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abstract

In this paper a system for recommending investment channel choices to members of defined
contribution retirement funds is proposed. The system is interactive, using a member’s answers to
a series of questions to derive a utility function. The observed values are interpolated by means
of appropriate formulae to produce a smooth utility function over the whole positive range of
benefits at retirement. The resulting function, together with stochastic models of the returns on
the available channels and of the annuity factor at exit, is then used to recommend an optimum
apportionment of the member’s investment. The proposed system is applied to the observed
values of utility functions of post-retirement income elicited from members of retirement funds.
Difficulties in the application are discussed and the results are analysed. The sensitivity of the
recommendations to the parameters of the stochastic model is discussed.
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Money is round and rolls away. English proverb
Money is flat and meant to be piled up. Scottish proverb

". Introduction

1.1 In defined contribution retirement funds members may have
the right to choose the investment channels in which their contributions are
to be invested, and to apportion their fund investments between those
channels. It is proposed in this paper that an interactive system can be used
to help a member decide on such choices and apportionments.
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1.2 The paper appears in two parts. In the first part (Thomson, 2003),
the use of expected utility theory, for the purposes suggested in this part,
was defended against arguments that have been levelled against it, and
empirical evidence was discussed. In this, the second part, the method is
discussed. The system uses a member’s answers to a series of questions to
derive a utility function. The observed values are interpolated by means of
appropriate formulae to produce a smooth utility function over the
whole positive range of benefits at retirement. The resulting function,
together with stochastic models of the returns on the available channels and
of the annuity factor at exit, is then used to recommend an optimum
apportionment of the member’s investment based on dynamic programming.
Allowance is made for future service as well as past service. The proposed
system is applied to the observed values of the utility functions of post-
retirement income elicited from a sample of members of retirement funds.
Difficulties in the application are discussed and the results are analysed. The
sensitivity of the recommendations to the parameters of the stochastic model
is discussed.

1.3 The member’s utility function, and the probability density function
of the amount of the benefit, must be determined as at the date on which
the member intends to draw his or her benefit (the ‘exit date’). The
probability density function will depend on the circumstances of the
member, the rules of the fund and the output of the stochastic model. Both
the utility function and the probability density function are specified in
real terms. The benefit under consideration is the amount payable as at the
exit date in respect of service up to that date, converted into an annuity if
applicable.

1.4 It may be noted from the above that no allowance is made for the
different benefits that may become payable on death in service or on ill-
health retirement. This is deliberate. The only modes of exit allowed for are
resignation, normal retirement and voluntary early or late retirement. The
reason for this is that it is assumed that appropriate risk benefits are
provided for other contingencies out of contributions other than those
payable towards retirement benefits.

1.5 In Section 2 relevant literature is surveyed. Section 3 sets out the
fund model. Section 4 discusses the stochastic investment model and the
distribution of the annuity factor at exit. Section 5 discusses the principles
and explains the method to be used for the elicitation of a utility function.
Section 6 discusses issues relating to the interpolation (and extrapolation) of
the utility function over the whole positive range of benefits and explains the
interpolation method proposed. Section 7 explains how the interpolated
utility function and the stochastic model may be used to derive a
recommended investment channel choice. Section 8 shows the results of
applying the methods of Sections 3 to 7 to the utility functions elicited from a
sample of subjects. Section 9 draws conclusions, gives some caveats
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regarding the implementation of the system, and suggests avenues for
further research.

Æ. Literature

2.1 Modern portfolio theory developed from Markowitz’s (1952)
analysis in two-dimensional space defined by the mean and variance of the
single-period return. In the actuarial literature, this was modified by Wise
(1984a, 1984b, 1987a, 1987b) and Wilkie (1985) to define the space in terms
of the mean and variance of the surplus at a specified time horizon. This
adaptation was useful for the analysis of the problem for a financial
institution (such as a life office or a defined benefit retirement fund) with
specified liabilities. Although the time horizon might be some years hence,
the problem was still treated as a single-period problem; no allowance was
made in the optimisation process for the review of portfolio selections before
the time horizon. In the financial economics literature, the theory has also
been extended to allow for the liabilities of the investor (Sharpe & Tint,
1990).

2.2 In the mean time, in the economics literature two developments
had taken place. First, it was observed (e.g. Ingersoll, 1987, pp95-97) that a
sufficient condition for mean^variance analysis to apply was that the
investor should have quadratic utility or that the distribution of returns
should be multivariate normal (or at least elliptically symmetrical). This
gave rise to the pursuit of more general theories based on the maximisation
of expected utility, stimulated by recognition of the weaknesses of
quadratic utility functions and by findings that returns on risky assets were
not generally normally distributed. Secondly, Mossin (1968) showed how
allowance could be made by dynamic programming for the review of
portfolio selections at discrete time intervals up to the time horizon, so that,
in the optimisation process, the decision-maker would not be assumed to
be committed to the current portfolio selection until the time horizon.
Mossin’s work was extended by Samuelson (1969) and Merton (1969) to
solve the dynamic consumption and portfolio selection problems
simultaneously in discrete and continuous time respectively, including
allowance for a bequest motive. This involved determining the optimum
consumption from time to time, as well as the optimum exposure of savings
to a risky asset and a risk-free asset, using an intertemporal utility
function. Using a martingale technique instead of dynamic programming,
Cox & Huang (1989) extended Merton’s results to allow for non-negativity
constraints on consumption and final wealth.

2.3 Sherris (1992) generalised Wise’s and Wilkie’s work to allow for
more realistic utility functions and for a dynamic approach to portfolio
selection in discrete time. Further work on the portfolio selection problem in
defined benefit retirement funds followed, notably O’Brien (1986, 1987),
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Haberman & Sung (1994), Boulier, Trussant & Florens (1995), Cairns
(1995, 1996, 1997), Boulier, Michel & Wisnier (1996), Cairns & Parker
(1997), Ziemba & Mulvey (1998), Siegmann & Lucas (1999), Chang (1999)
and Josa-Fombellida & Rinco¤ n-Zapatero (2001).

2.4 Booth & Ong (1994) applied expected utility maximisation to the
investment decision of a personal investor with no liabilities and no future
cash flow on a single-period basis with an exponential utility function.

2.5 Khorasanee (1995) derived (in closed form) the mean and variance
of the terminal fund assuming normal distributions of forces of return.
Expected utilities of outcomes are not considered, so no definite conclusions
can be drawn with regard to recommendations to individual members.

2.6 Khorasanee & Smith (1997) considered the typical strategy whereby,
as a member approaches retirement age, his or her fund balance is shifted
from risky assets to risk-free or matched assets, generally referred to as a
‘lifestyle’ strategy. Because of the simplicity of the approach, it was possible
to obtain expressions for the maximum expected utility of the terminal fund
in closed form. However, there are a few problems with their approach:
ö The method of eliciting the utility function is quite arbitrary, and does

not conform to the axioms of expected utility theory.
ö The shapes permitted for the utility function are quite restrictive; in the

present study, subjects’ utility functions were found to be more variable
than those allowed for by Khorasanee & Smith.

ö The channels available may not correspond to those assumed; in
particular, the processes governing the unit prices of the respective
channels may be more complex.

ö The errors introduced by the assumption of a lognormal distribution of
the terminal fund are not quantified.

ö The errors introduced by the assumption of constant annuity rates are
also not quantified.

ö It is not generally optimal to be 100% exposed to a particular asset
category.

ö No allowance is made for the dynamic revision of portfolio choices.

Thus, while the paper provides some useful insights, it cannot constitute a
basis for explicit recommendations to members with regard to investment
channel apportionment.

2.7 Booth & Yakoubov (2000) considered various alternative gradual
lifestyle strategies. They found no evidence to suggest that a lifestyle strategy
is appropriate.

2.8 Working with a dynamic approach in continuous time, Gerber &
Shiu (2000) assumed that the prices of risky assets follow a multidimensional
geometric Wiener process (i.e. with constant drift and covariance). They
found that the optimal investment strategy can be specified in closed form.
While this is a very elegant result, which gives considerable insight into the
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nature of the asset allocation problem, there are a few problems with this
approach:
ö The price of a bond cannot be represented by a geometric Wiener

process.
ö The assumption of constant drift and variance in the processes driving

prices is quite restrictive.
ö The argument of the utility function is the terminal fund, not the post-

retirement income.
ö While the shape of the utility curve allowed for is quite adaptable, it

does not cope with the variability found in the present study.
ö The concept of a risk-free asset begs the question whether it is a

nominal short-term deposit or an inflation-protected long-term bond.

2.9 Vigna & Haberman (2001) adopted a dynamic discrete-time
approach using a joint normal distribution for the real forces of return on a
low-risk and a high-risk asset. The utility function was effectively quadratic,
and it was applied at every year end by means of a summation of discounted
utilities. The results suggest the appropriateness of the lifestyle strategy. The
authors did not intend to justify their utility functions in terms of members’
attitudes to risk; but, by the same token, their results cannot be used to make
recommendations to members.

2.10 Working in continuous time, Boulier, Huang & Taillard (1999)
developed a defined contribution fund model involving the Vasicek interest
rate model, three assets, deterministic contribution rates, a guaranteed
minimum benefit and terminal utility measured as a power function of
surplus cash over the guarantee. Deelstra, Grasselli & Koehl (1999)
developed a similar model involving the Cox-Ingersoll-Ross model of interest
rates. Generalising (in some respects) the work of these authors, Cairns,
Blake & Dowd (2000) developed an optimal asset allocation model for a
defined contribution retirement fund in the presence of non-hedgeable salary
risk in continuous time. The authors found that it is optimal to invest in a
combination of three portfolios: (A) minimum risk relative to salary; (B)
minimum risk relative to salary divided by annuity factor; and (C) risky
portfolio, efficient with risk and return relative to those quantities. The
problems with this approach are as follows:
ö The use of a power utility function as in the solutions given is too

restrictive.
ö The process driving prices is still too restrictive.
ö In Cairns, Blake & Dowd (op. cit.), the argument of the utility function

is the replacement ratio, not the post-retirement income.
ö In general the channels available to a member are not confined to, and

may not include, the portfolios described.
ö The error due to the approximation of the annuity factor is not

quantified.

in Defined Contribution Retirement Funds II 907

https://doi.org/10.1017/S1357321700004402 Published online by Cambridge University Press

https://doi.org/10.1017/S1357321700004402


2.11 In all the work relating to defined contribution funds described in
{{2.4 to 2.10, it is assumed that the contribution rate is constant (or at least
predetermined). The theoretical framework for the relaxation of that
assumption is provided by the work of Samuelson (op. cit.) and Merton (op.
cit.); but the practicalities involved are non-trivial. This matter is further
discussed in Section 5.1.1.

2.12 In the light of the discussion in this section, it is clear that, in order
to facilitate recommendations to members of defined contribution retirement
funds with regard to investment channel choice, further work is needed. It is
the aim of this paper to meet that need.

â. The Fund Model

3.1 Benefit Provisions and Members’ Particulars
3.1.1 For the purposes of this paper, it is assumed that the benefit at the

exit date will be an amount equal to, or a pension based on, the accumulated
contributions paid by, or in respect of, the member towards that benefit. For
this purpose, the contributions paid are accumulated according to the returns
earned on the investment channels chosen by the member from time to time. In
this paper that amount is referred to as the ‘benefit base’. If the benefit is a
lump sum, it is equal to the benefit base. If it is a pension, it is equal to the
benefit base divided by an annuity factor at a real rate of interest. The benefit
base is expressed in real terms. In this paper, ‘real’ means before price
inflation; real salary increases are discussed in Section 3.4.

3.1.2 The member must either specify the current benefit base or enter
an identity code that will enable the system to obtain those particulars from
the fund’s database. The latter is preferable, as it avoids errors that might
otherwise be made by the member, and serves as a member audit to identify
errors that may have been made by the administrators of the fund.

3.1.3 In order to determine the amounts of future contributions payable
from time to time, it will also be necessary to obtain the following
information:
(1) in respect of the fund:

c ¼ the contribution rate towards retirement benefits; and
(2) in respect of the member:

SðmÞ ¼ the member’s salary (in real terms) at certain future dates.

With regard to item (1), if there is a vesting scale in terms of which the
benefit base will be reduced if the member retires on the specified exit date,
the benefit base and the contribution rate must be correspondingly reduced.
The future dates referred to in item (2) are those described in Section 3.2.
Values of the benefit at exit will then be determined from the stochastic
model as explained in Section 3.3.
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3.1.4 It may be noted that the contribution rates are assumed to be
constant, and that future real salaries are assumed to be deterministic. This is
further discussed in Section 3.4.

3.2 Subdivision of the Period to Exit
3.2.1 In defining the problem, we must bear in mind that the member is

able to review his or her choices from time to time, and that those choices
can be based on revised probability distributions of the benefit at exit,
allowing for the returns earned to the date of the review.
3.2.2 We therefore divide the term from the date of calculation to the

date of exit into N years, each of which is assumed for simplicity to be an
integral number of calendar years. Let t(m) be the length (in integral years) of
period m and let T(m) denote the period from the initial date to the end of
the mth period, so that:

T ðmÞ ¼
Xm

w¼1

tðwÞ:

The lengths of t(m) are further discussed in {3.3.4.

3.3 The Fund Process
3.3.1 For the sake of simplicity (as explained below), it is assumed that

half the contributions payable during each period (in real terms) are paid at
the beginning of that period and the other half at the end.

3.3.2 Let rkðmÞ be a random variable denoting the total real force of
return on the kth channel during the mth period, so that:

rkðmÞ ¼
XT ðmÞ

u¼T ðmÿ1Þþ1

yk;u

where yk;u is the real average force of return on channel k during year u.
3.3.3 Let B(m) denote the benefit base accumulated at the end of the

mth period before the contribution then due. Let C(m) denote the
contributions due during the mth period and accruing towards the benefit at
the exit date, and let pkðmÞ denote the proportion invested in channel k during
the mth period. Then, for m ¼ 1; . . . ;N:

BðmÞ ¼ ½Bðmÿ 1Þ þ 1
2fCðmÿ 1Þ þ CðmÞg� exp

XK

k¼1

pkðmÞrkðmÞ

( )
for m > 1

½Bð0Þ þ 1
2Cð1Þ� exp

XK

k¼1

pkð1Þrkð1Þ

( )
for m ¼ 1 ð1Þ
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where B(0) is as specified in {3.1.2, and:

CðmÞ ¼
tðmÞSðmÞc for 1 � m � N

0 for m ¼ 0:

�
ð2Þ

It should be noted that equation (1) assumes continuous rebalancing. For
this reason it is the total force of return for period m that is multiplied by
pkðmÞ, not the total return for that period. In practice, if a member has chosen
a particular asset allocation, it is reasonable to assume that that allocation
will be maintained until the next occasion on which a selection is made, so
that this assumption is itself reasonable.

3.3.4 For the purposes of subdivision into periods as explained in
{3.2.2, it should be noted that t(m) should be sufficiently large so that, for all
values of m, j and k (including j ¼ k):

CovfrkðmÞ; rjðmÿ 1Þg � 0:

The purpose of this requirement, which is discussed further in {4.2.3, is
explained in {7.1.10. On the other hand, subject to that requirement, it
should not be made so great that the simplified assumption regarding the
payment of contributions might result in excessive errors of approximation.
The trade-off depends on the model used; it would be advisable to test the
sensitivity of results to alternative values of t(m).

3.4 The Salary and Contributions Process
3.4.1 It may be noted that, in the specification of the fund process, the

member’s salary is assumed to be deterministically specified (in real terms).
In fact, prospective salaries are required at each prospective review date, and
at the exit date. The system could calculate typical values based on the
member’s current salary, age and length of service, and allow the member to
substitute alternative values.

3.4.2 The problem with the use of a stochastic salary process is that the
parameters of that process would have to be specified by the member
concerned. While it is reasonable for the idealised decision-maker to make
assumptions about the investment channel process, the salary process is a
different matter. Here it would be unreasonable to suppose that the idealised
decision-maker is better placed to model the process than the member.

3.4.3 Furthermore, while it may be possible to devise a stochastic model
of the salaries of a large sample of members for a given current salary, age
and length of service, it would be necessary to allow for the additional
variance of an individual member’s future salary. The distinction is
analogous to that between diversifiable and undiversifiable risk in the
analysis of returns on capital assets.
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3.4.4 It would be possible to elicit the parameters of an individual’s
salary process and to allow for the non-diversifiable portion of that process,
but until further research has been completed that will not be practicable. In
the mean time it would be better to present results on alternative salary
prospects and allow the member to vary them in order to test the sensitivity
of the recommended apportionment, and the certainty equivalent of the
corresponding maximum expected utility, to such alternatives. (The
‘certainty equivalent’ of a risky prospect is the outcome whose utility is equal
to the expected utility of the risky prospect. It therefore constitutes the
normative risk-free value to the decision-maker of the risky prospect as at the
date of its outcome.)

3.4.5 In the above formulation, contribution rates are assumed to be
constant. It would be a simple matter to allow for contribution rates that
vary deterministically by age. Additional voluntary contributions have not
been dealt with in the model.

ª. The Stochastic Model

With regard to the modelling of the investment returns on the investment
channels available to members of the fund, and of inflation, two alternative
approaches may be adopted. The first is to use a model that produces a
multivariate normal distribution of the forces of return and inflation, and the
second is to use a generalised simulation model. The advantage of the first
approach is that solutions to part of the problem may be found analytically,
thereby reducing the calculation time required. However, it may not be
possible to model the variables required in this manner. The generalised case
must therefore also be considered.

4.1 A State-Space Model
4.1.1 For the purposes of the first approach, it is assumed that a

stochastic model of investment returns on the investment channels available
to members of the fund, and of inflation, has been developed. The model is
assumed to be a state-space model specified as:

yu ¼ Hzu þ d ð3Þ

where:

zu ¼ Fzuÿ1 þGeu: ð4Þ

In this model:
ö yu is a K-component vector comprising the real average forces of return

on the respective channels during year u;
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ö zu is a vector with at least K components representing the state space;
ö F, G and H are parameter matrices of appropriate dimensions;
ö d is a K-component vector representing the means of the real returns on

the respective channels; and
ö eu is a vector of mutually and serially independent random variables

with standard normal distributions.

The components of the state-space vector zu may have explicit economic
meaning, or they may merely be statistically explanatory. In essence, the
vector defines a state that may be modelled as a linear Markov process and
of which the required variables are linear functions. (As shown in the core
reading for subject 109 (Faculty & Institute of Actuaries, 2001), the Wilkie
model (Wilkie, 1986) can be reduced to a linear Markov model of a state-
space vector, i.e. equation (4); but, because it models variables of which the
forces are non-linear functions, it does not conform to the requirements of
this approach; i.e. equation (3) does not apply.)

4.1.2 From equations (3) and (4), it may be seen that yu, being a linear
function of eu, which is a multivariate normal, is itself a multivariate normal.
This makes it possible to use an analytical method to solve the optimisation
problem, as explained in Section 7.1. The mean of yu may be shown to be:

EðyuÞ ¼ HFuz0 þ d ð5Þ

and its covariance matrix:

Covðyu; yvÞ ¼ H
Xvÿ1

w¼vÿu

FwGG0F0w
 !

H0 for u � v ð6Þ

in particular:

VarðyuÞ ¼ H
Xuÿ1
w¼0

FwGG0F0w
 !

H0:

4.1.3 From {{3.3.2 and 4.1.2 it may be noted that, since yu is a
multivariate normal, rkðmÞ is normally distributed with mean:

mkðmÞ ¼
XT ðmÞ

u¼T ðmÿ1Þþ1

mku

and covariance:
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skjðmÞ ¼
XT ðmÞ

u;v¼T ðmÿ1Þþ1

Covðyk;u; yj;vÞ

where mku is the kth component of EðyuÞ obtained from equation (5) and
Cov(yk;u; yj;vÞ is obtained from equation (6).
4.1.4 The annuity factor at the member’s exit age may be assumed to be

fixed, or (as justified by Cairns, Blake & Dowd, 2000) it may be defined as a
lognormally distributed variable.

4.2 Simulation Model
4.2.1 For the purposes of the second approach, it is assumed that yu is a

random variable, pseudo-random samples of which may be generated by
means of a stochastic model. Suppose that J simulations are made of this
variable. We denote by yjku the jth pseudo-random sample value of the real
average force of return on channel k during year u for j ¼ 1; . . . ; J and
k ¼ 1; . . . ;K.

4.2.2 We may then define yjkðmÞ to be the jth pseudo-random sample
value of the real aggregate force of return on channel k during period m as:

yjkðmÞ ¼
XT ðmÞ

u¼T ðmÿ1Þþ1

yjku:

4.2.3 Under this model, if:

CovfrkðmÞ; rjðmÿ 1Þg � 0

for small values of t(m), it would be possible to modify the fund model
described in {3.3.3 by defining:

BðmÞ ¼ Bðmÿ 1Þ exp Dþ cSðmÞ
tðmÞðexp Dÿ 1Þ

D

where:

D ¼
XK

k¼1

pkðmÞrkðmÞ

which would give a better approximation than equation (1).
4.2.4 The conversion into an annuity at exit may be dealt with by means

of an additional component of the vector yu to represent the real long-term
interest rate, which can then be used at exit to determine an annuity factor,
and hence, from the terminal benefit base, the sample real pension.
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ä. The Elicitation of the Utility Function

In this section consideration is first given to context and framing effects
in the elicitation process, and then to the format of the questions posed to the
member.

5.1 The Argument of the Utility Function
As discussed in Section 2, authors have used various definitions for the

argument of the utility function. Some have used the terminal fund (i.e. the
benefit base at exit), others have used the purchased pension, and yet others
have used the replacement ratio. None has yet used a lifetime consumption
function in the context of a defined contribution retirement fund. There is
little justification in the literature for the use of the replacement ratio. In this
section consideration is accordingly given to lifetime consumption, post-
retirement income and the terminal fund.

5.1.1 Lifetime consumption
5.1.1.1 As discussed in {2.2, Samuelson (1969) and Merton (1969)

developed a framework for the simultaneous solution of the consumption
and portfolio selection problem, in discrete and continuous time respectively,
including an allowance for a bequest on death. For practical application
Samuelson’s approach would generally be more convenient. It would be quite
possible to use that method to determine, not only the optimal choice of
investment channels, but also (and simultaneously) the optimal contribution
rate subject to a minimum of the mandatory contribution rate if applicable
(or a minimum of zero otherwise).

5.1.1.2 However, this would necessitate further questions in the
elicitation of the utility function, so as to elicit, not only the utility of the
benefit at retirement, but a two-dimensional utility function of consumption
by year. In practice, the inter-temporal effect could be captured by means of
a discounting of a one-dimensional utility function to allow for inter-
temporal preferences, but the discount rate would not necessarily be
constant, and the elicitation process would therefore be complex.

5.1.1.3 To simplify the problem, it may be assumed that the member’s
exit date and contribution rate are determined; but it would nevertheless be
quite simple to extend the system to allow for assets and liabilities outside the
retirement fund. Utility would then be defined in terms of post-retirement
income (including conversion of assets outside the fund into an annuity at the
exit date if applicable).

5.1.2 Fund benefit
5.1.2.1 If assets and savings outside the retirement fund can be ignored,

it is justifiable to consider only the fund benefit. In these circumstances the
question arises whether it is necessary to consider the utility of the pension
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purchased by the terminal fund, or whether it would be adequate to
consider that of the terminal fund itself. In fact the benefit may be payable
not entirely in the form of a pension, but either wholly or partly in the form
of a lump sum.

5.1.2.2 The arguments in favour of considering the utility of the
terminal fund are as follows:
ö The member may intend to invest the lump-sum benefit in

unconventional assets (such as cattle or agricultural land) that might
carry more utility to the member than the income that they produce. This
may be particularly true in third-world countries.

ö The member may have substantial capital requirements at retirement,
such as the repayment of a mortgage bond.

ö Members may tend to focus on the accumulation of the benefit base,
rather than on the amount of income that it can produce. Where there
are cash options, members may tend to elect them. Since utility is
subjectively determined, such subjective preferences cannot be ignored.

ö As pointed out by Booth (1995, p110), since real long-term interest rates
are relatively stable, real annuity conversion factors are also stable. It
may therefore not be inaccurate to assume that they are fixed. This being
the case, the use of a utility function of the lump sum should give the
same results as the use of a utility function of the pension. While this
effect may be offset to some extent by the effect of the longer durations
of index-linked bonds, it is not invalidated; it remains true for zero-
coupon bonds, where the duration of an index-linked bond is equal to
that of a nominal bond.

ö The member may be strongly driven by the bequest motive.

5.1.2.3 The arguments in favour of considering the utility of a
purchased annuity (either notionally or actually purchased) are as follows:
ö The major need of the member after retirement is for the replacement of

income.
ö If the member is obliged to convert the terminal fund in full into a

pension, the amount of the terminal fund is irrelevant. If a portion must
be converted into a pension, it would be unnecessarily complicated to
consider the utility of a combination of a lump-sum benefit and a
pension.

ö If a lifetime-consumption approach were to be adopted, it would be
necessary to consider the income generated by the assets in which any
lump-sum benefit would be invested.

5.2 Framing
One of the major sources of bias in assessment procedures identified by

Hershey, Kunreuther & Schoemaker (1982) is that of context and framing
effects. They state that: “context or framing differences strongly affect choice
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in a non-normative manner’’. They argue, on the basis of their experiments,
that: “people do not hold preferences free of context’’. They also cite a
number of other texts to support this argument. It is therefore important to
ensure that the hypothetical prospects offered to the member relate as closely
as possible to the context of the actual prospects. Similarly, as discussed in
Thomson (2003, {3.1.8), emotive framing effects should be avoided. Keeney
& Raiffa (1976, pp189-90) suggest that, in preparation for assessment, a
decision-maker should be reassured that:
(1) there are no right or wrong answers to any of the questions;
(2) all answers should reflect the decision-maker’s own preferences; and
(3) the decision-maker can change his or her mind with regard to any of

the answers if so desired.

These reassurances should be built into the system, and allowance should be
made for the member to change answers before proceeding to the
recommendation.

5.3 Elicitation Method
5.3.1 Farquhar (1984) categorises and analyses the various question

formats used to elicit decision-makers’ utility functions by means of
hypothetical prospects. He uses the symbol R to denote a preference
relationship, which may be �, � or � (i.e. strong preference of the preceding
to the succeeding, indifference between them, or strong preference of the
succeeding to the preceding), or � or � (i.e. weak preference of the preceding
to the succeeding or vice versa), as defined in {2.4.5 of Thomson (2003). As
in {2.5.3 of that paper, the possible outcomes of a particular hypothetical
prospect and the associated probabilities are specified as aspat; where:
a1 � as � at � ar; and the probabilities of outcomes of as and at are p and
1ÿ p respectively. Using that notation, a comparison of hypothetical
prospects presented to the decision-maker may be represented as
ða1parÞRðb1qbrÞ; or ða1parÞRb; the first expression representing a comparison
of two uncertain prospects, and the second (as proposed in this paper) a
comparison between an uncertain and a certain prospect. To represent the
format of the question, the item to be specified by the decision-maker is
underlined. Thus, for example, the format proposed in this paper may be
represented as ða10:5arÞ � b, since the decision-maker has to specify the
certainty-equivalent of the uncertain prospect a10:5ar.
5.3.2 It is considered that a member will find it easier to compare a

certain prospect with an uncertain prospect, because there are less data to
bear in mind. In view of the fact that the process is automated, it is
important to avoid complexities as much as possible. We therefore confine
our attention to comparisons of the format ða1parÞRb. In doing so, it must be
acknowledged that we may be exposing the procedure to biases due to the
certainty effect (Thomson, 2003, Section 3.9). It may be worthwhile to test

916 The Use of Utility Functions for Investment Channel Choice

https://doi.org/10.1017/S1357321700004402 Published online by Cambridge University Press

https://doi.org/10.1017/S1357321700004402


empirically whether such biases are more serious than the confusion arising
from comparison of two uncertain prospects. Pending such tests, the simpler
approach is proposed.

5.3.3 Farquhar (op. cit.) analyses such comparisons as follows:
preference comparison:

ða1parÞRb

probability equivalence:

ða1parÞ � b

value equivalence:

ðaparÞ � b or ða1paÞ � b

certainty equivalence:

ða1parÞ � b:

The comparison proposed in this paper is thus identified as certainty
equivalence, with p ¼ 0:5. This method is referred to by Anderson, Dillon &
Hardaker (1977) as the ‘equally likely certainty equivalent’ (or ‘ELCE’)
method.

5.3.4 The simplest of the comparisons is arguably preference
comparison. However, in view of the problems of subjective probability
weighting (Thomson, 2003, Section 3.10), any value of p other than 0.5 is
likely to create a bias. Schoemaker (1980, pp14, 182) cites Karmarkar (1978)
and Van Dam (1973) as evidence that utility functions constructed with
50^50 prospects differ systematically from those constructed with, say, 75^25
prospects. “Which is the more faithful one,’’ he avers, “is open to debate.’’
Apart from framing effects, it is difficult, in view of the symmetry of a 50^50
chance, to see in which direction such a chance is likely to be biased.

5.3.5 Preference comparison may be used repetitively with p ¼ 0:5 and
varying values of a1 (or ar) or b, in order to converge towards a critical value
representing value or certainty equivalence respectively (Keeney & Raiffa,
1976, pp193-4). This method may be preferable if a member has difficulty in
responding direct to value or certainty equivalence; but otherwise the
member may find it tedious. Consideration could be given to offering
members this approach as an alternative. In the mean time the more direct
method is proposed.

5.3.6 Probability equivalence is similarly avoided because of subjective
probability weighting. Hershey, Kunreuther & Schoemaker (op. cit.) found
that certainty equivalence methods generally yield greater risk seeking than
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probability equivalence methods. However, their tests were made only for
prospects involving losses. Such prospects do tend to elicit risk seeking
(Friedman & Savage, 1948); but in the context of this paper it is not clear
what constitutes a loss, so that such tendencies are less likely to occur.

5.3.7 As between value and certainty equivalence there is relatively little
to choose. Certainty equivalence has the advantage that it allows for the
subdivision of an appropriate range of benefits on a predetermined basis.
5.3.8 Farquhar (op. cit.) subdivides certainty equivalence methods into

fractile methods and chaining methods. Under the fractile method the ith
comparison is ða1piarÞ � bi. This method has also been rejected because of
subjective probability weighting.

5.3.9 If previously elicited values are used in subsequent comparisons,
the responses are ‘chained’. Chaining methods of certainty equivalence are
further subdivided into the fractionation and midpoint methods. Under the
fractionation method the ith comparison is ðaiparÞ � aiþ1. This method has
the disadvantage that, if p ¼ 0:5, then no utility values can be obtained for a
in the range as < a < a1, where uðasÞ ¼ 0:5; otherwise subjective probability
weighting again becomes problematic.

5.3.10 The midpoint chaining method involves comparisons of the form
ðaj0:5akÞ � ai, where aj and ak are one of the closest pairs of values already
found, including a1 and ar, closeness being defined with reference to
difference in utility. This is the method adopted for the purposes of this paper
(i.e. the ELCE method referred to above).

5.3.11 As Farquhar (op. cit.) points out, this method does have some
drawbacks. Besides the problem of certainty effects discussed above, it
suffers from serial dependence, range effects, distortions in risk behaviour
and certain other biases. These effects are considered by Krzysztofowicz &
Duckstein (1980) and Novick, Dekeyrel & Chuang (1981). In the present
context it appears that, of these effects, only range effects need be further
considered.

5.3.12 Range effects relate to the difficulty experienced by decision-
makers in making comparisons involving uncertain prospects with widely
differing outcomes. To overcome this problem, Krzysztofowicz & Duckstein
(op. cit.) propose a ‘variable range’ method. This involves partitioning the
range into two arbitrary subintervals and then applying the midpoint method
separately to each subinterval. The utility function over the entire range is
then obtained by offering a final comparison involving one elicited value
from each subinterval. This method may constitute an improvement over the
proposed method.

5.3.13 Quiggin (1993, p49) claims that the ELCE method is one of the
most successful methods of eliciting utility functions.

5.4 Changes in Utility Functions
5.4.1 In this paper it is assumed that members will be prepared to state
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their preferences now for future benefits. It may at first sight appear that
we are assuming that there will be no change in a member’s preferences
between the date of calculation and the date of exit.

5.4.2 In fact, what we are assuming is that a member will be prepared to
anticipate such changes. If the member is able to do so, the recommended
apportionment will fairly reflect the anticipated preferences. Otherwise it will
only reflect the member’s current preferences.

5.4.3 It would be possible to allow for assumed future preferences as a
function of current preferences, but this would have to be based on empirical
studies, which would not necessarily provide a fair reflection of the way in
which a particular member’s preferences will evolve over the period to exit.

5.4.4 As time passes, it may be expected that members’ preferences will
converge towards their preferences at exit. This convergence will be due, not
only to changing attitudes, but also to changing circumstances.

5.5 The Elicitation Process
5.5.1 For the purposes of this paper the axioms of von Neumann &

Morgenstern (1947) are assumed to hold. The justification of this assumption
was dealt with in Thomson (2003). In order to determine a member’s utility
function at a particular time, it is necessary to obtain the member’s answers
to certain questions. The following questions, which have been adapted from
sources such as Bowers et al. (1986), may be posed by means of an
interactive program.

5.5.2 The first question is of the following form: “If you could choose
your channels:
(1) so that there is a 50-50 chance of getting:

(a) a benefit of X; or
(b) a benefit of Y; or

(2) so that you will get Z with certainty;

which of (1) and (2) would you choose?
Enter 1 or 2, or, if you are indifferent, leave blank:’’

In this question, X and Y could, for example, be the upper and lower 90%
confidence limits of the benefit, and Z could be their geometric mean. For
the purpose of determining the confidence limits, a high-variance investment
channel apportionment may be assumed and the stochastic model of Section
4 used. If the member is indifferent between the alternatives (1) and (2), the
use of the geometric mean suggests a logarithmic utility function.

5.5.3 The second question is asked if and only if the member has
entered 1 or 2 in response to the first question. If the member has entered 1,
the question is: “To what value would the amount in (2) have to be increased
in order to change your answer?’’ If the member has entered 2, the question
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is: “To what value would the amount in (2) have to be decreased in order to
change your answer?’’
5.5.4 We now provisionally fix three points on the member’s utility

curve. For X and Y we may set arbitrary values uðXÞ ¼ 0 and uðY Þ ¼ 1. These
values may be set arbitrarily because utility curves may be subjected to
positive linear transformation without affecting the maximisation of expected
utility. In other words, provided A > 0, the problem:

maximise EfAuðxÞ þ Bg

gives the same result as:

maximise EfuðxÞg:

5.5.5 Because of the specification of the 50^50 chance, the value of the
utility function for a benefit of Z (after any increase or decrease indicated by
the member in the second question) is 0.5; i.e.:

uðZÞ ¼ 1
2 fuðXÞ þ uðY Þg ¼ 0:5:

5.5.6 The range ðX; Y Þ may now be split into two ranges ðX;ZÞ and
ðZ; Y Þ. For each of these ranges we ask the same pair of questions, again with
geometric means in alternative (2). The answers to these questions give us
five points on the provisional utility curve, two of which are arbitrary and
three of which provide meaningful information on the shape of the member’s
utility curve.

5.5.7 It would be theoretically possible to continue asking similar
questions indefinitely, thus ostensibly obtaining more and more information
on the shape of the member’s utility curve. However, not only is the
member’s patience likely to wear thin, but we are not likely to obtain much
more information than we could get by fitting a suitable function to the five
observed values. Furthermore, because the responses are subjective, excessive
accuracy is spurious. In any event, at some stage it will be necessary to find
a method of determining values for benefit levels between those specified.
This matter is further discussed in Section 6. For the purposes of this paper,
however, it is assumed that we have five observed utility values.

å. The Interpolation of the Utility Function

6.1 Interpolation vs. Regression
6.1.1 In the early literature ö before Mosteller & Nogee (1951) ö a

utility function was supposed to be deterministically and objectively
quantifiable. Mosteller & Nogee found that subjects were not consistent in
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their preferences, which suggested a shift from the deterministic to the
stochastic and from the objective to the subjective. Savage (1954) confirmed
the shift to the subjective by basing his axioms on subjective probabilities.
Subsequent authors (e.g. Schoemaker, 1980, pp117-8) have emphasised that
preferences are not only subjective, but stochastic; there is an error in a
decision-maker’s comparison of prospects that may be considered to have a
probability distribution of its own.

6.1.2 At the same time the assessment methods only derive a finite
number of values of the utility function. For many applications, such as
envisaged by this paper, a continuous function is required.

6.1.3 These considerations suggest the possibility of maximum
likelihood estimation of a parametric utility function, or at least ö in the
absence of information about the distribution of the error ö a least squares
method. Such methods are not extensively dealt with in the literature.
Exceptions include French et al. (1992), where a function is fitted using least
squares. The situation may be considered as analogous to the graduation of
mortality data, and it may be possible, if information can be obtained
regarding the distribution of errors in preference statements, to adopt a
combination of parametric and non-parametric methods along the lines
suggested by Thomson (1999).

6.1.4 Another possible interpretation of the assessment process, which is
a modification of the deterministic approach, is suggested by French
(unpublished): “Subjects do not possess a utility function internally which
they need to estimate accurately. Rather during the analysis they construct a
function and the construction process guides the evolution of their ...
preferences.’’

6.1.5 French’s approach suggests that, during the construction process
all errors are eliminated, or alternatively, that the concept of an ‘error’ is
meaningless. In either case, it would seem to be inconsistent to fit a
parametric function by means of least squares; all that would be needed is an
interpolation formula to estimate values between those assessed. The only
role of a parametric function would be to facilitate calculations; but that
would constitute an approximation, not an inherent improvement in the
assessment process.

6.1.6 French (1986, pp174, 199, 346) repeatedly stresses the need for
sensitivity tests after the initial determination of utilities. For each such test a
recommended strategy is determined by maximising expected utility. A
lower bound of the expected utility of that strategy is found by testing the
limits of the agent’s uncertainty in response to the hypothetical comparisons.
Similarly, an upper bound of the expected utility of every other strategy is
found. If the former is greater than the latter, the agent can adopt the
recommendation with confidence.

6.1.7 Unfortunately, while it may be argued that French’s approach
makes sense for a finite number of discrete alternative strategies, it breaks
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down where, as in the present context, the range of alternative strategies is
continuous.

6.1.8 On the other hand, the member’s uncertainties could be used as a
basis for determining the subjective probability distribution of the error in
the responses given. There is room for research in this direction.

6.2 The Interpolation Process
6.2.1 Let us denote the five benefit amounts as x0; . . . ; x4 in increasing

order of magnitude, and the corresponding observed utility values as:

uðxiÞ ¼
i

4
: ð1Þ

If for any i, xi ¼ xiþ1, the member should be challenged to reconsider the
question that gave rise to that result. It could be pointed out, for example,
that this implies that the possibility of getting an extra benefit of xiþ2 ÿ xiþ1 is
valueless to the member. If the member persists, he or she should be
informed that the system is unable to make a recommendation.

6.2.2 For the purposes of this part of the paper, we use a utility
function of the form:

uðxÞ ¼ viðxÞ for x 2 Si , i ¼ 1; . . . ; 4 ð7Þ

where:

Si ¼ ð0; x1� and viðxÞ ¼ u1ðxÞ for i ¼ 1 ð8Þ

Si ¼ ½x3;1Þ and viðxÞ ¼ u3ðxÞ for i ¼ 4 ð9Þ

Si ¼ ½xiÿ1; xiÞ and viðxÞ ¼
ðxi ÿ xÞuiÿ1ðxÞ þ ðxÿ xiÿ1ÞuiðxÞ

xi ÿ xiÿ1
otherwise ð10Þ

uiðxÞ ¼ ai ln xþ bi if ni ¼ 0 ð11Þ

aix
ni þ bi otherwise ð12Þ

and ni, ai and bi are determined so that, for i ¼ 1; 2; 3:
ö uiðxiÿ1Þ ¼ uðxiÿ1Þ; (13)
ö uiðxiÞ ¼ uðxiÞ; and (14)
ö uiðxiþ1Þ ¼ uðxiþ1Þ: (15)

It may be noted from equations (7), (8) and (10) that uðx1Þ ¼ u1ðx1Þ

whichever of the latter two formulae is used. Similarly, uðx2Þ ¼ u2ðx2Þ and
uðx3Þ ¼ u3ðx3Þ whichever of the applicable formulae is used. Equation (10), in
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fact, represents interpolated values over the respective ranges S2 and S3:
between u1ðxÞ and u2ðxÞ over S2; and between u2ðxÞ and u3ðxÞ over S3.

6.2.3 The rationale behind the form of the utility function given in
{6.2.2 is that uiðxÞ exhibits constant relative risk aversion (Pratt, 1964):

RR ¼ ÿ
u00ðxÞ

u0ðxÞ

¼ ÿðnÿ 1Þ:

This means that, over the intervals S1 and S4, uðxÞ also exhibits constant
relative risk aversion. Furthermore, for all i, viðxiÞ ¼ uiðxiÞ and v0iðxiÞ ¼ u0iðxiÞ.
The average value of ÿv00i ðxÞ (the numerator of RR) over the interval ½xiÿ1; xiÞ

for i ¼ 2; 3 is therefore:

ÿ
u0iðxiÞ ÿ u0iÿ1ðxiÿ1Þ

xi ÿ xiÿ1

and the average value of v0iðxÞ (the denominator of RR) over that interval is:

uiðxiÞ ÿ uiÿ1ðxiÿ1Þ

xi ÿ xiÿ1
:

Thus, the average relative risk aversion over that interval (weighted by its
denominator) is:

ÿ
u0iðxiÞ ÿ u0iÿ1ðxiÿ1Þ

uiðxiÞ ÿ uiÿ1ðxiÿ1Þ

which is an unbiased approximation to its true value. Finally, for a subject
whose utility function exhibits constant relative risk aversion over its entire
domain, the interpolated utility function will preserve that constant.

6.2.4 Except where ni ¼ 0, we have, from equations (12) to (15):

aix
ni

iÿ1 þ bi ¼ uðxiÿ1Þ ð16Þ

aix
ni
i þ bi ¼ uðxiÞ ð17Þ

and

aix
ni

iþ1 þ bi ¼ uðxiþ1Þ ð18Þ

which, after some algebra, gives:
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w
ni
i ÿ 2þ w

ÿni

iÿ1 ¼ 0 ð19Þ

where:

wi ¼
xiþ1

xi

: ð20Þ

6.2.5 Equation (19) can be solved for ni by a Newton-Raphson method.
However, it does not need to be accurately determined. All that is required in
order to ensure that equation (7) is satisfied for x0; x1; . . . ; x4 is that u1ðx0Þ,
u1ðx1Þ, u2ðx2Þ, either u2ðx1Þ or u2ðx3Þ, u3ðx3Þ and u3ðx4Þ satisfy equations of the
form of (16) to (18). In other words, u1ðxÞ must replicate the observed values
of uðx0Þ and uðx1Þ; u2ðxÞ must replicate that of uðx2Þ; and u3ðxÞ those of uðx3Þ

and uðx4Þ. Equation (7) then ensures that uðxÞ replicates all the observed
values. While the fidelity of the interpolated values of uðxÞ to the observed
values is not compromised by approximations in the values of ni, it should be
recognised that interpolated values ö and more particularly extrapolated
values at the extreme ends of the range of x ö will be affected. Nevertheless,
in view of the subjective elements in the elicitation of the utility function,
excessive accuracy is spurious.

6.2.6 Once ni has been found, the values of ai and bi may be determined
by means of the equations:

a1 ¼
1

4Dx
n1
0

ð21Þ

a2 ¼
1

4Dx
n2
1

ð22Þ

or

1
4Dx

n2
2

ð23Þ

a3 ¼
1

4Dx
n3
3
: ð24Þ

b1 ¼ uðx1Þ ÿ a1x
n1
1 ð25Þ

b2 ¼ uðx2Þ ÿ a2x
n2
2 ð26Þ

and

b3 ¼ uðx3Þ ÿ a3x
n3
3 : ð27Þ
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As indicated above, it is immaterial whether equation (22) or (23) is used
for a2. To avoid indeterminacy, equation (22) is used below.
6.2.7 Now from equation (19) it is evident that:

lim
wi!wiÿ1

ni ¼ 0

whence, from equations (21) to (27):

lim
wi!wiÿ1

ai ¼ �1

and

lim
wi!wiÿ1

bi ¼ �1:

If wi is close to wiÿ1, therefore the numerical solution of equations (13) to
(15) becomes problematic. However, if, for example, equations (16) and (17)
apply, then lim

ni!1
aix

ni þ bi is of the form a ln xþ b, and equation (11) may be
used.

6.2.8 Thus, if ni � 0, then:

uiðxÞ ¼ ai ln xþ bi:

The values of ai and bi are then:

a1 ¼
1

4ðln x1 ÿ ln x0Þ
ð28Þ

a2 ¼
1

4ðln x2 ÿ ln x1Þ
ð29Þ

a3 ¼
1

4ðln x4 ÿ ln x3Þ
ð30Þ

b1 ¼ uðx1Þ ÿ a1 ln x1 ð31Þ

b2 ¼ uðx2Þ ÿ a2 ln x2 ð32Þ

and

b3 ¼ uðx3Þ ÿ a3 ln x3: ð33Þ

6.2.9 Interpolated values of u(x) may therefore be determined by means
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of formula (10). If it is found that the above method does not give sufficient
accuracy, the number of questions asked may be increased, as contemplated
in {5.5.7, in which case the above formulae would be modified accordingly.

6.2.10 A further problem arises from the fact that, although uiÿ1ðxÞ and
uiðxÞ are monotonically increasing, viðxÞ may not be. This matter is further
discussed in Section 8.7.

æ. The Problem and its Solution

7.1 Analytical Method
7.1.1 We first deal with an analytical method using the state-space

model described in Section 4.1. Given the fund model described in Section 3,
the stochastic model described in Section 4.1 and the utility function elicited
as in Section 5 and interpolated as in Section 6, the problem to be solved by
the proposed system is to find the apportionment during the period from the
date of calculation to the next review date that will maximise the expected
utility of the member’s benefit at exit. In doing so, allowance must be made
for the member’s ability to review the apportionment at every future review
date.

7.1.2 In the following paragraphs the dynamic programming method
(Mossin, 1968) is applied to the problem as stated above. This involves
considering each period from the last to the first, allowing the member to
make a decision at the start of each period depending on the circumstances at
the time. As the circumstances at the time are random, so is the member’s
decision. The member’s utility function of the benefit at exit, and thus the
maximum value of its expected utility, can, however, be expressed as a
function of the benefit base as at the end of the previous period. The
determination of this objective function (and of its gradient vector and
Hessian matrix, which are required for the purposes of optimisation) is set
out in Section A.1. The ‘indirect’ or ‘derived’ utility function (ibid.), defined
as that maximum, may then be used to find a corresponding function as at
the start of the previous period, and so on down to the first period. For the
first period the commencing value of the benefit base is known. At that stage,
therefore, an absolute value of the maximum expected utility can be
determined, and the apportionment that produces that maximum is the
apportionment that may be recommended for the first period. For the
purposes of calculation, a functional form of the indirect utility function is
required; it is assumed, for the sake of simplicity, that it will have the same
form as the true utility function (but with different parameters). The process
is complicated by the necessity to allow for contributions during each period,
but the complexity is minimised by the assumption (in {3.3.1) that half the
contributions payable during each period are paid at the beginning of that
period and the other half at the end.
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7.1.3 First, we consider the effect of the final contribution of 1
2CðNÞ

assumed to be made on the date of exit and the conversion of the terminal
benefit base into a pension. The benefit at exit may be defined as:

P ¼
BðNÞ þ 1

2CðNÞ

�a

where �a is the annuity factor for conversion into a pension, which may be a
constant (possibly equal to one in the case of a lump-sum benefit) or, as
discussed in {4.1.4, a lognormally distributed variable. If �a is a constant, then
it follows from equation (7) that the utility function of P may be expressed
as a function of the value of B(N) as follows:

uðPjBðNÞ ¼ xÞ ¼ vi

xþ c

�a

� �
for

xþ c

�a
2 Si; i ¼ 1; . . . ; 4

where c ¼ 1
2CðNÞ, and Si and við�Þ are defined as in equations (8) to (10).

7.1.4 Using equations (19) to (33) and the values of xi elicited, we
calculate, for i ¼ 1; 2; 3; the parameters ni, ai and bi for the purposes of
equations (11) and (12).

7.1.5 Next, we calculate appropriate (say 90%) confidence limits of
BðNÞ, which are denoted by xN0 and xN;Iþ1. (The meaning of I, and the
determination of an appropriate value of I, are discussed below.)

7.1.6 Now, for � ¼ 1; . . . ; I, we calculate:

xN� ¼ x
1ÿ�=ðIþ1Þ
N0 x

�=ðIþ1Þ
N;Iþ1 :

7.1.7 For � ¼ 0; . . . ; Iþ 1, if �a is a constant, we now calculate:

u
xN� þ c

�a

� �
using equations (7) to (12) and the results of {7.1.4. Otherwise we calculate:

EfuðPÞjBðNÞ ¼ xN�g

using definition (A6) in Appendix A, with:

mðmÞ ¼ lnðxN� þ cÞ ÿ Eðln �aÞ

and

s2ðmÞ ¼ Varðln �aÞ:
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7.1.8 Now, for m ¼ N; . . . ; 1 we proceed as follows. First, for
� ¼ 1; . . . ; I, from {A.1.1, we calculate the parameters nm�, am� and bm� for the
purposes of interpolating a derived utility function (Mossin, op. cit.):

~umðxÞ ¼ u
xþ c

�a

� �
for m ¼ N if �a is a constant

EfuðPÞjBðNÞ ¼ xþ cg for m ¼ N if �a is lognormally distributed

max E uðPÞjBðmÞ ¼ x
� 	

for m < N:

For this purpose we use the values calculated in {7.1.7 (for m ¼ N) or
{7.1.11 (for m < N) for x ¼ xm1; . . . ; xm;Iþ1. It may now be observed that I is
the number of points in the range of B(m) at which derived utility functions
of the form:

~um�ðxÞ ¼ am�hm�ðxÞ þ bm� (equation (A4))

are determined. These points are referred to below as ‘knots’. For x < xm1:

~umðxÞ ¼ ~um1ðxÞ: (equation (A1))

For xm;�ÿ1 � x < xm�, 2 � � � I, ~umðxÞ is interpolated between ~um;�ÿ1ðxÞ and
~um�ðxÞ, as stated in equation (A2); and for x � xmI:

~umðxÞ ¼ ~umIðxÞ: (equation (A3))

7.1.9 Next, for m > 1, we calculate appropriate (say 90%) confidence
limits of Bðmÿ 1Þ, which are denoted by xmÿ1;0 and xmÿ1;Iþ1, and for
� ¼ 1; . . . ; I, we calculate:

xmÿ1;� ¼ x
1ÿ�=ðIþ1Þ
mÿ1;0 x

�=ðIþ1Þ
mÿ1;Iþ1:

7.1.10 If m > 1 then, for � ¼ 0; . . . ; Iþ 1, we now need to calculate the
maximum expected utility of P, given that Bðmÿ 1Þ ¼ xmÿ1;�. If m ¼ 1 then we
need to calculate the maximum expected utility of P given that B(0) is as
specified in {3.1.2. From {{3.3.2, 3.3.3 and 4.1.3, the conditional probability
density function of Y ¼ ln BðmÞ, given that Bðmÿ 1Þ ¼ x, is:

f y Bðmÿ 1Þ ¼ x
��� 	

¼
1ffiffiffiffiffiffi

2p
p

sðmÞ
exp ÿ1

2

yÿ mðmÞ
sðmÞ

� �2
( )

where, from equation (1):
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mðmÞ ¼ lnðxþ cmÞ þ
XK

k¼1

pkðmÞmkðmÞ ð34Þ

s2ðmÞ ¼
XK

k;j¼1

pkðmÞpjðmÞskjðmÞ ð35Þ

and

cm ¼
1
2fCðmÿ 1Þ þ CðmÞg for m > 1

1
2Cð1Þ for m ¼ 1:

Note that, because it is assumed (in {3.3.4) that CovfrkðmÞ; rjðmÿ 1Þg � 0,
s2
ðmÞ may be taken, for purposes of calculation, to be independent of

Bðmÿ 1Þ. Thus, the expected utility of P, given that Bðmÿ 1Þ ¼ x, is:

E uðPÞ Bðmÿ 1Þ
�� ¼ x

� 	
�

1ffiffiffiffiffiffi
2p
p

sðmÞ

Z1
ÿ1

uðeyÞe
ÿ
1
2

yÿmðmÞ
sðmÞ

ÿ �2
dy

¼
XIþ1
�¼1

Em�

ð36Þ

where Em� is as defined in {A.1.6. Note that, although we are now working
with the mth period, the utility we are approximating is still that of the
benefit at exit.

7.1.11 The maximisation of:

E uðPÞjBðmÿ 1Þ ¼ xmÿ1;�

� 	
¼
XIþ1
�¼1

Em�

�����
x¼xmÿ1;�

subject to:

pkðmÞ � 0 for all k

and

XK

k¼1

pkðmÞ ¼ 1

is a non-linear programming problem. (Note that the substitution x ¼ xmÿ1;�

occurs in the determination of mðmÞ in terms of equation (34); the values of l�
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and s� in equations (A8) and (A9) are determined with reference to Sm�, and
thus xm�, not with reference to xmÿ1;�.) For that purpose, the gradient vector
and the Hessian matrix may be used as specified in {{A.1.9-A.1.10, and a
Newton-Raphson ridge optimisation method may be used. Under this
method a pure Newton step is used when the Hessian is positive definite,
provided that the Newton step increases the value of the objective function.
If the Hessian is not positive definite, a multiple of the identity matrix is
added to it so as to make it positive definite (Eskow & Schnabel, 1991). If the
Newton step does not increase the value of the objective function, a ridging
method is used to compute successful steps.

7.1.12 The process described in {{7.1.8 to 7.1.11 is continued until we
reach the first period. For that period, Bðmÿ 1Þ ¼ Bð0Þ is known. So,
instead of finding the maximum value of formula (36) for a series of
values of B(0), we find the values of pkð1Þ � 0 that maximise formula (36)
for:

mð1Þ ¼ lnfBð0Þ þ 1
2Cð1Þg þ

XK

k¼1

pkð1Þmkð1Þ

and

s2ð1Þ ¼
XK

k;j¼1

pkð1Þpjð1Þskjð1Þ:

From the results given by Mossin (op. cit.), it follows that those values
maximise the expected utility of the member’s benefit at the exit date.
They may thus be presented to the member as the recommended
apportionment.

7.1.13 It may be noted that formula (36) is expressed in closed form,
thus obviating the need for approximate integration, which would necessitate
considerably more computer time. It is for this reason that the
simplifications referred to in {{3.3.1 and 7.1.8 are introduced. The dynamic
programming approach outlined above is more realistic than a method that
assumes that the apportionment decision is made once and for all at the
calculation date. Furthermore, the results are likely to be very different,
particularly for a very risk-averse member; such a member is more likely to
accept exposure to risky assets if there are opportunities to revisit that
decision before retirement.

7.1.14 The accuracy of this method depends entirely on the lengths t(m)
of the periods specified, on the value of I (i.e. on the number of knots used
for derived utility functions) and on the confidence limits chosen. Clearly,
though, to avoid unnecessarily long response times, it is desirable to avoid
large values of I. This matter is further discussed in Section 8.3.
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7.2 Simulation Method
7.2.1 Under the generalised model of {4.2, the process is identical to

that of the analytical method, except that, instead of equation (A7), we use
equation (A10).

7.2.2 As in {7.1.11, the maximisation of:

EfuðPÞjBðmÿ 1Þ ¼ xmÿ1;�g ¼
1
J

XJ

i¼1

ui

where ui is as defined in {A.2.1, subject to:

pkðmÞ � 0 for all k

and

XK

k¼1

pkðmÞ ¼ 1

is a non-linear programming problem.
7.2.3 While the mathematics of the generalised model are much simpler,

the solution of the non-linear programming problem, with an objective
function requiring summations over a large number of simulations,
necessitates considerably more computer time than the multivariate normal
distribution. While the simulations themselves may be made in advance, the
summations tend to lengthen response times, as shown in Section 8.5.

ð. Application

This section shows the results of applying the system described in
Sections 3 to 7. For this purpose, the utility functions of 49 members of
South African pension schemes elicited in Thomson (2000), which follow the
principles of Section 5, were used.

8.1 Assumptions
It was assumed that:

ö each subject enters a fund at age 35 and remains in service until age 60;
ö real gross income from employment remains constant during that

period;
ö the utility function remains the same throughout that period;
ö the contributions to the fund are 15% of gross income;
ö the annuity factor used to convert the benefit base to a pension on

retirement at age 60 is 12; and
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ö two investment channels are available ö a low-risk channel 1 and a
high-risk channel 2 ö whose annual real forces of return are bivariate
normal with means 3% and 6% and standard deviations 3% and 12%
respectively, and with zero autocorrelation.

8.2 Method
8.2.1 At quinquennial intervals for durations from zero to 20 years and

at annual intervals for durations from 21 to 24 years, the recommended
apportionment was calculated on the above assumptions. For this purpose
the contributions were accumulated at the expected real forces of return up
to the date of calculation, assuming that the recommendations made by the
system at earlier calculation dates were accepted.

8.2.2 For the purpose of dynamic programming, it was assumed that
tðmÞ ¼ 5 for all m if the duration at the date of calculation is less than 20
years, or 1 for all m otherwise. In other words, for each date of calculation of
a recommended apportionment as specified in the previous paragraph, the
assumed review dates for the purposes of dynamic programming are the same
as the subsequent dates of calculation of recommended apportionments.

8.2.3 The analytical method described in Section 7.1 was used.
8.2.4 The values of ni and nm� were taken to the nearest first decimal

place, and their absolute values were made subject to a maximum of 50.

8.3 Accuracy versus Time: Analytical Method
8.3.1 As indicated in {7.1.14, the confidence limits and the number of

knots used affect the accuracy of the system, and the number of knots used also
affects its response times. In order to consider the trade-off between accuracy
and response time, the confidence limits and the number of knots were varied.
For each subject, the recommended apportionment at each calculation date up
to duration 20 years was calculated, as well as the expected accumulated
benefit base at that duration. For this purpose, six knots were used between
90% confidence limits. For each subject for whom the apportionment at that
duration was non-zero, the sensitivity of that apportionment to the confidence
limits and the number of knots used after that duration were tested.

8.3.2 As expected, it was found that, for given confidence limits, the
apportionment at duration 20 years converged as the number of knots
increased. For a given confidence limit, the apportionment at that duration
showed convergence about the third decimal place as the number of knots
approached 12. For 12 knots, the apportionment showed convergence at
various levels of confidence limit, generally in the region of 99%. The best
accuracy was obtained with 12 knots between 99% confidence limits.

8.3.3 However, the average response time for 12 knots between 99%
confidence limits was 25 minutes 11 seconds at duration 20 years, which was
considered inordinately slow. Response times at earlier durations would be
even slower. While response times are highly dependent on the hardware and
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software used, the response times found in this study may serve to indicate
relative values. Table 1 shows, for selected combinations of confidence limits
and numbers of knots:
ö the root-mean-squared error (RMSE) of the recommended

apportionment at duration 20 years relative to that for 99% confidence
limits with 12 knots; and

ö the average response time.

8.3.4 From Table 1, it may be noted that six knots between 99%
confidence limits (basis C) gave an RMSE of only 1.1%, while the response
time was one-tenth of that for 12 knots. This was considered adequate for the
purposes of this paper, and that basis was accordingly adopted.

8.4 Results: Analytical Method
8.4.1 For 26 subjects (i.e. 57% of the total), the recommended

apportionment to channel 1 (the low-risk channel) was zero throughout.
Figure 1 shows the recommended apportionment ðp1Þ to channel 1 for the

Table 1. Accuracy versus time: analytical method
Basis Provisional A B C D E

Confidence limits 90% 95% 95% 99% 99% 99%
I ¼ number of knots 6 6 10 6 10 12
RMSE 0.048 0.026 0.014 0.011 0.002 ^
Average response time
(min:sec) 3:08 5:20 9:37 2:50 9:12 25:11

Figure 1. Recommended apportionments to low-risk channel
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other subjects. The balance ðp2 ¼ 1ÿ p1Þ is the recommended apportionment
to channel 2 (the high-risk channel).

8.4.2 In every case shown in Figure 1 the apportionment to channel 1
increases monotonically. It is clear that the pattern of movement from channel
2 to channel 1 is highly dependent on the utility function of the subject, with
regard to both the date of commencement and the pace of movement. In no
case does the apportionment to channel 1 reach 100%. It may be shown
mathematically that, for the parameters assumed, the value of n would have to
exceed 33 in order to justify full investment in the low-risk channel. No
member showed such high risk seeking over the whole range. Also, in no case
is there any apportionment to channel 1 at duration 0. This may be justified by
considering future contributions as an extra asset. Even the most risk averse
subjects will wish to diversify out of that asset with the marginal amount
represented by the first contribution, at least until the next review date.

8.4.3 The steeply sloping curve on the right-hand side of the figure is in
respect of subject 28. As explained in Section 8.7, the apportionment for that
subject at dates close to retirement is virtually a matter of indifference, so
that the substantial change is not indicative of any material change in
preference. In order to avoid such spurious effects, subject 28 has been
omitted from the analyses in {8.4.4 and Sections 8.5 and 8.6.

8.4.4 Figure 2 shows the mean apportionment to the low-risk channel at
each duration, together with the means of the highest three apportionments

Figure 2. Mean and spread of apportionment to low-risk channel under
standard assumptions
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bar one (denoted ‘high’ in the legend). The means of the lowest three
apportionments bar one are zero at all durations. In the figure, the mean is
shown in bold and the spread is from the horizontal axis to the fine curve.
This gives a convenient indication of the level and dispersion of
apportionments in respect of the observed sample for the purposes of the
investigations described in the following sections.

8.5 The Simulation Method
8.5.1 The simulation method described in Section 7.2 was also applied,

with the same parameters as those used for the analytical method. Here again
the issue of time versus accuracy must be addressed; but in this case the
response time is dependent, not only on the number of knots and the
confidence limits, but also on the number of iterations J.

8.5.2 The RMSEs and average response times under the simulation
method are shown in Table 2. As before, the RMSEs were calculated relative
to the apportionments derived from the analytical method, using 12 knots
between 99% confidence limits.

8.5.3 From Table 2, it may be seen that, in order to get an RMSE of
less than 3%, the number of simulations required is of the order of 5,000.

8.6 Passive Approach
8.6.1 In order to establish the effect of the dynamic approach outlined

above, it was compared with a passive approach, under which, for each
subject at each calculation date, a single optimisation is performed. Under
this approach, therefore, for the purpose of determining the recommended
apportionment at a particular calculation date, no allowance is made for
subsequent reapportionments; it is assumed that the recommended
apportionment will remain effective until retirement.

8.6.2 Because of the effect of contributions payable after the calculation
date, the analytical method under the passive approach would involve a
distribution function that would not be normal over the optimisation period.
This would result in an excessively unwieldy objective function. For the
purposes of this approach the simulation method was therefore used.

8.6.3 Under this approach, instead of the procedure outlined in {{7.1.4
to 7.1.12, after determining the parameters of the utility function (as in
{7.1.4), we solve the problem:

Table 2. Accuracy versus time: simulation method
Basis C F G H I J

J ¼ number of simulations Analytical 1,000 3,000 5,000 1,000 5,000
I ¼ number of knots 6 6 6 8 10 10
RMSE 0.011 0.033 0.047 0.026 0.034 0.025
Average response time
(min:sec) 2:50 1:51 5:07 16:10 3:48 36:48
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maximise EfuðBÞg

subject to:

pk � 0 for all k

and

XK

k¼1

pk ¼ 1:

Note that EfuðBÞg, which is defined in Section A.3, is no longer a
conditional expectation, and pk is no longer dependent on the time elapsed
after the calculation date.

8.6.4 The results on the passive approach are compared with those on
the dynamic approach in Figure 3. For this purpose, 5,000 simulations were
made with eight knots between 99% confidence limits. As in Figure 2, the
mean apportionment to the low-risk channel is shown as a bold curve, and
the means of the highest three apportionments bar one as a fine curve. The
means of the lowest three apportionments bar one are again zero at all
durations for both approaches.

Figure 3. Mean and spread of apportionment to low-risk channel for
active and passive approaches
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8.6.5 As expected, the recommended allocations under the passive
approach tended (with small errors due to simulation) to the same limits as
those under the dynamic approach as the duration tended to the retirement
date; but at shorter durations there were marked differences, particularly for
subjects with high levels of risk aversion (such as subject 25 ö cf. {8.8.1).
On average, however, as might be expected, the recommended
apportionment to channel 1 under the passive approach at each duration was
commensurate with the average under the dynamic approach over the
remaining durations; but, for subjects with high levels of risk aversion, the
passive approach required much more substantial investment in that channel
in earlier years.

8.7 Downward Sloping Utility Functions
8.7.1 As mentioned in {6.2.10, there may be circumstances in which,

although uiÿ1ðxÞ and uiðxÞ are monotonically increasing, viðxÞ is not. This
occurred in four cases. In each of those cases the problem arose from a
discontinuity. In two of them the effect was so small that it did not result in
negative values of kmÿ1;�. In the other two, which are illustrated in Figures 4
and 5 (for subjects 28 and 48 respectively), the effect was more substantial.
8.7.2 It may be questioned, in a case such as that of subject 28, whether

the interpolation of the elicited utility function is itself appropriate, giving, as
it does, a quite noticeably downward sloping curve over quite a large
portion of its domain. Where there is a short term to exit, it may happen that

Figure 4. Interpolation of utility function: subject 28
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the benefit will almost certainly fall within the range over which the utility
function is downward sloping. This may result in widely fluctuating
recommendations over the last few years. However, if the utility function was
constant over the interval concerned, recommendations would be irrelevant
anyway. So, in such cases widely fluctuating recommendations do not reflect
widely fluctuating expected utilities. On the other hand, in the case of
subject 48 it would be justifiable to regard the effect as immaterial. In
practice, the resolution of the discontinuities as suggested in {6.2.1 might
reduce the incidence of this effect. The discontinuities may also have arisen
from framing effects, which could be avoided in the implementation of the
system by avoiding reference to post-retirement income as a percentage of
salary; but, even if it is not possible to avoid it, the fact remains that, as
explained in {6.2.3, the average relative risk aversion over the interval
(weighted by its denominator) is an unbiased approximation to its true
value.

8.8 Utility Functions Tending Strongly to 1
8.8.1 There may be cases in which the elicited utility function tends very

strongly to 1. An example (that of subject 25 in the sample) is shown in
Figure 6.

8.8.2 If, as a result, the derived utility function is very close to 1 over
the entire range for which it is calculated (say a 99% confidence limit), it may
be difficult to solve the optimisation problem, as the gradient will be very
close to zero. For such cases the apportionment is virtually a matter of

Figure 5. Interpolation of utility function: subject 48
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indifference. However, if it is desired to make recommendations for such
cases, it should be ensured that the termination condition for the
optimisation problem is appropriately specified. Even a very low absolute
gradient may give a recommended apportionment quite different from the
optimum. In order to accommodate such cases, it is better to use a
termination condition specified in terms of the absolute value of the gradient
relative to the Hessian matrix, such as:

g0Hÿ1g
�� ��

where g is the gradient vector and H is the Hessian matrix, or to confine
termination conditions to changes in the components of the apportionment
vector p.

8.9 Sensitivity Tests
8.9.1 In order to test the sensitivity of the recommended apportionments

to the assumptions, results were obtained on various alternative sets of
assumptions. One assumption was varied at a time, and the results are
discussed below.

8.9.2 Mean returns
8.9.2.1 Figures 7 and 8 show the effects of changing the mean returns of

the respective channels. In Figure 7 the mean return of channel 1 has been

Figure 6. Interpolation of utility function: subject 25
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Figure 7. Mean and spread of apportionment to low-risk channel for
various mean returns on channel 1

Figure 8. Mean and spread of apportionment to low-risk channel for
various mean returns on high-risk channel
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varied, and in Figure 8 the mean return of channel 2. In these and the
subsequent figures the same style of presentation is used as in Figures 2 and
3. The mean apportionment to the low-risk channel is shown as a bold curve,
and the means of the highest three apportionments bar one as a fine curve.
The means of the lowest three apportionments bar one are zero throughout.

8.9.2.2 The mean returns on the respective channels clearly have a
marked effect on the apportionments. From Figures 7 and 8 it may be noted
that, if the mean return on the low-risk channel is close to that on the high-
risk channel, the advantages of diversification discussed in {8.4.2 may be
insufficient to warrant the full investment of the initial contributions in the
high-risk channel over the five-year period to the next review.

8.9.3 Standard deviations of returns
8.9.3.1 Figures 9 and 10 show the effects of changing the standard

deviations of the returns of channels 1 and 2 respectively.
8.9.3.2 Figure 9 merely reflects the relatively small room for variation in

the standard deviation of the low-risk channel. Figure 10 shows that the
standard deviation of the high-risk channel can have just as important an
effect on apportionments as its mean, though of course in the opposite
direction.

Figure 9. Mean and spread of apportionment to low-risk channel for
various standard deviations on low-risk channel
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8.9.4 Correlation of returns
8.9.4.1 Figure 11 shows the effect of changing the covariance of the

returns. In that figure, the results for:

G ¼ 0:03 0:0125
0:0125 0:12

� �
are compared with those on the standard basis, where:

G ¼ 0:03 0
0 0:12

� �
:

The covariance matrices are thus:

GG0 ¼
0:001056 0:001875
0:001875 0:014556

� �
and GG 0 ¼

0:0009 0
0 0:0144

� �
respectively, giving correlation coefficients of 0.478 and zero respectively.

8.9.4.2 Figures 12 and 13 show the effects of increasing the
autocorrelation of the returns of channels 1 and 2 respectively.

8.9.4.3 An increase in the covariance makes very little difference to the

Figure 10. Mean and spread of apportionment to low-risk channel for
various standard deviations on high-risk channel
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Figure 11. Mean and spread of apportionment to low-risk channel for
alternative values of G12

Figure 12. Mean and spread of apportionment to low-risk channel for
autocorrelations on low-risk channel
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mean apportionment; but for subjects with higher risk aversion the
apportionment to the low-risk channel is reduced at early durations,
reflecting the fact that the advantages of diversification are reduced relative
to the effective asset represented by future contributions. At later durations
the value of future contributions is reduced and the effect is reversed.

8.9.4.4 With regard to the effects of autocorrelation, the requirements of
{3.3.4 should be noted. Those requirements imply that, the greater the
autocorrelation of the returns, the greater should be the lengths of the
periods between reviews of investment channel choices. For the sake of
comparability, the lengths of the periods have not been changed for the
purposes of Figures 12 and 13. However, for that reason the extent of the
increase in autocorrelation has been restricted.

8.9.4.5 The effects of autocorrelations are virtually nil; only if the
starting value of zu (i.e. z0) were non-zero would non-zero autocorrelations
affect apportionments.

8.9.5 Contribution rates and annuity factors
8.9.5.1 Figure 14 shows the effect of changing the contribution rate.

Because the annuity factor was assumed to be constant, the effect of
changing that factor corresponds to that of an inversely proportionate
change to the contribution rate.

8.9.5.2 The effect of reducing the contribution rate is to shift the

Figure 13. Mean and spread of apportionment to low-risk channel for
autocorrelations on high-risk channel
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distribution of the benefit to correspondingly lower values. The result of
this shift is to place greater emphasis on a subject’s risk aversion over those
values. For subjects that showed high risk aversion at higher levels of post-
retirement income, the effect is a reduction in the apportionment to the low-
risk channel. The converse applies to an increase in the contribution rate,
though the effect is smaller.

æ. Conclusion, Caveats and Further Research

9.1 Conclusion
9.1.1 As set out in Section 1, this paper has specified the design of an

interactive system to recommend investment channel apportionments to
members of defined contribution retirement funds so as to maximise their
expected utility. Subject to constraints relating to the autocorrelation of
returns in the investment model, the design allows for any degree of accuracy
required. Higher degrees of accuracy are achieved at the expense of longer
response times. The investment model may be a state-space model with
normally distributed forces of return, or any other model that the user wishes
to specify. In the former case an analytical method may be used for the
determination of the objective function used in the optimisation process,
resulting in a faster response time for any required degree of accuracy.

Figure 14. Mean and spread of apportionment to low-risk channel for
various contribution rates
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9.1.2 The application of the system was tested on a sample of subjects.
Apart from subjects for which it was optimal to remain in the high-risk
channel throughout, the recommended apportionment to the low-risk
channel increased monotonically. The pattern of movement was highly
dependent on the utility function of the subject, with regard to both the date
of commencement and the pace of movement. In general, the commencing
apportionment to the low-risk channel was zero, and in no case did it reach
100% at retirement.

9.1.3 The advantage of the dynamic approach used in the proposed
system over a passive approach was demonstrated.

9.1.4 Sensitivity tests showed that, except for autocorrelation, the
parameters of the model had marked effects on the apportionments, though
not as marked as the variability between subjects.

9.2 Caveats regarding the Implementation of the System
9.2.1 The sample selected for this analysis was not a random sample,

and there was some evidence of bias. Furthermore, there may have been
framing effects in the elicitation of the utility functions of the subjects.
Conclusions drawn from this sample should therefore be treated with
circumspection. However, it can form the basis of the next step, which will be
to introduce the system on a trial basis to selected retirement funds.
9.2.2 It is argued by Asher (1999) that the imposition of investment

channel choice on the members of a retirement fund places an unnecessary
burden on them, which should be borne by the trustees. In South Africa there
is also considerable antagonism from trades unions against allowing
investment channel choice to members of retirement funds. The omission
from this article of discussion of this issue is not intended to imply that it can
be ignored. Depending on the law of the country in which the system is
implemented, consideration should be given to the issuance of caveats or
disclaimers so as to avoid unnecessary liabilities to members.

9.2.3 In recent years, in addition to the concepts of ‘descriptive’ and
‘normative’ analyses (which seek respectively to explain and, as in this article,
to recommend decisions), the concept of ‘prescriptive’ analyses has been
propounded (e.g. Bell et al., 1988; French & Xie, 1994). Although, in the
author’s opinion, ‘prescriptive’ is an unfortunate epithet, the concept is
useful. It envisages using decision theory as a process to assist the decision-
maker to understand the analysis, and thereby to make a more informed
decision. In discussions with Professor S. French, the author was strongly
urged to ensure that, if a normative system was made available to the
members of a retirement fund to make recommendations regarding
investment channel choice, trained personnel should be available to assist in
this process and to help members to understand the model being used and the
basis on which the recommendation was made. The extent to which this will
be possible may be limited by considerations of cost effectiveness.
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9.3 Further Research
9.3.1 Once the system has been introduced on a trial basis, the way in

which members of retirement funds use the system in making decisions can
be analysed. Recommendations acted on can then form the basis of further
research. In particular, it would be of interest to establish whether indicators
of the shape of members’ utility functions can be obtained from questions
that may be easier for them to answer. Further research into alternative
elicitation methods in the context of the proposed system may also be
fruitful.

9.3.2 Other areas for further research include:
ö methods of allowing for autocorrelation of returns in the investment

model without excessive computing time;
ö the development of a stochastic model of salaries for individual

members of retirement funds; and
ö the application of the consumption problem to the development of

systems for the recommendation of investment channel choice,
particularly for the purposes of optimising retirement dates and
voluntary additional contribution rates.
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APPENDIX A

THE OBJECTIVE FUNCTIONS

This appendix sets out the derivation of the objective functions, as well as
the corresponding gradient vectors and Hessian matrices, that are used for
the purpose of optimisation.

A.1 Dynamic Approach: Analytical Method
A.1.1 In the dynamic programming, as described in Section 7.1, it is

necessary to interpolate the derived utility function ~umðxÞ between (and
extrapolate it beyond) a small number of determined values. The
interpolation of the derived utility function is similar (with some exceptions
noted in the following paragraphs) to that of the elicited utility function
described in Section 6.2. The formula used for this interpolation is:

~umðxÞ ¼ vm�ðxÞ for x 2 Sm� , � ¼ 1; . . . ; Iþ 1

where:

Sm� ¼ ð0; xm1� for � ¼ 1

½xm;�ÿ1; xm�� for � ¼ 2; . . . ; I

½xmI;1Þ for � ¼ Iþ 1

vm�ðxÞ ¼ ~um1ðxÞ for � ¼ 1 ðA1Þ
ðxm� ÿ xÞ~um;�ÿ1ðxÞ þ ðxÿ xm;�ÿ1Þ~um�ðxÞ

xm� ÿ xm;�ÿ1
for � ¼ 2; . . . ; I ðA2Þ

~umIðxÞ for � ¼ Iþ 1 ðA3Þ

and, for � ¼ 1; . . . ; I :

~um�ðxÞ ¼ am�hm�ðxÞ þ bm� ðA4Þ

hm�ðxÞ ¼ ln x if k#
m� ¼ 1

xnm� otherwise.

nm� ¼
ln km�

ln wm

k#
m� ¼ 1 if nm� ¼ 0 and k�m� ¼ 1

0 otherwise.
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k�m� ¼ 1 if ~umðxm;�ÿ1Þ < ~umðxm�Þ < ~umðxm;�þ1Þ

0 otherwise.

km� ¼
~umðxm;�þ1Þ ÿ ~umðxm�Þ

~umðxm�Þ ÿ ~umðxm;�ÿ1Þ
if k�m� ¼ 1

1 otherwise. ðA5Þ

wm ¼
xm;Iþ1

xm;0

� � 1
Iþ1

am� ¼
~umðxm�Þ ÿ ~umðxm;�ÿ1Þ

hm�ðxm�Þ ÿ hm�ðxm;�ÿ1Þ
if km� > 0, � < I

~umðxm;Iþ1Þ ÿ ~umðxmIÞ

hmIðxm;Iþ1Þ ÿ hmIðxm;IÞ
if kmI > 0, � ¼ I

0 otherwise.

bm� ¼ ~umðxm�Þ ÿ am�hm�ðxm�Þ for � ¼ 1; . . . ; I:

A.1.2 Note that, in the case of the derived utility function (unlike the
case of the elicited utility function), the values of xm� are geometrically
spaced. This means that wm is constant for all �, and nm� may be defined in
closed form, so that the iterative method of {6.2.5 is unnecessary. The values
of xm� are given in {7.1.9.
A.1.3 As mentioned in {6.2.10, the interpolated version of the elicited

utility function may be downward sloping over part of its domain. This
means that, for m ¼ N (and similarly for lower values of m), there may be
values of � for which:

~umðxm;�þ1Þ < ~umðxm�Þ:

Furthermore, for nm� � 0, ~um�ðxÞ may tend so strongly to a constant limit
that, to the levels of accuracy of which the computer is capable, calculated
values are indistinguishable from that value. In the first case, but for the
distinction drawn for k�m� 6¼ 1 in equation (A5), km� would be negative for
certain values of � and in the second it would be zero. In either case nm� would
be indeterminate. In order to avoid this effect, such cases are distinguished
by means of the Boolean variables k#

m� (for the purposes of the definition of
hm�ð�Þ) and k�m� (for the purposes of the definitions of km�, am� and bm�).
A.1.4 In the first case, the justification of this procedure is discussed in

Section 9.3. In the second case, it is justified by the fact that, if for some �:

~umðxm;�þ1Þ ¼ ~umðxm�Þ

then it is appropriate to assume that:
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am� ¼ 0;
nm� ¼ 0; and
hm� ¼ xnm�;

so that:

~um�ðxÞ ¼ am�x
nm� þ bm�

¼ bm�

i.e. that ~um�ðxÞ is constant, which is the result achieved by this procedure.
A.1.5 From Section A.1.1 we have (ignoring the subscript m):

v�ðxÞ ¼ ða1�xþ b1�Þh�ÿ1ðxÞ þ ða2�xþ b2�Þh�ðxÞ þ ðg�xþ d�Þ for � ¼ 1; . . . ; Iþ 1

where:
a1� ¼ 0 for � ¼ 1; Iþ 1

ÿ
a�ÿ1

x� ÿ x�ÿ1
otherwise.

a2� ¼ 0 for � ¼ 1; Iþ 1
a�

x� ÿ x�ÿ1
otherwise.

b1� ¼ 0 for � ¼ 1
a�ÿ1x�

x� ÿ x�ÿ1
for � ¼ 2; . . . ; I

aI for � ¼ Iþ 1:

b2� ¼ a1 for � ¼ 1

ÿ
a�x�ÿ1

x� ÿ x�ÿ1
for � ¼ 2; . . . ; I

0 for � ¼ Iþ 1:

hðxÞ ¼ ln x if k#
m� ¼ 1

xn� otherwise.

g� ¼ 0 for � ¼ 1; Iþ 1
b� ÿ b�ÿ1

x� ÿ x�ÿ1
otherwise.

d� ¼ b1 for � ¼ 1
b�ÿ1x� ÿ b�x�ÿ1

Dx�ÿ1
for � ¼ 2; . . . ; I

bI for � ¼ Iþ 1:
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A.1.6 For the analytical method, as stated in {7.1.11, the objective
function is:

EfuðPÞjBðmÿ 1Þ ¼ xg ¼
XIþ1
�¼1

Em� ðA6Þ

where:

Em� ¼
1ffiffiffiffiffiffi

2p
p

sðmÞ

Zs�
l�

X2

r¼1

ar�e
y þ br�

ÿ �
h�þrÿ2ðe

yÞ þ g�e
y þ d�

ÿ �( )
e
ÿ
1
2

yÿmðmÞ
sðmÞ

ÿ �2
dy ðA7Þ

l� ¼ ln inf Sm� ðA8Þ

s� ¼ ln sup Sm� ðA9Þ

and mðmÞ and s2
ðmÞ are as defined in equations (34) and (35), with:

x ¼ xmÿ1;�:

A.1.7 It may be shown that (A7) reduces to:

Em� ¼
X10
r¼1

Zr�Dr�

where:
Dr� ¼ crðs

�
� ÿ srÞ ÿ crðl

�
� ÿ srÞ

l�� ¼
l� ÿ m
s

s�� ¼
s� ÿ m
s

and Zr�, crð�Þ and sr are as shown in Table A1. In that table:

nt � n�ÿ1 for r odd
n� for r even.

A.1.8 From Table A1, we may generalise Zr� as follows:

Zr� ¼ rr�wr� expðtr�Þ

where:
wr� ¼ yr�mþ lr�sþ xr�s

2
þ zr�;

tr� ¼ er�mþ 1
2e

2
r�s

2; and
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rr� , yr� , lr� , xr� , zr� and er� are defined with reference to the definition of Zr�

in that table.

A.1.9 The j th component of the gradient vector is:XIþ1
�¼1

DjEm�

where Dj is the partial derivative operator with respect to pj, and

DjEm� ¼
X10
r¼1

DjZr�Dr� þ Zr�DjDr�

DjDr� ¼ c0rðs
�
� ÿ srÞðDjs

�
� ÿ DjsrÞ ÿ c0rðl

�
� ÿ srÞðDjl

�
� ÿ DjsrÞ

DjZr� ¼ rr�ðDjwr� þ wr�Djtr�Þ expðtr�Þ

Djwr� ¼ yr�Djmþ lr�Djsþ xr�Djs
2

Djtr� ¼ er�Djmþ 1
2e

2
r�Djs

2

Djsr ¼ er�Djs

Djl
�
� ¼ ÿ

1
s2 sDjmþ ðl� ÿ mÞDjs
� 	

Djs
�
� ¼ ÿ

1
s2 sDjmþ ðs� ÿ mÞDjs
� 	

Djm ¼ mj

Djs ¼
1
2s

Djs
2

Djs
2 ¼ 2

XK

k¼1

pksjk:

Table A1. Components of Ei

nt ¼ 0 nt 6¼ 0
r Zr� crðxÞ sr Zr� crðxÞ sr

1 a1�se
mþ

1
2s

2
ÿfðxÞ s a1�e

ntþ1ð Þmþ
1
2 ntþ1ð Þ

2s2 FðxÞ nt þ 1ð Þs
2 a2�se

mþ
1
2s

2
ÿfðxÞ s a2�e

ntþ1ð Þmþ
1
2 ntþ1ð Þ

2s2 FðxÞ nt þ 1ð Þs
3 a1� mþ s2ÿ �

e
mþ

1
2s

2
FðxÞ s 0 0 0

4 a2� mþ s2ÿ �
e
mþ

1
2s

2
FðxÞ s 0 0 0

5 b1�s ÿfðxÞ 0 b1�e
ntmþ

1
2n

2
t s

2
FðxÞ nts

6 b2�s ÿfðxÞ 0 b2�e
ntmþ

1
2n

2
t s

2
FðxÞ nts

7 b1�m FðxÞ 0 0 0 0
8 b2�m FðxÞ 0 0 0 0

9 g�e
mþ

1
2s

2
FðxÞ s g�e

mþ
1
2s

2
FðxÞ s

10 d� FðxÞ 0 d� FðxÞ 0
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A.1.10 Element ð j; kÞ of the Hessian matrix is:

XIþ1
�¼1

DjkEm�

where Djk is the second-order partial derivative operator with respect to pj

and pk, and:

DjkEm� ¼
X10
r¼1

DjkZr�Dr� þ DjZr�DkDr� þ DkZr�DjDr� þ Zr�DjkDr�

DjkDr� ¼ c00r ðs
�
� ÿ srÞðDjs

�
� ÿ DjsrÞðDks

�
� ÿ DksrÞ þ c0rðs

�
� ÿ srÞðDjks

�
� ÿ DjksrÞ

ÿ c00r ðl
�
� ÿ srÞðDjl

�
� ÿ DjsrÞðDkl

�
� ÿ DksrÞ ÿ c0rðl

�
� ÿ srÞðDjkl

�
� ÿ DjksrÞ

DjkZr� ¼ rr�ðDjkwr� þ wr�Djktr� þ Djwr�Dktr� þ Dkwr�Djtr� þ wr�Djtr�Dktr�Þ expðtr�Þ

Djkwr� ¼ lr�Djksþ xr�Djks
2

Djktr� ¼
1
2e

2
r�Djks

2

Djksr ¼ er�Djks

Djkl
�
� ¼

1
s3 s DjmDksþ DkmDjsÿ ðl� ÿ mÞDjks

� 	
þ 2ðl� ÿ mÞDjsDks

� �
Djks

�
� ¼

1
s3 s DjmDksþ DkmDjsÿ ðs� ÿ mÞDjks

� 	
þ 2ðs� ÿ mÞDjsDks

� �
Djks ¼

1
2s2 sDjks

2 ÿ 1
2Djs

2Dks
2

ÿ �
Djks

2 ¼ 2sjk:

A.2 Dynamic Approach: Simulation Method
A.2.1 For the simulation method the objective function is

EfuðPÞjBðmÿ 1Þ ¼ xg ¼
1
J

XJ

i¼1

ui ðA10Þ

where:
ui ¼ ða1�zi þ b1�Þh�ÿ1 þ ða2�zi þ b2�Þh� þ ðg�zi þ d�Þ

h� ¼ h�ðziÞ

zi ¼ ðxmÿ1;� þ cmÞ exp
XK

l¼1

plðmÞyilðmÞ
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� ¼ 1 if zi < xm1

v if xm;vÿ1 � zi < xmv for v ¼ 2; . . . ; I

Iþ 1 if zi > xmI:

A.2.2 Under this method the j th component of the gradient vector is:

DjE ¼
1
J

XJ

i¼1

Djui

where:
Djui ¼ fa1�zih�ÿ1 þ ða1�zi þ b1�Þh

ð1Þ
�ÿ1 þ a2�zih� þ ða2�zi þ b2�Þh

ð1Þ
� þ g�zigyijðmÞ

hð1Þ� ¼ 1 if ni ¼ 0

niz
ni
i otherwise.

A.2.3 Element ð j; kÞ of the Hessian matrix is:

DjkE ¼
1
J

XJ

i¼1

Djkui

where:
Djkui ¼ fa1�zih�ÿ1 þ 2a1�zih

ð1Þ
�ÿ1 þ ða1�zi þ b1�Þh

ð2Þ
�ÿ1

þ a2�zih� þ 2a2�zih
ð1Þ
� þ ða2�zi þ b2�Þh

ð2Þ
� þ g�zigyijðmÞyikðmÞ

hð2Þ� ¼ n2
i z

ni
i :

A.3 Passive Approach: Simulation Method
A.3.1 Under the passive approach described in Section 9.8, the objective

function is:

EfuðBÞg ¼
1
J

XJ

i¼1

ui

where ui is as defined in {A.2.1, but with:

zi ¼
XN

M¼1

bM exp
XK

l¼1

plYilðMÞ þ
1
2CðNÞ

� ¼ 1 if zi < x1

v if xvÿ1 � zi < x� for v ¼ 2; 3

4 if zi > x3

YilðMÞ ¼
XN

m¼M

yilðmÞ
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and
bM ¼ Bð0Þ þ c0 for M ¼ 0

cM for M > 0:

A.3.2 Here the gradient vector is:

DjE ¼
1
J

XJ

i¼1

Djui

where:
Djui ¼ fa1�h�ÿ1 þ ða1�zi þ b1�Þh

ð1Þ
�ÿ1 þ a2�h� þ ða2�zi þ b2�Þh

ð1Þ
� þ g�gDjzi

Djzi ¼
XN

M¼1

bMYijðMÞ exp
XK

l¼1

plYilðMÞ

hð1Þ� ¼
1
zi

if ni ¼ 0

niz
niÿ1
i otherwise.

A.3.3 The Hessian matrix is:

DjkE ¼
1
J

XJ

i¼1

Djkui

where:
Djkui ¼ fa1�h�ÿ1 þ ða1�zi þ b1�Þh

ð1Þ
�ÿ1 þ a2�h� þ ða2�zi þ b2�Þh

ð1Þ
� þ g�gDjkzi

þ f2a1�h
ð1Þ
�ÿ1 þ ða1�zi þ b1�Þh

ð2Þ
�ÿ1 þ 2a2�h

ð1Þ
� þ ða2�zi þ b2�Þh

ð2Þ
� gDjziDkzi

Djkzi ¼
XN

M¼1

bMYijðMÞYikðMÞ
XK

l¼1

plYilðMÞ

hð2Þ� ¼ ÿ
1
z2i

for ni ¼ 0

niðni ÿ 1Þzniÿ2
i otherwise.
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