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Abstract

We study super weakly compact operators through a quantitative method. We introduce a semi-norm
o(T) of an operator T : X — Y, where X, Y are Banach spaces, the so-called measure of super weak
noncompactness, which measures how far 7 is from the family of super weakly compact operators. We
study the equivalence of the measure o-(7') and the super weak essential norm of 7. We prove that Y has
the super weakly compact approximation property if and and only if these two semi-norms are equivalent.
As an application, we construct an example to show that the measures of 7" and its dual 7* are not always
equivalent. In addition we give some sequence spaces as examples of Banach spaces having the super
weakly compact approximation property.

2020 Mathematics subject classification: primary 47A30; secondary 46B20.

Keywords and phrases: measure of super weak noncompactness, super weakly compact approximation,
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1. Introduction

In view of [7] and [10], a Banach space may be given an equivalent uniformly
convex norm if and only if it is super-reflexive. Super weakly compact operators
were introduced by Beauzamy [4] in 1976 in terms of ultrapowers of operators
(see Definition 3.1). A bounded linear operator 7 : X — Y, where X,Y are Banach
spaces, is super weakly compact if Tq¢, is weakly compact for any free ultrafilter U
(see Section 2 for the definition of ultrafilter). Super weakly compact operators are
uniformly convexifiable [4]. Ultrapowers are indispensable in this theory. In this paper
we present a different approach.

A bounded linear operator 7 : X — Y is weakly compact if T(By) is relatively
weakly compact, where By is the closed unit ball of X. Thus, Beauzamy’s definition
is different from the classical notion of compactness of operators. It makes many
techniques, effective in the theory of weakly compact operators, useless for studying
super weakly compact operators. A recent concept of super weakly compact sets seems
to be useful to narrow the gap. A subset A of a Banach space X is relatively super
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weakly compact if and only if Aq, is relatively weakly compact for any free ultrafilter
U. Equivalently, A is relatively super weakly compact if and only if, for every € > 0,
there is a super weakly compact set S C X such that A ¢ S + eByx. For more details on
super weakly compact sets, see [5, 6, 16, 17, 20].

The notion of a super weakly compact set inspires us to consider a new way to
define super weak compactness for operators (see Definition 2.4). We say that T is
super weakly compact if T(By) is relatively super weakly compact and prove that our
definition is equivalent to Beauzamy’s. This allows us to study super weakly compact
operators via quantitative methods.

Measures of (weak) noncompactness are widely used in the theory of bounded
linear operators (see, for instance, [2, 12, 21]). Recently, the author [19] introduced
the measure of super weak noncompactness of a bounded subset A of a Banach space
X by

o(A) :==inf{t >0 | A C § + 1By, S is super weakly compact}. (1.1)

Here, we introduce and study the induced measure of super weak noncompactness of
bounded linear operators.

Denote by L(X, Y) the Banach space of bounded linear operators between Banach
spaces X and Y. For any T € L(X, Y), the measure of super weak noncompactness is

o(T) := o(TBx).

In fact, o is a semi-norm on L(X, Y) and o(T) = 0 if and only if T is super weakly
compact. On S(X, Y), the Banach space of super weakly compact operators between X
and Y, the super weak essential norm || - ||s of T € L(X, Y) is given by

ITls := inf{[|T = S|| : $ € S(X, Y)}.

Obviously, || - ||s is the quotient norm on L(X, Y)/S(X, Y) and ||T||s = O if and only if
T € S(X,Y). It is natural to ask whether the semi-norms o and || - ||s are equivalent,
that is, whether there are constants a, b > 0 such that for any T € L(X, Y),

ac(T) < ||Tlls < bo(T).

In view of the results in [2, Theorem 2.5] and [3, Theorem 1] concerning compact and
weakly compact cases, we infer that the problem involves some type of approximation
property of the Banach spaces X and Y and we introduce the super weakly compact
approximation property. In Section 3, we prove (Theorem 3.6) that the two semi-norms
|| - |ls and o are equivalent if and only if Y has the super weakly compact approximation
property. This also means that L(X, Y)/S(X, Y) is o-complete if and only if Y has the
super weakly compact approximation property.

From the viewpoint of [11, page 489], quantitative theorems replace the respective
implications by inequalities. A bounded linear operator 7' € L(X, Y) is compact if and
only if its dual 7™ is compact. Goldenstein and Markus [8, Theorem 3] quantified
the result by proving that %y(T) <yY(T*) < 2y(T) for any T € L(X,Y), where 7 is the
Hausdorff measure of noncompactness. For the weakly compact case, Gantmacher’s
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theorem says that 7 and 7" are weakly compact simultaneously. Unlike the compact
case, Astala and Tylli [3, Corollary 5] proved that w(T) and w(T*) are not equivalent,
where w is the De Blasi measure of weak noncompactness, sometimes called the
Hausdorff measure of weak noncompactness, because w behaves similarly to the
Hausdorff measure of noncompactness y, which can be defined as in (1.1) by replacing
a super weakly compact set S by a compact one.

As for the super weakly compact case, it is proved in [9, page 177] that T is super
weakly compact if and only if 7% is. To study the quantitative relationship of the super
weak compactness of T and 7%, we present in Section 4 some basic properties of
Banach spaces having the super weakly compact approximation property and show
that some sequence spaces have this property. Then we complete the paper by applying
Theorem 3.6 to show that o(T") and o-(T*) are not always equivalent.

2. Preliminaries

Let X, Y be real infinite-dimensional Banach spaces and let By, By be the closed
unit balls in X and Y, respectively. Assume that Q is an infinite set.

DEFINITION 2.1. A filter # is a collection of subsets of a set Q satisfying:

(1) 0¢F;
2) AnBeF ifA,BeF;
(3) BeFifAcBcQandAeF.

A filter 7 is said to be free if N{F € ¥} = 0. A filter U is called an ultrafilter if for any
A CQ,eitherA e UorQ\A e U.

Suppose that U is a filter on Q and x,,,x € X (w € Q). We say that x is a limit of
X, (written x = limq, x,,) if for any neighbourhood U of x, there is F' € U such that
{x, :weF}cU.If{x, : w e Q} C Xis relatively compact, then for any ultrafilter U,
there exists x € X such that limq x,, = x.

For a nonempty set Q, let {X,, : w € Q} be a collection of Banach spaces. Assume
that U is an ultrafilter on Q and consider the Banach space £ (€2, X,,) consisting of all
bounded (x,,), where x,, € X, (w € Q2), normed by

)l = sup [ ll-
w

Let Nq; be the set of all (x,,) € {.(£2, X,,) such that

lim||x,|l = 0.
u

Then Ny, is a closed subspace of £ (€2, X,,). The ultraproduct of (X,,),e0 With respect
to the ultrafilter U is

X = Le(Q, X0,) [Ny
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with the canonical quotient norm. As any (x,) € (X,,)¢ is actually an equivalence
class, we will use (x,,)¢; to denote an element in (X,,)¢;. Then

w =1li wll-
lIGro )2l = Tim e |

Notice that (x,)y = (Vo )q if and only if limqy ||x, — yo|l = 0. If X, = X, we write Xy
and call it the ultrapower of X. For a subset A of X, A¢; denotes the set of all elements
(xw)u € Xqq such that x,, € A.

DEFINITION 2.2. A subset A of X is said to be relatively super weakly compact if A¢
is relatively weakly compact in Xq, for any free ultrafilter U. Further, A is said to be
super weakly compact if it is weakly closed and relatively super weakly compact.

We refer to [5] for the properties of super weakly compact sets. It is easy to see
that a subset of a relatively super weakly compact set is also relatively super weakly
compact. We recall here that if A, B C X are relatively super weakly compact, then the
sets AUB, A+ B, Ax B and A\B are relatively super weakly compact. In the recent
paper [19], the author studied the super weak compactness of a bounded set A and its
convex hull co(A).

LEMMA 2.3. Assume that A is a super weakly compact subset of a Banach space X.
Then its closed convex hull co(A) is also super weakly compact.

Recall that super weak compactness is stable under a bounded linear operator. We
use the notion of super weakly compact sets to define super weakly compact operators.

DEFINITION 2.4. A bounded linear operator 7 : X — Y is said to be super weakly
compact if T(By) is relatively super weakly compact.

3. Semi-norms related to super weakly compact operators

In this section, we introduce the measure o of super weak noncompactness of
operators and study the equivalence of o and the super weak essential norm || - ||s.
The main result in this section is Theorem 3.6.

We denote by L(X,Y) the collection of all bounded linear operators mapping
X to Y. Further, W(X,Y) Cc L(X,Y) and S(X, Y) C L(X, Y) represent the collections of
all weakly compact operators and super weakly compact operators, respectively. When
X =Y, we abbreviate them to L(X), W(X) and S(X). By an operator, we always mean
a bounded linear operator.

Beauzamy [4] introduced the notion of a super weakly compact operator by means
of ultrapowers of operators, which is different from our Definition 2.4. Assume that
T : X — Y is a bounded linear operator and U is a free ultrafilter on an infinite set Q.
Define Tq; : X¢y — Yq as

Tu((xw)u) = (Txy)u.
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DEFINITION 3.1 (Beauzamy). An operator 7 : X — Y is said to be super weakly
compact if Tq; is weakly compact for any free ultrafilter U.

In fact, T is super weakly compact if and only if T, is weakly compact for any free
ultrafilter on N. We will see that this notion is equivalent to Definition 2.4.

THEOREM 3.2. If T : X = Y is an operator and U is a free ultrafilter on Q, then
TuBx, = (IBx)y. Thus, T(Bx) is super weakly compact if and only if Tq, is weakly
compact, that is, the two definitions of super weakly compact operators coincide.

PROOF. For any x, € Bx with w € Q, it is easy to see that (x,)y € Bx,. Hence,
(TBx)u € TyBx,,. For any (x,)u € Bx,, without loss of generality, assume
that limg [|(x,)ll = @ > 0. Then (x,)u = Ow)w, where vy, = (a/|lx,lDx, € Bx
with w € Q. Thus, (x,)u € (Bx)y, which yields (Bx)y = Bx, and, therefore,
TyBx, = (TBx)u. mi

In [19], the author introduced the notion of the measure of super weak noncompact-
ness 0. For any bounded subset A C X,

o(A) :=1inf{t > 0 | A C S + tBx with a relatively super weakly compact set S}.

Making use of the measure o, we may study some quantitative properties of super
weakly compact sets. From [19], o has the following properties.

LEMMA 3.3. IfA is a bounded subset of a Banach space X and A" denotes the weakly
closed hull of A, then:

(1) 0(A) = 0 if and only if A is relatively super weakly compact;
(i) oA <o(B)ifACB;

(i) o) =c@ )

(iv)  o(A) = o(coA);

(v) o(AUB) =max{o(A),c(B)};

(vi) oA +B)<o(A)+a(B),

(vii) o (tA) = |tlo(A) fort € R;

(viil)) w(A) < o(A) < y(A),

where w is the De Blasi measure of weak noncompactness and vy is the Hausdorff
measure of noncompactness.

LEMMA 3.4. Let Bx denote the unit ball of X. If A is a bounded subset of a Banach
space X, then o(A + tBx) = 0(A) + to(By) for t > 0.

We introduce the measure of super weak noncompactness for operators induced
by o. Forany T € L(X,Y), let

o(T) := o(TBy).
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Itis clear that o(T) = Oif and only if T € S(X,Y). Forany 7,G € L(X,Y) and t € R,
o(tT) = o(tT(Bx)) = |t|o(T), (3.1)
(T + G) < o(T(By)) + G(Bx)) < 0(T(Bx)) + 0(G(Bx)) = o(T) + 0(G). (3.2)
Moreover, forany T € L(X,Y) and A C X,
o(T(A)) < o(T)o(A).

Indeed, assume that o7(T) < @ and 0(A) < B. There exist super weakly compact sets S|
and S, such that

TBX)) cS+aB(Y), AcCS,+BBX).

We get the result by noticing that T(A) C T(S,) + 8S1 + @BB(Y) and T(S,) + S is
super weakly compact. So, it is easy to see that forany G € L(X,Y), T € L(Y,Z),

o(TG) < o(T)o(G). (3.3)

Formulas (3.1) and (3.2) imply that the function o(:) is a semi-norm on L(X, Y).

In order to proceed, let us observe that S(X,Y) is a closed ideal in L(X,Y).
Indeed, given a sequence 7T, € S(X,Y) converging to T € L(X,Y) in the operator
norm topology, for any & > 0, there is n € N such that ||T — T,|| < €. Therefore,
T(Bx) c T,(Bx) + eBy. Since T, (By) is relatively super weakly compact, so is T(By)
by (1.1), thatis, T € S(X, Y). For any G € L(X, Y), it is easy to observe from (3.3) that
1G,GT € S(X, Y).

The super weak essential norm || - ||s of 7 € L(X, Y) is the semi-norm induced from
the quotient space L(X, Y)/S(X,Y), that is,

[ITlls := inf{||T = S|| : § € S(X, Y)}. (3.4)

Observe that if ||T||s < @, there is S € S(X,Y) such that ||T — §|| < a. Therefore,
T(Bx) C S(Bx) + aBy, which actually means that o(T) < ||T][s.

It is natural to ask whether these two semi-norms are equivalent. To solve this
problem, we introduce the super weakly compact approximation property.

DEFINITION 3.5. A Banach space X is said to have the super weakly compact
approximation property (SWAP for short) if there is a real number A > 0 such that for
any super weakly compact set A C X and any € > 0, there is a super weakly compact
operator R : X — X with

supllx —Rx|| <& and |R| <\

x€A
THEOREM 3.6. A Banach space Y has the super weakly compact approximation
property if and only if the semi-norms o and || - ||s are equivalent in L(X,Y) for any
Banach space X.

PROOF. Assume that Y has the super weakly compact approximation property and
take an arbitrary @ > 0 and T € L(X, Y) with o(T) < a. Then there is a super weakly
compact set S C Y such that T(Bx) C S + aBy. Using the assumption, there is a
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positive A such that for any & > 0, there is a super weakly compact operatorR : ¥ — Y
satisfying sup,sllRx — x|| < £ and [|R|| < A. LetJ := RT. Clearly, the operator J is super
weakly compact. For any x € By, there is s € S such that ||Tx — s|| < a; hence,

[ Tx —Jx|| =|ITx —s+s—Rs+ Rs = Jx|| < IR+ D(s = Tx)|| +|ls = Rs|| < A+ Da + &.

Consequently, ||T||s < (A + Da, thatis, |T||ls < (A + 1)o(T).

Conversely, assume that ¥ does not have the super weakly compact approximation
property. Then, for any n € N, there are a super weakly compact setS,, C Y and ¢, > 0
such that R is not super weakly compact whenever R € L(Y) satisfies

supllx —Rx|| <&, and |R|<n+ 1.
x€S,

Without loss of generality, assume that €, — 0 as n — oo and §,, is closed absolutely
convex (recall that, in view of Lemma 2.3, the closed absolutely convex hull of a super
weakly compact set is super weakly compact). Set A, := (g,/n)By + S,,. Then A, is
absorbing and the Minkowski functional

x|, = inf{r > 0 | x € tA,,}
determined by A, defines an equivalent norm on Y, that is, there is a,, > 0 such that
g
—ly < IIell < ayl.

Let Y, = (Y,]|-|,) and let T, be the identity from Y, onto Y. It is immediate to see that
o(T,) = &,/n by Lemma 3.4 and T,,(By,) = A,.

Next we show that [|7}|ls > &,. Suppose that there is R € S(Y¥,,Y) such that
IIT, — R|| < &, and still denote by R the induced operator from Y to Y. Since S, C By,
and (8n/l’l)By C By",

llx — Rx|| < &,,¥x €S, and |lx—Rx|| <n,Vxe By.

Thus, R is not super weakly compact by the assumption.
Let X = ¢o(Y,) and P,, (n € N) be the canonical projection from X onto Y, that is,
P,((y;)) =y, for any n. Let J, = T,P, € L(X, Y). Then

En
o(Jn) = o(Ju(Bx)) = 0(A,) = o
and
Wnlls = I Talls > &,

since J,I, = T,, where I, : Y, — X is the natural inclusion from Y, into X. This
completes the proof. O

4. Quantitative relationship of an operator and its dual

In order to give an application of Theorem 3.6, in this section we study some basic
properties of Banach spaces having the super weakly compact approximation property.
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We focus on some classical Banach sequence spaces. Then, by applying Theorem 3.6,
we construct an example to show that o<(T') is not equivalent to o (T™).

Astala and Tylli [3] introduced the weakly compact approximation property (WAP
for short) and proved that £; has WAP while ¢, C[0, 1] and L'(0, 1) fail to have WAP.
Odell and Tylli [15] and Saksman and Tylli [18] considered more examples involving
WAP and showed that, for example, ¢1(£,) and £,(¢1) (1 < p < c0) do have WAP.
They also obtained results about the quasi-reflexive James’ space J and its dual J*,
the James’ tree space JT, the nuclear operator space N(£,, {;) and others.

It is trivial that super reflexive spaces have SWAP, so £, (1 < p < oo) has SWAP
by its uniform convexity. Since ¢; is a Schur space, the super weak compactness is
equivalent to weak compactness according to Lemma 3.3. So, SWAP is equivalent to
WAP in ¢; and, hence, £; has SWAP.

THEOREM 4.1. £, (1 < p < o) has the super weakly compact approximation property.

We next prove that ¢y does not have SWAP. Recall that an operator T € L(X, Y) is
completely continuous if the sequence (7x;,) is norm convergent whenever a sequence
(x,) is weakly convergent. A Banach space X is called an £* space if there is A > 1
such that any finite-dimensional subspace E of X is contained in a finite-dimensional
subspace F such that

du(F,t5) <)

where dy(F,€2) is the Banach—-Mazur distance of F and £ . Note that ¢y and ¢, are
L spaces. It is known that every weakly compact operator in W(X) is completely
continuous whenever X is an L™ space [14].

THEOREM 4.2. ¢y and € do not have the super weakly compact approximation
property.

PROOF. Let A := {¢;}, where {e;} is the standard unit vector basis of cq. By the result
in [5, Example 2.2], A is super weakly compact. Assume to the contrary that ¢y has
SWAP. Then, for € = 1/3, there is a super weakly compact operator R : co — ¢ such
that

sup |lx — Rx|| < .
xX€EA

Since |le; — ¢j|| = 1 whenever i # j,
IRe; — Rejl| > 1/3. 4.1

On the other hand, R(A) is relatively compact, because ¢y is an £> space and R is
a weakly compact operator by Lemma 3.3. The relative compactness of R(A) conflicts
with (4.1). So, by the assumption, ¢y does not have SWAP.

Similarly, A = {e;} C {« is super weakly compact since it is the image of A C ¢g
under the canonical inclusion operator. Following the above procedure, we conclude
that €., does not have SWAP. O
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THEOREM 4.3. If X has the super weakly compact approximation property, then so
does any complemented subspace Y of X.

PROOF. Suppose that X has SWAP and let A C Y be a super weakly compact set. It is
clear that A as a subset of X is super weakly compact, too. By the assumption, there
is A > 0 such that for any € > 0, there is a super weakly compact operator R : X — X
satisfying

supllx —Rx||<e and |[R|| <\

X€A
Since Y is complemented in X, there is a bounded projection P : X — Y. Clearly, the
operator PR : Y — Y is super weakly compact and

IPRIl < MIPII.
Furthermore, for any x € A,
lbx — PRx|| = [|[Px — PRx|| < [|Pll[lx — Rx|| < [|Plle.
This completes the proof. m|

Assume that (Xj,||-]l;), with i € N, is a sequence of Banach spaces and that
1 < p < co. Consider the Banach space £,(X;) of all sequences (x;) with x; € X; such
that 2, [lxil|” < co. For any x = (x;) € £,(X;), the norm of x is

el =l = (i ||x,»||P)”p.
i=1

We write £,(Y) for short when X; = Y for each i € N. Let P;, i € N, be the canonical
projection from £,(X;) onto X;. Clearly, P;(Bx) = By,, where X := €,(X;). If A is a subset
of £,(X;), setA; = P;(A). We wish to investigate under what conditions the space £,(X;)
has SWAP.

For any x € €,(X)), let d,(x) := d,(x1,x2,...) =(0,0,...,0,%,,Xp4+1,...). For A C
{1(Xp), set dy(A) := {d,(x) : x € A} and [|d,(A)|| = {lld, ()| : x € A}.

LEMMA 4.4 [20, Corollary 7]. A subset A of €1(X;) is relatively super weakly compact
if and only if:

(a) A is bounded;

(b) A; is relatively super weakly compact for all i € N;
(c) lim, ||d,(A)]l = 0.

THEOREM 4.5. £1(X;) has the super weakly compact approximation property if and
only if every X; has the super weakly compact approximation property with a common
constant for all i € N.

PROOF. Let X = €;(X;) and suppose that X has SWAP with a constant A. Since X; is a
1-complemented subspace in X, by the proof of Theorem 4.3, each X; has SWAP with
the constant A.
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On the other hand, suppose that every X; has SWAP with a uniform constant A.
Let & > 0. For any super weakly compact set A C X = £;(X;) and i € N, A; is relatively
super weakly compact. By the assumption, there is a super weakly compact operator
R; : X; — X; such that

&
— Ryl <« — .
iul? [lx — Rix|| < > and ||Ri| < \.

Since A is super weakly compact, by Lemma 4.4, there is n € N such that

sup Z |lx:|| < e.

XA ikl
For any x € X, let Rx = (Ryx1,...,R,x,,0,0,...). Since ||R|| <A, we have R € L(X)
and ||R|| < A. By Lemma 4.4, the set R(By) is relatively super weakly compact, because
Ri(Bx,) (1 <i<n) is relatively super weakly compact. Hence, R is a super weakly
compact operator. For any x € A, it is easy to see that

n
lx — Rx| = Z I — Rixi|| + & < 2e.

i=1
Consequently, X has SWAP. O

COROLLARY 4.6. €1(£,) (1 < p < o) has the super weakly compact approximation
property.

REMARK 4.7. Odell and Tylli [15] proved that £,(£1) (1 < p < o) enjoys the weakly
compact approximation property. But we do not know whether or not such a conclusion
is true for the super weakly compact case, that is, whether the Banach space
Cp(ty) (1 < p < o0) has SWAP.

It is known that an operator T is super weakly compact if and only if its dual 7™ is
super weakly compact [9, page 177]. It is natural to study the quantitative relationship
of super weak compactness between an operator 7 and its dual 7™, that is, whether
o(T) and o(T™) are equivalent.

Let A be an ideal of operators. Astala [1] introduced the measure Y4 induced by
the ideal \A. For any bounded D C Y,

va(D) :=inf{t > 0| D Cc T(Bz) +tBy, T € A(Z,Y)}, 4.2)

where the infimum is taken over all Banach spaces Z. Forany T € L(X, Y), sety#(T) :=
Ya(TBx) and [|T|lz = mf{l|IT" - J|| | J € A}.

Since the collection of super weakly compact operators S(X,Y) is an ideal of
operators, we may take A = S(X,Y). For any bounded D C Y, it is easy to see that
o (D) < y4(D) since the set T(Bz) in (4.2) is relatively super weakly compact. On
the other hand, for any super weakly compact convex set K C Y, there are a Banach
space X and a super weakly compact operator 7 : X — Y such that K c T(By) (see
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[16, Theorem 4.5]). Hence, (D) > ya(D). Consequently, 0(T) = y#(T) when A =
SX,Y).

An ideal A of operators is called symmetric if 7 € A(X,Y) implies that 7" €
AY*, X*). Tt is clear that S(X, Y) is a symmetric ideal of operators. The following
lemmas from Astala [1] are crucial in what follows.

LEMMA 4.8 (Astala). If A is a symmetric ideal of operators, then ya(T**) < ya(T)
forany T € L(X,Y).

A Banach space Y is said to have the extension property if for any closed subspace
M of an arbitrary Banach space X and any 7T € L(M,Y), there exists an operator
S e L(X,Y) such that T = SJy, and ||T]| = ||S||, where Jy; : M — X is the canonical
inclusion. It is well known that the Banach space ¢, has the extension property. For
more information about the extension property, we refer to [13, Section 2.f].

LEMMA 4.9 (Astala). Suppose that A is a symmetric ideal of operators and T €
(X, Y). If Y has the extension property, then yx(T*) = [|T*|| = ||T|| 4.

Let us recall that Theorem 4.2 states that ¢ fails to have the super weakly compact
approximation property. We use Theorem 3.6 to construct an example showing that
v(T) and y(T*) are not equivalent.

THEOREM 4.10. There are a separable space X and a sequence T, € L(X, cy) such
that

o(T))=1 and o(T;")<o(T,) -0

for eachn € N.

PROOF. Note that ¢y does not have the super weakly compact approximation property.
By the proof of Theorem 3.6, there is a separable Banach space X = cy(X;) such that
each X; is isomorphic to ¢g. Replace T, : X — ¢o in the proof of Theorem 3.6 by
T,,/I|T,|ls and still denote it by T,. Obviously, T, € L(X, cp). Moreover, by Theorem
3.6, it is easy to see that ||T,|ls = 1 and 0(7,,) < 1/n. Lemma 4.8 implies that o<(T};*) <
o(T,) < 1/n.LetJ : ¢y — € be the natural embedding.

Claim 1: ||T,|ls < 2|JT,||s- For any € > 0, by (3.4), there is a super weakly compact
operator S € S(X, £« ) such that ||[JT,, — S|| < ||JT,||s + €. Since S(By) is relatively super
weakly compact (and, hence, weakly compact) and a weakly compact set in £y is
separable, the space Y := span{Jcy, S(X)} is separable. By [13, Theorem 2.f], ¢¢ is
separable injective and there is a projection P : X — ¢q with ||P|| < 2. Thus,

ITulls < 1T = PSI| = \PUT, = S < 2UTlls + 2&.
The claim follows immediately since ¢ is arbitrary.

Claim 2: o(T};) = |JT,lls. Since J* : £, — ¢; is surjective and J*(Bg,) C By,, we have
o(T;) = o(T,J*). Moreover, because £, has the extension property, by Lemma 4.9, it
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is clear that

o(T,J7) = IJT) s = WTlls.

We complete the proof by replacing T, by T,,/o(T},). O
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