to describe connected compo-
nents of the fixed locus of .#Z 0,09 4(W,.). The principle of the assignment of decorated graphs
to connected components of fixed locus is the same as that in §2.3.1. We omit it here.
However, we remark that the case is slightly complicated due to the labels of twisted sectors
on half edges as we now explain. Asin §2.3.1, each edge e corresponds to a fixed curve represented
by an orbifold C, mapped onto a fiber of D,, — S,:

u: C, — D,.

Here C. is an orbifold P'. Then u(0) € IS, and u(co) € Iv/Z. The labels associated to e then
are:

— label d. to be the degree of u, i.e. [u(C.)| = d¢[F], where [F] is the fiber class of D — S;
— label twisted sectors [ge] and [he] associated to u(0) and u(oo), respectively.

On the other hand, by projecting to S, we get a stable map C. — S, with two orbifold markings
which is constant on coarse space, therefore I(S.[ge]) = S«[A([he])] where I: IS, — IS, is the
canonical involution of inertia orbifolds. Consequently, these labels are related by

[he] = [ge_l,e%ide/r].
This suggests that the label [h.] encodes all information of d, g and he. It also implies that
de € Ryg,]-
We follow the lines in §2.3.1 and use same notation. As Lemma 2.13 we have following result.
LEMMA 3.15. For a decorated graph ®, when 7> 1, Vo, C V5(®).
Let ®q be the graph consisting of only one single vertex v with ¢, = 0. Then
May = Moga(Fo) = Moga(X).

It is the ®( in Proposition 3.12.
Now let ® be a graph other than ®q. It then has no vertex with ¢, = 0. Suppose

Voo ={ur, ... up}, Vi={v1,...,v4}
and the set of edges is
E={ep|1<j<p,1<k<q}
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Remark 3.16. Unlike the case in Definition 2.14 in § 2.3.1, we may not have a graph ®., consisting
of a single vertex with ¢, = oo. In fact, note that for a [g] € 7 the twisted sector Xoo[g] = Soold]
of X x P! transforms into S,[g]. Therefore, such a graph ®,, exists if and only if (1) x > 2 and
no(g) = 01in (26) or (2) k =1 and [S - Ao, = 0.

3.3.2 Euplicit expression of M . We next describe the component .# ¢ for a general ® # ®.

The moduli space M., for each vertex u € Va. For a vertex u € Vo labelled with ¢, = 00, A,
and Ty, = {tu1,---,tua}, suppose the set of adjacent edges is Ey, = {ey,, ..., eu, . Recall that
for an edge e, , there are labels dy;, , [gu, ] and [hy, | with

(Pat] = [g,g,0 "7

The FE, provides b nodal points on the domain curve whose branches over C, are viewed as
(unordered) orbifold markings and are mapped into the twisted sectors

VZihg') € /Fulhyl]

with [h;li] = [Guty, e~ ™4t /"] for 1 < k < b. Thus, we get

b
M= Ao, b0, (F) 0 \IVZIRL],
k=1

where 41, b4, (VFo) is the moduli space of genus zero stable maps into /Fo, with original
T,-markings and |E,| (unordered) orbifold markings decorated by

Here [v/Z [h;liﬂ is the class of v/Z [h;li] in V/Foo [h;li], which equals to the pullback of the class of

Z[gur,,, €2 ] in Foo[gut, , € 27tk ] via the natural projection (/E[h;li] — Foolgui, , €2 uix].
As Lemma 2.15 we have the following result.
LEMMA 3.17. For each edge ey, € E,, there is a natural map
EVuly,: My — 1Ss
induced from the evaluation map evy, : ]OaTuJ]uuAu(m) — 1V/Fos.
The moduli space 4 ,, for each vertex v € V. If v is unstable, then we set .#,, := S.. Now suppose

v is stable, labelled by ¢, = *, Ay, Ty, = {tv1,-- -, tua} and attached by E, = {e},y,..., €.} We
get a moduli space

]U = ]O’Tv,gvyAv (S*)’
where g, := ([gfl})], Cee [glzi]) and [g,,] is the label of the edge ¢;,, € E, for 1 <k < b.

The moduli space F. for each edge e € E. Suppose e = e;;, connects u; € Voo and v, € V; and
has labels dji, [gjx] and [hji]. Then, if v, ¢ V1(®), Fe;, is the fixed locus of

A 0935110341 171 (Or) © A0 [g,0] i e 7} (Wr ),
and if v, € V1(®), then [g;] = [1] and .7, , is the fixed locus of

Mo [h4),d501F)(Or) S A o j10),d;017) (Wr)-

The moduli space .# 3. As (13) in Proposition 2.16 we have the following result.
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PROPOSITION 3.18. For a decorated graph ® # ®¢, i.e. with Vy = &, set dg := HeeE de. Then

we have
rlEl

Mo = Gomm@) L A asoe 11 Ao

Uj EVao v €V

Here we use the map in Lemma 3.17 for the fiber product.

3.4 Contributions Cont(®)
In this subsection, we compute Cont(®), i.e. prove Propositions 3.12, 3.13 and 3.14.

3.4.1 Cont(®gLFor the graph @, we have .Z ¢, = ]@797,4“:0). As the smooth case its virtual
normal bundle in .Z 0,87, 4(W,) is the induced index bundle (Lg)a, by the trivial normal line

bundle Ly = Fo x ToP?! of Fg = X in W,.. The (Lg)g, is a line bundle with action weight —1. Note
that (¢*a;)|iF, = a;. Thus, the contribution of ® is
" ev (gt " evt(a;
conte = | L) _ | I evs()
(Zo.g.a(Fo)vir C1((|-o)<1>o ® O(-1)) og.aFoyvir —t +c1((Lo)a)
- 1

1 / H * X
=—- [ . evj(ozj):—f-<oz1,...,ozn>07 A
—t [Ao,g,4(Fo)]vir j=1 t g

This finishes the proof of Proposition 3.12.

3.4.2 Cont(P): case I. Note that by Remark 3.16 the graph &, consisting of a single
v vertex with ¢, = oo exists if and only if (1) K > 2 and ng(g) =0 in (26) or (2) k=1 and
[S - Alorb = 0, which both implies no(g) = 0. Suppose this is the case, which we call case I.

Then each [g;] € g determined by [g;] € g in (24) determines a twisted sector Fy[g;] of Foo
and also a twisted sector \/Fso[g;] of v/Fao. We have

W, [gj] NIv/Fe = VFeo [g]]
Then A ¢, = %O,ﬁ,p! A(VFoo). Its virtual normal bundle in %Ov&P!W 4(W,) is the index bundle

(v/Loo)®., induced from the normal bundle /Lo of V/Fo in W,.. The (v/Lso)s,, is a line bundle
with action weight 1/r. Note that we have the following commutative diagram

€v4

Mo 4(VFos) —> JFolil]

le lw X“ o (34)

ev; (451
///0,9,10 14(Foo)

Foolgs] —— Xlgj]
and ¢*ajl YFelss] = (q (/K[gj})*aj = ﬂ*p?‘gﬂ(aj). Thus, the contribution of ® is

Cont(Ps) = /MZ

[T v (@ oyl yrogs,) _ / [T 5 (7Pl )
L (P vir a((Vlso)s, @ O(1/r)) []O,E,p!A(m )vir t/r+ c1((Vleo)e.)

0,8,p
r r 1 n
- . 7T€Up oz]) / p 04]
t /[ DA " A(\/@)]Vlr 1;[ [g ] t r [‘%O,ﬁ,p!A(Fw ]VH 1;[ [91]
1 %
= & (Pl Pl )G a0

1856

https://doi.org/10.1112/S0010437X23007315 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X23007315

WEIGHTED-BLOWUP FORMULAE OF GENUS 0 ORBIFOLD GROMOV—WITTEN INVARIANTS

where the third equality follows from the dimension constraint (30) and
vdim ]O,EP!A({'/ Foo) = vdim ]ofg,p!A(Foo) = vdim .# g 4(X),
and the fourth equality follows from the computation of orbifold Gromov—Witten invariants of

banded gerbes in [TT21, Theorem 3.3], i.e. e*([]()@pm({/ Foo)]V) = (1/7) []()’ajp!A(Foo)]"ir.
This proves (32) and (33) of Proposition 3.13 for the current case.

3.4.3 Proof of Proposition 3.14, and the completion of the proof of Proposition 3.13. The
main task is to compute Cont(®) for graph ® with nonempty V.. We will prove that when r > 1,
Cont(®) is a polynomial in r with lowest degree 1 under the transformation s = ¢r. Moreover,
the lowest degree 1 is achieved only when (1) k > 2 and ng(g) > 0or (2) Kk =1 and [S - Alorp > 0,
and it is achieved by exactly only one graph, denoted by ®.,. Then we verify that for such @,
Cont (P ) is that given in Proposition 3.13. This completes the proof of propositions.

Similar to the smooth case, the contribution of & is

[%(ﬂvir
Cont(®) = |Aut Hev (¢ ;) Ney (ec*(Jch)>

with e: ./, 8P A AW, — 4, 8P A 4(W) the natural projection, and

Cont(®) = \Aut Z Hev q* o) H é?):’_irﬂleev:’_ﬂvle H €x(Cont,,) H Cont,,

le,e€FE j=1 S UE Voo veVi

where the following hold.

(i) The {B} is a basis of Hg(S) with {5} the dual basis, and eve 1 and eve _ correspond
to the two special points co and 0 of the curve C. of an edge e, respectively.

(ii) For a vertex u € Vi

|Bu|
r .
Cont,, := <cont H contne> M

eckE,

with d,, = HeEEu de;
(iii) For a vertex v € V4,

cont, - H contp, - H cont, ifv € V*S,
6€Ev GGEU
o contp, - H cont, if v e V2,
Cont,, := [.#,]"" N e€E,
cont, ifve V*l’l,
7 - cont if v € V!,
e

and

— for each u € V,,
1
conty = Ci(y) (— (Rmsf* v/ Loo)u ® O (r))’

of which (R7.f*{/Loo )y means the induced index bundle over .#Z, and rk(u) = |E,| — 1 as
r > 1,
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— for each stable vertex v € V,
cont, = ec+ (Rmf* (N @ Os))y) 1,
of which (Rm.f*(N @ Os)), means the induced index bundle over .#, with rank rk(v) =
f\Cul c1(IfiN]) + £ + 1 and |f}N] is the de-singularization of the pullback bundle over C, via a

stable map f,: C, — S, in .,
— for each edge e € E,

- W ) 1
cont, := ( H (deaw - b(ge) /0<ge) - ])t 4. )

1<w<k de
j€[0.deaw—b(ge)" /olge)|NZ
J#deaw *@M/U(QE)

. < H let +.. ) (35)

1<IKde—14{—de} €

of which
mw _ b(g)w lf b(ge)w < 0(96)7
‘ 0 if b(ge)w = O(Qe)a
and those ‘- - " represent lower degree (but nonnegative) terms in ¢,
— for each e € E, with u € V,, the associated nodal point n. contributes
d
contp, = €

t+ evéocl(l—oo) - deqz)e’

where 1), is the psi-class associated to the cotangent line bundle over .#,, whose fiber is the
cotangent space of the coarse space |C,| at the special point associated to ne,
— for each e € E, with v € V.5, the associated nodal point A, contributes

de . tlI[QE] |+1

—t — ev¥c1(Loo) — detbe ' H

1<w<k, b(ge)W=0(ge)

(_aw)v

conts, =

where a,, is the blowup weight, b(g.) and I|y,) are defined in § 3.1, 1) is the psi-class over .#,
and t/igerlH1 corresponding to the deformation of stable maps at the nodal point n. along the
normal direction of S, in W,., and

— for each v € V2 with exactly two adjacent edges e, es, the associated nodal point n,

contributes
Hige,+1
t" e
conts, = " " : H (—aw),
(_t - evoocl(LOO))/del + (_t - evoocl(LOO))/d@ 1<w<s, b(go) ¥ =0(go)
where t!flgv11+1 corresponds to the deformation of stable maps at the nodal point n, along the

normal direction of S, in W,.
The following result was proved in [CDW22, §3.2.5] and [TY23, §2.2.2].

LEMMA 3.19. When r > 1, under the transformation s = tr, for each vertex u € Vo, the term
t - €.Conty, is a polynomial in r and rational in s.

We next consider the product ]y, Cont,.
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LEMMA 3.20. Suppose ||a|| > 2 and the normal bundle N of S in X is positive. If ® has nonempty
Vi, as a polynomial in t~! the lowest degree in t~! of the product [1,cv, Cont, satisfies

degloY < H Contv> > Z [ ig.1] + VS + (k — 1)V

veVi vev2uvh!
and equality holds implies d. = Ry, for every e € E.

Proof. For each edge e € E, as a polynomial in t~!, the lowest degree in ¢t~! of the contribution
cont in (35) is

th, = ( 3 [deaw - Hae)? } ] + - )3 1) e - 14 {—de)),

1wk 1<w<ﬁ,deaw—b(ge)“’/o(ge)ez

where [-] (respectively, {-}) means the integer part (respectively, fractional part) of a real number,
and d, € Ry, ).
We claim that

ke > |14, (36)
and equality holds implies de = Ry, for every edge e.
Proof of the claim. Recall that for a [g] € .75

Riy = {7 € (0,00 g € 471 (g} = { 2202 200

aw0(g)

1§w§/<e, kGZ;O}.

Consider the function
rk(R):< > [Raw—[];(g;;u] + g+ K — > 1) —(R—1+{-R})
1<w<n 1<w<k, Raw—b(g)™ /o(g)€Z
defined on Ry for a fixed [g] € 5. Note that if R € Rig then R+ 1 € Ry, and
rk(R+ 1) = rk(R) + ||a]] — 1.

Therefore, by the assumption that |a| > 2, rk(R) takes its minimal value at some certain points
in (0,1] NRyy. For an R € (0,1] N Ry}, suppose there are exactly (w1, k1), ..., (wy, k) such that

kjo(g) + b(g)"

R= , for1<j <L
awjo(g)
Then
B b(g)*
rk(R) = > kj+ > Rawfﬁ + Iy |+ 5 — 1
1<l 1wk, wg{wi,...,w } o\

>—-1-(k—=1)+ ‘I[gﬂ +rk—-1= ’I[gﬂ,
where equality holds if and only if R = b(g)"//aw;0(g), i.e. k; =0 for 1 < j <[, and R satisfies

b w
—1 < Ray — (9) <0
o(9)
for all w ¢ {w1,...,wi}, i.e. R = Ry = minR,. This finishes the proof of the claim. O
By applying the same argument as in the proof of Lemma 2.20 coupled with the claim (36)
we get this lemma, thus we skip the details. O
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After we combine the contributions together, we get the following result.

LEMMA 3.21. Suppose ||a|| > 2 and the normal line bundle of S in X is positive. Then when
r > 1, with respect to the transformation s = tr, for a graph ® with nonempty V., the Cont(®)
is a polynomial in r with lowest degree

deg™ (Cont(®)) > Vool + D g, [ +2[V| + (k= DIV},
vev2uvhl
where the equality holds only if every edge e in ® satisfies d. = Rjy,].
We now come to the key lemma.
LEMMA 3.22. When > 2, under the assumption of Lemma 3.21, for a graph ® with nonempty
Vi, we have

deg!®" (Cont(®)) > 1.

Moreover, deg!® (Cont(®)) =1 if and only if |Vao| =1 and V, = V;"' = {uy, .. - Ung(g)} Where
each vertex v; is labelled by [g;] and has a unique adjacent edge e; with labels d.;, = Ry,

[9¢;] = [9;] and [he,] = [h;] == [gj—lje?ﬂ'iR[gj]/r].

Proof. When ® contains no edges, we must have V| =0, |Vi| = |[V:%| = 1, and consequently
deg'®¥ (Cont(®)) > 2.
Now suppose ® has edges. Then as x > 2, we get deg!® (Cont(®)) > |Vao| = 1, with equality
when
> Mgl + s+ DIV + (s =DV =0, and [Vao| =1,
veV2uv?

which implies |V;S’ = |V*1| = |V:k2| =0and zvevguvl,l |I[gv]‘ = zvevl,l ’I[gv]| = 0. Hence, |I[gv]’ =

0 for all vertices v € V,"'. Then, by the definitions of Ig,1in (19) and of Ty in (20), V! contains
exactly those markings decorated by [g;] for 1 < j < ng(g). Then by Lemma 3.20 the result
follows. 0

Let @, be the graph in the previous lemma such that deg'®” (Cont(®)) = 1. When & > 2, the
graph exists only if ng(g) > 0 and, it is unique if exists. We next compute Cont(®s). Denote the
unique vertex in Vy by us. Then we have A, = A in (27). The corresponding moduli space is

]um = ]076’2({/ Foo)

For this case we also have a commutative diagram similar to (34). We have |Aut(®o)| = 1 and

Cont( ):rno(g)/ (= (R Voo, ® O(1/7)) - [T}y €0 (q" a5, yr)
(Ao ]V [Ti<jcno(o) (t + evjer(Los) = Rig 10h5)

_ rno(g) . / Crk(_(Rﬂ'*f* \T/i) ® 0(1/7’))
[70’5’,3(\/7 ]v‘r H1<]<n0(g) (t + ev’; Cl( ) R[g] w])

n no(9)
] lev;(ﬁ*prgj]aj)/\ H1 vl ((VZ[h; )
J= J=
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) / Crte(— (Rt Voo Juoe ® O(1/7)) - Ty €05 (7" pf; 10t5)
7

ro(o) My 5 2 (VFoo) Vi ngjgn (g )(1 + (GU‘Cl(Loo) - [gj]%')/ )
Fno(a)  gno(g)—1 n
= no(e)  pmo(@)—1 /[/// o 1;[ (7" plg,)05)
r 1 n
R H (Plg;5) = <P[gl10‘17 PO ) o5 40 (37)
[%Oﬁﬁ ]v1r :

where:
— the third equality follows form
VZlh; =1, V1<j<nolg)

since V/Z [h]_l} =/ Oo[hj_l], which follows from the fact that [g;] € F° and [hj_l] =
lgj. € ZMR[QJ]/T] acts on the normal line bundle O 7(—r) of V/Z in {/Fs by multiplying
27rzR

3£ 1;

- the fourth equality follows from the dimension constraint and the fact that

rk(—(m*f*(/g)uw)z—(— > RE;"”H— > {—}%ﬂ})zno(g)—l,

1<j<no(9) 1<j<no(9)
when r > 1;

— the fifth equality follows from the computation of orbifold Gromov—Witten invariants of
banded gerbes in [TT21, Theorem 3.3], i.e. e*([%()ﬁg((/Foo)]Vir) = (l/r)[]oag(Foo)]Vir.

We next consider the case that x = 1. Thus, the blowup weight a = (a) and |ja|| = a. As
Lemma 3.22 we have the following result.

LEmMA 3.23. When x = 1, under the assumption of Lemma 3.21, for a graph ® with nonempty
Vi, we have

deg!®" (Cont(®)) > 1.

Moreover, deg'®" (Cont(®)) = 1 if and only if:

-Vt ={uy, ... , Uno(g)) have exactly no(g) vertices where each vertex v; is labelled by [g;]
and has the unique adjacent edge e; with labels d.; = R}y = b(g;)/a0(g;), [ge;] = [g;] and
(he)) = [g; ", "™ 9/7); and

— V! has exactly 14 unmarked vertices with each vertex having a unique adjacent edge e with
labels de = Ry = 1/a, [ge) = [1] and [he] = [17627”'/1”!1].

For this case, there is also exactly one graph with deg!®V(Cont(®)) = 1, which we also denote by
® .. By similar calculation as (37), the contribution of this ®, is

1 * * )A(a
Cont(Ps) = T <P[g1]o‘17 Pl Ons L 1 >07§A,A'
Ia
We skip the details of the proof.

This finishes the proof of Propositions 3.12, 3.13 and 3.14, and hence the weighted-blowup
formulae in Theorems 3.7 and 3.8.
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4. The genus zero relative-orbifold correspondence

As one may note, our approach consists of two main ingredients: one is that the model W
provides a relation between X and X,; second, we use a ‘rth root construction + polynomiality’
argument to certain divisors to extract expected invariants. Along this line, in this section we
apply our approach to give a new, direct proof of the genus zero relative-orbifold correspondence,
i.e. Theorem 1.15. This time we apply root constructions twice to W to get a new space W, s and
apply the virtual localization technique to a certain relative invariant of W, ;. To avoid tedious
computations caused by orbifold structures, we only give a proof by assuming that X is smooth.
The orbifold case can be dealt with similarly by following the computations in § 3.

We fix the following notation. Let S be a divisor of X, N be the normal line bundle of S
in X and X, be the rth root construction of X along S, i.e. the weight-r blowup of X along S.
Thus, the exceptional divisor of X, is the rth root gerbe {/N/S of N — S, denoted simply by
VS.

4.1 The symplectic cobordism between X and X,
Let W, D, Z, Sy, Fy, Fso, Fy be as in §2.1. Let B C W be the strict transform of S x P! C X x P!
with respect to the blowup. Since S is a divisor, we have some simple facts:

- Fe = X = X, and Z = S has normal line bundle N in X = X;
— B is a divisor of W; denote its normal line bundle by Lp;
- B2SxPland BND=S,, BNFy=S,.

Let W, be the rth root construction of W along D (not Fy in §2.1). Under the natural
projection W, — W the divisors lying over Fy, Foo, D and B are

Fy, Fxp=X, VD:=3/Op(-1)/D=P,,(N&Os), and B,
where B, is the rth root construction of B along S.. The Z C D also lifts to N P(W)
(N @0) = v/S. The C*-action lifts to W,..

LEMMA 4.1. The fixed locus W,C" of W, with respect to the induced C*-action consists of three
disjoint components

F(), Foo,rg ) and \T/F*: \T/OD(_1)|F*/F*2 {/OS/S.
The normal line bundle of Fy in W, is the same as its normal line bundle in W, the normal line
bundle of Fy, , = X, in W, is the pullback of L., (still denoted by L« ), and the normal bundle
of \JF, in W, is N @ \/Og with action weight (—1,1/r).

We next take the sth root construction of W, along Fi, , = X,. Denote the resulting stack
by W, . Therefore, under the natural projection W, ; — W, — W, the divisors lying over Fp,
F., D and B are

Fo, /Foor = \S/ Loo/Foo, EVXy, VDs= P(sr,r)(N ©0Os), and B,

where the normal line bundle of Fy in W, s is Lo; the normal line bundle of {/F , = v X, in

W, s is the sth root /Loo of Loy — Fy r; the v/D, is the sth root construction of /D along
V7 = P(,,)(N ©0) and its normal line bundle in W, s is the rth root line bundle {/Op,(—s)
with Dg = P(S,l)(N @ Og); and the normal line bundle of B, in W, is the pullback of Lp, which
we still denote by Lp.

LEMMA 4.2. The C*-action lifts to W,. 5, whose fixed locus consists of three disjoint components

Fo, /Foor = /X,, and {/F,.
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In W, the intersection of {/Fio, = VX, and /Ds = P(4.,)(N @ Og) is a two-step root
gerbe over Z induced by the two line bundles Lo |z and N. Note that Ly|z and N are dual
line bundles of each other. We denote the resulting root gerbe by "v/Z. Its normal bundle in
W, is VN & ¢/ Loo|z. The twisted sectors of 7z , VF, = NG , etc. have similar descriptions
as twisted sectors of W, in (9). For example,

V(5. K]

means the twisted sector of "¥/Z, whose action on v/N and {/L.|z are multiplying by e2mili/r)
and e2m(k/s), respectively.

4.2 The genus zero relative-orbifold correspondence

Let I" = (0, A, m, 1) be a topological data for genus zero relative stable maps into (X, .S) where
= (p1,..., 1) € ZL, is a partition of d := S - A. Suppose r > 1. We next view I as a topolog-
ical data I';. of absolute stable maps into X, by viewing the jth (j = 1,..., p) relative marking
decorated by p; as an orbifold absolute marking mapped into

VS[ui) € Xolu),

and the m absolute markings as smooth markings. We write I', = (0, A, m, []).
_ Thus, associated to I' there is a relative moduli space .Z (X | S), an absolute moduli space
A, (X,), and an absolute moduli space .# A.m+,(X), together with two natural projections

Tret: M (X|S) = Mo amp(X) xx0 SP
by forgetting the relative information u, and
Torb: A1, (X)) — ]07A7m+p(X) X xp SP
by forgetting the rth root structures.
THEOREM 4.3. The following genus zero relative-orbifold correspondence holds:
Torb ([, (X)]"") = Mpet s (A0 (X|S)]Y™)  when r > 1. (38)

We outline the proof of this theorem here and the details of the proof occupies the rest of
this section.

By the two inclusions X — Fy, Foo C W, from A € Ho(X;Z) we get Ay, Aoo € Ho(W; Z).
Let [F] the fiber class of D — S. Then we have Ag = Ay + d[F]. Note that B- Ay =5-A=d.
Take the relative topological data

I‘VV = (07 AOa m, ”)

of (W, s, By) with all absolute and relative markings being smooth markings. Let ]Fw (Wy.s|By)
be the corresponding relative moduli space. Then we have a natural projection

Torb-rel - %FW (Wr,s ‘ Br) - ]O,Ao,m—s—p(Wr,s) XWﬂs Bﬁ - XO,A,m—Fp(X) XXp SP.

This map is C*-equivariant with C* acting on o 4 m+,(X) X xe SP trivially. Therefore, the
push-forward of the virtual cycle of ]FW (W,s| Byr) will be a polynomial in the equivariant
parameter t. In particular, the coefficient of t~! will vanish, which gives us the genus zero
relative-orbifold correspondence in (38) when r, s > 1.

4.3 Description of components of fixed locus of .#r,, (W,.s | B;) for r,s > 1
The relative Gromov—Witten theory are defined by expanded degeneration (degenerated targets)
(cf. [LRO1, Li0O1, IP03, CLSZ11, AF16]). For (W, s, B,), an expanded degeneration is obtained
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by gluing W, s along B, with a chain of orbifold P!-bundle P(Lp ® Op,) (of length I,1 < 00)
over B,. These chains are called rubbers associated to Lp — B,. A rubber has two ends. We
call the end glued with B, in W, , the infinity section of the rubber, and the other end the zero
section of the rubber. There is a natural (C*)!-action on the length I chain of P(Lp ® Op,) with
jth C* acting on the jth component by scaling on L. There is also an induced C*-action on Lp
from the C*-action on W, ;. Thus, we have a C*-action on chains of P(Lp & Op, ). In particular,
for a length [ chain of P(Lg @ Op,), the (C*)!-action commutes with the C*-action. Hence,
the C*-action on W, ; extends to a C*-action on every degenerate target. Note that the B, is
not fixed by the C*-action. The fixed locus of the rubber component associated to Ly — B,
consists of the rubber components associated to Lg|s, = N — Sp and Lp| sy ~ N — /S,. We
next describe components of fixed locus of %FW(WT,S | B,) for r,s > 1.

Since the homology class Ag = A + d[F], those C*-fixed relative stable maps in
%F‘/V(WT,S | B;) would have images in Fy = X with rubbers associated to N — Sy = S, or in
/ Fooyr Urgz v/D; with rubbers associated to N — /S,. We call them type (I) and type (II)
C*-fixed relative stable maps respectively. The following lemma is obvious.

LEMMA 4.4. Those type (I) C*-fixed relative stable maps form a connected component of the
C*-fixed locus of M r,,(W; s | By). This component is identified with #1(X | S).

We next consider a type (II) C*-fixed relative stable map f: C — (W, , B,). We can

decompose it into a combination of the following three parts:

— a (possible disconnected) degree AL € Ho(Fuo;Z) stable map foo: Coo — ¢/ Foor;
— a disjoint union of degree d;[F], 1 < j < p/, simple’ C*-fixed relative stable maps

fi= (Cj xj,y5) = (VDs, V/'55) (39)
with an absolute marking x; and a relative marking y;;

— a degree A, € H(S,;Z) relative stable map f~: C~ — P into the rubber component P~
associated to N — +/S,.

Set d =: (dy,...,dy) and ||d|| := ]p-l:l d;. We have
Ao = A +|d|l - [F]+ Ay Z- Al =|d]l; S A.=d—|d]. (40)
On the curve C, there are p’ nodal points (ni,...,n,) connecting C with |_|§-’/:1 Cj. They
provide corresponding markings on Cy and |_|§-’:1 Cj, which are denoted by (Z1,...,Z,) and
(21,...,x,), respectively. Here x; € Cj,1 < j < p/. Similarly, there are p’ relative markings

(U1,---,9y) on C™ and relative markings (yi,...,y,) where y; € Cj,1 < j < o’ that form p’
nodal points (ny,...,n,) connecting C~ with |_|§7l:1 Cj. These g;,1 < j < p/, are mapped into
the infinity section of the rubber. The C™ also has ¢(u) smooth relative markings decorated by
1 and mapped into the zero section of the rubber.

The original m smooth absolute markings are distributed only on Cy, and C~. Suppose
there are moo (respectively, m™) smooth absolute markings on Cu (respectively, C™). Then
m = My +m"~.

Now for each fj: (Cj,z;,y;) — (3/Ds, v/Si) in (39), the contact order at the relative marking
yj is dj. Suppose that the relative marking y; is mapped into +/S,[A;] with 0 < X\; <r —1, and
the absolute marking x; is mapped into

WZlvj,dj) = VZ[v;,dj)

! Here a simple S'-fixed stable map means it is fixed by the S and the target is not expanded. See [GVO05].
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for a certain 0 < v; < r — 1. We label the absolute marking z; by [v;, d;], and the relative marking
y; by ([A\;],d;). By applying the orbifold Riemann-Roch theorem (cf. [CR04, Proposition 4.2.2])
to the pullback bundle fj’»k {/Op,(—s) — C}, we see that these \;,v;, d; satisfy the relation

r | )\j—i-Vj—i-dj. (41)

Therefore, A; is determined by v; and d;.
Since the absolute marking Z; over C, and the absolute marking x; over C; form the nodal
point nj;, the absolute marking &; is mapped into

T’\S/Z[T — V5, S — d]]
We label the absolute marking Z; by [r — v}, s — d;], and set
hi=(r—vi,s—di],....[r—vy,s —dy]).

Similarly, as g; and y; forms the nodal point n;, the relative marking ¢; over C is mapped into
V/S«[r — Aj] and also has contact order d;. We label the relative marking g; by ([r — A;], d;), and
set

vi= ((fr = M)odr)s o (fr = Ayl dy).

To summarize, the three parts of the decomposition of a type (II) fixed relative stable map
f: C — (W, s, B;) have topological data

o
T = (0, AL, e, b), |_| vy dil, (N, dj)), TV = (0, Aw,m™, v, ). (42)

The decomposed stable maps may have disconnected domain curves. We use the superscript ‘e’
to denote the moduli space of stable maps with possible disconnected domain curves.

LEMMA 4.5. Those type (II) C*-fixed relative stable maps corresponding to the same decom-
position of topological data as given by (42) form a connected component of the fixed locus of
My, (Wys | By), which is

My (VX)) X1z ]EE(VT Dy | /8¢ X(1Y/85)e M~
|[Aut(Fso, ', IT')| ’

WhelgAut(Foo,FE,FN) is the automorphism group of the decomposition (I'so,T'g,I'™) of Ty,
and //ZFN is the moduli space of stable maps into the rubber component associated to N — +/Sk.

]FOOIE,FN = (43)

There is a special component for which the target is not expanded. For this component the
type (II) C*-fixed relative stable maps decompose into two parts with topological data

)
F* = (0, Aoo,m, b%), TI'p |_| (0 #J 'ujﬂuj]’([o]muj))v (44)

where b* = ([u1,s — pal, - ., [14p, s — 1p]). The corresponding component of the fixed locus is
%F;WFE = ]F’&)( \S/ ) (I T, s ’%F* \/ | \/ (45)

4.4 Contributions of components of fixed locus
We now compute the equivariant Euler class of the virtual normal bundle of each component of
the fixed locus of #1,, (W, | B;), hence its contribution .#r, (W, s | B;,), when r, s > 1.
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4.4.1 The component M1 (X |S). For this component of fixed locus, its normal bundle is

induced from the normal bundle Lo = Fy x TyP! of Fy, a trivial line bundle with action weight
—1. For this case, we also have the universal curve and the universal map

f
C X X

|

Mr(X|S) —= T

where C is the universal curve, X’ is the universal family over 7, and 7 is the stack of expanded
relative pairs of (X, S) (cf. [GV05, §2.5] and [Li01, §4.1]), from which we have the induced
index bundle (Lo)r := R*m. f*Lo over A1 (X | S). The bundle (Lo)r is a line bundle with action
weight —1. Thus, the contribution of the component .# (X | S) to [A (W, | B,)]'" is

[ A0 (X | S)™ [ A0 (X |9)]"

Conto = Tor ©0(1) ~ —t + er((Lo)r)” (46)

4.4.2 The component ]F&TE' In (45), ];%({/ D, | ¥/S,)€" is a disjoint union of the simple
fixed locus of p moduli spaces of relative stable maps of ({/Ds, v/Sx), with jth one having the
topological data

(0, 3 [FY, [r = pg, 505 (0], 1))
in (44). Thus, the relative marking y; is smooth with contact order 1, and the absolute marking
x; is an orbifold marking mapped into N7z [ — 15, f15]. We denote the simple fixed locus of the

Jjth one by 7. There is a natural corresponding moduli space of relative stable maps into
(Ds, Si) whose topological data are

(0, 13 [F1; (5], 1)
We denote the corresponding simple fixed locus by ﬂ?’”. Since +/Ds is a root gerbe (hence,
banded) over Dy, by the analysis of moduli space of banded gerbes in [TT21, §5], we see that
Fyu; is a Zy-gerbe over 97”, and
vi 1 vi
B = [ﬂl’h] T
Moreover, as 97” is a Z,,;-gerbe over S, = Z, we have

- 1 ; 1
Z ™ = 117 = 5. 47
j
Since 'V/Z is a Z, x Zs-gerbe over Z = S,, combining with (47), we get
Sp

AMrs, 13 :]F&(\S/)TT) X1 Z)e H Fu; = - My (Y Xr). (48)

1<5<p [T

We now consider the virtual normal bundle, which consists of two parts.

— An index bundle (v/Loo)rs, := Ry f*+/Loo over %p;o (v/X,) induced from /Lo, with action
weight 1/s. As s > 1, the rank of the bundle is 1 — p. Thus, the equivariant Euler class is

Crk<_ (V/Loo)rs, ®(9<i>> _ Z <i>’)—1_k0k(_(m)p;®).

0<k<p—1
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— For 1< j < p, the nodal point n; contributes a subline bundle whose equivariant Euler
class is
1 _ ]
(t+evy (c1(Lool2)))/1s — 5 t+evh (e1(Los | 2)) — by

Thus, the contribution of the component %F&TE is

> 0<k<p—1 P~ 1k s e (= (Voo )rs,)
[Tigj<p(t +evh e1(Loc|z) — pj75)

Cont, := [« (VX,)]" N (49)

4.4.3 The component M., rpr~. Now consider a general decomposition (42). For 1 < j <
/
o', each

(0, d;[F], [vj,d;], ([A;]. dj))
in (42) determines a simple fixed locus of the corresponding moduli space of relative stable maps
into (3/Ds, v/S«), which we denote by .%;. As (47) we have

S
de '

E

J

Thus, the component .#r_ r, r~ is
e (VX)X (120 (H1<y<p' 7 j) X y/sny Ar-
[Aut(Doe, T'g, T™)|

B (rs)” %1.“00(\/5 Xr) X go' M~
Hé,"zl dj |[Aut(Too, T, )|

‘%Foo BION hae =

The equivariant Euler class of the virtual normal bundle consists of the following.

— Suppose the number of connected components of I', is k, and each component is indexed by
', 1< j < k. Suppose the p’ nodal points on Co are distributed on each component by
the partition

(Phs- -5 k),

ie. > ; ,03- = p/. Then the equivariant Euler class of the induced index bundle (m)rm,j =
Rrs f*+/Loo over the component of I' ; is

Cpo < — (VLoo)r..; ® O(i))

Therefore, the total equivariant Euler class is

— For 1 < j < p/, the nodal point n; corresponding a subline bundle and its equivariant Euler
class is
1 B d;
(t+evy (c1(Loolz)))/dj — 5 t+evy (e1(Loo|z)) — djthy
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— The rubber component contributes a subline bundle and its equivariant Euler class is
4 —L
LY g,
7=1

where W, is the target Psi class; see, for example, [JPPZ20, §3.4].

Thus, the total contribution of this component of the fixed locus is

. (A (V) g A"
on Poo g, I~ - = ’Aut(roo,FEvFNM

I I O e ( (YT )

= (50)
t+\Ij ng‘]gp (t‘l—e’l):jCl( OO|Z) /l/} )
4.5 Proof of the genus zero relative-orbifold correspondence
By the localization formula, we have
[]FW (Wr,s | Br)]Vir = Contg + Cont, + Z ContromFEvFN' (51)

(Foo, T, I'™)
Now we push it forward to .#¢ ,1p a(X) X x» SP via the natural projection
Torborel | ZFW(WT’S | B;) — ]07,14_,)7,4()() X xp SP.
Thus, since the C*-action on ¢ ;4 p,4(X) X xe S is trivial, the push-forward
Torb-rel st + [Ty, (Wrs | By)]™)

is a polynomial in ¢ with vanishing constant term. We next extract the coefficient of 0 in
Torberel « (t - [Ty, Wy s | By)]V™). By (51), we have

Worb—rel,*(t : [%FW (Wr,s ’ Br)]Vir) = ﬂ’OI‘b—I‘el,*(t : COHtO) + 7Torb—rel,*(t : COI’lt*)

+ Z Worb-rel,*(t . ContFOO,FE,FN)- (52)
(FOOVFEvr‘N)

For the coefficient of t° in each term on the right-hand side of (52) we have the following
simplifications.

(i) The constant term of the first term is

tAMr (X ]S
—t + C1 ((Lo)r)

[ﬂ'orb—rel,*(t : COIlt())] 0 = |:7Torb—rel,* ( ):| = _Wrel,*[]F (X ‘ S)]Vir7
0

where we have used the fact that the restriction of mopyrel 00 AT (X | S) is Trel.
(ii) For the second term, we first have the simplification

Yockep 1t T en(—(VLoo)rs,) )
[Ticje,(1+ (evi c1(Loolz) — 1i5) /1)

where we have used the fact that the restriction of morp el 0D ]Féo (v X,) is exactly the
Torb: A1 (VX)) = M1 (X) xx0 SP. So the constant term in ¢ is

[Worb-rel,*(t . Cont*)]to = Torb,* (S . [%F;O(i/fr)]wr)

Forb—rel,*(t . Cont*) = Torb,« <[%F;o(\5/fr)]vir N
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Note that the projection o, : ]F&( VX)) — ]07A,m+p(X) X x» SP splits into

]F’&)( \/S Xr) 7ro—rb> ]FT(XT) T, %O,A,m+p(X) XXxp Spa
since the I'; (see (44)) is a lifting of I', = (0, A, m, [u]) to v/ X,. Therefore we have

Tt (5 (s, (/XK0]™) = Mo © W o - (e (VX))
= Torb,* (i -S- []I‘r (Xr)]vir> — Worb,*([%FT (‘er)]vir)7

where for the second equality we have used the computation of push-forward of virtual fun-
damental classes of moduli spaces of stable maps of banded gerbes (cf. [TT21, Theorem 3.3]).
We conclude that
[Worb—rel,*(t . Cont*)]to = Worb,*([]l“r (XT)]VH). (53)
(iii) The third term on the right-hand side of (52) is
(V) % g AT

Worb-rel,*(t . COHtFoo,FEIN) = Torb-rel,x ( |[Aut(Iso, T'E, I'™)| "
oos L B,

/ p/'_l ! —1—h S
b I1j-1d; . [[j=1 2 onlo s"en (—( LOO)FOOJ))
t+ Ve H1gjgp/(t+evﬁjcl(Loo|Z) — m;v;)

It is straightforward to find that as a polynomial in ¢~! its lowest degree is x > 1. Thus,
the constant term of the third term of the right-hand side of (52) vanishes.

Therefore, by the vanishing of the constant term of Torb-rer «(t - [ (W, | B.)]V") we get
7rorb,*([]l“r (XT)}VH) = Wrel,*[]l“ (X | S)]Vir-

This finishes the proof of Theorem 4.3. The proof of the orbifold case is similar and follows from
similar computations as those in § 3.
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