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Coisotropic Submanifolds in b-symplectic
Geometry

Stephane Geudens, and Marco Zambon

Abstract. We study coisotropic submanifolds of b-symplectic manifolds. We prove that b-coisotropic
submanifolds (those transverse to the degeneracy locus) determine the b-symplectic structure in a
neighborhood, and provide a normal form theorem. This extends Gotay’s theorem in symplectic
geometry. Further, we introduce strong b-coisotropic submanifolds and show that their coisotropic
quotient, which locally is always smooth, inherits a reduced b-symplectic structure.

Introduction

In symplectic geometry, an important and interesting class of submanifolds are
the coisotropic ones. They are the submanifolds C satisfying TC® c TC, where TC®
denotes the symplectic orthogonal of the tangent bundle T'C. They arise, for instance,
as zero level sets of moment maps, and in mechanics as those submanifolds that
are given by first class constraints (see Dirac’s theory of constraints). The notion of
coisotropic submanifolds extends to the wider realm of Poisson geometry, and it plays
an important role there too: for instance, a map is a Poisson morphism if and only if
its graph is coisotropic, and coisotropic submanifolds admit canonical quotients that
inherit a Poisson structure.

The Poisson structures that are non-degenerate at every point are exactly the
symplectic ones. Relaxing the non-degeneracy condition slightly, one obtains Poisson
structures (M, IT) for which the top power A"II is transverse to the zero section of
the line bundle A*" TM (here dim(M) = 2n): they are called log-symplectic structures.
They are symplectic outside the vanishing set of A"II, a hypersurface that inherits
a codimension-one symplectic foliation. Log-symplectic structures are studied sys-
tematically by Guillemin, Miranda, and Pires in [11], and turn out to be equivalent
to b-symplectic structures. The latter are defined on manifolds M with a choice of
codimension-one submanifold Z, as follows: they are non-degenerate sections w of
AY(®TM)* that are closed with respect to the de Rham differential, where * TM is
the b-tangent bundle (a Lie algebroid over M that encodes Z). In other words, they are
the analogue of symplectic forms if one replaces the tangent bundle with the b-tangent
bundle. Because of this, various phenomena in symplectic geometry have counterparts
for log-symplectic manifolds.
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738 S. Geudens and M. Zambon

This paper is devoted to coisotropic submanifolds of log-symplectic manifolds.
We single out two classes, which we call b-coisotropic and strong b-coisotropic. We
prove that certain properties of coisotropic submanifolds in symplectic geometry—
properties which certainly do not carry over to arbitrary coisotropic submanifolds of
log-symplectic manifolds—do carry over to the above classes. Moreover, we show that
these classes of submanifolds enjoy some properties that are b-geometric enhance-
ments of well-known facts about coisotropic submanifolds in Poisson geometry. We
now elaborate on this.

Main Results. Let (M, Z, w) be a b-symplectic manifold, and denote by IT the
corresponding Poisson tensor on M. We consider two classes of submanifolds that
are coisotropic (in the sense of Poisson geometry) with respect to II.

A submanifold of M is called b-coisotropic if it is coisotropic and a b-submanifold
(i.e., transverse to Z). An equivalent characterization is the following: a b-submanifold
C such that (*TC)“ c P TC. The latter formulation makes apparent that this notion is
very natural in b-symplectic geometry. Section 2 is devoted to the class of b-coisotropic
submanifolds.

We show that the b-conormal bundle of a b-coisotropic submanifold is a Lie
subalgebroid. We also show that for Poisson maps between log-symplectic mani-
folds compatible with the corresponding hypersurfaces, the graphs are b-coisotropic
submanifolds, once “lifted” to a suitable blow-up [9]. Both of these statements are
b-geometric analogs of well-known facts about coisotropic submanifolds in Poisson
geometry. Next, in Theorem 2.13 we show that Gotay’s theorem in symplectic geom-
etry [8] extends to b-coisotropic submanifolds in b-symplectic geometry. The main
consequence is a normal form theorem for the b-symplectic structure around such
submanifolds.

Theorem A neighborhood of a b-coisotropic submanifold c (M, Z,w) is b-
symplectomorphic to the following model:

(a neighborhood of the zero section in E*, Q),

where the vector bundle E := ker(®i* ) denotes the kernel of the pullback of w to C, and
Q is a b-symplectic form that is constructed out of the pullback ®i* w and is canonical
up to neighborhood equivalence (see equation (2.6) for the precise formula).

Such a normal form allows us to study effectively the deformation theory of C as
a coisotropic submanifold [7]. Another possible application is the construction of b-
symplectic manifolds using surgeries, as done, for instance, in [6, Theorem 6.1]. We
point out that in the special case of Lagrangian submanifolds, the above result is a
version of Weinstein’s tubular neighborhood theorem, and was already obtained by
Kirchhoff-Lukat [13, Theorem 5.18].

In Section 3, we consider the following subclass of the b-coisotropic submanifolds.
A submanifold C is called strong b-coisotropic if it is coisotropic and transverse to all
the symplectic leaves of (M, IT) it meets. We remark that Lagrangian submanifolds
intersecting the degeneracy hypersurface Z never satisfy this definition.
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The main feature of strong b-coisotropic submanifolds is that the characteristic
distribution

D := Hﬁ(TCO),

is regular, with rank equal to codim(C). Recall the following fact in Poisson geometry:
when the quotient of a coisotropic submanifold by its characteristic distribution is
a smooth manifold, then it inherits a Poisson structure, called the reduced Pois-
son structure. We show (see Proposition 3.6 for the full statement) the following
proposition.

Proposition  Let C be a strong b-coisotropic submanifold of a b-symplectic manifold. If
the quotient C/D by the characteristic distribution is smooth, then the reduced Poisson
structure is again b-symplectic.

Instances of the above proposition arise when a connected Lie group acts on a
b-symplectic manifold with equivariant moment map, in the sense of Poisson geom-
etry, and C is the zero level set of the latter; see Corollary 3.10. At the end of the paper
we provide examples of b-symplectic quotients, and—by reversing the procedure—in
Corollary 3.16, we realize any b-symplectic structure on the 2-dimensional sphere as
such a quotient.

In order to state and prove these results, in Section 1 we collect some facts about
b-geometry. A few of them are new, to the best of our knowledge, and are of
independent interest. More specifically, in Lemma 1.10, we show that, while the anchor
map of the b-tangent bundle does not admit a canonical splitting, distributions tangent
to Z do have a canonical lift to the b-tangent bundle. In Proposition 1.19, we provide a
version of the b-Moser theorem relative to a b-submanifold, which we could not find
elsewhere in the literature.

1 Background on b-geometry

In this section, we address the formalism of b-geometry, which originated from the
work of Melrose [18] in the context of manifolds with boundary. We review some of
the main concepts, including b-symplectic structures, and we prove some preliminary
results that will be used in the body of this paper.

1.1 b-manifolds and b-maps
We first introduce the objects and morphisms of the b-category, following [11].

Definition 1.1 A b-manifold is a pair (M,Z) consisting of a manifold M and a
codimension-one submanifold Z c M.

Given a b-manifold (M, Z), we denote by * X (M) the set of vector fields on M that
are tangent to Z. Note that * X (M) is a locally free C*° (M )-module, with generators

xlaxl) axz)---)ax

n
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in a coordinate chart (x;, ..., x,) adapted to Z = {x; = 0}. Thanks to the Serre-Swan
theorem, these b-vector fields give rise to a vector bundle bTM.

Definition 1.2 Let (M, Z) be a b-manifold. The b-tangent bundle ®TM is the vector
bundle over M satisfying T(* TM) = °X(M).

The natural inclusion *X(M) c X(M) induces a vector bundle map p:*TM —
TM, which is an isomorphism away from Z. Restricting to Z, we get a bundle epi-
morphism p|z:* TM|; — TZ, which gives rise to a trivial line bundle L := Ker(p|).
Indeed, LL is canonically trivialized by the normal b-vector field & € T(LL), which is
locally given by xd, where x is any local defining function for Z. So at any point p € Z,
we have a short exact sequence

(L1) 0—L,—"T,M - T,7 — 0,

but this sequence does not split canonically.
Since *X(M) is a Lie subalgebra of X(M), it inherits a natural Lie bracket [-,-].
The data (p, [-,-]) endow ® TM with a Lie algebroid structure. The map p is called the

anchor of * TM.
Definition1.3  Let (M, Z) be a b-manifold. The b-cotangent bundle °T* M is the dual
bundle of * T M.
In coordinates (xi, .. ., x, ) adapted to Z = {x; = 0}, the b-cotangent bundle ® T* M

has local frame

d

ﬁ) dxz’ . > dxn

X1

We will denote the set T(A¥(®T*M)) of Lie algebroid k-forms by Q¥ (M), and
we refer to them as b-k-forms. The space *Q*(M) is endowed with the Lie algebroid
differential °d, which is determined by the fact that the restriction (*Q*(M),%d) —
(Q%(M\Z),d) is a chain map. Note that the anchor p induces an injective
map p*: Q% (M) - *QF(M), which allows us to view honest de Rham forms as
b-forms.

Definition 1.4  Given b-manifolds (M, Z,) and (M, Z,), a b-map f: (M, Z;) -
(M3, Z,) is a smooth map f: My — M, such that fis transverse to Z, and f~(Z,) = Z,.

Given a b-map f:(M;,Z;) » (M3, Z,), the usual pullback f*:Q°*(M,) —
Q*(M,) extends to an algebra morphism ” f*:°Q*(M,) - *Q®*(M,); see [14, Proof
of Proposition 3.5.2]. That is, we have a commutative diagram

b rx
bOe(My) — L Qe (M)
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This b-pullback has the expected properties; for instance, the assignment f + b f*
is functorial, and the b-pullback * f* commutes with the b-differential *d.

We can now define the Lie derivative of a b-form w € *Q* (M) in the direction of
a b-vector field X € X (M) by the usual formula

d
£xw = _|t o prw,

where the b-pullback is well defined, since the flow {p;} of X consists of b-
diffeomorphisms. Cartan’s formula is still valid:

fxw="dixw+i1x’dw.

Dual to the b-pullback ® f*,a b-map f: (My, Z;) — (M, Z,) induces a b-derivative
b fi bTM, - b TM,, which is the unique morphism of vector bundles bTM, - P TM,
that makes the following diagram commute [14, Proposition 3.5.2]:

b
VPN, — s b

(1.2) lﬂl Jf&

™, — s T,
At each point p € M, the derivative ( f.), and the b-derivative (°f,), have the
same rank, by the next result proved in [5].

Lemmal5 Let f: (M, Z;) » (My, Z,) be a b-map. The anchor p, othMl restricts
to an isomorphism (p1) p: Ker(Y f.) , — Ker( f+), for all p € M.

We finish this subsection by observing that, if a b-vector field can be pushed
forward by the derivative f, of a b-map f, then its lift to a section of the b-tangent
bundle can be pushed forward by the b-derivative ° f,.

Lemmal6 Let f:(M, Z1) — (Ma, Z,) be a surjective b-map, and letY e F(”_TMI)
be such that Y :=p,(Y) pushes forward to some element W € X(M, ). Then bf(Y)isa
well-defined section of ® TM,, and it equals the unique element W € T'(® TM,) satisfying
p2(W) = W.

Proo_f Since f is a Emap, we have that W € X(M;) is tangent to Z, so indeed W =
p2(W) for unique W € I'( TM,). Now, first consider p € M;\Z;. Commutativity of
the diagram (1.2) implies that

p2(C£)p(Yp)) = (£)p(p1(Yp)) = (£)p(Yp) = Wy(p).-

But we also have pz(Wf(p)) Wi(py> so that injectivity of p, at f(p) € My\Z,
implies (*£.),(Y,) = W f(p)- Next, we choose p € Z;. Since f is a b-map, we can
take a (one-dimensional) slice S through p transverse to Z;, such that the restriction
fls:S = f(8) is a diffeomorphism. Since (°f,)]s is a vector bundle map covering
the diffeomorphism f|s, the expression (°f,)|s(Y|s) is well defined and smooth.
Moreover, it is equal to W/ (s on the dense subset f(S)\( f(S) N Z,) c f(S), as we
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just proved. By continuity, the equality (°£.) [s (Y]s) = W|s(s) holds on all of £(S),
so that, in particular, (*£.),(Y,) = W f(p)- This concludes the proof. |

1.2 b-submanifolds

Given a b-manifold (M, Z), a submanifold C c M transverse to Z inherits a b-
manifold structure with distinguished hypersurface C n Z. Such submanifolds are
therefore the natural subobjects in the b-category.

Definition 1.7 A b-submanifold C of a b-manifold (M, Z) is a submanifold C c M
that is transverse to Z.

Let C c (M, Z) be a b-submanifold. The inclusion i: (C,Cn Z) - (M, Z) of b-
manifolds induces a canonical map %i,:*TC — ®TM that is injective by Lemma 1.5.
This allows us to view ?TC as a Lie subalgebroid of bTM. In particular, we have the
following fact.

Lemmal8 IfCc (M,Z) isa b-submanifold, then L, c *T,C forall pe Cn Z.

Proof Fixing some notation, we have anchor maps p: *TC - TC and p: *TM —
TM, and we put L := Ker(p|cnz) and L = Ker(p|;) as before. If i:(C,CnZ) =
(M, Z) denotes the inclusion, then we get a commutative diagram with exact rows,
for points pe Cn Z:

0 L, T, M £ T,Z 0
(1.3) (b’i*),w ((ionz)*)J
0 L, .0 —L s T(CNZ) —— 0.

We obtain (°i,),(L,) = LL,: the inclusion “c” holds by the above diagram, and the
equality follows by dimension reasons, since (%i.),, is injective. In particular, L,, is
contained in the image of (%1, ), as we wanted to show. |

The notions of b-map and b-submanifold are compatible, as the next lemma
shows.

Lemma 1.9 Let f:(My,Z;) - (Ma, Z,) be a b-map, and assume that we have b-
submanifolds Cy; c (M, Zy) and C, c (M,, Z,) such that f(C) c C,.

(i) Restricting f gives a b-map

f|C1 . (Clscl ﬂZl) - (Cz, Cz ﬂZz).

(ii) Further, (bf*)|ch1 = b(f|cl),,.
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Proof (i) We first note that

(fle)(CanZy)=Cinf N (ConZy)=Cinf(C)n f(Z)
= C] ﬁf_l(CZ) N Zl = C] n Zl,

since f isa b-map and C; ¢ f7!(C,). Next, choosing p € C; N Z;, we have to show
that

(14) (f)p(TpCr) + Tr(py(Ca N Z2) = Ty () Co.

« _»

We clearly have the inclusion “c”. For the reverse, we choose v € Tf(,)C,. By
transversality f ¢ Z,, we know that ( f,),(T, M) + Tf(p)Z2 = Tf(p)M2. So we
have v = ( f,),(x) + y for some x € T, M; and y € T (p)Z,. Next, since Cy 4 Z;,
we have T,C, + T, Z; = T, M; so that x = x; + x; for some x; € T,C; and x; €
T,Z,. So we have

(15) v=(f)p(xa) +[(fo)p(x2) +y].

The term in square brackets clearly lies in Tf(,)Z,, and being equal to v —
(f+)p(x1), italsolies in Ty(,)C,. So it lies in Tf(,)(Cy N Z;), using the transver-
sality C; 4 Z,. Hence, the decomposition (1.5) is as required in (1.4).

(ii) Denoting the inclusions i;: (C;,CinZ;y) = (M, Z;) and iy: (Cy,Con2Zp) <
(M, Z,), we have foi;=iyo f|c,. Hence by functoriality, *f, o%(i)). =
b(i5)« 0 °( flc,)«» which implies the claim. ]

1.3 Distributions on b-manifolds

We saw that the short exact sequence (1.1) does not split canonically. However, its
restriction to suitable distributions does split.
Lemma1.10 Let (M, Z) be a b-manifold with anchor map p: *TM — TM.

(i) Given a distribution D on M that is tangent to Z, there exists a canonical splitting
o: D — Y TM of the anchor p.

(ii) Let D denote the set of distributions on M tangent to Z, and let § consist of the
subbundles of ® T M intersecting trivially ker(p). Then there is a bijection

D — 8: D+— (D),
where the splitting o is as in (i) . The inverse map reads D' — p(D").

Proof (i) One checks that the inclusion I['(D) c I'(* TM) induces a well-defined
vector bundle map

o:D — 'TM: vi— X,

where X € T(D) is any extension of v € D,. This map ¢ satisfies p o ¢ = Idp, so in
particular p(c(D)) = D.

(ii) We only have to show that if D’ is a subbundle of *TM intersecting trivially
ker(p), then o(p(D’)) = D'. Denote D := p(D’), a distribution on M tangent
to Z. The canonical splitting 0: D — *TM is injective, and D and D’ have the
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same rank, hence it suffices to show that 6(D) c D’. If X is a section of D, then
X = p(Y) for unique Y € T (D"). We get

p(0(X)) =X = p(¥),
and since the anchor p is injective on sections, this implies that 6(X) = Y. ]

Corollary 1.11  Let f: (M), Z,) - (M3, Z,) be a b-map of constant rank. Notice that
Ker( f.) is a distribution on M that is tangent to Z;. It satisfies

o(Ker( f.)) = Ker(®f.),
where o: Ker( f,) — * TM denotes the canonical splitting of the anchor p,.

Proof Under the bijection of Lemma 1.10(ii), Ker( f.) corresponds to Ker(® £, ), as
a consequence of Lemma 1.5. |

1.4 Vector Bundles in the b-category

If (M, Z) is a b-manifold and 7: E — M a vector bundle, then (E, E|z) is naturally a b-
manifold and the projection 7: (E, E|z) - (M, Z) is a b-map. Along the zero section
M c E, the b-tangent bundle * TE splits canonically as follows.

Lemma 1.12  Let (M, Z) be a b-manifold and let m: E -~ M be a vector bundle. Then
at points p € M, we have a canonical decomposition

b ~b
T,E="T,M & E,.

Proof Denote by VE := Ker(m,) the vertical bundle. By Corollary 1.11 there is a
canonical lift 0: VE < *TE such that o(VE) = Ker(’7,). So we get a short exact
sequence of vector bundles over E:

(1.6) 0 VE<S'TE ™, (" TM) — 0.
Here,
* b _ b . _
m*("TM) = {(e,v) e Ex"TM: n(e) = pr(v)}

is the pullback of the vector bundle pr:® TM — M by 7, and the surjective vector
bundle map

b P TE — 2" (PTM),  (e,v) — [e, (Pm)o(v)]
is induced by the b-map 7: (E, E|z) - (M, Z).

Restricting (1.6) to the zero section M c E gives a short exact sequence of vector
bundles over M:

b
0—E'TEly Z5'TM—o.
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This sequence splits canonically through the map bi,:*TM — b TE| ) induced by the
inclusion i: (M, Z) < (E, E|z). ]

The following result makes use of the decomposition introduced in Lemma 1.12.
Lemma 113 (i) Let m:(E,E|z) > (M, Z) be a vector bundle over the b-manifold

(M, Z). Denote by p and p the anchor maps of ® TM and ° TE respectively. Under
the decomposition of Lemma 1.12, we have that the map

Pla:PTE[M 2" TM®E — TE|y 2 TM & E

equals p & Id.
(ii) Consider a morphism ¢ of vector bundles over b-manifolds covering a b-map f:

(E17 El’Z1> # (E27 EQ’ZQ)

(1.7) l J

(Ml, Zl) % (MQ, ZQ)

Then ¢ is a b-map, and its b-derivative along the zero section
bq)*|MZhTE1|M = bTM] ®E —~ bTE2|M = bTMz ®E,
equals °f, @ ¢.

Proof (i) Since M is a b-submanifold of (E,E|;), we have that *TM is a Lie
subalgebroid of * TE. In particular, 5 and p agree on ® TM. Next, we know that
p takes E c Y TE|y isomorphically to E ¢ TE|y, thanks to Lemma 1.5 applied to
m. To see that p|g = Idg, we choose v € E, and extend it to V € T(VE). Denote
by 0: VE < P TE the canonical splitting of 5, as in the proof of Lemma 1.12. Then

5(v) = (o (V)] = V, = v.

(ii) It is routine to check that ¢ is a b-map, so we only prove the second statement.
Taking the b-derivative of both sides of the equality 7, 0 ¢ = f o7y at a point
p € My, we know that (°72) . (°@.(E1),) = £ (*m)«(E1),) = 0, since (E), =
Ker[(*m;).]p. Hence, *9.(E1), c Ker[(°m2)+]5(p) = (E2) () by the proof of
Lemma 1.12. Using (i) and the diagram (1.2 ), we have a commutative diagram

b
YT By = T, My © (Br), —— "Ty) Ba = PTy) M2 © (B2) g,

J(pl@Id) J(pz@ld)
18)
TyEy = T,My @ (Br)y —— Ty B = Ty Mo @ (E2) 4,

It implies that ,
§0*|(E1),, = (P*|(E1),, = §0|(El)p-

Finally, *@.[s 1, = ”f« holds by Lemma 1.9(ii). ]
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1.5 Log-symplectic and b-symplectic Structures

The b-geometry formalism can be used to describe a certain class of Poisson struc-
tures, called log-symplectic structures. These can indeed be regarded as symplectic
structures on the b-tangent bundle.

Definition 1.14 A Poisson structure on a manifold M is a bivector field T1 € T(A*TM)
such that the bracket { f, g} = I1(df, dg) is a Lie bracket on C* (M). Equivalently, the
bivector field II must satisfy [I1,I1] = 0, where [-,-] is the Schouten—Nijenhuis bracket
of multivector fields. A smooth map f:(My,I1;) - (My,11,) is a Poisson map if the
pullback f*: (C*(My),{-,-}2) = (C>*(M),{",-}1) is a Lie algebra homomorphism.

The bivector IT induces a bundle map IT#: T*M — TM by
<H§,(0c),ﬁ) =TI,(a, ) Va,Be T, M,

and the rank of IT at p € M is defined to be the rank of the linear map IT§. Poisson
structures of full rank correspond with symplectic structures via w <> 1.

For every f € C* (M), the operator { f,-} is a derivation of C*°(M). The corre-
sponding vector field X = IT#(df) is the Hamiltonian vector field of f. Any Poisson
manifold (M, II) comes with a (singular) distribution Im(II'), generated by the
Hamiltonian vector fields. This distribution is integrable (in the sense of Stefan—
Sussman), and each leaf O of the associated foliation has an induced symplectic
structure wg = —(I|p) ™"

Definition 1.15 A Poisson structure T1 on a manifold M*" is called log-symplectic if
A1 is transverse to the zero section of the line bundle N*" TM.

Note that a log-symplectic structure IT is of full rank everywhere, except at points
lying in the set Z := (A"I1)7!(0), called the singular locus of II. If Z is nonempty,
then it is a smooth hypersurface by the transversality condition, and we call IT
bona fide log-symplectic. In that case, Z is a Poisson submanifold of (M, IT) with an
induced Poisson structure that is regular of corank-one. If Z is empty, then IT defines
a symplectic structure on M.

Since log-symplectic structures come with a specified hypersurface, it seems plau-
sible that they have a b-geometric interpretation. As it turns out, log-symplectic
structures are exactly the symplectic structures of the b-category.

Definition1.16 A b-symplectic form on a b-manifold (M*", Z) is a ® d-closed and non-
degenerate b-two-form w € *Q*(M).

Here, non-degeneracy means that the bundle map w’: *TM — *T*M is an iso-
morphism, or equivalently that A" is a nowhere vanishing element of * Q" (M).

Example 117 [11, Example 9] In analogy with the symplectic case, the b-

cotangent bundle *T*M of a b-manifold (M,Z) is b-symplectic in a canonical
way. Note that (*T*M,"T*M|y) is naturally a b-manifold, and that the bundle
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projection 7r: (*T* M, T*M|z) — (M, Z) is a b-map. The tautological b-one-form 0 e
bQY O T* M) is defined by

0e(v) = (& ("m)e(v)),

where &b T nMandv e "Te(PT* M). Its differential —° d6 is a b-symplectic form on
YT* M. To see this, choose coordinates (xy, .. .,x,) on M adapted to Z = {x, = 0}, and
let (y1,...,yn) denote the fiber coordinates on *T* M with respect to the local frame
{5, dxa, ..., dx,}. The tautological b-one form is then given by

0 = ylﬁ + Zy,-dx,-,

X1 =

with exterior derivative

_bgg - 91, dy,+ > dx; ndy;.
X1 i=2

Alog-symplectic structure on M with singular locus Z is nothing but a b-symplectic
structure on the b-manifold (M, Z); see [11, Proposition 20]. Indeed, given a b-
symplectic form w on (M, Z), its negative inverse It := —(0*):°T*M - ' TM
defines a b-bivector field T € T(A%(* TM)), and applying the anchor map p to it
yields a bivector field IT := p(°TT) e T(A2TM) that is log-symplectic with singular
locus Z. Conversely, a log-symplectic structure IT on M with singular locus Z lifts
uniquely under p to a non-degenerate b-bivector field *TI, whose negative inverse
is a b-symplectic form on (M, Z). These processes are summarized in the following
diagram:

b

—w
“T*M —T "TM

(1.9) P*I JP

M —T T

We will switch between the b-symplectic and the log-symplectic (i.e., Poisson)
viewpoint, depending on which one is the most convenient.

1.6 A Relative b-Moser Theorem

We will need a relative Moser theorem in the b-symplectic setting. First, we prove the
following b-geometric version of the relative Poincaré lemma [3, Proposition 6.8].

Lemma 1.18 Let (M, Z) be a b-manifold and let C c (M, Z) be a b-submanifold.
Denote the inclusion by i: (C,Cn Z) < (M, Z). If € *QF (M) is *d-closed and * i* B =
0, then there exist a neighborhood U of C and 1 € *Q¥"Y(U) such that

bdy = Blu,
fle=0
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Proof We adapt the proof of [3, Proposition 6.8]. We first choose a suitable tubular
neighborhood of C that is compatible with the hypersurface Z. Due to transversality
C 4 Z, we can pick a complement V to TC in TM|¢ such that V, c T,Z for all
peCnZ. Fix a Riemannian metric g for which Z c (M, g) is totally geodesic
(e.g,[19, Lemma 6.8]). The associated exponential map then establishes a
b-diffeomorphism between a neighborhood of C in (V, V|¢nz) and a neighborhood
of Cin (M, Z).

So we can work instead on the total space of 7r: (V, Vl|cnz) = (C, C n Z). Consider
the retraction of V onto C given by 1V x [0,1] = V:(p,v,t) ~ (p, tv), and notice
that the r; are b-maps. The associated time-dependent vector field X; is given by
X¢(p,v) = 3v, which is a b-vector field that vanishes along C. It follows that we get
a well-defined b-de Rham homotopy operator

LPok(v) — o (V)ia — /: byt (ix,@)dt,
which satisfies
(1.10) brra—bria="dI(a) + I(*da).
Since r, = Id and ry = i o 77, formula (1.10) gives f = *dI(B). Now set  := I(f).  m

Proposition 1.19 (Relative b-Moser Theorem). Let (M, Z) be a b-manifold and let
C c (M, Z) be a b-submanifold. If wy and w, are b-symplectic forms on (M, Z) such
that wo|c = wi|c, then there exists a b-diffeomorphism ¢ between neighborhoods of C
such that ¢|¢ = Id and *¢* w, = w,.

Proof Consider the convex combination w; := wy + t(w; — wy) for ¢ € [0,1]. There
exists a neighborhood U of C such that w; is non-degenerate on U for all ¢ € [0,1].
Shrinking U if necessary, Lemma 1.18 yields 5 € *Q!(U) such that w; — wy = d# and
#lc = 0. As in the usual Moser trick, it now suffices to solve the equation

ix,w;+n=0

for X; € *X(U), which is possible by non-degeneracy of w;. The b-vector fields X;
thus obtained vanish along C, since #|c = 0. Further shrinking U if necessary, we
can integrate the X; to an isotopy {¢;}c[o,1] defined on U. Note that the ¢, are b-
diffeomorphisms that restrict to the identity on C. By the usual Moser argument, we
have ¢, w; = wy, so setting ¢ := ¢, finishes the proof. ]

Remark 1.20  We learnt from Ralph Klaasse that the work in progress [15] contains
a version of Proposition 1.19 that holds in the more general setting of symplectic Lie
algebroids.

2 b-coisotropic Submanifolds and the b-Gotay Theorem

This section is devoted to coisotropic submanifolds of b-symplectic manifolds that
are transverse to the degeneracy hypersurface. The main result is Theorem 2.13, a
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b-symplectic version of Gotay’s theorem, which implies a normal form statement
around such submanifolds. This can be used, for instance, to study the deformation
theory of b-coisotropic submanifolds [7].

2.1 b-coisotropic Submanifolds

In this subsection, we introduce b-coisotropic submanifolds and discuss some of their
main features. First, recall the definition of a coisotropic submanifold in Poisson
geometry.

Definition 2.1 Let (M, I1) be a Poisson manifold with associated Poisson bracket {-,-}.
A submanifold C c M is coisotropic if the following equivalent conditions hold:

(i) MH(TC®) c TC, where TC® c T* M|c denotes the annihilator of TC.
(i) {Ic,Ic} c I, where Ic:={ f € C*(M): f|c = 0} denotes the vanishing ideal
of C.
(iii) T,CNT,O0 is a coisotropic subspace of the symplectic vector space
(Tp0,~(M|o),") for all peC, where O denotes the symplectic leaf through
.
The singular distribution IT*( TC?) on C appearing above is called the characteristic

distribution. If TT = —w™" is symplectic, the coisotropicity condition becomes TC* c
TC.

Definition 2.2 Let (M,Z,w) be a b-symplectic manifold, and denote by 11 the
corresponding Poisson bivector field on M. A submanifold C of M is called b-coisotropic
if it is coisotropic with respect to Il and a b-submanifold (i.e., transverse to Z).

Remark 2.3 A b-coisotropic submanifold C" ¢ (M*", Z,11) of middle dimension is
necessarily Lagrangian; i.e., T,C n T, O is a Lagrangian subspace of the symplectic vector
space (T,0,~(T|o),") for all p € C, where O denotes the symplectic leaf through p.
Indeed, at points away from Z there is nothing to prove. At points p € C 0 Z, we have

dim(T,Cn T,0) <dim(T,CNTpZ) = n—-1,

where the last equality follows from transversality C 4 Z. On the other hand, T,Cn
T,0 is at least (n —1)-dimensional, being a coisotropic subspace of the (2n —2)-
dimensional symplectic vector space T,O. Hence, dim(T,Cn T,0) = n -1, which
proves the claim.

Definition 2.2 can be rephrased in terms of the b-symplectic form w: a b-coisotropic
submanifold is precisely a b-submanifold C such that (*TC)“ c *TC.

Proposition 2.4  Let C be a b-submanifold of a b-symplectic manifold (M, Z, ). Then
C is coisotropic if and only if (* TC)® c *TC.

Notice that the latter condition states that ®T'C is a coisotropic subbundle of the
symplectic vector bundle (* TM|c, w|c).

Proof If C is coisotropic, then at points of Cn (M\Z), we have that TC® c
TC, ie., (*TC)® c*TC. By continuity, this inclusion of subbundles holds at all
points of C. Conversely, if this inclusion holds on C, it follows that Cn (M\Z) is
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coisotropic in M\Z, and using characterization (ii) in Definition 2.1, we see that C
is coisotropic in M. [

We give an alternative description of the characteristic distribution of a
b-coisotropic submanifold.

Lemma 2.5 Let C be any b-submanifold of a b-symplectic manifold (M, Z, w), and let
p:®TM — TM denote the anchor of ® TM so that TT = p(~w™") is the Poisson bivector
corresponding with w. Then

(2.1) p((*TC)*) =TH(TC).

Proof Atpoints p € C\(C n Z), equality (2.1) holds by symplectic linear algebra. So
let p € Cn Z. Denote by °TI := ~w™! € T(A%(®TM)) the lift of IT as a b-bivector field.
Note that

(2.2) (*T,C) = () (" 1,0)°) =T (("T,C)°),

where the annihilator is taken in ? T; M. We now assert:
Claim. (°T,C)° = p3(T,C").

To prove the claim, we first note that the dimensions of both sides agree, since
Ker(p;) N T,C® = Im(py)° N T,C° = T,2° n T, C® = (T, Z + T,C)° = {0},

where the last equality holds by transversality C 4 Z. Now it is enough to show that
the inclusion “5” holds, which is clearly the case, since p,("T,C) c T,C. This proves
the claim.

We thus obtain
po(("T,C)*) = (py o "TT} 0 p2) (T,C?) = TH(T,C°),

where in the first equality we used (2.2), and the claim just proved, and in the second,
we used the diagram (1.9). ]

A general fact in Poisson geometry is that the conormal bundle of any coisotropic
submanifold is a Lie subalgebroid of the cotangent Lie algebroid. We now show that
the b-geometry version of this fact holds for b-coisotropic submanifolds.

Proposition 2.6  Let (M, Z, w) be a b-symplectic manifold with corresponding Poisson
bivector field T1. Recall that ®T*M is a Lie algebroid (endowed with the Lie bracket
induced by bT1), fitting in the diagram of Lie algebroids (1.9). Let C be a b-coisotropic

submanifold.

(i) (°TC)° is a Lie subalgebroid of " T* M.
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(ii) (®TC)e fits in the following diagram of Lie subalgebroids of the diagram (1.9):

—wP

(ch) o = (ch)w

bHﬁ
(2.3) p*} JP
TC® L TC.

Proof Diagram (2.3)isa diagram of vector subbundles of diagram (1.9), by the claim
in the proof of Lemma 2.5 and by equation (2.2).

For (i), since the morphism bTTH in diagram (1.9) is an isomorphism of Lie
algebroids, it suffices to show that (* TC)“ is a Lie subalgebroid of * TM. Since (* TC)“
is the kernel of the closed b-2-form Yi*w, a standard Cartan calculus computation
shows that this is indeed the case. It is well known that TC° and TC are also Lie
subalgebroids, proving (ii). [ ]

2.2 Examples of b-coisotropic Submanifolds

We now exhibit some examples of b-coisotropic submanifolds. The main result of
this subsection is Proposition 2.8, which shows that graphs of suitable Poisson maps
between log-symplectic manifolds give rise to b-coisotropic submanifolds, once lifted
to a certain blow-up.

Examples 2.7 (i) Given a log-symplectic manifold (M, Z,11), any hypersurface of M
transverse to Z is b-coisotropic.

(i) Let (M, Q) be a symplectic manifold, whose non-degenerate Poisson structure we
denote Ty := —Q7Y, and let (N, Tly) be a log-symplectic manifold with singular
locus Z. Then (M x N,I1y — Ily) is log-symplectic with singular locus M x Z.
Given a Poisson map ¢:(M,I1y) — (N,IIy) transverse to Z, we have that
Graph(¢) c (M x N,I1p — Iy) is b-coisotropic. As a concrete example, consider
for instance

2
¢ (R% Y, 0, A Dy, ) — (R, 200 A 9,) 5,
i=1

(2.4) (xl,}’l, xz,)’z) — (}’1, X2 — x1y1)~

We will now prove Proposition 2.8. We start recalling some facts from [9, §2.1].
Given a manifold M and a closed submanifold L of codimension at least 2, one can
construct a new manifold by replacing L with the projectivization of its normal bundle.
The resulting manifold Bl (M), the real projective blow-up of M along L, comes with
amap

p:BlL (M) — M,

which restricts to a difffomorphism Bl (M)\p~'(L) - M\L. Further, let S c¢ M be
a submanifold that intersects L cleanly; i.e., SN L is a submanifold with T(SnL) =
TSN TL. Then S can be “lifted” to a submanifold of BI; (M), namely the closure of
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the inverse image of S\L under p:
S:= p1(S\D).

Now let (M;, Z;,I1;) be log-symplectic manifolds for i =1, 2. The product M; x
M, is not log-symplectic in general,' but [20], [9, §2.2]

(25) X = Blzlxzz(Ml X Mz)\(Ml X ZZ ] Z] X Mz)

is log-symplectic with singular locus the exceptional divisor p™'(Z; x Z,), and the
blow-down map p: X - M, x M, is Poisson, where M, denotes (M,, -I1;).

Proposition 2.8  Let f: (M, Z1,11,) - (Ma, Z»,11,) be a Poisson map with f(Z,) c
Z,. Then

graph(f)
is a b-coisotropic submanifold of the log-symplectic manifold X defined in (2.5).
Proof The intersection graph( f)nZ;xZ, is clean, since it coincides with

graph( flz,) thanks to the assumption f(Z;) c Z,. Hence, graph( f) can be “lifted”
to X. __

The resulting submanifold graph( f) is coisotropic: graph( f) is coisotropic in
M, x M, because f is a Poisson map, so p~*(graph( f)\Z: x Z,) is coisotropic in X
(since p is a Poisson diffeomorphism away from the exceptional divisor), and the same
holds for its closure.

To finish the proof, we have to show that graph( f) is transverse to the exceptional
divisor E := p~'(Z, x Z,). Let (xfl)) be local coordinates on M; such that Z; = {xl(l) =
0},and similarly, let (x](.z)) belocal coordinates on M, such that Z, = {xl(z) =0}. Then

(0,7 (e) - )
are local coordinates on M; x M, that are adapted graph( f), but also to
(Zyx Z2) = {x{V =0, f* (x{?) - 2P = 0},

due to the hypothesis f(Z;) c Z,. Hence, we can apply Lemma 2.9, which yields the
desired transversality. [ ]

The proof of Proposition 2.8 uses the following statement, for which we could not
find a reference in the literature.

'However, it fits in a slight generalization of the notion of log-symplectic structure used in this note:
indeed (M; x Z;) U (Z; x M>) is a normal crossing divisor, and vector fields tangent to it give rise to a
Lie algebroid to which the Poisson structure on M; x M, lifts in a non-degenerate way (we thank Aldo
Witte for pointing this out to us). One can check that if f: M; — M, is a Poisson map transverse to Z,,
then graph( f) intersects transversely both M; x Z, and Z; x M. This statement generalizes Example
2.7(ii) and can be viewed as an analogue of Proposition 2.8.
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Lemma 2.9 Let m, n be non-negative integers. Consider R"*™ with standard coordi-
nates xXi, ..., Xu, Y1, - - - » ¥Ym> and the subspaces

Z:={0} xR™,
S ::(Rk x {0}) x (Rl x {0}),

where k < n and | < m. Then, in the blow-up Bl (R"*™), the submamfold? interesects
transversely the exceptional divisor E.

Proof We have

Bl (R™™) = {((x,y), [x]) :x e R\ {0}, y € Rm} cR™™ x RP",

where [-] denotes the class in projective space. Notice that by taking the closure, we
are adding exactly the exceptional divisor

E={0} xR™ x RP",
We have

5= {((xl,O,yl,O), [(xl,O)]) :x; € RF\{0}, y; € ]Rl}.
By taking the closure we are adding exactly
{0} x (R x {0}) x RP* =S E.
For every point p € SN E there is a curve of the form
y:t — ((£x1,0,1,0), [(x1,0)])

lying in S with y(0) = p, and clearly %|0y(t) ¢ T,E. Since %|0y(t) € TPE and E has

codimension 1, we obtain T, E + Tp§ = T,Bl,(R™™). .

Remark 2.10 One can show that for any pair of submanifolds L and S intersecting
cleanly, around any point of the intersection there exist local coordinates of the ambient
manifold M that are simultaneously adapted to both submanifolds. Lemma 2.9 then

implies that, with the notation of the beginning of this subsection, S intersects the
hypersurface p~ (L) of Bl (M) transversely.

2.3  b-coisotropic Embeddings and the b-Gotay Theorem

If C &> (M, Z, w) is b-coisotropic, then Proposition 2.4 implies that (C, Cn Z,? i*w)
is b-presymplectic; i.e., the b-two-form ?i*w € *Q?(C) is closed of constant rank.
Conversely, in this subsection, we prove that any b-presymplectic manifold embeds
b-coisotropically into a b-symplectic manifold, which is unique up to neighborhood
equivalence. In other words, we show a version of Gotay’s theorem for b-coisotropic
submanifolds. For Lagrangian submanifolds, this becomes a version of Weinstein’s
tubular neighborhood theorem, which was obtained in [13, Theorem 5.18].
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As a consequence, a b-coisotropic submanifold C c (M,Z,w) determines w (up
to b-symplectomorphism) in a neighborhood of C. Notice that arbitrary coisotropic
submanifolds of the log-symplectic manifold (M, Z, II) do not satisfy this property:
for instance, Z is a coisotropic (even Poisson) submanifold, and by [11], the additional
data consisting of a certain element of H};(Z) is necessary in order to determine the
b-symplectic structure in a neighborhood of Z.

Definition 2.11 A b-presymplectic form on a b-manifold is a b-two-form, which is
closed and of constant rank.

Definition 2.12 Let (M), Z;,w) be a b-manifold endowed with a b-presymplectic
form w e *Q*(M,). A b-coisotropic embedding of M, into a b-symplectic manifold
(M3, Z,,Q) is a b-map ¢: (M1, Zy) = (Ma, Zy) such that ¢ is an embedding and

(1) "¢ Q= w;

(i) ¢(M,) is b-coisotropic in (My, Z,, Q0).

We will prove the following Gotay theorem in the b-symplectic setting.

Theorem 2.13 (The b-Gotay theorem). Let (C,Zc,wc) be a b-manifold with a
b-presymplectic form wc € *Q?(C). We then have the following:

(a) Cembeds b-coisotropically into a b-symplectic manifold;
(b) the embedding is unique up to b-symplectomorphism in a tubular neighborhood of
C, fixing C pointwise.

We divide the proof of Theorem 2.13 into several steps. We roughly follow the
reasoning from the symplectic case presented in [8]. We start by constructing a b-
symplectic thickening of the b-presymplectic manifold C, from which Theorem 2.13(a)
will follow.

Proposition 2.14 Denote by E the vector bundle Ker(wc) c *TC. Then there is a b-
symplectic structure Qg on a neighborhood of the zero section C c E*.

Proof Fix a complement G to Ein ®TC, and let j: E* < ®T*C be the induced inclu-
sion. It is clear that j(E*) = G°. Since both the bundle projection 7: (E*, E*|z.) —
(C,Z¢) and the inclusion j: (E*,E*|z.) — (°T*C,°T*C|z,) are b-maps, we can
define a b-two-form Qg on (E*, E*|.) by

(2.6) Qg = bﬂ*wc + bj*wcun-

Here, w4, denotes the canonical b-symplectic form on *T*C as in Example 1.17,
and the subscript G is used to stress that the definition depends on the choice of
complement G.
We want to show that Q¢ is b-symplectic on a neighborhood of C c (E*, E*|z.).
As Qg is clearly b-closed, it suffices to prove that Q¢ is non-degenerate at points p € C.
We claim that under the decomposition

"T,(*T*C) 2" T,C® " T; C,
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of Lemma 1.12, the canonical b-symplectic form is the usual pairing
(2.7) (wcan)p(v"'“’w"'ﬂ): <V>/3>_<W’“>'

This claim can be checked writing in cotangent coordinates w.,, = dx—’jl ANdy +
Y, dx; A dy;, and noticing that y; is a linear coordinate on each fiber ° T,C, ie,
yie("T;C)* =P T,C.

Consider now the decomposition

(2.8) "T,E* = "T,C®E; =E, ® G, ® E}

given by Lemma 1.12. Using Lemma 1.13(ii), we have (*j,), = Idor,c @ jlg;. Hence,
under decomposition (2.8), we have
(bj*wc,m)P(v twra,x+y+p)= (wc,m)P(v +w+jla),x+y+ ]([3))
=(v+w,j(B)) - (x+y, j(a))
= (v, j(B)) = (x, j(a)),

using the above claim and recalling that j(E}) = Gg. In matrix notation,

E, G, E

29) - E,/0 0 A
(] Wczzn)p = Gp 0 0 0

Ex\-4 0 0

for some matrix A of full rank. Similarly, we have (°7,), = Idvp,c @ 0, applying
Lemma 1.13(ii) to 7 (regarded as a vector bundle map). Therefore, under (2.8), we get

(bﬂ*wc)p(v+w +a,x+y+p)=(wc)py(v+w,x+y)

so that we get a matrix representation of the form

E, G, E
E, /0 0 0

2.10 . P

210 (”wwc)pz Gp<o B o)
EZ\N0O 0 0

where we also use that E = Ker(w( ). Note that the matrix B in (2.10) is of full rank,
since the restriction of (w¢), to G, is non-degenerate. Combining (2.9) and (2.10),
we have that

E 0 0
2.11 * o P
( ) (QG)p = (b']r CL)C')p + (b] CUcan)p = Gp < 0 B 0 )7
Ex\-A 0 0
p

which is of maximal rank. Therefore, Q¢ is non-degenerate at points p € C c E*.m
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Proof Proof of Theorem 2.13(a). We show that the inclusion (C,Zc,wc) 4
(E*, E*|ze» Qg ) is indeed a b-coisotropic embedding; i.e.,
(i) *i* Qg = wes
(ii) *TC% cbTC.
Wehave *i*Q¢ = (moi)*we +b(joi)*Wean = wc + P(jo i)* Wean. Note that j o i is
the inclusion of C into ®T*C, so that ®(jo i)* wean = 0, since C is b-Lagrangian in
(°T*C, Wean ). This proves (i).

To check (ii), we let p € C and choose v+ w + a € E, @ G, ® E}; = T,E* lying in
prCQG. Letx e E, c b T, C be arbitrary. Thanks to (2.11), we then have

0=(Q¢)p(x,v+w+a)=(Qg),(x,a),

which forces that a = 0 due to non-degeneracy of (), on E, x E;. Hence, v + w +
a=v+wliesin E, ® G, = " T, C, as desired. [ ]

The uniqueness statement of Theorem 2.13(b) is an immediate consequence of the
following proposition, to which we devote the rest of this subsection.

Proposition 2.15  Let (M, Z, ) be a b-symplectic manifold and let C be a b-coisotropic
submanifold, with induced b-presymplectic form wc € *Q?(C). Let E = Ker(wc) and
fix asplitting® TC = E ® G. Then there is a b-symplectomorphism  between a neighbor-
hood of C ¢ (M, Z, w) and a neighborhood of C c (E*, E*|cnz, Q¢ ), with 1|c = Idc.

Proof Since w|gx¢ is non-degenerate, we have a decomposition * TM|c = G ® G*
as symplectic vector bundles. Note that E is a Lagrangian subbundle of (G*, w), since

(2.12) E°nG=(E®G)°=TCc*=tTCn’TC=E.

We fix a Lagrangian complement V to E in (G“, w), i.e., G* =E@ V.

The idea of the proof is to construct a b-diffeomorphism between neighborhoods of
Cin M and E*—obtained as a composition of b-diffeomorphisms to a neighborhood
in V— whose b-derivative at points of C pulls back Q¢ to w, and then apply a Moser
argument.

We start by establishing a b-geometry version of the tubular neighborhood theo-
rem, in which V plays the role of the normal bundle to C.

Claim 2.16 There is a b-diffeomorphism ¢ between a neighborhood of C in
(V, V|cnz) and a neighborhood of C in (M, Z), satisfying ®¢.

Cc = Id bT Ml c*
We will construct this map in two steps:

V—p(V)— M.
1) p(V) (2)

Step 1. Let p:*TM — TM denote the anchor map of *TM and notice that its
restriction to V is injective. To see this, recall the decomposition

(213) "TMlc=G®G*=GeEaV="TCoV
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and the fact that Ker(p|¢c) c * TC by Lemma 1.8, so that Ker(p) intersects V trivially.
As such, we get a b-diffeomorphism p: (V, V|cnz) = (p(V), p(V)|cnz)-
Step 2. The distribution p( V') is complementary to TC, i.e.,

TMlc=TCa®p(V).
Indeed, by Step 1, we have at any point p € C,
dim(T,M) = dim(T,C) + dim(V,) = dim(T,C) + dim(p(V,)),

and moreover, if v € V, is such that p(v) € T,C, then v € *T,Cn V, = {0}. Now
fix a Riemannian metric ¢ on M such that Z c (M, g) is totally geodesic (e.g., [19,
Lemma 6.8]). The corresponding exponential map exp, takes a neighborhood of
C c p(V) diffeomorphically onto a neighborhood of C ¢ M. Moreover, the fibers
of p(V) over Cn Z are mapped into Z, since p(V,) € TpZ for pe CnZ and Z
is totally geodesic. Therefore, the map” exp i (p(V), p(V)lcnz) = (M, Z) is a b-
diffeomorphism between neighborhoods of C.

We now show that ¢ := exp, op: V' > M has the claimed property. That is, we show
that [b(expg op)+«]|c is the identity map on * TV |c 2 * TC @ V = TM|c, by checking
that it acts as the identity on sections. We will need the commutative diagram

b(exp, op)-

TC oV "TM|c
(2.14) lp@ldv Jﬁ
TCoV (©xDg °0)- TM|c,

which implicitly uses Lemma 1.13(i). We will also use that for all g € C the ordinary
derivative reads

[(expgop).]  TyV 2 TyC @ Vy — TyM = T,C@ p(Vy)
(2.15) w+vi— w+p(v).
For a section X + Y e [ (*TC @ V'), we now compute
p[*(expg op). (X +Y)] = (exp, op). (p(X) +Y)
=p(X) +p(Y)
=p(X+Y),
using (2.14) in the first equality and (2.15) in the second. Since the anchor p is injective
on sections, this implies that ®(exp ¢°P)«(X +Y) =X+Y, as desired. Claim 2.16 is

proved.
Next, the map

v:V—E", v— -0

2Alternatively, one can apply [2, Example 3.3.9, pp. 88-89] (see also [21, Theorem 2]).
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is an isomorphism of vector bundles covering Idc, whence a b-diffeomorphism
between the total spaces (For the injectivity, note that i,w|p =0 implies that
veEYNGY=E as in (212), so that ve VNE={0}). The composition yo
¢ (M,Z) - (E*,E*|cnz) is a b-diffeomorphism between neighborhoods of C,
with (WO ¢_1)|c =Idc.

Claim 2.17 'This b-diffeomorphism satisfies [b(y/ o ¢_1)*Qg]| c=wlc.

As before, let 1: E* — C denote the bundle projection, and let j: E* < ®T*C be the
inclusion induced by the splitting *TC = E @ G. Since y: V — E* is a vector bundle
morphism covering Id¢, by Lemma 1.13(ii), we have that

"yt TV|c 2 ' TCo® V — PTE*|c 2 ' TC @ E*

equals Id s ¢ @ . Furthermore, ®¢,|c = Id sy M| by Claim 2.16. Therefore, for p € C
and x; +v; € "T,C® V, = " T, M, we have

216)  ["(yo gb’l)*QG]p(xl + v, X0 +2) = (Q6)p (%1 + (1), %2 + ¥(12)).

Recalling equation (2.6) and applying Lemma 1.13(ii) as in the proof of Proposition
2.14, we expand the right-hand side of (2.16) as follows:

(Q6)p(x1+y(n), x2 +¥(v2)) = wp (31, %2) + (Wean)p (11 + j(W(11)), %2 + j(¥(12)))
= wp(x1,x2) + (x1, j(¥(v2))) = (x2, j(y(v1)))

wp(x1,%2) + (e, y(v2)) — (e, y(n1))

= wp(x1,%2) + wp(er,v2) + wp(v1,€2)

= wp (X1 +v1, %2 +12),

using equation (2.7) in the second equality, writing x; = e; + g; € E, ® G, = " T,,C,
and using in the last equality that V is a Lagrangian subbundle of (G“, w). This finishes
the proof of Claim 2.17.

Applying Proposition 1.19 (relative b-Moser) yields a b-diffeomorphism o, defined
on a neighborhood of C c (M, Z),such that *a* (*(y 0 $™)*Qg) = wand o|¢ = Idc.
So setting 7 := y o ¢! o ¢ finishes the proof. [ ]

3 Strong b-coisotropic Submanifolds and b-symplectic Reduction

We consider a subclass of b-coisotropic submanifolds in b-symplectic manifolds,
namely, the coisotropic submanifolds that are transverse to the symplectic leaves they
meet. The main observation is that their characteristic distribution has constant rank,
and the quotient (wWhenever smooth) by this distribution inherits a b-symplectic form
(Proposition 3.6).
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3.1 Strong b-coisotropic Submanifolds

In Subsection 2.1, we have seen that a b-coisotropic submanifold C ¢ (M, Z, w) comes
with a characteristic distribution
D:=ptTC®) =IN(TC").

In general, D fails to be regular. To force D to have a constant rank, we have to impose
a condition on C that is stronger than b-coisotropicity.

Definition3.1 A submanifold C of a log-symplectic manifold (M, Z,I1) is called strong
b-coisotropic if it is coisotropic (with respect to I1) and transverse to all the symplectic
leaves of (M, 1) it meets.

To justify this definition, we note that
HB,|TPC0 is injective < Ker(l'[g,) nT,C° = {0}
< T,0°n T,C° = {0}
< (T,0+ T,C)° = {0}
3.0) < T,0+T,C = T,M,
where O denotes the symplectic leaf through p. The last equation is exactly the

transversality condition of Definition 3.1. Consequently, we have the following propo-
sition.

Proposition 3.2 Let C c (M, Z,11) be a coisotropic submanifold. Then C is strong b-
coisotropic if and only if the characteristic distribution of C is regular, with rank equal
to codim(C).

Lemma 2.5 immediately implies the following corollary.

Corollary 3.3 Let Cc (M, Z,w) be strong b-coisotropic. Then its characteris-
tic distribution is tangent to Z, and corresponds to ®TC® under the bijection of
Lemma 1.10 (ii).

Remark 3.4 If C is a strong b-coisotropic submanifold of (M*", Z,11) intersecting Z,
then necessarily diim(C) > n + 1. Indeed, if O denotes the symplectic leaf through p €
Cn Z, then we have
dim(C) = dim(T,0 + T,C) + dim(T,0 n T,C) — dim(O)

=dim(T,0n T,C) +2

>n+l1,
where the last inequality holds, since T,0nT,C is a coisotropic subspace of the
(2n - 2)-dimensional vector space T,O. Alternatively, one can observe that a middle-
dimensional b-coisotropic submanifold C" c (M*", Z, w) is b-Lagrangian (i.e., * TC® =
YTC). Its characteristic distribution satisfies
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. _ | dim(C)-1 ifpeCnZ,
dim(D,) = { dim(C) else,

so that C cannot be strong b-coisotropic whenever it intersects Z, due to
Proposition 3.2.

3.2 Coisotropic Reduction in b-symplectic Geometry

In this subsection we adapt coisotropic reduction to the b-symplectic category. It is
well known that, given a coisotropic submanifold C of a Poisson manifold M, its
quotient C by the characteristic distribution is again a Poisson manifold, provided
it is smooth. More precisely, the vanishing ideal J¢ is a Poisson subalgebra of
(C*(M),{-}),and denotingby N(Jc) := { f € C=*(M) : { f, Ic} c I} its Poisson
normalizer, we have that N(J¢)/Jc is a Poisson algebra. As an algebra, it is canoni-
cally isomorphic to the algebra of smooth functions on the quotient C, so it endows
the latter with a Poisson structure, called the reduced Poisson structure.

Remark 3.5 When the Poisson structure on M is non-degenerate, i.e., corresponds to a
symplectic form w € Q*(M), the reduced Poisson structure on C is also non-degenerate.
Indeed [22], it corresponds to the symplectic form wy.q on C obtained by symplectic
coisotropic reduction, i.e., the unique one that satisfies q* wyeq = i* w, where q: C - C
is the projection, and i: C — M is the inclusion.

Proposition 3.6  (Coisotropic reduction). Let C be a strong b-coisotropic submanifold
of a b-symplectic manifold (M, Z, w,T1). Then D :=TI}(TC®) is a (constant rank)
involutive distribution on C. Assume that C := C/D has a smooth manifold structure,
such that the projection q:C — C is a submersion. Then C inherits a b-symplectic
structure Q, determined by

(3.2) b 0 =bi*w,

where i: C = M is the inclusion. Its corresponding log-symplectic structure is exactly the
reduced Poisson structure on C obtained from IL.

Proof We know that D has constant rank, by Proposition 3.2. As for involutivity,
first note that D is generated by Hamiltonians X},|c of functions & € Jc. On such
generators, we have

[Xmlc> Xn,lc] = [Xn» Xn,llc = X(ny,myles

where {hy, h,} € Ic due to coisotropicity of C. Hence, D is involutive.

The quotient Cn Z := (Cn Z)/D is a smooth submanifold of C, since for every
slice Sin C transverse to D, the intersection S N Z is a smooth slice in C N Z transverse
to D. The leaf space (C,Cn Z) is a b-manifold, and the projection g: (C,Cn Z) —
(C,Cn Z)isab-map. For p € C, we have an exact sequence

0— Dj ~ TPC (q_*);; Tq(p)g — 0,
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which corresponds with an exact sequence on the level of b-tangent spaces

b
(3.3) 0— (*T,C)% - *T,c Vb, C o,
To see this, consider the canonical splitting o: D — * TC of the anchor p:*TC - TC,
as constructed in Lemma 1.10(i), and notice that

Ker((b‘J*))P = o(Ker(g.),) = 0(Dy) = (*T,C)*r,

where the first equality holds by Corollary 1.11 and the third by Corollary 3.3.

Since q is a surjective submersion, it admits sections; hence, for every sufficiently
small open subset U c C, there is a submanifold S c C transverse to D such that
gls: S = U is a diffeomorphism. At points p € S, we have

"T,C=("T,C)* ®"T,S

due to sequence (3.3). This implies that bigwc is a b-symplectic form on S, where
is:S = C is the inclusion and wc is the restriction of w to C. Denote by 7: U —
S the inverse of g|s:S — U. Then Q:=°7"(Yijwc) is b-symplectic on U. Away
from Cn Z, this b-2-form agrees with the symplectic form obtained by symplectic
coisotropic reduction from w|yz. Denote by -Q7" the non-degenerate b-bivector
on U corresponding to Q. Away from C n Z, the log-symplectic structure p(-Q™")
agrees with the reduced Poisson structure, by Remark 3.5. By continuity, the same is
true on the whole of U. As U was arbitrary, the reduced Poisson structure on C is log-
symplectic, and the above reasoning shows that the corresponding b-symplectic form
satisfies equation (3.2). ]

Examples 3.7 (i) Leti: B — (M, Z) be a b-submanifold. A quick check in coordinates
shows® that ® T* M| is strong b-coisotropic in ® T* M. Its quotient ® T* M| is canon-
ically b-symplectomorphic to " T* B. To see this, consider the surjective submersion

¢:"T*M|p — *T*B:a —> (bi*);cxp

and notice that the fibers of ¢ coincide with the leaves of the characteristic distri-
bution on ® T* M. So we get a b-diffeomorphism @:® T* M| — * T* B. To see that
this is in fact a b-symplectomorphism, we note that the tautological b-one-forms on
YT* M and ® T* B are related by

(34) P05 =" O,

where j:* T*M|g < " T*M is the inclusion. Recall that the b-symplectic form Q
on P T*M|p is determined by the relation °q*Q =Y j* wy, where g:° T*M]|p —
YT* M|j is the projection (cf. (3.2)). Hence to conclude that ¢ is b-symplectic, we
have to show that ®q* (*¢”* wp) = b j* wy. But this is immediate from (3.4) since
9°qg=¢

3The converse is also true. If * T* M | is strong b-coisotropic in ® T* M, then * T* M| is transverse
to’T*M |z, which implies that B is transverse to Z, i.e., that B is a b-submanifold.
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(ii) Given a b-manifold (M, Z), let K be a distribution on M tangent to Z. Thanks to
Lemma 1.10(i), we can view K as a subbundle o (K) of ® TM. Its annihilator o (K)°
is strong b-coisotropic in * T* M, and the quotient o(K)® is *T* (M/K), whenever
M/K is smooth. We give a proof of this fact in the particular case of a Hamiltonian
group action; see Corollary 3.13.

3.3 Moment Map Reduction in b-symplectic Geometry

Recall that, given an action of a Lie group G on a Poisson manifold (M, IT), a moment
map is a Poisson map J: M — g* satisfying

(3.5) ' (dj*) =v, Vxeg.

Here, J*: M - R:p — (J(p), x) is the x-component of J, the vector field v, is the
infinitesimal generator of the action corresponding with x € g, i.e.,

d
va(p) = E|t:0 exp(-tx) - p,

and g* is endowed with its canonical Lie-Poisson structure [4, Section 3]. A G-
equivariant map J: M — g* satisfying (3.5) is automatically Poisson [23, Proposition
7.30].

In view of Proposition 3.6, we recall a general fact about equivariant moment maps.

Lemma3.8 Let G bea Lie group acting on a Poisson manifold (M, I1) with equivariant
moment map J: M — g*. Assume the action is free on J71(0). Then

(i) J71(0) is a coisotropic submanifold of (M, I1);
(ii) 771(0) is transverse to all symplectic leaves of (M, I1) it meets;
(iil) the characteristic distribution TI*(T(J71(0))°) on J71(0) coincides with the tan-
gent distribution to the orbits of G ~ J7(0).

Remark 3.9 (i) When (M, 11) is a log-symplectic manifold, Lemma 3.8 implies that
the level set J7*(0) is a strong b-coisotropic submanifold.

(ii) When G a torus, there is a more flexible notion of moment map [12, Definition 22]
for log-symplectic manifolds. The smooth level sets of such moment maps are not strong
b-coisotropic submanifolds in general. Indeed, they can even fail to be transverse to the
degeneracy locus Z (see [12, Example 23] for an instance where Z itself is such a level set).

For the sake of for completeness, we provide a proof of Lemma 3.8. Items (i)
and (iii) also follow from well-known facts in symplectic geometry, by restrict-
ing the G-action to each symplectic leaf (whenever G is connected) and using
item (ii).

Proof (i) We show that 0 is a regular value of J. Choosing p € J7'(0), it is enough
to prove that the restriction d,J : Im(T1}) c T,M — g* is surjective. To this end,
assume that & € g annihilates d,J(Im (T} )). We then get for all a € T,y M that

(o (ve)p) = (o TTh (dp %)) = = (dp ], T (@) = = (dp) (1T} (@), €) = 0,
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and therefore (v¢), = 0. Since the action G ~ J7'(0) is free, this implies that
£ =0. It follows that d,J(Im(I1%)) = g*, so 0 is indeed a regular value of J. In
particular, J71(0) is a submanifold of M. The coisotropicity of J~1(0) follows
since it is the preimage of a symplectic leaf {0} c g* under a Poisson map.

(ii) Let O denote the symplectic leaf through p € J71(0). By the computation (3.1),
it suffices to prove that HM[TP J-1(0)]o is injective. Since 0 is a regular value, this
annihilator is given by [ T,J7'(0)]° = {d,J* : x € g}. We now have a composition
of maps

o — [1,)7'(0)] — m([1,/7(0)]")
x — dyJt — H%(dp]x)z(vx)p’

that is injective by freeness of G ~ J~'(0). In particular, ITh| 1, j-1(oy o is injective.
(iii) We have

([T, (0))°) = {13(d,") s x e g} = {(v2)p : ¥ € 0},
which is exactly the tangent space of the G-orbit through p. ]

Combining Proposition 3.6 with Lemma 3.8, we obtain a moment map reduction
statement in the b-symplectic category. The case G = S! was addressed in [10, Propo-
sition 7.8].

Corollary 3.10 Moment map reduction Consider an action of a connected Lie group
G on a b-symplectic manifold (M, Z,11) with equivariant moment map J: M — g*.
Assume the action is free and proper on J71(0). Then J7*(0) is a strong b-coisotropic
submanifold, and its reduction J7(0)/G is b-symplectic.

Remark 3.11  The fact that ] *(0)/G is b-symplectic follows already from [16, Theorem
3.11], taking A = * TM there. (The hypothesis made there, that (], )y o px: T M — g*
has contant rank for all x € ]71(0), is satisfied, since J7*(0) is transverse to Z). In that
reference, the authors developed a reduction theory for level sets of arbitrary regular
values y € g* satisfying the constant rank hypothesis; their statement is thus more general
than the reduction statement in our Corollary 3.10.

3.3.1 Exact b-symplectic Forms

As a particular case of the previous construction, we consider the b-symplectic analog
of a well-known fact in symplectic geometry. Recall that, if a Lie group G acts on an
exact symplectic manifold (M, —d6) and 0 is invariant under the action, then J: M —
g defined by

(3.6) J*=-1,,0

is an equivariant moment map for the action (in the sense of (3.5)). For a proof, see,
for instance, [1, Theorem 4.2.10]. A similar result holds in b-symplectic geometry.
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Lemma 3.12 Exact b-symplectic forms Suppose (M, Z) is a b-manifold with exact
b-symplectic form w = ~*d0. If ¢: G x M — M is a Lie group action preserving Z and
6 € *QY (M), then an equivariant moment map J: M — g* is given by J* = —1y_0. Here,
V, € T(°TM) is the lift of the infinitesimal generator v, € T(TM) under the anchor p.

Proof Clearly, J: M — g* is a smooth map. Restricting the action to the symplectic
manifold (M\Z, @|pz), we know that G ~ (M\Z, —=d 0|, z) admits a moment map
given by J|p\ z. Hence, the equality ITf (d]*) = v, holds on the dense subset M\Z, and
as both sides are smooth on M, it holds on the whole of M. Similarly, since ]|y 7 is
equivariant, it follows that ] itself is equivariant. [ ]

An example of Corollary 3.10 and Lemma 3.12 is b-cotangent bundle reduction. Let
us recall the picture in symplectic geometry: given an action G ~ M, its cotangent lift
G ~ (T*M,-d0,,) preserves the tautological one-form 6.,, and therefore it comes
with an equivariant moment map J: T*M — g* given by (3.6):

(J(ag), x) = —(ag,vx(q))-

Here, v, is the infinitesimal generator of G ~ M corresponding with x € g. If
the action G ~ M is free and proper, then symplectic reduction gives J~*(0)/G =
T*(M/G). Indeed, in some detail, there is a well-defined map

@:J7H(0) — T*(M/G),  ag— Tpr(q)s

where pr: M — M/G denotes the projection and

T,M
Torea): T M/G)~ —1—
Xpr(q) Pf(q)( /G) Tq(G-q) -
Since the fibers of ¢ coincide with the orbits of G ~ J7!(0), there is an induced
bijection @:J7}(0)/G - T*(M/G), which is in fact a symplectomorphism (see [17,
Theorem 2.2.2]).

Corollary 3.13 Group actions on b-cotangent bundles Given a b-manifold (M, Z)
and a connected Lie group G, assume that ¢:G x M — M is a free and proper action
that preserves Z. Denote by ®:G x *T* M — ®T* M the b-cotangent lift of this action,
that is

R, [v] — aq(v).

((Dg(“q)’ V) = (“9’ [b(¢g")*]¢g(q)v>

forage hT;M and v € bT¢g(q)M. Note that the action ® is also free and proper, and
that it preserves the hypersurface ® T* M|;. The action ® has a canonical equivariant
moment map J, and J~*(0)/G is canonically b-symplectomorphic to * T* (M/G).

Proof Denote the infinitesimal generators of ¢ by v, = pu(Vy) € X(M) and those
of @by vy = ppepny (Vi) € X(PT*M), where x € g. One checks that they are related
via

3.7) e (Vy) = Vs

where 7: T* M — M denotes the projection. Since the action ® preserves the tauto-
logical b-one form 6 € *Q!(® T* M), Lemma 3.12 gives an equivariant moment map
J:PT*M — g* defined by J* = —15; 6. Explicitly, one has
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(&) x) = (15,0) (&) = 05, (Va)g, = (&, ("7)5, (Vi)g, )
(3.8) = (&, (Va)p)s
where the last equality uses (3.7) and Lemma 1.6. Denoting by K the tangent dis-

tribution to the orbits of G ~ M and by 0:K < *TM the splitting of the anchor
P bTM - TM obtained via Lemma 1.10(i), equality (3.8) shows that

(3.9) J7H(0) = a(K)°.

We now perform a reduction on J~!(0) as in Corollary 3.10. Because the projection
map pr: (M, Z) - (M/G, Z/G) is a b-submersion with kernel Ker(pr, ) = K, Corol-
lary 1.11 implies that Ker(®pr, ) = 0(K), and therefore

br,M
U(Kq).

It is now clear from (3.9) and (3.10) that b-covectors in J~!(0) descend to M/G; i.e.,
we get a well-defined map

112

(3.10) o) (M/G)

@71 (0) — PT*(M/G),  ag— Tp(y)»
where

bT,M

~ b
T, M/G) = —
®pr(q) Pf(q)( / ) G(Kq)

R, [v]— ay(v).

It is easy to check that ¢ is a surjective submersion with connected fibers. From
symplectic geometry, we know that the fibers of ¢ and the orbits of the G-action
G ~ J71(0) coincide on the open dense subset J~'(0)\(J71(0) N *T*M|z) of J71(0).
By continuity, the corresponding tangent distributions must agree on all of ]! (0), and
so the same holds for the foliations integrating them. Therefore, the map ¢ descends
to a smooth bijective b-map

9:J7(0)/G — "T*(M/G).

Being a bijective submersion between manifolds of the same dimension, ¢ is a
diffeomorphism. The restriction of @ to the complement of (J7'(0) n®T*M|;)/G,
endowed with the symplectic structure obtained by symplectic (i.e., coisotropic)
reduction, is a symplectomorphism onto its image. Hence, by Proposition 3.6, ¢ is
a b-symplectomorphism. [ ]

3.3.2 Circle Bundles
We find examples for Proposition 3.6 and Corollary 3.10 by “reverse engineering”

Proposition 3.14 Let (N,w) be a b-symplectic manifold, which for simplicity we
assume to be compact. Let q:C — N be a principal S'-bundle, with connection 6 €
Q!(C). Denote by o € Q*(N) the closed 2-form satisfying d0 = q* 0.

https://doi.org/10.4153/S0008414X20000140 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X20000140

766 S. Geudens and M. Zambon
(i) The following is a is b-symplectic manifold:
(CxI, @:=dtnp*0+(t-1)p*q o+ bp* hq*w).

Here, I is an interval around 1 with coordinate t, and p: C x I — C the projection.
(i) C x {1} is a strong b-coisotropic submanifold, and the reduced b-symplectic mani-
fold (as in Proposition 3.6) is isomorphic to (N, w).

We make a few observations about @. The summand of @ containing o is necessary
to ensure that @ is *d-closed. In the special case that C is the trivial S'-bundle N x S,
choosing 6 = dp for p the angle “coordinate” on S' (so o = 0), the above lemma delivers
the product of the b-symplectic manifold (N, w) and of the symplectic manifold (I x
SL,dtn0).

In the special case that w equals the closed 2-form o, we have @ = d(tp*6), which
can be interpreted as the prequantization of o when the latter is symplectic.

Remark 3.15 By the above proposition, we actually recover (N, w) by moment map
reduction, as in Corollary 3.10. Indeed, S* acts on C x I (trivially on the second factor)
preserving the b-symplectic form @ (since 0 is S'-invariant). An equivariant moment
map is J(x,t) = t — 1; hence, C x {1} = ]71(0).

Proof (i) To check that @ is ?d-closed, notice that its first two summands can be
written as d(tp*6) — p*q* o, which is closed, since o is closed.
For every real number ¢ sufficiently close to 1, (f — 1)¢ + w is a b-symplectic form
on N, so its n-th power (where dim(N) = 2n) is a nowhere-vanishing element of
b()2"(N). This implies that @"*' is a nowhere-vanishing element of * Q2("*1) (C x
I), shrinking I if necessary. Hence, @ is b-symplectic.

(ii) Denote by Z c N the singular hypersurface of w. Then the singular hypersurface
of wis p'(q7'(Z)) c C x I, which is transverse to C x {1}. Therefore, the latter is
a b-submanifold and is coisotropic, since it has codimension one. If i: C x {1} —
C x I denotes the inclusion, then we have ”i*@ = *q* w. One consequence is that
bT(Cx{1})? = ker(®i*@) = ker(®q. ). Applying the anchor p, we obtain that the
characteristic distribution p(® T(C x {1})?) of C x {1} is given by ker(q. ). Since
the latter has constant rank one, by Proposition 3.2, we conclude that C x {1} is
a strong b-coisotropic submanifold. A second consequence is that the reduced
b-symplectic manifold is isomorphic to (N, w). ]

A concrete instance of the construction of Proposition 3.14 is the following.

Corollary 3.16  Let h be any smooth function on CP' that vanishes transversely along
a hypersurface. On C?, consider the differential forms Q = i(dzy A dz, + dzy, A dZ,)
(twice the standard symplectic form) and o := zydzy + Z,dz,, and denote the radius

byr.
1. In a neighborhood of the unit sphere S°, the following is a b-symplectic form:
~ 1 1 i _
(3.11) 5= (-1 5 )(-slerd+0)+0,

where P: C*\{0} — CP" is the projection.

https://doi.org/10.4153/S0008414X20000140 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X20000140

Coisotropic Submanifolds in b-symplectic Geometry 767

2. The unit sphere S* is a strong b-coisotropic submanifold, and the reduced b-symplectic
manifold is (CP", %0) where o is twice the Fubini-Study symplectic form.

Remark 3.17  The diagonal action of S' on the above neighborhood of the unit sphere
S3 in C? preserves @ and has moment map given by v — ||v||* — L. This follows from
Remark 3.15 and the proof below.

Proof On R* = C?, we consider the 1-form 6 = Z?:l xjdy;— yjdx;. Notice that we
have df =2 >3 dxj Ady;j = Q. Consider the unit sphere S°. Let g: $* - CP' be the
principal bundle given by the diagonal action of U(1) (the Hopf fibration). Then 0 :=
i*0 is a connection 1-form on S%, where i is the inclusion. Then d6 = q* 0, where 0 is
the symplectic form on CP' obtained from Q by coisotropic reduction. Consider the
b-symplectic form w := +¢ on CP'. Applying Proposition 3.14 to $> x I s dep
yields a b-symplectic form @ on S* x I, defined by

1
prq*h

We now make @ more explicit. Denote by p': C*\{0} —» S3~the projection v —
v/|v|, let r denote the radius function v ~ |v|. Then p"*(8) = 6/r?, since the Euler

vector field E satisfies 150 = 0 and £5(6/r?) = 0. Hence, using q*0 = df and df = Q
we obtain

(3.12) 5zthp*9+(t—l+ )p*q*a.

~ 1 dr ~
I % _ 2\ _ —( _~»20
p qa-d@ﬁ)—ﬂ( 2TA0+Q)
Using 0= J(«) and r? = 2,2, + 2,2, we get —2% A= —riz a A &). If we now use the
identification (a, t) + \/ta between S* x I and a neighborhood of $* in C? (so t = r?),
then expression (3.12) becomes (3.11). ]

Remark 3.18 We show directly from its definition (3.12) that w satisfies the transver-
sality condition required for b-symplectic forms. As (- (a A &) + Q)"? vanishes, one
obtains @"* = =2(1- % + % 5 )dz1 A dzy A dza A dzy. The dual 4-vector field is thus
transverse to the zero section, in a neighborhood of the unit sphere S°.

Example 3.19 We display an example of a function h on CP' that vanishes on the
circle RP' ¢ CP. The function g:=73(Z1z3) = x1¥2 — y1x2 on S° is U(1)-invariant,
hence descends to a function h on CP', which is readily seen to vanish exactly on RP".
It vanishes linearly there: using homogeneous the coordinate w := z,/z; on the open

subset {[z1:2,] : 21 # 0} of CP, we have* h = 2\

1+|w|??
derivative on {J(w) = 0}. Since g is quadratic, we have p'* g = g/r*, hence the coefficient
% (-1+ 3i3) in equation (3.11) reads

P*h
1
1’2 J(ilzz) ’

470 see this, first notice that on > we have 7,2, = (2122) /(2121 + Z222), and then divide numerator
and denominator by z;z;.

which vanishes with non-zero
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