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For a class of non-conservative hyperbolic systems of partial differential equations
endowed with a strictly convex mathematical entropy, we formulate the initial-value
problem by supplementing the equations with a kinetic relation prescribing the rate
of entropy dissipation across shock waves. Our condition can be regarded as a
generalization to non-conservative systems of a similar concept introduced by
Abeyaratne, Knowles and Truskinovsky for subsonic phase transitions and by
LeFloch for non-classical undercompressive shocks to nonlinear hyperbolic systems.
The proposed kinetic relation for non-conservative systems turns out to be
equivalent, for the class of systems under consideration at least, to Dal Maso,
LeFloch and Murat’s definition based on a prescribed family of Lipschitz continuous
paths. In agreement with previous theories, the kinetic relation should be derived
from a phase-plane analysis of travelling-wave solutions associated with an
augmented version of the non-conservative system. We illustrate with several
examples that non-conservative systems arising in the applications fit in our
framework, and for a typical model of turbulent fluid dynamics we provide a detailed
analysis of the existence and properties of travelling waves which yields the
corresponding kinetic function.

1. Introduction

Certain nonlinear hyperbolic models arising in continuum physics and, in particular,
models describing complex fluid flows, do not take the standard form of conservation
laws but, instead, are nonlinear hyperbolic systems in non-conservative form

Ou+ A(u)o,u=0, ze€R, t=>0. (1.1)

Here, u = u(x,t) € §2 is an unknown field taking values in a (convex and open)
domain 2 C RY, while the matrix-valued field A = A(u) is given and, for each state
u, admits N real and distinct eigenvalues. It is well known that nonlinear hyperbolic
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equations do not admit smooth solutions, since propagating discontinuities arise in
finite time even from smooth initial data. For conservative systems, weak solutions
in the sense of distributions are sought. However, for non-conservative systems (1.1),
the distributional definition does not apply. A suitable notion of weak solutions was
proposed by Dal Maso, LeFloch, and Murat, which, together with several nonlinear
stability theorems, was presented in [20]. Non-conservative hyperbolic systems have
been the subject of active research in the past 15 years. The theory covers the
definition of weak solutions [20, 37-39, 43, 57], the existence of solutions to the
Riemann problem [20,37], the initial-value problem [19,37,45], the uniqueness of
bounded variation solutions [6,42] and their approximation via finite-difference
schemes [14,31,46]. In addition, many non-conservative models arising in continuum
mechanics have been systematically investigated, as such models play an important
role in the modelling of multi-phase flows and turbulent fluid dynamics [3,7-9,15,
16].

Building upon the above works, our purpose in the present paper is to consider a
restricted class of non-conservative systems of the form (1.1), characterized by the
property that a large family of additional entropy functions (conservation laws) is
also available. In other words, the systems to be considered below formally have
a conservative form if nonlinear combinations of the given equations are allowed.
However, the physical modelling dictates that non-conservative equations should
be used, and it is precisely under these conditions that a ‘kinetic relation’, as we
propose in the present paper, should enter into play.

The kinetic relations were initially introduced by LeFloch [41] for hyperbolic
systems of conservation laws in order to handle non-classical undercompressive
shocks, following earlier works by Abeyaratne and Knowles [1] and Truskinovsky
[56] for subsonic phase transitions. (See [6,27,28,40-44] for details.)

The concept of a kinetic relation for non-conservative systems discussed herein
was actually first introduced by the authors in an unpublished manuscript. Later
on, this concept was investigated numerically by Aubert et al. [3,9,16], and the
control of the numerical dissipation of finite-difference schemes was extensively
addressed. Our purpose in the present paper is to provide the required theoretical
framework and demonstrate that the kinetic relation provides an efficient tool to
handle complex fluids.

Recall that the design and the properties of difference schemes suitable for the
numerical approximation of non-conservative systems (1.1) is very challenging. The
main source of difficulty lies in the fact that shock waves to non-conservative sys-
tems are small-scale dependent and the dissipation terms induced by the numerical
discretization tend to drive the propagation of the shocks. This phenomenon was
rigorously analysed for scalar equations by Hou and LeFloch [31]. On the other
hand, we emphasize that the Glimm scheme and front-tracking algorithms do not
contain any numerical dissipation and, actually, have been proven to converge to the
correct solutions [37,42,45]. The method based on the kinetic relation proposed in
the present paper allows one to extend to non-conservative systems the conclusions
made for non-classical shocks in [28,46] (and the references therein).

We begin with a general discussion of non-conservative hyperbolic systems arising
in continuum physics in order to motivate our general approach proposed in the next
section and developed on selected examples in the rest of this paper. The models
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of interest here naturally stand in a non-conservative form, and this is a direct
consequence of simplifying assumptions which are made in the derivation of these
models; these assumptions are also necessary if a tractable model is to be found.
Such assumptions typically originate in averaging procedures that intend to bypass
the description of intricate mechanisms taking place at microscopic scales. The
small-scale fluctuations that are thought to be of lesser interest induce dissipative
and/or relaxation phenomena at the macroscopic level, and can also be accounted
for as source terms.

Most (if not all) non-conservative hyperbolic models arising in the applications
admit (several distinct) entropy balance laws which are consistent with the under-
lying dissipative and relaxation mechanisms. These additional balance equations,
as we shall show, provide a natural approach to formulating additional general-
ized jump conditions built from entropy rate productions. Moreover, these entropy
functions are sufficient in number to allow for a complete set of jump relations.

The objectives and results in this paper are as follows. First of all, as mentioned
above, we restrict our attention to a class of non-conservative systems (defined
in §3) which encompasses, however, most of the models encountered in the appli-
cations. To motivate the definition of the class of systems studied in this paper, we
observe that, in the applications we have in mind (e.g. multi-phase and multi-fluid
models):

(i) all but one of the equations (1.1) can be rewritten in a conservative form and,
moreover,

(ii) the system (1.1) is endowed with a mathematical entropy, i.e. a (strictly con-
vex) nonlinear function U = U (u) corresponding to an additional conservation
law satisfied by all smooth solutions.

For such systems, the concept of weak solutions introduced by Dal Maso et al. [20]
can be simplified. Therein, a family of Lipschitz continuous paths was necessary to
uniquely define the non-conservative product A(u)0,u associated with the vector-
valued field u. In contrast, for our particular class of non-conservative systems, one
non-conservative product between scalar-valued functions only must be defined.
This structure allows us to simply supplement the model (1.1) with an additional
algebraic scalar equation which, for each shock wave, determines the entropy dissi-
pation rate associated with the entropy U. We call this additional jump condition
a kinetic relation and the entropy dissipation function a kinetic function. A precise
definition is given in § 3. The main result of this section is a proof of the existence
of a solution to the Riemann problem for (1.1) which satisfies the prescribed kinetic
relation. Our proof is a generalization of an argument given in [20] in the setting
of general families of paths.

It is remarkable that many models of interest arising in the applications take
the form considered in § 3, and this will be illustrated in §2. In §4, we focus on a
model of particular importance, which arises in turbulent fluid dynamics. Taking
into account the dissipation terms induced by the physical modelling, the existence
and properties of associated travelling waves are established. In §5 we characterize
the right-hand states of travelling waves with fixed left-hand states, which leads us
to the desired kinetic relation. In turn, this provides us with the kinetic function
needed to apply the general theory in § 3.
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2. Non-conservative systems in fluid dynamics

To show the structure of the non-conservative systems of interest, it is worth begin-
ning with the shallow water equations with topography

Op + Ox(pv) = 0,}

2.1)
B (pv) + 0 (pv® + $gp*) — gpdza = 0,

where p and v are the mass density and the velocity of the fluid, respectively, and
the (prescribed) topography function a: R — R, depends on the spatial variable x
and is assumed to be solely piecewise Lipschitz continuous. Here, g is the gravity
constant. The product gpd,a is a non-conservative product which is not defined in
a classical sense at points of discontinuity.

By setting u := (p, pv), weak solutions should obey the following entropy inequal-
ity:

O (u,a) + 0, F(u,a) <0,
p(p)

Ulw.a) = () + pa. (o) =" (2.2)

F(u,a) = 5pv° + pe(p)v + p(p)v + pua.

Another model with a closely related structure is

O¢(ap) + 0z (apv) = O,}

, (2.3)
9 (apv) + 0z (apv” + ap(p)) — p(p)0za = 0,

which describes one-dimensional nozzle flows as well as compressible flows in porous
media. Again, the function a: R — R is solely piecewise Lipschitz continuous and
denotes here the nozzle cross-section or the porosity function, respectively.
By setting uw := (ap,apv), weak solutions to (2.3) should obey the entropy
inequality
O (u,a) + 0, F(u,a) <0,

U(u,a) = $a’pv” + ape(p), (2.4)
F(u,a) = U(u,a) +p(p))v.

The systems (2.1) and (2.3) and closely related models with source terms have
received considerable attention over the past decade, from both analytical and
numerical standpoints. We refer the reader to [38] (in connection with the theory of
non-conservative systems), [4,11,14,21,25,26,33] (approximation by finite-difference
or finite volume schemes) and [22,32,47-50] (construction of a Riemann solver). In
particular, we refer the reader to [11] (and the references therein) for a comprehen-
sive review. We also refer the reader to [12,13,34,53,54].

We observe here that both models (2.1) and (2.3) fall within the following class
of non-conservative hyperbolic models with a singular source term:

ou+ 0, f(u,a) — g(u,a)d.a =0, (2.5)

where a is a given (piecewise Lipschitz continuous) function of the spatial variable
2 and the unknown map u takes values in a convex and open domain 2, C RY,
while f: 2, xR — RY and g: 2, x R — R" are given smooth mappings.
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Motivated by the structure of the above two examples, particularly the entropy
inequalities (2.2) and (2.4), and in order to develop a general theory, we assume
that the hyperbolic system (2.5) is endowed with a (sufficiently smooth) entropy
function U: 2,, x R — R and a corresponding entropy flux F: 2, x R — R, so
that solutions to (2.5) satisfy the entropy inequality

U (u,a) + 0, F(u,a) < 0. (2.6)

The principal examples of interest arising in the form (2.5) in the applications do
admit such an entropy.

The above class is known to include, after the seminal work by Greenberg and
Leroux [25] and Gosse [23], the class of hyperbolic systems with source terms

Oyu+ 0, f (u) = g(u), (2.7)

which, by introducing the (rather trivial) function a(z) = x, indeed take the form
(cf. (2.5))
Ou + 9, f(u) — g(u)da = 0. (2.8)

This non-conservative reformulation is useful for designing ‘well-balanced schemes’,
which properly account for the competition between the source term and the dif-
ferential hyperbolic operator in the large-time asymptotic ¢ — +oo [11,23-26]. The
(somewhat artificial but useful) system (2.8) admits a conserved entropy in the
scalar case n = 1, provided that the source g does not vanish, namely it suffices to
define U'(u) :=1/g(u) and F'(u) := f'(u)/g(w).

As advocated by LeFloch [38] for the equations for nozzle flows (2.3), the pre-
scribed function a, being independent of the time variable, can be regarded as an
independent unknown of the following extended version of (2.5) in the extended
variable u := (u,a):

(2.9)

Ou + 0, f(u,a) — g(u,a)dza =0,
ata =0.

Assuming from now on that the matrix D,, f(u, a) is diagonalizable for all u € (2,,
and a € R with real eigenvalues A\;(u,a), ..., \,(u,a) and a full set of eigenvectors
ri(u,a),...,r(u,a), it is obvious that (2.9) admits the same eigenvalues plus 0
(with multiplicity 1). Moreover, it admits a full set of eigenvectors if and only
if Aj(u,a) # 0 for all j = 1,...,n. In general, (2.9) is only weakly hyperbolic
and, due to possible resonance effects, difficulties arise even in tackling the simplest
initial-value problem, i.e. the Riemann problem; see the pioneering work of Isaacson
and Temple [32], as well as [22] for a general Riemann solver. In the rest of this
paper, our assumptions will explicitly exclude the resonance effect in solutions under
consideration.

While a rigorous definition of non-conservative products can wait until the fol-
lowing section, we shall provide here some preliminary discussion, based on an
observation by LeFloch [38] for the nozzle-flow equations and on the presentation
in Bouchut [11] for more general systems.

With this non-resonance assumption enforced, we then observe from (2.9) that the
variable a is a Riemann invariant associated with the eigenvalue A, y1(u,a) := 0. In

https://doi.org/10.1017/50308210510001009 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210510001009

6 C. Berthon, F. Coquel and P. G. LeFloch

other words, a stays constant across waves associated with any other (non-vanish-
ing) eigenvalue and, consequently, the non-conservative product g(u,a)d,a only
needs to be defined for (n + 1)-contact discontinuities.

The entropy inequality (2.6) should be satisfied as an equality in the sense of
distributions across standing waves; hence,

Flug,ay) — F(u_,a_)=0. (2.10)

From the physical viewpoint, we can further investigate the validity of (2.10),
obtained as a direct consequence of the augmented form (2.9). To that purpose,
we specialize (2.10) firstly to the case of the shallow water equations (2.1)

m? p(p+) m? plp-)
)+ P = T o)+ B2 e 2
2p% - P+ T2 p—
where m =: p_v_ = piv; denotes the mass, and secondly to the case of the
nozzle-flow equations (2.3):
m? plps) . m? p(p-)
e+ B T e(p) + B (2.12)
2a% p? pr  2a3p2 p-
in which m :=a_p_v_ = ayp;v,. The above equations can be implicitly solved in

p+ away from resonance (see [11,22,47,48] for details) and stand at the very basis
of the design of well-balanced schemes.

Furthermore, in concrete experiments with fluid flows, for instance, in nozzles, it
is observed that an abrupt change (modelled therefore by a discontinuity) in the
topography function, the duct cross-section or the porosity function generally pro-
duces fine-scale features in solutions which may enter in competition with complex
dissipation phenomena such as friction. To account for such dissipation mecha-
nisms, the entropy law (2.2) or (2.4) can no longer be expressed as a conservation
law across the standing wave. The associated entropy dissipation rates are the so-
called ‘singular loss of momentum’ used by engineers and well-documented in the
applied literature. It is necessary, on the grounds of physical experiments, to replace
(2.12) by the more general condition

(apv)y = (apv)- =0, T = —(apv)-r(u_,a-), (2.13)

with

7 i= (a2 elps) + P2) — apo) (302 + el + P,

where the prescribed function k: £2,, x R — R defines mathematically the singular
loss of momentum. The extension relative to (2.11) is entirely analogous.

We continue this section with a more sophisticated model of compressible flows,
describing multi-fluid miztures, where the variable a introduced previously now
stands for a fluid mass fraction. Following the celebrated review by Steward and
Wendroff [55], (stratified) multi-fluid models may be regarded as two distinct fluids
evolving with distinct velocities and distinct thermodynamic properties, each prop-
agating within ‘nozzles’ whose cross-sections, denoted by a € (0,1) and 1 — a(z, t),
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respectively, depend on the spatial as well as the time variables (see, for exam-
ple, [2]). For notational convenience, a is traditionally denoted by a; (void fraction
of fluid 1) and (1 — a) by as (void fraction of fluid 2), with

a1(z,t) + as(z,t) = 1.

Furthermore, the evolution of a is now described either via an algebraic closure
equation (based on the isobaric assumption; see [55] for details) or by considering
it as an independent variable governed by a supplementary evolution equation.
From the point of view of the present paper and in order to avoid instability issues
due to lack of hyperbolicity of the model, we adopt the second strategy, following
here [5,52]. This approach has been investigated extensively in recent years (see
[10,21] and references therein).

In turn, the multi-fluid model under consideration takes the form

O + Vi(u)0ra1 = A(p2 — p1),
Ot(a1p1) + Oz (c1prur) = 0,
O¢(a1pruy) + 5}(041/01“% +a1p1) — Pr(u)0ya1 = AMug — uy) + €0z (p10,u1),
8t(o¢2p2) + (9x(062p2’lL2) = O,

O(a2paus) + Oy (aapaus + aspe) — Pi(u)dpas = —N(uz — u1) + €05 (p205us),

(2.14)
where u = (a1, a1p1, 01 p1U1, Q2p2, aapaus) is the vector-valued unknown. Here,
the barotropic pressure laws p; = p;(p;) are assumed to satisfy the monotonicity
condition p}(p;) > 0. The relaxation parameter A > 0 may take arbitrarily large
values, depending on the multi-fluid flow regime under consideration, while € > 0
(the inverse of the Reynolds number) is usually small. Moreover, the (smooth)
functions Vi: 2, — R and P;: 2, — R represent the interfacial velocity and
interfacial pressure, respectively. Following the original work by Ransom and Hicks
[52], one can set, for example,

Vi(u) := %(ul + ug), Pi(u) := %(pl + p2). (2.15)

It turns out that, independently of the precise form of the constitutive equations,
the system (2.14) admits five real eigenvalues, i.e.

Vi(u), u; £ ci(pi),
where c¢2(p;) := p'(pi) > 0, (as well as a basis of right eigenvectors) if and only if
[Vi(w) —u;| # ci(ps), i=1,2. (2.16)

In other words, like the (much simpler) model (2.9), the principal (first-order) part
of (2.14) is only weakly hyperbolic if (2.16) is violated. Here again, we tacitly assume
that the solutions under consideration do not develop resonance phenomena.

One key constraint that arises in choosing the required closure laws for Vi(u)
and Pr(u) is the existence of a mathematical entropy pair associated with (2.14).
Interestingly, the total energy

U .= OélplEl (u) + OLQpQEQ(’LL)
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with Ej(u) := fu? + €;(p;) is an entropy for (2.14) if and only if the interfacial
closure laws Vi(u) and Pr(u) satisfy the interfacial compatibility condition

Vi(u)(p2 — p1) + Pi(w)(uz — u1) = pous — pruz (2.17)

for all states under consideration (see, for example, [17,21]). Indeed, under the
assumption (2.17), smooth solutions of (2.14) satisfy the entropy balance law
) =—A(uz —u1)* = A(p2 — p1)* = D,
) = (a1p1E1(u) + azp2 Ex(u)),
u) = ((up1Er(u) + arpr)us + (az2peBa(u) + azpa)uz),
)=

(
(
(
(

u

RN

D(u €1 (0pur)? + €pa(0pu2)? — €0y (101 pur + piocadypus).
(2.18)
The dissipation D formally converges to a non-positive measure when ¢ — 0 and/

or A = 400, so that in this limit we do have the entropy inequality
oU(u) + 9, F(u) < 0. (2.19)

We conclude this section with another setting for complex compressible materials
which naturally gives rise to hyperbolic equations with viscous perturbations in
non-conserved form. The models under consideration may be regarded as natural
extensions of the usual Navier-Stokes (NS) equations. Such extensions make use of
N independent internal energies (e;)1<icn for governing N independent pressure
laws (p;(7,€;))1<i<n. These partial differential equation (PDE) models take the
generic form:

Otp + 0z (pu) = 0,

O (pu) + 0, (pu2 + f:pi (T, ei)> =€, ( i 1 (T, ei)axu> , (2.20)

i=1
Oe(pe;) + Ox(pue;) + pi(T, €:)0pu = € (7, ;) (9pu)?,

where p > 0 denotes the density, v € R is the velocity and 7 = 1/p > 0 is the
specific volume. Here, € > 0 denotes the inverse of the Reynolds number.

Several models from physics enter the proposed framework and can be distin-
guished according to the precise definition of the constitutive closure laws for the
pressures and the viscosities. Precise assumptions on the required state laws will be
addressed in §4, which is devoted to the analysis of the travelling-wave solutions
of (2.20).

Models from plasma physics, where the temperature of the electron gases must
be distinguished from the temperature of the other heavy species, typically take
the form (2.20) with N = 2 [18]. Models from the physics of compressible turbulent
flows can also be seen to fall within the frame of PDEs (2.20). We refer the reader
to [7-9,15,16] for the mathematical and numerical analysis of several models ranging
from two distinct internal energies (the so-called laminar and turbulent energies)
to N > 2 different energies to account for a refined description of the turbulent
energy cascade. We also emphasize that multi-fluid models, such as those studied
in [10], enter the proposed framework.
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In most if not all the applications to complex compressible materials, €, the
inverse of the Reynolds number modulating the strength of the viscous perturba-
tion, is a small parameter. Solutions of interest therefore exhibit stiff transition
zones, namely viscous shock layers and boundary layers. Viscous shocks cannot be
properly resolved for mesh refinements of practical interest and we are thus led to
study the limit € — 0T in the system (2.20).

There exist several ways to tackle the system (2.20) in the limit ¢ — 07, depend-
ing on suitable change of variables. It can be seen that (2.20) can recast equivalently
as

Ap(w) 0w + A; (w)0,w = €0, (D(w*)d,we) (2.21)
with Ag regular, or
Ou’ + 0, F (u) = eR(u’, 0,u, Opyu). (2.22)

Namely, in (4.15), the diffusive operator is written in conservation form, while
Ap(w) and A; (w) are not Jacobian matrices of some flux function. By contrast,
in (2.22) the first-order operator, but not the regularization terms, stand in conser-
vation form.

The precise definitions of the change of unknown w and w are addressed in §4.
We just highlight at this stage that concerning the equivalent form (2.21), and
provided that suitable estimates on the sequence of solutions w. hold true, the
right-hand side is expected to vanish in the limit ¢ — 0T in the usual sense of
the distributions. By contrast, the left-hand side in non-conservation form may
be handled due to the theory of family of paths introduced by LeFloch [38] and
Dal Maso et al. [20]. As far as the next equivalent form (2.22) is concerned, the
left-hand side now stands in conservation form and can be treated in the usual
sense of the distributions. In contradiction, the right-hand side can no longer be
expected to converge to 0, generally speaking, but is expected merely to converge
to a bounded Borel measure concentrated on the shocks of the limit solutions. The
next section provides a convenient framework for handling the required passage to
the limit in the PDEs (2.22).

3. Kinetic relations for non-conservative systems

Having in mind the examples described in the previous section, we present one of the
main contributions of the present paper, i.e. the concept of kinetic relations for non-
conservative systems, which allows us to rigorously define certain non-conservative
products arising in the applications.

Recall that weak solutions to non-conservative systems are defined in the class
of functions with bounded variation (BV). By standard regularity theorems, such
functions can be handled essentially as if they were piecewise Lipschitz continu-
ous. Henceforth, for simplicity of presentation, we restrict our attention to piece-
wise Lipschitz continuous functions and refer the reader to [20] for details of the
Dal Maso-LeFloch-Murat (DLM) theory.

For the simplicity of presentation, we restrict our attention to solutions defined
in the neighbourhood of a constant state in R which can be normalized to be the
origin. We denote by Bs, the ball centred at the origin and of small radius dp > 0.
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Dal Maso et al.’s definition is based on prescribing a family of Lipschitz continuous
paths ¢ = P(s;ug,u1) € Bs, (s € [0,1]), which allows one to connect any two points
up, w1 in Bs, for some J; < Jp. In particular, it is assumed that

#(0;up, u1) = uo, d(1;ug, u1) = u1. (3.1)

(See [20,43] for the precise conditions, omitted in this short review.) As proposed
in [38], this family of paths should be determined from travelling-wave solutions of
an augmented model.

Indeed, it has been recognized that weak solutions u of (1.1) depend on the effect
of small scales that have been neglected at the hyperbolic level of modelling but
are taken into account in the augmented version

Opu + A(u)0pu = R(u, €y, € Uyy, ..., (3.2)

where R = 0 if € = 0. The family of paths determined by travelling-wave trajec-
tories yields precisely the ‘missing information’ required to set up the hyperbolic
theory.

A (piecewise Lipschitz continuous) function v = u(z,t) is called a weak solution
of the non-conservative system (1.1) if u satisfies the equations (1.1) in a classical
sense in the regions where it is Lipschitz continuous and, additionally, the following
generalization of the Rankine-Hugoniot jump relation holds along every curve of
the discontinuity of u. More precisely, for any shock wave connecting two states ug,
up at the speed A = A(ug,uy),

ug, T < /Tt,
,t) = _ 3.3
u(, 1) {ul, x> At, (3:3)

we impose the generalized jump relation

—A(uy —ug) + /0 A(o(s;u0,u1))0s0(s;ug, ur)ds = 0. (3.4)

Note that in the conservative case when A(u) = Df(u) for some flux-function f
this relation reduces to

—A(ur —ug) + f(u1) — f(uo) =0,

which is independent of the paths ¢ and is the standard jump relation.
Based on the above definition, one can solve [20] the Riemann problem for (1.1),
corresponding to the piecewise constant initial data

uy, <0,
u(z,0) = {UR >0 (3.5)

where ur,, ug are constants in Bs, with do < d1. This construction generalizes Lax’s
standard construction for conservative systems [35, 36]. Recall that (admissible)
shock waves must be constrained by Lax shock inequalities (for some j =1,..., N)

/\j(UO) > A> /\j(ul). (36)

https://doi.org/10.1017/50308210510001009 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210510001009

Why many theories of shock waves are necessary 11

The Riemann solver can then be used to design numerical schemes for the approx-
imation of the general initial-value problem, e.g. Glimm or front-tracking schemes.

In certain applications, it has been observed that the whole family of paths is not
required in order to define the non-conservative products that arise in the hyperbolic
system under consideration. It is precisely our purpose in the present paper to
introduce, for a particular class of non-conservative systems, a new definition of
weak solutions which imposes Rankine-Hugoniot jump relations in the form of
‘kinetic relations’ and does not require the knowledge of any ‘internal structure’ for
shock waves.

We shall assume that the non-conservative system under consideration formally
admits N conservation laws, so we consider the system

Opu+ 0, f(u) =0, (3.7)

which consists of conservation laws valid for smooth solutions only. Our goal is
to describe singular limits (3.2), where R = R° is a non-conservative requlariza-
tion. More precisely, we shall supplement (3.7) with N jump relations, referred to
as ‘kinetic relations’, which determine the dynamics of shocks in weak solutions
to (3.7).

We suppose that in an open and convex domain 4/ C R¥ of the phase space, the
system (1.1) is strictly hyperbolic, with eigenvalues Aj(u) < --- < Ay(u) and basis
of eigenvectors I;(u), 7;(u). Let £ C R be a compact set containing all speeds under
consideration in the problem.

DEFINITION 3.1. A kinetic function is a Lipschitz continuous map ®: U x £ — RV
satisfying (for j =1,...,N)

D(u, \j(u)) =0, u€eU, 38
() - 0aP(u, A)| < c1]A = Nj(w)|, (u,A) €U x L, (3:8)

for some constant ¢; > 0. Given a kinetic function @, a piecewise Lipschitz solution
u = u(x,t) € U is called a P-admissible weak solution to (1.1) if the differential
equations (3.7) are satisfied in each region of continuity of u and, moreover, along
any curve of discontinuity of u, connecting some values u_, u at the speed A. The
following kinetic relation holds:

—Aluy —u) + flug) = flu) = P(u-, A). (3.9)

In certain applications, it may be more convenient to express the kinetic functions
in terms of the left- and right-hand states, that is, ® = @(u_,uy). In the applica-
tions, the kinetic function @ should be determined from travelling-wave solutions
of a specific system (3.2) and should be thought of as a ‘correction’ to the standard
Rankine-Hugoniot relation.

By introducing the Borel measure (denoted by pZ) that vanishes in the regions
of continuity of u and has the mass @(u_, A) along its curves of discontinuity, we
easily see that definition 3.1 is equivalent to the requirement [40]

Opu+ Opf(u) = pu?, (3.10)
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which is regarded as an equality between bounded measures. Note that we recover
the usual conservative case by simply choosing both @ and uf to vanish identically.
In general, u depends strongly on the function w.

In the rest of this section we study the case of genuinely nonlinear systems.
This assumption allows us to use the shock speed as a regular parameter along the
(generalized) Hugoniot curve.

THEOREM 3.2. (A Riemann problem for non-conservative systems with kinetic re-
lations.) Suppose that (3.7) is a strictly hyperbolic system in a neighbourhood Bs,
of the origin O and admits genuinely nonlinear characteristic fields only, i.e.

(VAj-m3)(0) >0, j=1,...,N.

Let & = d(u, A) be a (Lipschitz continuous) kinetic function defined in the neigh-
bourhood Bs, x L for some sufficiently small 6 > 0 by

L=JL; L= (X(0) =8 X(0)+9).

Then, there exists 61 < 0o such that the Riemann problem (3.5), (3.7) with data
ur, ur € Bs, admits a unique ®-admissible weak solution in the class of piecewise
smooth solutions consisting of a combination of rarefaction waves and shock waves
satisfying the kinetic relation. Moreover, the corresponding wave curves are solely
Lipschitz continuous.

Clearly, under the assumptions of the above theorem, (3.8) implies that, for
j=1,...,N,

I (u) - D(u, A)| < ca]A — )\j(u)\2, (AMu) eU x Lj, (3.11)
for some co > 0.

Proof. We want to generalize the proof given in [20] for general families of paths;
see also the related proof in [29] for non-classical shocks. We shall show that the
given set of jump conditions (3.9) suffices to determine a (generalized) Hugoniot
curve uniquely, and we shall investigate its tangency and regularity properties. The
rest of the proof (selection of the admissible part of the Hugoniot curve, actual
construction of the wave curves, Riemann solution) then follows as in [20] and will
be omitted.

We denote by A;(ug,u1) and [;(ug,u1) the eigenvalues and left-eigenvectors of
the averaged matrix

1
A(Uo, Ul) = A Df(uo + m(u1 — 'LLO)) dm.

In a neighbourhood of the point (ug, Aj(ug)), we consider the kinetic relation

G(A,uy) = —A(ur —uo) + f(ur) — f(ug) — P(ug, A) = 0. (3.12)

https://doi.org/10.1017/50308210510001009 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210510001009

Why many theories of shock waves are necessary 13
Fix some index ¢ and let us restrict our attention to the (nonlinear) cone-like region
K determined by the two conditions on u; € Bs,:

|(U1 — uo) . li(uo,u1)| 2 C*|/1 — )\l(uo)|, |U1 — Uol + |/1 - )\z(uo)| < 52,

where a condition on C, > 0 will be imposed below. Observe that G'(ug, Ai(ug)) = 0.
Multiplying the generalized jump relation (3.12) by I;(uo,u1), we find

0= E(Uo,ul) . (A(Uo,ul) — A)(Ul — UO) — E(Uo,ul) '@(Uo,/l)
= (S\i(u(),m) - A)l_i(UOaul) : (Ul - Uo) - l_i(u(hul) : ¢(U0, /1)~

Therefore, we can express the shock speed A = A(ug,u;) in the form

0— /I_j\i(umul) + _li(u(luul) -@(UO’A) —. Q(Ul,/I) (313)
li(uo, u1) - (w1 — uo)

Now, observe that the function {2 satisfies

a1 - li(uo, Ul) . 8,\45(u0, /1)

— A)—1|=—=

g e 1| = et
|U1—U0|+|/I—5\Z'(U0)|

|l_i(u07u1) : (Ul - U0)| ’

} 7020(1)

where the constant O(1) depends only on the flux. Hence, we have

ofn - C2
—(u, ) =1+ =—0(1),
o) =1+ 2o
which is positive provided that ¢; is sufficiently small. As a consequence, the implicit
function for Lipschitz continuous mappings applies and shows that the implicit
equation (3.13) determines the shock speed A = A(up,u1) uniquely.

Next, we consider the remaining components, corresponding to j # i:

7lj (’LL(), ul) . @(UO, /I)
A(UO,Ul) - Aj(u()a ul) ’

H(ug,u1) :=1j(uo,u1) - (w1 —up) —

Denoting by L(ug) the N x (N — 1) matrix of vectors [;(ug) for j # i, we can
compute the differential of H as follows:

DH ) = L(uo) + OW)ur — o] + 0(1)¢y A0 1) = i)

Duy [ A(uo, u1) — Xj(uo)]
- oA
+O0M)C1|Aluo, u1) = Ai(uo)l| 7~ (uo, ur)
Uy
1 2| 94 1
+ O(1)C1]A(uo, ur) — Ai(uo)| aTLl(Uo,m) — 3V Ai(uo)|s
where we have used that A(ug,u1) — A;(ug,u1) is bounded away from 0. Hence, we
find
0H oA
S0 fupv ) = Llu) +0(1) + o(1)| g u.u)
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On the other hand, the u;i-derivative of the shock speed satisfies

oA
(’Tal(uo’ul) = %V)\i(uo) +0(1)

X = Xi(ug) [
|13 (w0, u1) - (w1 — o)
[ A = Xi(uo)?
|3 (uo, u) - (w1 — uo)|?
| A — Ni(uo)| oA

* 0(1) |Zi(u07u1) : (Ul - Uo)| a—ul(uo, m)’

+0(1)

which shows that ~
oA

87’11/1(“0,114) = %V)\'L(UO) + 0(1)
In conclusion,
oOH
aiul(u(hul) = L(UO) + 0(1),

and the implicit function theorem applies to the set of equations H (ug,u1) = 0,
which therefore determines a unique shock curve s — u; = uq(s; ug), defined locally
near ug. Near the base point u(0) = ug, the tangent of this curve is defined almost
everywhere and, due to the smallness of the constant ¢; in (3.8), takes its values in
a small neighbourhood of the eigenvector r;(uo). O

We now introduce a class of non-conservative system to which the framework
in the previous subsection can be applied. We assume that the first N — p equa-
tions in (1.1) take a conservative form, while the remaining p equations are non-
conservative. In other words, we set u = (v, w) and we consider the non-conservative
systems

0, Oy ) =0,
0+ Oy (v, w) } (3.14)

Oyw + B(v,w)0,v + C(v,w)d,w = 0.

Here g = g(v,w) € RN~=P while B = B(v,w),C = C(v,w) are px (N —p) and p X p
matrix-valued mappings, respectively.

It must be stressed that the assumption made here refers directly to the set
of equations listed in (1.1) or to linear combinations of them. Of course, nonlinear
functions of the original variable u cannot be considered at this level of the analysis,
in general, since we seek discontinuous solutions.

Our second assumption is the existence of p mathematical entropy pairs. That
is, we assume that there exist k strictly convex functions U, = Uy (v, w) together
with their associated flux Fj, = Fj(v,w) such that

U (v,w) + 0x Fp(v,w) =0, k=1,...,p, (3.15)

holds for all smooth solutions to (3.8). We search for solutions satisfying the entropy
inequality

U (v, w) + 0 Fp(v,w) <0, k=1,...,p. (3.16)

Many of the models of interest take the form (3.8)—(3.16).
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DEFINITION 3.3. Nonlinear hyperbolic systems in a non-conservative form that
have the structure (3.14) admit at least p mathematical entropies and satisfy the
non-degeneracy condition

det(V, Ui (v,w), ..., Vy,Up(v,w)) #0 (3.17)
are called non-conservative systems endowed with a full set of entropies.

We now focus on the entropy dissipation associated with the entropies Uy. The
basic idea is to replace the non-conservative equations in system (3.8) with con-
servative equations for the entropy dissipation, with the latter involving a measure
source term. Of course, it is necessary for (v, w) — (v,U(v,w)) to define a change
of variable, say U, # 0.

Observe first that the inequality (3.16) implies a constraint on shock waves,
i.e. with the notation introduced in (3.3),

Ei(A;u0,u1) = —A(Us(u1) — U (u)) + Fi(u1) — Fio(uo) < 0 (3.18)

forall k = 1,...,p. On the other hand, the first N — p equations in (3.8) yield N —p
jump relations in the fully explicit form

—A(vy — vg) + g(v1,w1) — g(vg, wp) = 0. (3.19)
Since p jump relations are ‘missing’, we supply them in the form
Ei(A;u07u1) :@z(AaUO) <0, i=1,...,p, (320)

which we refer to as a kinetic relation and where @ is a given ‘constitutive’ func-
tion, called a ‘kinetic function’, to be determined in a case-by-case manner in the
examples.

DEFINITION 3.4. Let & = (0,...,0,&1,...9,) be a kinetic function. A piecewise
Lipschitz continuous function u = (v,w) is called a ®-admissible solution of the
non-conservative system (3.8) if it satisfies the equations in a classical sense in the
regions of continuity and if each propagating discontinuity satisfies the N — p jump
relations (3.19) together with the kinetic relations (3.20).

We reformulate the main result in a slightly weaker form that is adapted to the
present context, since it is natural to assume that the entropy dissipation is of cubic
order near the base point.

COROLLARY 3.5. (Riemann problem for non-conservative systems endowed with a
full set of entropies.) Consider a non-conservative system endowed with a full set
of entropies. Suppose that the system is strictly hyperbolic and genuinely nonlinear
in the neighbourhood of some state u, = (vi,wy). Let &; = P;(ug,u1) be a regular
function defined in the neighbourhood of each speed A;j(uy) for j =1,...,N and
satisfying, for all ug, uq,

@Z‘(UO,AZ'(UO)) = 0, }

, (3.21)
94%i(uo, A) = O(1)(A = A;(uo))”,
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where O(1) denotes a positive and bounded function. Then, the corresponding Rie-
mann problem admits a unique admissible solution in the class of piecewise smooth
solutions consisting of a combination of rarefaction waves and admissible shock
wWaves.

The theory in this section applies to the examples listed in §2, at least when
the resonance effect is avoided. It is straightforward to include linearly degenerate
characteristic fields, provided that the kinetic function is chosen to vanish identically
for those fields.

4. Multi-pressure Navier—Stokes system

In this section, we establish the existence and uniqueness of the travelling-wave
solutions of the multi-pressure NS equations introduced in § 2, under fairly general
assumptions on the pressure and viscosity closure laws. The equations under con-
sideration were stated in (2.20). Each smooth pressure law p;(7,¢;), 1 <4 < N, is
assumed to obey the second law of thermodynamics, namely

T;(1,e;)ds; = de; + pi(7,€;) dr, (4.1)

where T;(7,e;) > 0 is the corresponding temperature variable and s; > 0 denotes
the specific entropy.

The map (7,s;) — €;(7,s;) is thus well defined and is assumed to be strictly
convex. In addition, the following asymptotic conditions are assumed:

Tli)Ing e;(7,8:) = +o0, Sil_igloo e;(7,8;) = o0, TEI—‘I}OO ei(r,8;) =0. (4.2)

It follows that
66i 8€i
pi(T, 31) or (7,8i) >0, i(7,54) s, (Ta SZ) >0 ( 3)

Furthermore, the following assumptions are introduced for any given 7 > 0:

?Z (r,5:) > 0, (4.4)
N
azpi
i:Zl 5.2 (1,8) >0, (4.5)
N N
lim iv: Opi (1,8) = —o0 lim iv: Opi (r,8)=0 (4.7)
= et or "’ ’ T—o0 £ or "’ ’ '
lim %(7‘, 8;) = —00, (4.8)

§;——+00 T

where s = (s1,...,5n). We refer the reader to [51] for general properties of the
fluid equations and the equation of state. Next, the viscosity laws are given smooth

https://doi.org/10.1017/50308210510001009 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210510001009

Why many theories of shock waves are necessary 17

functions with
N
wi(ry8:) 20, 1<i<N, p(r, 8) = ZMZ‘(T, s;) > 0. (4.9)
i=1

To abbreviate the notation, the PDE system (2.20) is given in the condensed form
v + A(v)0,v¢ = eB(v, 0,0, 0pzv°),
with v in the phase space
2y = {v = (p, pu, (pei)1<i<n) € RV p>0, pueR, pe; >0, 1 <i< N}
The basic properties of (2.20) are summarized in the following statement.

LEMMA 4.1. The underlying first-order part from (2.20) is hyperbolic in (2, and
admits three distinct eigenvalues:

A(v) =u—c(v), Aa(v) == Ant1(v) =, ANt2(v) = u—c(v), (4.10)
where we set
2 a 2 0pi
c*(v) = Z TS (1,8;)- (4.11)

The extreme fields are genuinely nonlinear, while the intermediate fields are linearly
degenerate. Then, smooth solutions of (2.20) satisfy the additional conservation law

Bu(pE) +0, <{pE}<v€> + im 5§)u€> —cd, ( i (e, si)uﬁatue), (1.12)

where the total energy reads

C(pu)? A
(pE) = % + Zpez. (4.13)
i=1

Finally, the smooth solutions of (2.20) obey the N balance equations

€ €, €\ __ :u’i(’rE?Sg) €
Oe(psi) + 9z ((psi)u) = GW(@:U ). (4.14)

As previously claimed, changes of variables with distinctive features allow the
recasting of (2.20) either in the equivalent form

Ap(w) 0w + Ay (w) 0, w® = €0, (D(w*)d,we), (4.15)
with Ag regular, or in the form
Out + 0, F(uf) = eR(u, 0,u’, Oppu). (4.16)

We briefly discuss the changes of variables involved in (4.15) and (4.16). Concerning
(4.15), we first observe that summing the N governing equations for the internal
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energies yields

N
O pe + Oy peu + Zpiaxu = eu(T, 8)(0pu)?,

i=1

so that the following identities are easily checked:

N

wu(t, 8)(Orpe; + 0y (pesu) + pi(7, 8)Opu) — i (T, 8;) <8tpe + 0y (peu) + Zpiazu> =0,
i=1

1<i<N-1. (417)

Since pe = pE — (pu)?/2p, the conservation laws for p, pu and pE supplemented
by the (IV — 1) balance equations in (4.17) can be seen to give the equivalent form
stated in (4.15) when defining w = (p, p, pE, (pe;)1<icn—1). A direct calculation
shows that det Ag(w) = pu(r,s)""1 > 0.

Concerning system (4.16), several changes of variables can be used and we advo-
cate in the following the change of variables v € 2, — u(v) € §2,,, with u(v) =
(p, pus, (psi)i<i<n)-

As emphasized in § 3, both approaches rely on the study of the travelling-wave
solutions of (2.20). Due to the frame invariance properties satisfied by the PDE
model (2.20), it suffices to analyse travelling-wave solutions associated with the
first extreme field. With this in mind, the main result of this section is as follows.

THEOREM 4.2. (Travelling-wave solutions to the multi-pressure NS system.) Con-
sider the multi-pressure Navier—Stokes system (2.20) when the pressure satisfies the
positivity, convezity and asymptotic conditions (4.2)—(4.9). Let uy, € £2,, and o € R
be given such that
u, — 0 2 N
>1, c“(un)= Z —

c(ur) i=1

TE%(TL, (8:)L)- (4.18)

Then, there exists a unique travelling-wave solution to (2.20) issuing from the left-
hand state uy, and reaching some right-hand state ug € (2., with

UR — 0

0< c(ur)

<1. (4.19)

The proof of this result will follow from the characterization of a positively invari-
ant compact set of (2,,. Then the LaSalle invariance principle applied in connec-
tion with a suitable Lyapunov function ensures the existence of a travelling wave.
Uniqueness is obtained as a simple consequence of the centre manifold theorem.

We gather here some of the notation used repeatedly hereafter and give the
precise form of the autonomous system which governs the viscous profiles we study
for existence. Simple but useful geometrical properties induced by the corresponding
vector field will be then put forward.

Due to Galilean invariance, it suffices to consider the case of a null velocity o.
The precise form of the PDE system governing the travelling-wave solutions then
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follows when restricting our attention to solutions which depend solely on z:

(pu)r =0,
(pu® + p(7,8))e = (1T, 8)ttz)as (4.20)
Ti(7, 81) (psiw) e = pi(T, 8)(uz)?, 1 <i<N.
The first equation in (4.20) implies that the relative mass flux pu has a constant
value denoted by m = pprur. As already emphasized, we focus on travelling-wave

solutions associated with the first genuinely nonlinear field; namely, we consider
m > 0. Observe that the Lax condition (4.18) expressed for a null velocity o reads

m > pLCL.
Next, by integrating once the second equation in (4.20), the identity u = mr
allows one to derive the following (N 4 1)-dimensional autonomous system:
1
(T
pi (T, 5i)

.i:—]:Q ) ) 1<<N7
S BTy, ) IS

(p(7,8) — p(t, 8L) + m* (T — 7)) == F(r,8),

(. s) (4.21)

where dots denote differentiation with respect to the rescaled variable z/m that in
the following we shall refer to, with slight abuse of notation, as a time.

This dynamical system is endowed with the following open subset of RN*+! which
will serve as a natural phase space:

2 ={w:=(r,8) e RN 7 >0} (4.22)

To shorten the notation, a given function ¥ of 7 and s is simply denoted hereafter
by ¥(w).

Recall that the total viscosity p(w) is assumed to stay strictly positive over f2.
Then, the regularity assumptions made on all the thermodynamic and viscosity
mappings ensure that the vector field in (4.21) is continuously differentiable.

The unique non-extensible solution of (4.21) with initial data wg in {2 is referred as
to the flow wot for the times ¢ in the maximal interval of existence (¢~ (wp), t* (wp)).
The positive (respectively negative) semi-orbit vT (wg) (respectively, v~ (wp)) classi-
cally denotes the set of states wo- [0, 1 (wp)) = {wo-t: 0 <t <t (wp)} (respectively,
wo - (t7 (wo),0] = {wo - t: t~ (wp) < t < 0}), the orbit then being defined as y(wy) =
7~ (wo) U~ (wp). Finally, for each wp in 2, the positive limit set (the so-called
w-limit set in what follows) of wy yields the definition @(wo) := (V507 (wo - 1);
such a set is thus empty as soon as t¥(wp) is finite.

Before we enter the central part of the analysis, let us emphasize that the (N +
1) constitutive variables of (4.21) lie, during the whole evolution, within an N-
dimensional submanifold of §2, the latter being entirely prescribed by the choice
of the initial data wy € (2. This is the argument of the following statement which
essentially reflects the conservation property met by the total energy (4.13).

PROPOSITION 4.3. Let wy be a given state in (2. Then the flow wy - t satisfies for
all time in its mazimal interval of existence:

H(WO . t) = H(Wo), (423)
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where the regular mapping H: 2 — R is defined by

H(w) = e(w) — e(wr) — 3m*(7? = 72) + (mP71, + p(wr)) (7 — 71).

Proof. All the flows under consideration are at least continuously differentiable in
their maximal interval of existence. The additional conservation law (4.13) for the
total energy therefore applies and its differential form reads

{(E +7pw)puts = {3u(u®)z}o. (4.24)

In view of the algebraic invariant pu = m, (4.24), once integrated for a prescribed
wp in 2 between time zero and a given time ¢ in (£~ (wp),t" (wg)), can be seen to
read

{E +7p(w)pu}(t) — {E + mp(w)pu}(0) = {7(u7)}(t) — {7(u7)}(0)
= {7F(W)}(t) = {77 (w)}(0).

Since E denotes $m?*72 + ¢(w), the definition of F given in (4.21) easily yields the
required identity (4.23) after some rearrangements of the terms while, for conve-
nience, subtracting from both sides the constant er, + $m?r? + 7pr. O

The above statement clearly implies that all the possible heteroclinic orbits
of (4.21) which connect the critical point wy, in the past are only made up of states
w such that

H(w) = H(wr) = 0. (4.25)

To conclude these preliminary remarks, we point out an elementary but useful
geometrical property of the flows associated with (4.21), which will restrict possible
right-connecting states.

LEMMA 4.4. Let wy be given in 2. Then the subset of {2 defined by
Q(wo) ={w e 2; 5> 80, H(w) =H(wo)} (4.26)
18 positively invariant.

The invariance of this region with respect to all positive semi-flows immediately
follows from the non-negativeness of the Nth last components of the vector field
entering the definition of (4.21). As a consequence, possible heteroclinic orbits con-
necting wy, in the past must lie entirely in

N(wr) ={w € 2; s> s, H(w) =0} (4.27)

The region (4.27) will play a central role in the derivation of positively invariant
compact sets.

Here, we exhibit some important features of the linearization LX (w.) of the
vector field X at equilibrium points w., i.e. at states satisfying F(w.) = 0. We
check, in particular, that such states are always non-hyperbolic points for which
the space RV*! denotes a direct sum of the eigenspaces associated with LX (w.)
under the following non-degeneracy condition:

0 F(we) = m? + 0,p(7e, 8c) # 0. (4.28)
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Towards that aim, let us state some basic facts concerning the linearization LX (w.).
The requirement F(w.) = 0 is easily seen to force all the partial derivatives of the
Nth last components of X to be identically zero (since these components are all
proportional to F2). Under the non-degeneracy condition (4.28), there consequently
exists only one non-trivial eigenvalue, namely 0,F (w.)/pu(w.), while A = 0 is a
semisimple eigenvalue of LX (w.) of multiplicity N. Furthermore, the corresponding
eigenspaces T'(w.) and T(w,) are respectively the spans of e; and es, ..., ey, where
{e;}1<i<n+1 stands for the canonical orthonormal basis of RV *1,

Equipped with these results, the centre manifold theorem ensures the existence of
two locally invariant manifolds W(w.) and W¢(w.) (the so-called centre manifold)
of class at least C' and CY, respectively, which go through w,. and are tangent to
T(we) and T¢(w,), respectively, at this point. The regularity properties above are
indeed inherited from the continuous differentiability of the vector field, according
to this theorem.

Assuming 9, F (w.) to be positive (respectively negative), i.e. assuming the cor-
responding sign for the unique non-trivial eigenvalue of LX (w.), W(w,) is classi-
cally referred as to the unstable (respectively, stable) manifold with superscript
‘u’ (respectively, ‘s’). Recall that the unstable manifold of a point is the manifold
composed of the totality of the orbits which tend exponentially fast to the point in
negative time, the stable manifold being defined conversely. Then, by well-known
topological considerations, two rest points, namely wr, and wg, are connected by a
heteroclinic orbit « precisely if v C W"(wr,) N W¥(wr).

An obvious requirement for the existence of a heteroclinic orbit connecting wry, in
the past is then

0; F(wr,) = m? + Orp(wr,) < 0,

but the validity of such an inequality is precisely the argument of the Lax condition
(4.18). Conversely, a possible connecting point wg in the future is necessarily subject
to the condition 0;F (wr) > 0.

Now, since the unstable manifold W"(wy,) is one dimensional, there exist locally
exactly two solutions of (4.21) which approach wy, as ¢ — —oo. With respect to
the property of W"(wy,) is tangential to ey, the associated almost horizontal orbits
approach wy, from the two opposite directions 7 > 71, and 7 < 71,. With clear nota-
tion, vs (wr,) (respectively, v« (wr,)) will denote the first (respectively, the second)
orbit.

The following assertion discards the solution converging to wy, for negative times
from the region 7 > 71,. Note that such a result precisely precluded expansion
shocks in order to admit viscous profiles.

PROPOSITION 4.5. There is no heteroclinic orbit of the dynamical system (4.21) in
the domain N :={w € Q2: 7> 1, s> sL}.

Consequently, only the second solution can give rise to a heteroclinic orbit. Since
the vector field X : 2 — RN is Lipschitz continuous, the uniqueness part of the
celebrated Picard-Lindeldf theorem readily gives the following.

COROLLARY 4.6. There exists at most one heteroclinic orbit of the dynamical sys-
tem (4.21) which connects wy, in the past.
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The proof of proposition 4.5 will follow from the following statement.

LEMMA 4.7. Any given state w distinct from wy, in the set {T > 1,, 8 > s} obeys
F(w) > 0.

Proof. Observe that the positiveness assumption (4.5) on the Griineisen numbers
implies that, for all w in the region under interest (s > sr),

f(r) == F(r,51) < F(w) (4.29)

with equality if and only if s = s1,. In particular, for 7 = 7, we have F(r,,8) > 0
as soon as s > sy,. Next, considering 7 > 71,, the identity

fI(T) = m2 + 87']9(7—7 SL)

clearly yields, under the assumption (4.4) of positive fundamental derivatives, that
92 _p(1,8) > 0 for all w € 2, and therefore

f'(r) = f'(r) = m? = (pLeL)® > 0,

due to the Lax condition (4.18). It immediately follows that f(7) > f(m) =
F(wr) = 0 as soon as 7 > 71, with equality to zero if and only if 7 = 7,. The
inequality (4.29) then gives the required conclusion. O

Proof of proposition 4.5. Let n,, be the unit inward normal at the following hyper-
surfaces: {T = 7, s > s} and {7 > 7, s = sp} for all states in these sets.
Note that these sets are the lower part of the boundary of AV. In view of the def-
inition of the vector field, lemma 4.7 implies that, for such states, X(w) - n, > 0.
As a (well-known) consequence, N stays invariant for all positive semi-flows. The
required conclusion follows again from lemma 4.7, which says that no critical point
exists in NV. O

We now stress another important consequence of the local properties of the phase
portrait at the rest point wy,. By opposition to the states in the orbit v (wr,); the
second orbit vy« (wr,) emanating from the region 7 < 71, is by definition made of
states w that, at least when close enough to but distinct from wr,, give rise to a
compression: locally F(w) < 0 in view of the governing equation for 7. In turn, this
simple observation implies that the viscous profile under consideration must remain
uniformly compressive. This claim is a consequence of the following statement.

LEMMA 4.8. The set
IT={we:7<m, §=s1 Flw) <0} (4.30)
is positively invariant under the action of the dynamical system (4.21).

Proof. The above assertion is trivial for states wy € Z which satisfy F(wp) = 0.
Considering states wy with the property F(wg) < 0, we observe that the positive
semi-flow wy - ¢ necessarily satisfies F(wq - t) < 0 for all time in [0, ¢ (wp)). Indeed,
assuming the existence of a finite time ¢, in this interval with the property F(wp -
t.) = 0 would result in a critical point wy - t. for the dynamical system (4.21). But,
by the Lipschitz-continuity property of the vector field in {2, it is well known that
such a point cannot be reached in finite time. O
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The orbit v« (wr,) is therefore trapped in the region Z. We now establish that,
in addition, this orbit must remain within a compact subset K of Z. This will
imply that vy« (wr,) is relatively compact. Well-known considerations imply that the
associated w-limit set is non-empty, compact and connected. The existence of K
primary stems from the following result.

LEMMA 4.9. Let wg be a given state in 2. Then the positive semi-orbit v+ (wg) has
no limit point in the set {T = 0}.

This assertion immediately gives that the orbit v« (wr,) has the same property.

Proof. For all time ¢ in [0,t"(wp)), the positive semi-flow wy - ¢ is known to obey
H(w) = H(wo) < o0 and s > s9. With respect to the positivity of all the tempera-
tures T; = 0,,H, we immediately get

h(7) :=H(1,80) < H(T,s),

with the property that h(7) goes to infinity as 7 goes to zero (see the asymptotic
condition (4.6)).

Assume that v+ (wo) N {r = 0} is non-empty. As a consequence, for all ¢ >
0 there exists t. € (0,t"(wp)) such that 0 < 7|,,.+. <. Necessarily there exists
g0 > 0 so that h(7|w,.t.,) > H(wo) and this gives rise to the contradiction with the
preservation of H(wp) along the orbit. O

We have proven that any given positive semi-flow of the dynamical system (4.21)
with initial data wg in (2 satisfies t7(wg) = oo (since s > sp). We now conclude
with the existence (and therefore uniqueness) of the required viscous profile.

PROPOSITION 4.10. There exists a state wr in H~1(0) N F~1(0) which is connected
by v<(wy) in the future.

Proof. We first establish that the specific entropy vector s stays upper bounded
along all positive semi-flows with initial data in Z. For fixed 7 in (0, 71,), the con-
ditions (4.3) and (4.5) show that H(r, s) increases arbitrarily with s. The same
steps as those involved in the previous proof apply to give the required result. As
a consequence, v« (wy,) must be included in a compact subset, namely K, of the
positively invariant region Z. This orbit is, therefore, relatively compact and its
wo-limit set is non-empty. This limit set must be included in H~1(0). To conclude,
observe that 7, when understood as a mapping of the variable w, trivially yields
a Lyapunov function on Z where, by construction, F(w) < 0. The LaSalle invari-
ance principle applied in connection with this Lyapunov function then ensures that
the non-empty w-limit set is included in {w € Z: F(w) = 0}. This establishes the
existence of wg. O

5. End states for viscous layers with varying viscosity

The existence (and uniqueness up to translation) of travelling-wave solutions to the
multi-pressure NS equations was established in the previous section for N viscosity
laws satisfying the non-degeneracy condition (4.9). Given wy, a fixed state in {2
and a velocity o according to the condition (4.18), we aim here at characterizing
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the subset of {2 made of all the states wg that can be reached in the future by a
travelling wave with speed ¢ and connecting wr, in the past. We naturally expect
the exit state wr to depend on the specific form of the N-tuple of viscosity laws.
The dynamical system (4.21) shows that such a dependence lies in the ratios of
the viscosity laws. As a consequence, possible states wr to be reached in the future
from a fixed wy, (at some speed o) generically depend on N — 1 degrees of freedom.
The set of exit states we are seeking is thus expected to have (N — 1)-dimensions.
It will be convenient to study the projection of this set onto the following positive
cone of RV (understood as the space of the specific entropies s = (s1,...,sy)) with
origin sy,
St(s)={seRY |s=s;+\a, aeSY, >0} (5.1)

I SN > p siti p i p i N
IIeIe + deIlOteS t}le OSItl ve ar t Of t}le l.lIllt S IleIe m HR defilled b y
SIV { n < ]RN’ || || ] }.

For all possible entropies sg in the cone (5.1), the existence simply comes from
the property that the heterocline solutions of theorem 4.2 obey sg > sy, and a
strict inequality holds for (at least) one specific entropy s; (1 < i < N).

We show hereafter that the projection in the half cone (5.1) of the states wg that
can be reached when varying the definition of the N viscosity laws is a smooth
manifold with co-dimension 1:

C={seSt(s)|s=sy+A(a)a, acSY}, (5.2)

for some suitable mapping Ag(a): a € SY — Ay(a) € R for which a precise defini-
tion will be given latter on. The derivation of the proposed manifold is performed
in two steps. In the first step, we analyse closely all the critical points (7, s.) of
the dynamical system (4.21), i.e. the solutions of

}—(7'07 sc) =0, (5.3)

without reference to a precise N-tuple of viscosity laws.

We emphasize that eligible critical points that can be reached from the state wy,
in the past must preserve the total energy as stated in (4.25). Such states must
therefore solve in addition

H(7e,8:.) =0 with sgp > si. (5.4)

Analysing the solution of (5.3), (5.4) will yield the manifold (5.2).

In a second step, we shall establish that any given value s in the proposed man-
ifold can actually be achieved for at least one suitable N-tuple of viscosity laws.
As a consequence, the manifold (5.2) is made entirely of all the specific entropy sgr
that can be reached in the future by a travelling-wave solution with speed o and
issued from wry,, when varying the definition of the N viscosity laws.

Let us outline the content of this section. We first analyse the mappings s €
ST (s) = 7£(s) € Ry that solve

F(rr(s),s) =0. (5.5)
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We then characterize the mapping s € S*(s) — 7y(s) € Ry which solves
H(m(8),8) = 0. (5.6)

Equipped with these two families of functions, we shall consider the existence values
of the specific entropy s. in ST (s) that satisfy 77(s.) = 74 (8c), namely values of
s that simultaneously solve (5.5) and (5.6). We now state the main result of this
section.

THEOREM 5.1. Assume that the thermodynamical conditions (4.2)-(4.8) are satis-
fied. Then there exists a unique map T € C°(K,R%)NCHK,R%), where K C ST(s)
s given by

K={seS"(s)|s=s.+Aa, acSY, \€]0,4(a)[}, (5.7)
for some smooth application Ay € C1(SY,R%) with the following properties:
(i) H(T(s),s) =0 for all s € K,
(i) F(T(s),s) =0 for all s € C, where
C={seS*(s)|s=sy+Ay(a)a, acS\}. (5.8)

In addition, T obeys
(lll) .7:(7—(811)7 SL) = O,
(iv) F(T(s),s) <0 for all s € K.

The mapping Ap: Siv — R% will be constructed in the course of the proof.
Rephrasing the above result, the function 7 (s) with s € C makes F and H vanish
simultaneously, so that all the values s in the smooth manifold C are candidates
for being reached in the future from the state wy, via a travelling wave with speed
o for a suitable choice of the IV viscosity laws.

We now show that all the values s in the manifold C, defined by (5.8), are actually
eligible candidates for entering the definition of the specific entropy in exit states wg.

LEMMA 5.2. With a state wy, being given in {2 and a velocity o being prescribed
according to (4.18), for any given s € C there exists at least one relevant definition
of the N -tuple of viscosity laws which yields a travelling-wave solution with speed o
issued from wy, and connecting a state wg in the future with sy = s.

Proof. The proof of this result makes use of particular viscosity laws in the form
wi(ty85) = pdTy(r,8:), pd >0, 1<i<N. (5.9)

The non-degeneracy condition (4.9) is satisfied as soon as

N
> >0, (5.10)
=1

since each of the temperature laws T;(7, s;) is assumed to be positive. Without loss
of generality, we assume uQ; > 0.
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We stress that viscosity laws which depend linearly on the temperature naturally
arise in the kinetic theory for dilute gases. We refer the reader to [30].

Observe that viscosity laws in the special form (5.9) let each specific entropy
evolve according to

0
§ = —H_F(rs), 1<i<N.
p* (7, s)

We thus infer the following (N — 1) balance equations linking the evolution of the
first (N — 1) specific entropies s; to the last one:
_ W

§=Llsn, 1<i<N-1.
1\

Since the ratios u/uQ; are constant real numbers, we deduce that
0 0
(si - MgsN) (€) = sk — 'u—gs%v for all £ € R.
KN
We therefore end up with (N — 1) jump relations

0

shosh=EiR k) 1<i<N. (5.11)
KN

We emphasize at this stage that s§ — sk > 0 in view of our assumption p%, > 0.
From the jump relation (5.11), we therefore get

g (M

SR — SL = H s (512)
120 0
%

which is obviously in the form Ay(a)a, for a in Y, given by

1
Nio(/‘?)léjSN‘
Zj:l(:uj)Q

Now, up to some relabelling in the viscosity in order to allow % to vanish, any
given a € Siv gives rise to an admissible N-tuple of viscosity coefficients. This
concludes the proof. O

Q
|

REMARK 5.3. The identity (5.12) shows in addition that the mapping a — Ag(a)
can be built as soon as the jump in the last specific entropy s& — s% is known. This
evaluation can be performed numerically (see, for example, [8]).

We now give a proof of the main result of this section, namely theorem 5.1.
Towards this aim, and as already claimed, we propose to first study for existence in
S¥ the roots 7(s) of F(r,s) = 0. Then we shall study their distinctive properties
by investigating the values of H(7(s), s).
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PROPOSITION 5.4. There exist two maps, which we denote by 7%, belonging to
CH(DU{sL},R%)NCYD,R%), where D is the subset of ST(s1) defined by

D={se ST (sy)|s=s,+Aa, acSY, X (0,4(a))} (5.13)
for some A € CH(SY,R%) with A(a) > Ao(a) for all a € SY, so that
F(r%(s),8) =0, seD.
In addition, these two families of roots are interlaced according to
(i) 77(s) <7t(s) <11 for all s € D\ {sr},
(ii) 7F(s) = in D if and only if s = sy, with 7~ (s1) < 77 (s1) = 71,
(iii) 7 (s) =77 (s) in D if and only if s = s, + A(a)a, a € SY.

Again, the map A: Sj_v — R% will be built in the course of the proof. But, from
now on notice that I C D. We shall show that, for fixed s € D, F(7,s) = 0 only
admits 77 (s) as roots and cannot be solved in 7 for values of s in S*(s,) \ D. As
a consequence, all the critical points (7(s), s) of (4.21) are necessarily achieved for
s € D so that 7(s) must coincide with either 77 (s) or 7+(s) for suitable values of
s € D: i.e. such that H(77(s),s) = 0 or H(7"(s),s) = 0. In this way, let us state
some properties of H with respect to the above two families of roots.

PROPOSITION 5.5. Using the notation in propositions 5.1 and 5.4, we have
(i) H(rT(sL),sL) =0,
(ii) H(rT(s),8) >0 for all s € D\ {s},
while
(iii) H(r=(s),s) <O for all s € KU {sL},
(iv) H(r=(s),8) =0 forallseC={seD|s=sy+ Ay(a)a, a €S},
(v) H(r7(s),8) >0 for all s € D\ K.

Put in other words, the critical points of the differential system (4.21) necessarily
coincide with the set {7%(sp), sp.} and {(77(s), s) | s € C}. Keeping this in mind,
we next analyse the roots 7(s) of H(7(s),s). The following claim states that H
admits three distinct branches of roots in K. Particular attention is paid to singling
out a branch T obeying the requirements

T(sL) =71(sL) together with T(s) =17 (s) for all s € C, (5.14)
as put forward in proposition 5.5.

PROPOSITION 5.6. There ezist three maps in CO(K,R%) N CH(IC,RY) respectively
denoted by T, T, T: K — R, so that

(1) H(T(s),s) =H(T(s),s) =H(T(s),s) =0 for all s € K.
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These are interlaced with the roots T(8) of F as follows:

(ii) T(s) <77 (s) < T(s) <7F(s) < T(s) foralls ek,
(i) T(sp) < T(sn) =71 (s1) = T(sL),
(iv) T(s)=7"(s) =T(s) < T(s) forall s €C.

Observe that the intermediate mapping 7 fulfils the requirements (5.14) so that
theorem 5.1 is established.

We now give the proofs of propositions 5.4-5.6. Proposition 5.4 relies on the
following two technical lemmas.

LEMMA 5.7. For all fived s € S*(s1), F(-,8) admits a unique minimum in 7. We
define 7(s) < 71, for all s € D, where 7 € C'(S*(sL),R%). This minimum obeys
the following conditions:

(i) F(7(s),s) <0 for all s € DU {sL},

(ii) F(7(s),s) =0 for all s € I:=={s € ST(s) | s = s1. + A(a)a, a € SY},
(i) F(7(s),8) > 0 for all s € S*(s1)\ D,
where the set D has been defined in proposition 5.4.

LEMMA 5.8. For all fized s € ST(s1,), F(-,8) is strictly decreasing (respectively,
strictly increasing) for all T € (0,7(s)) (respectively, for all T > 7(s)) and achieves
the following limits:

lim F(r,s) = 400, lim F(r,s) = +o0.

T—0F T—+00

As a consequence, F(1,8) = 0 can be solved in T only when s € D, with exactly one
solution when s € I' and exactly two solutions 75(s) for s € D\ I'. These solutions
define two maps

e C’(D,RL)NCH (DU {s.},RY)

with the following properties:
1. 77(8) < 7(s) <77 (s) <7, for all s € D,
2. 77(s) =7(s) =71(s) <71 for all s = s;, + A(a)a, a € SY,
3. 77(s1) < 7(sL) < 7F(sL) = L.

We now establish lemma 5.7, noting that the set D entering the proposition 5.5
will be explicitly derived in the course of the proof.

Proof of lemma 5.7. Let s be fixed in ST (s). With respect to the smoothness of the
internal energies, the map 7 — F(-, s) is at least of class C*(R%.). Easy calculations
then yield for all 7 > 0:
0 0 0? 0?
S )= L(rs)+m?, LT (r,8)= 2 L(r,s).
o2 T

o (9= 5,
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On the one hand, the map

T 87 T,8

is strictly increasing in view of the genuine nonlinearity assumption (4.4) for the
total pressure. On the other hand, assumptions (4.7) on the asymptotic behaviour
of dp/O7 imply that

, . OF 2
Tlg(r)lJr E(T,S) =—o0 and TBI-PDO E(T, s)=m">0.

As a consequence, for all s € ST (sy,), there exists a unique 7(s) > 0 such that

oOF ,_
E(T(S),S) =0.

This defines a map 7 in C*(S™(s1,), R%.) due to the implicit function theorem. Note
that the assumption (4.18) on the relative Mach number implies that 0, F (71, s1,) >
0, while 0; F(7(sL), s1.) = 0. Therefore, hypothesis (4.5) ensures that

’7_'(SL) < TL- (515)

Next, we construct the set D C ST (s1,) introduced in proposition 5.5 when studying
for existence the zeros of s € ST (s1,) — F(7(s), s). In this way, we first notice that
by definition of 7(s) for all s € ST(s1,) we have

F(7(s),5) = p(7(s), 9) — plrw, 51) — 9L (7(s), 5)(7(s) — 7).

Introducing the auxiliary function ¢: Ry x S — ST (s1) defined by
o(N, a) = F(T(sL + Aa), sL + Aa),

straightforward calculations give

o¢ opi &%p; 0T Op;
—(\a) = Z ( a; + ( ] — + a; ). (5.16)
7)) Sy 0s; Sy or? 0s;  010s;
But differentiating the identity 0,p(7(s),s) = —m?, valid for all s € S*(sr),
easily implies that (5.16) reduces to
0 opi
a—f(/\, a) = Z pz- (7(sL + Aa), s1, + A\a)a;. (5.17)

1<i<N

This derivative is therefore strictly positive for all a € Siv , as follows from (4.5).
Next, with respect to the strict convexity in 7 of the total pressure and the property
(5.15) expressing that 7(s,) < 71, we get

5(0,@) = p(7(s1). 51) — bl s1) — S (r(sn), s1)((51) ~ 1) <.

To conclude, we need to check that for all a € Siv the map A — ¢(\, a) achieves
positive values for finite values of A. Indeed, the implicit function theorem will thus
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ensure the existence of a map A € Cl(SiV ,R% ) which is well defined in D with the

following property: -
¢(A(a),a) =0 forallaec Sy (5.18)

with ¢(\,a) < 0 (respectively, ¢()\,a) > 0) for all A < A(a) (respectively, A >
A(a)). This is plainly the required result. To establish the validity of (5.18), we
show that for all @ € SY there exists A.(a) > 0 such that

7(sL + A(a)) = 7v. (5.19)
Indeed, for such values of A, ¢ reduces to
¢()\*(a)7 a‘) = p(T]_n S) - p(TLa SL) > 07

as follows from (4.5). To derive (5.19), we introduce the auxiliary smooth function
6 € C' (R4, R) defined for all @ € SY by
0
o)) = aij(TL, sL+ Aa) + m?.

For any given a in S¥, we establish the existence of solutions to #(\) = 0,
Ax(a) being chosen to be, for instance, the smallest smallest possible solution. The
existence of such solutions readily follows from the assumption (4.18) on the relative
Mach number, ensuring that 6(0) > 0, while the asymptotic condition (4.7) ensures
0(A) < 0 for large enough A. Note that the solutions under consideration are strictly
positive. In addition, since A(a) < A.(a) for all @ € Y, we obtain

7(s)<m, seD, (5.20)
which concludes the proof of lemma 5.7. O

Proof of lemma 5.8. Let s in S*(s1) be given. By the definition of 7(s), F(-,s)
achieves the monotonicity properties stated in lemma 5.8; the required limits imme-
diately follow from the asymptotic conditions (4.6). Consideration of the sign of
F(7(s),s) (as we proposed earlier) obviously implies that for fixed s € S*(s)
the equation F(7,s) = 0 has exactly two solutions 7=, 77 in D\ I' so that
T7 < 7(s) < 77; this equation has exactly one solution, namely 7(s), when s € I',
and has no solution whenever s € S*(s1,)\ D. In addition, using the notation intro-
duced in the proof of lemma 5.7, it can easily be seen that the following limits hold
true: -
lim 7%(s, + Aa) = 7(s1, + A(a)a) for all a € SY. (5.21)
A—A(a)~
These observations allow for the definition of two maps 7+: D — R* satisfying
F(r%(s),8) =0 forall s € D,

and so that

7 (s) <7(s) <7t(s), seD\TI; 7 (s)=7(s)=7"(s), sel. (5.22)

Then the above inequalities yield 9, F(7%(s),s) # 0 for all s € DU {s1.} in view
of (5.22), so that the implicit function theorem ensures that 7 € C'(DU{sL},R%),
while (5.21) gives that 7% € C%(D,R%.).
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Next, focusing on some given s € D\ {s,}, we observe that
F(w,8) = p(rL,8) — p(7L, L) >0

so that, necessarily, either 7, < 77(s) or 7%(s) < 7. In addition, the identity
F(m,s1) = 0 expresses that either 77(sy) = 1, or 77(s1,) = 7. But lemma 5.7
ensures that 7(s) < 7, for all s € D. This concludes the proof. O

Equipped with these two lemmas, the proof of proposition 5.4 is essentially com-
pleted: the required inequality A(a) > Ay(a) for all @ € SY will be deduced from
the derivation of the set K we propose hereafter. We shall need the following tech-
nical result.

LEMMA 5.9. Forall s € I', H(7(s),s) > 0.
This statement actually indicates that there is no critical point on I.
Proof. To shorten the notation, let us introduce
N
e(r,8) = Zei(T, 8i),
i=1
and consider the auxiliary function ¢ € C!(I',R) defined for all s € I' by
U(s) = e(7(s),8) — e(mr, 8) + Hy(7(s) — 1) — 3m*(7(s)* — 7).

Here we set
Hp, = m27'L +p(7’L, SL),

so that H(7, s) may be recast as
H(7(s),s) = U(s) + €e(1r,8) — €(T1, 51.)-

With respect to the identity F(7(s), s) = 0 valid for all s € I" (see lemma 5.7(ii)),

we have
- Hy, =p(%(s),s>+m_%(s>, } (5.23)
m*(7(s) — ) = p(7L, L) — p(7(8), 8),

which give successively, for all s € I,

U(s) = e(7(s), 8) — (v, 8) + (F(s) — 1) (p(7(s), 8) + 5m*(7(s) — 71.))
= e(7(s),8) — €(mn,8) + (T(s) — 70.) (p(7( 3

Il
V)
N~—
»
=
\

Moreover, the two identities

F(7(s),s) =0 and aa—f(?, s) =0,
valid for all s € I', are easily seen to give, for the s under consideration,

P((s), 8) — p(re, 51) = ((5) — 1) 2L (7(s), 5).
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Consequently, for all s € I,

U(s) = e(7(s), 5) e, ) + (7(s) ~ m)p(7(5), ) — b(7(s) ~ ) L(x (), 5).
To conclude, we show that
H(7(s),s) =0(7(s),s) + €e(m, 8) — e(71,, 81.) > 0. (5.24)

Since

861‘

8Si
we have €(7,, s) — e(m,, s1.) > 0 for all s € I" because s, € I'. Indeed, observe that
lemma 5.8 implies that equality to zero holds if and only if s = sy, but s, € I'.

To show (5.24), we study the following auxiliary function: ¥ € C*(R* ,R), setting,
for fixed s € I,

(TLa Si) = Ti(TL; S’i) > Oa

U(r)=¢(r,s) —e(m,s) + (r — m)p(7, 8) — %(T —7)2 == (1, 8).

Easy calculations give

ov 1 5 0%p
- 1l _ g>p <
5y (1) s(r—7L) 572 (1,8) <0,

with ¥(r,) = 0. Consequently, ¥(7) > 0 for all 7 < 71,. Since 7(s) < 71, (see
lemma 5.7), ¥(7(s)) > 0 for all s € I', and we thus obtain the required inequality:
H(7(s),s) > 0. O

Proof of proposition 5.5. We first establish the required properties of H related
to the branch of solutions 7. With respect to the identity 77 (s) = 7(s) for all
s € I', the technical lemma 5.9 allows us to restrict ourselves to s € D\ I" where
71 is continuously differentiable. For such s, the identity F(7(s),s) = 0 can be
equivalently re-expressed as

m?(17(s) — 1) = (p(7L, 51) — (77 (s), 5)). (5.25)
Let us evaluate H(77(s), s) as follows:
H(7(s),8) = e(r¥(s), 8) — (7L, 1) + (77 (8) = 71) (p(7 7 (5), 5) + 5m* (77 (s) = 7)),
where €(7,s) = Zfil €;(7, s;). Using (5.25), we then obtain

H(r7(s).s) = e(T7(s),8) — e(mL,8L) — ﬁ(p%*(S), s) = (11, 51))-

Let us introduce the auxiliary function ©: R} x D — R by setting

O(r,s) =¢(r,s) — 502

p*(7,s),
so that, for all s € D,

H(TF(s),8) = O(T7(s),8) — O(7L, 51.), (5.26)
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with s = O(7%(s),s) € CY(D\ I',R). Since 7+ (s1,) = 71, by lemma 5.8, (5.26) can
equivalently be written as

H(r"(s),8) = O(77(s),5) — O(7 " (sL), 5L).-

Moreover, for all s € D\ I'" we have

0 ort, OH oH
T (3),58) = (5 S (7 (9),9) + 5 (5).)
Tt €
TS FrH (s)8) + 52 (7 (9).9
862'
S99
— Ty (r(s),8) > 0, (5.27)

where we have used the identity F(77(s), s) = 0. Consequently, we deduce that
O(t7(s),8) —0(t"(s1),sL) =0 foralls€ D\ T

with equality to zero if and only if s = s1, (see lemma 5.8). Combining the previous
steps with lemma 5.9 gives the required properties (i) and (ii).

We now derive the remaining properties of H related to 7. Observe that the
technical lemma 5.9 immediately gives

H(r(s),s) >0, sel (5.28)
since 77 (s) = 7(s) for the s under consideration. We can now obtain the following
estimate:

H(r~(sL),sL) <O0. (5.29)
To prove lemma 5.9, let us introduce the following auxiliary function ¢: R} — R,
setting

(1) = H(r, s1).
Since /(1) = —F(7,s1) for all 7 > 0, lemma 5.8 is easily seen to imply that ¢
strictly increases in (77 (sL), 7" (s1)) with H(77(sL), sr) = 0, as just established.
This yields inequality (5.29).
To conclude the proof, we follow exactly the same steps as those developed in
the proof of lemma 5.7 devoted to the derivation of the subset K € ST (sp).
We introduce the following auxiliary function defined by

®(\a)=H(T" (s, +Aa),sp, +Aa), acSY, Xe(0,4A(a).

Note that this function is continuously differentiable on its domain of definition
since, in view of lemma 5.8, the function (7,A\) — 7~ (sL + Aa) is differentiable.
Straightforward calculations then give

%f(x,a) = —F(r7(sL + Aa), sp + Aa)( > aTSaZ)

1<i<N v

+ Z T;(t7(sL, + Aa), s. + A\a)a;. (5.30)
1IN
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But the identity F(7~ (sL+Aa), sL +Aa) = 0 holds true by definition for all @ € S
and A € [0, A(a)], so that (5.30) reduces to

0P

5(/\’11) = Z T;(t7(sL + Aa), s., + Aa)a; > 0.

1<i<N

With respect to the inequalities (5.28) and (5.29), the implicit function theorem
implies the existence of a map Ay € Cl(SiV ,R% ) with the following properties:

®(Ao(a),a) =0, acSY,
together with @(A\,a) < 0 for all A € [0,4g(a)] and ®(A,a) > 0 for all A €

]4o(a), A(a)]. This concludes the proof of proposition 5.5. O

Proof of proposition 5.6. With respect to the identity 0, H(7,s) = —F(7, s) valid
for all (7,5) € RY x K, lemma 5.8 immediately implies that the smooth map
7+ H(7,8) (s being fixed in K) strictly decreases in |0,7 (s)[ and |77 (s), +o0],
while it strictly increases in |77 (s), 77 (s)[ with the following limits:

lim H(r,8) =400 and lim H(r,s) = —oc0
—0+ T—00

in view of the asymptotic conditions (4.2). In addition, for all s € K, we infer from
proposition 5.5 that H(77(s),s) < 0 and H(7"(s),s) > 0. These observations
allow the definition of three maps, namely 7, T, T:K — R’ , with the following
properties:

H(T(s),s) = H(T(s),s) =H(T(s),s) =0, seK,
together with
0<T(s) <7 (8)<T(s)<7H(s)<T(s), sek.
Next, using the notation introduced in the proof of lemma 5.7, we first compute,
for all a € SV,

lim 7 (sp, +Aa) < lim T(sp +Aa) = lim T (s + Aa)=7"(sL),
A—0t A—01 A—0Tt

since H(7~ (s1),sL) < H(7F(sL), s1.) = 0 in view of (iii) and (i) in proposition 5.5.
In the same way, we get

lim 7T(sp+Xa)= lim T(s.+ \a)
A—Ap(a) A—Ao(a)

=7 (s1 + Ao(a)a)
< lim  T(sy+ Aa),
)\—)Ao(a)

since H(T7(s),s8) = 0 < H(77(s),s) for all s € C, in view of proposition 5.5. To
conclude, we have to establish the smoothness properties put forward in proposi-
tion 5.6. In view of the monotonicity properties of 7 — H(7, 8) we have Just estab-
lished for all s € K that all three maps are obviously in C* (K, R%) NC°(K,R%) due
to the implicit function theorem. This concludes the proof of proposition 5.6. [J
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