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1. Introduction

Let L(H) be the algebra of bounded linear operators on the separable infinite-dimensional
Hilbert space H. Recall that the operators Ty € L£(H;) and Th € L(Hz) are similar if
there exists a linear isomorphism J : H; — Hs such that Ty = J~'75.J. The operator
U € L(H) is called universal if for any T' € L(H) there exist a closed U-invariant subspace
M C H,ie. UM)C M, and a constant ¢ # 0 such that the operators Uy :M— M
and ¢TI : H — H are similar. The concept of a universal operator was introduced by Rota
[28], who showed that the backward shift of infinite multiplicity is an explicit example of
these seemingly strange objects. The invariant subspace problem provides motivation for
studying concrete universal operators, namely, every operator in £(H) has a non-trivial
invariant subspace if and only if the minimal non-trivial invariant subspaces of (any)
universal operator are one dimensional. General references for this approach and results
about universal operators include [3, Chapter 8] and the survey [6].

Later, Caradus [1] (see also [3, Theorem 8.1.3]) described a simple sufficient condition
for an operator to be universal, namely,

(C) If U € L(H) is such that the kernel Ker(U) is infinite dimensional and its range
Ran(U) = H, then U is universal for H.

However, Caradus’s condition and its recent generalization by Pozzi [26] are very far from
being necessary. In § 2 of this paper, we look more closely at some fundamental properties
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of the class of universal operators, as well as some of its subclasses. In particular, we derive
spectral theoretic consequences of universality which can be used to verify that a given
operator is not universal.

Owing to its simplicity, condition (C) is often used to obtain examples of universal
operators, even though the desired properties can be difficult to verify for many concrete
operators. By a celebrated example of Nordgren et al. [24] from 1987, the operators
C, — A\ are universal on the Hardy space H?(D) whenever the composition operator
fr—=C,f = foyis induced by a hyperbolic automorphism ¢ of the unit disc D and
A belongs to the interior of the spectrum of C,. In this case, the infinite-dimensionality
of Ker(Cy, — AI) is verified by explicit computation, but the original argument for the
surjectivity relies on fairly sophisticated properties of multiplication operators induced by
certain Blaschke products in H?(ID). Only very recently, an alternative argument for the
universality of C, — Al on H?(ID) was given [8]. For other concrete examples of universal
operators, see [5,7,25,26]. Moreover, the connection between the invariant subspace
problem and universality has motivated recent work on the lattice of invariant subspaces
of Cy, on H?(D) for hyperbolic automorphisms ¢, e.g. [18] and [12].

In §3 we show that the adjoint C — A is universal on S?(D), the Hilbert space con-
sisting of analytic functions f : D — C such that f’ € H?(D), whenever ) is an interior
point of the spectrum of Cy, on S?(D). It follows from known results that C, — Al is not
a universal operator on S?(D) for any A € C, which suggests that universality passes to
the adjoint for small enough spaces in the scale of weighted Dirichlet spaces of analytic
functions on D.

Recently, Miiller [22] introduced the notion of universality for commuting n-tuples of
operators and obtained versions of the sufficient condition (C) in this setting. However,
examples of universal commuting n-tuples are rather more difficult to exhibit compared
with the case of a single operator, and in § 4 we discuss new concrete examples of universal
commuting pairs (Uy,Us) € L(H)?. In particular, we show that certain pairs (L4, Rp)
of left and right multiplication operators on the ideal of the Hilbert—Schmidt operators
are universal, and consider the case of universal Nordgren—Rosenthal-Wintrobe pairs
(Cp — A,Cy — pl) in L(H?*(D))?.

2. Structure of the class of universal operators

The main interest has been in exhibiting and analysing concrete examples of universal
operators belonging to various classes of operators, and less attention has been paid to
general properties of the full class

U(H)={U € L(H) : U is universal}.

In this section, we systematically consider U (H) and some of its subclasses. Clearly,
U(H;) and U(H3) are related by similarity whenever H; and Hy are separable infinite-
dimensional Hilbert spaces, so the particular realization of the Hilbert space H is
immaterial. We will use the notation By : (®z, (?); — (@7, (*)s2 for Rota’s universal
model operator,

Boox = Boo(xo, 21, ...) = (1,29, .. .),
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for = (zy)nez, € (@Z+€2)g2, where x,, € £? for any n > 0. The universality of the back-
ward shift Bo, of infinite multiplicity on (€7, £2).2 is immediate from (C), but the original
argument by Rota [28] is quite direct.

It was pointed out in [6, p. 44] that the precise relationship between universality and
condition (C) is somewhat circular: U € U(H) if and only if there is a U-invariant infinite-
dimensional subspace M C H so that the restricted operator Uy : M — M satisfies
condition (C). This can be seen by recalling that the restriction of any U € U(H) to
some invariant subspace is similar to ¢By, for some ¢ # 0, combined with an observation
of Pozzi recalled separately as Proposition 2.1 below. To state the proposition in a con-
venient form, we write operators V € L(H) with respect to direct sum decompositions
H = M @ M+* as vector-valued operator matrices

Viig Vip
V= ’ ’
(V2,1 Vz,z)
in the obvious fashion. Thus, Vi = PViy, Vi :P‘/‘ML, Vo :QV|M and Voo =
QVipre, where P: H — M and Q=1—-P:H — M~ are the related orthogonal pro-

jections. The following fact allows us to construct examples of universal operators having
different properties on direct sums H @& H.

Proposition 2.1 (Pozzi [26, Remark 1.4]). Let H = M @& M+, where M C H is
an infinite-dimensional subspace, and let

V= (g g) € L(H)

as above. Suppose that U € L(M) is a universal operator for M. Then V € U(H ) for any
operators A and B.

Proof. If T € L(H) is given, there are, by assumption, a U-invariant subspace N C M
and ¢ # 0 such that Ujy : N — N and ¢T' : H — H are similar. Fix an isometry Jo : M —

H. We have that Uy is similar to cJo_lTJo. Since N C M, we get that N is V-invariant,
and V|y = U|y is similar to cJ(;lTJO and consequently also to cT'. [

We are interested in conditions that enable us to decide whether a given concrete
operator is universal or not. We first consider spectral criteria. Let o(S; H) denote the
spectrum of S € L(H). The spectrum of a diagonal sum of operators on Hy & Ho satisfies

a(<(0] g>;H1 @H2> — o(U: Hy) U o(B: Hy)

forany U € L(H;) and B € L(Hs). It follows from Proposition 2.1 that there is no general
characterization of universal operators purely in terms of their spectra. Nevertheless,
the universality of U € U(H) does have relevant consequences for various subsets of the
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spectrum of U. For this, recall the classes of semi-Fredholm operators

O_(H)={S € L(H):dim(H/Ran(S)) < oo},
O (H)={S € L(H) : dim(Ker(S)) < co,Ran(S) is closed},
where ®(H)=®(H)N®_(H) consists of the Fredholm operators. Operators S €

®_ (H) cannot be universal, since clearly Ker(S) has to be infinite dimensional for S
to be a universal operator. We will need the @ -spectrum of S € L(H) defined as

oM (S;H)={\eC:S—- X[ ¢ ®, (H)}.

It is known [21, Chapter II1.19] that o (S; H) is a non-empty compact subset of the
essential spectrum

0e(S;H)={ e C:S—-)\ ¢ D(H)}

of S. Furthermore, let 0, (S; H) denote the point spectrum of S.

It follows from the definition of universality that Riesz operators S € L(H) cannot
be universal. (Recall that S is a Riesz operator if o.(S; H) = {0}.) The following result
reveals some further common spectral properties of universal operators.

Theorem 2.2. Let U € U(H) be an arbitrary universal operator. Then the following
hold.

(i) There is r > 0 such that the open disc
B(0,r) C op(Us H) Mo (U H) C oe(Us H) C o (U3 H), (1)

and, moreover, any A € B(0,r) is an eigenvalue of U having infinite multiplicity.
In particular, if U € U(H), then 0 is an interior point of any of the sets o} (U; H),
0.(U;H) and 0,(U; H), as well as o(U; H).

(ii) There is r > 0 and a vector-valued holomorphic map z+ y, : B(0,r) — H for
which
Uy, =zy., z¢€ B(0,r).
Proof. We first recall some well-known spectral properties of the backward shift B

on the direct sum Hy = (& n¢?)2. Let |z| < 1 and fix the non-zero vector zo € ¢2, whence
the sequence z, = (2"o)n>0 = (o, 220, . ..) € Hy. Clearly

Boo(2,) = (20, 22xg, .. D) =z,

so that any |z| <1 is an eigenvalue of infinite multiplicity for B, that is, z €
o} (Bso; Ho). Moreover, z — z, is a (weakly) holomorphic map B(0,1) — H, since

oo

z = <x27y> = Z Zn<$0,yn>

n=0

is analytic for any y = (y,) € Ho, where (-,-) denotes the respective inner product.
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Let U be an arbitrary universal operator on H. By assumption, there is a constant
¢ # 0, a U-invariant subspace M C H and a linear isomorphism J: Hy — M so that
Uin = J(cBso)J 1. Since eigenvalues are preserved under similarity, we get that

B(0,|]) € op(cBoo; Ho) = 0p(Upas; M) C o (Us H).
Towards the related claim for o (U; H), one obtains instead that
B(0,|c|) C 0 (¢Bo; Ho) = 0 (Ujngs M) C o (U; H).

For the right-hand inclusion, note for example that Ker(Aly — Ujps) C Ker(A —U),
where the left-hand subspace is infinite dimensional by similarity, since dim(Ker(A —
¢Bw)) = 0.

Finally, the above identities Booz. = 22, and ¢J By = (Ujpr)J imply that

U(Jz,) = cJBx(x,) = czd(x.), |z2| <1.

It follows that the renormalized holomorphic map z — y. = J(z./.) satisfies condition
(ii) in the disc B(0, |c]). O

By Example 3.4 below, the spectral condition (1) in Theorem 2.2 is not sufficient for
the universality of U. We next state some typical applications of the preceding result.

Corollary 2.3. The operator T € L(H) cannot be universal if any of the following
conditions holds:

(i) the interior int(c,(T; H)) = 0,
(ii) the interior int(o.(T; H)) = 0,
(iii) every non-zero eigenvalue o € 0,(T'; H) has finite multiplicity.
Another immediate consequence of Theorem 2.2 which will be useful in § 3 is as follows.

Corollary 2.4. Suppose that T € L(H) and X\ € do(T; H). Then T — A\ cannot be
universal. In particular, if o(T;H) = 0o(T;H), then T — Xl is not universal for any
AreC.

We next consider general properties of the class U(H) of the universal operators.
Recently, Pozzi [26, Theorem 3.8] extended Caradus’s condition (C) as follows.

(Cy) If Ue L(H) satisfies dimKer(U) = oo and dim(H/Ran(U)) < oo, then U €
U(H).

It is helpful for comparative purposes to introduce the subclasses

UC(H)={U € L(H) : U satisfies (C)},
UCL(H)={U € L(H) : U satisfies (C)}

of U(H). Observe that UC(H) = ®_(H) \ ®(H). Tt follows from the classical pertur-
bation theory for semi-Fredholm operators that UCy(H) is preserved under sufficiently
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small operator norm perturbations as well as compact perturbations (see [2, Theorem
4.2] or [21, Theorems I11.16.18 and II1.16.19]). In particular, U + K € UCy (H) whenever
U e UC(H) and K is a compact operator. In the sequel, we denote by K(H) the closed
ideal of L(H) consisting of compact operators on H. Moreover, in [5, Theorem 2], the
authors obtained by direct means a perturbation result for the class UC(H) which con-
tains more detailed information. We also recall that the universal model operator By, has
the stronger property that its restrictions represent suitable multiples ¢ up to unitary
equivalence for any T' € L(H) (e.g. [9, Theorem 8.1.5] or [27, Chapter 1.5]).

It is evident from Proposition 2.1 that the subclasses UC(H) and UC, (H) are much
smaller than U/(H), and that U (H) contains operators very different from B.,. Moreover,
UC(H) is not preserved by compact perturbations. For the record, we include some very
simple related examples.

Example 2.5.
(i) Let U € U(H), so that

U 0
v=( 5)
is a universal operator on H @ H for any B € L(H) by Proposition 2.1. For instance,
if B(H) has infinite codimension in H, then Ran(V) = U(H) + B(H) has infinite

codimension in H @ H, and if Ran(B) is not closed, then Ran(V) is not closed
either.

(ii) Define U € L(#?) by Ues,, = e, and Ues, +1 = 0 for n € N, so that U € UC(£?). Let
K € K(f?) be the rank-1 operator defined by Kes = —e; and Ke,, = 0 for n # 2.
Since (U + K)ea = 0, it follows that e; ¢ (U + K)(¢2), so that U + K ¢ UC((?)
(even though U + K € UC(£?)).

More significantly, explicit examples demonstrate similarly that the full class U(H) of
universal operators is neither open in the operator norm nor invariant under compact
perturbations.

Example 2.6. Fix a universal operator U € U(H). Proposition 2.1 implies that

(U Iy
)
is a universal operator on H @ H, where Iy is the identity map of H. Consider the
sequence (V,,) C L(H & H) defined by

L o)
n
that is, V,,(z,y) = (Uz +y, (1/n)x) for (x,y) € H @ H. Note that V,, is not universal on
H @ H for any n € N, since Ker(V,,) = {(0,0)}. In fact, V,,(z,y) = Uz +y,(1/n)x) =
(0,0) yields that x =0 and y = —Uxz = 0. Clearly, ||V,, — V|| =1/n for n € N, so that
V € U(H @ H) is not an interior point of U(H & H).
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Furthermore, let K € K(H) be the diagonal operator defined by K f,, = (1/n)f, for
n € N, where (f,,) is some fixed orthonormal basis of H. Consider

(U Iy 0 0
W(K o)‘”([( 0)6£(H@H),

that is, W(z,y) = (Ux + y, Kz) for (z,y) € H ® H. Thus, W is a compact perturbation
of Ve U(H @ H), but W is not a universal operator, since again Ker(W) = {(0,0)}.

It follows from the algebraic semi-group property of ®_(H) [21, Theorem III.16.5]
that the subclass UC, (H) is multiplicative in the sense that UV € UC (H) whenever
U,V e UC(H) (and this property is obvious for UC(H)). Multiplicativity easily fails
for the class U(H). In fact, fix Uy, Vo € U(H ). Then

_(Uy O (0 0
U= (O O) and V = (O Vo>
belong to U(H @ H) by Proposition 2.1, but UV = 0.

3. Universality of the adjoint C}; — AI on S?*(D)

Recall that Nordgren et al. [24] showed that the operators C, — Al are universal on
the Hardy space H?(D) for any hyperbolic automorphism ¢ of the unit disc D and
A € int(c(Cy; H*(D))). Here, C,, is the composition operator f — f o . In this section,
we will discuss potential analogues of this result in the scale of weighted Dirichlet spaces
Dg(D), which are Hilbert spaces of analytic functions defined on the unit disc D. Our
main observation (Theorem 3.2) is that the adjoint C; — Al is universal on the space
S?(D), whenever ¢ is a hyperbolic automorphism of D and A € int(a(Cy; S*(D))). Here,
S2(D) is the Hilbert space consisting of the analytic functions f:D — C such that
f € H*(D), whence S?(D) is continuously embedded in the classical Dirichlet space D?.

Recall for § € R that the weighted Dirichlet space D(D) is the Hilbert space of analytic
functions f(z) =Y _,",a,z" that satisfy

(o)
IF13 = lanl*(n +1)* < oo,

n=0

(These spaces are also special cases of the weighted Hardy spaces.) The Hardy space

H?(D) is obtained for 8 =0, the Bergman space A%(D) for 3 = —1/2, the Dirichlet

space D? for 3 =1/2 and S%(D) for 3 = 1 (possibly up to an equivalent norm). We also

recall that there is a continuous embedding Dg(D) C D, (D) for a < 3. The reference [9,

Chapter 2.1] contains more background about these spaces.

It will be enough for our purposes to consider the normalized hyperbolic automorphisms
of D that have the form

_z+r

pr(z) = 1+ 72

In fact, it is known that all other hyperbolic automorphisms of ID can be conjugated by

automorphisms of D to the preceding normalized form. We will later need the fact that

, re(0,1). (2)

Z—=T

o7 (2) = pr(2) = T
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belongs to the same conjugacy class as @, since ¢_,. = g o ¢, o g, where g(z) = —z for
z € D. Hence, C,_, = C,C,, Cy, so that Cy, and Cy,_ | = C(;Tl are similar operators. For
more information on linear fractional transformations in general, see for example [31,
Chapter 0], and on composition operators acting on spaces of analytic functions; see [9]
or [31].

The composition operators Cy,, are known to be bounded on Dg(D) for all 3 € R, see
[9, Chapter 3.1] and [32] for various ranges of . We will require the result that

(Co,i $D) = o(C i D) = {A € C: (h)/ <A< (L)/} 3)

for all 0 <r < 1. We refer to [9, Theorem 7.4] for the Hardy space case and to [13,
Theorem 3.9] for the case S?(D) = D (D). In the sequel, we will denote the corresponding
open annulus, i.e. the interior of the above spectrum, by

1\ /2 1\ "2
AT::{AEC:(1+T> <|)\|<<1 r) }
r +r

We point out as an initial motivation that C, — AI is not universal on any of the small
weighted Dirichlet spaces contained in the classical Dirichlet space D? = Dy /2(D).

Example 3.1. Let 0 < r < 1. Then C,,, — AI is not universal on Dg(D) for any 5 >
1/2 and any A € C.

In fact, for 3 =1/2 it is known that o(C,, ;D?) =T by [15, Theorem 3.2]. It follows
from Corollary 2.4 that neither Cy, — Al nor its adjoint C7, — M is universal on D? for
any A € C.

For 3 > 1/2, it follows from [13, Theorem 3.9] and its proof that in this case the point
spectrum o,(Cy,; Dg(D)) = {1}, and, moreover, that Ker(Cy,, — I;Dg(D)) = C. Conse-
quently, dim Ker(C,,, — AI; Dg(D)) is either 0 (for A # 1) or 1 (for A = 1), so Corollary 2.3
yields that C,,, — AT cannot be universal on the weighted Dirichlet spaces for any 8 > 1/2
and A € C.

As a contrast, we show in the main result of this section that the adjoint of C',, — AI
is universal on S?(D).

Theorem 3.2. Let o, be the hyperbolic automorphism of I defined by ¢,(2) =
((z+7)/(1+72)) for r € (0,1). Then C}; — A is universal on S*(D) for any X € A,.

Proof. Let 0 < r < 1 and write H?(D) = zH?*(D) & [1], where [1] denotes the constant
functions. The crux of the argument is the fact that the compression

P.y2CLl: zH? (D) — zH?(D)
and the restriction of the adjoint
g, 25%(D) — 25%(D)

are similar operators, where the subspace zS5?%(D) is invariant under C, - The details of
the similarity are explained in Corollary 3.6 and Remark 3.8 in [13], which in turn are
based on a duality argument of Hurst [16, Theorem 5].
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We first consider the operator C' — AT : H?*(D) — H?*(D). Since C'(1) =1, we
may write ;' — AI as the following operator matrix acting on H*(D) = zH*(D) @ [1]:

C,l =\ =

Pr

(PZ m2Cot =M 0 >
PcC! (1-X))

We claim that the compression P.p2C,' — A :zH?*(D) — zH?*(D) satisfies
Caradus’s condition (C) for all A € A,.. Since C;} = C,_,, we know that the operator
C;rl — Al : H*(D) — H?*(D) is surjective by the proof of [24, Theorem 6.2]. It follows
that (P,g2C ' — A )(2H?(D)) = 2H*(D) as well. In fact, if g € zH?(D) is arbitrary, then
thereis f = fi1 + fo € H*(D), with f; € zH*(D) and f, € [1], such that (C;! — AI)f =g,

that is,
PszCgrl — A 0 fl B (PszC(;} — )\I)fl (g
(e atn) ()= (ncinsa ) = ()

In particular, (P, C;} — M) f1 =g, so that the compression P,p> ngrl — Al is an
onto map zH?(D) — zH?*(D) for A € A,. Moreover, it is not difficult to check that
since A € A, is an eigenvalue of infinite multiplicity for C': H*(D) — H?*(D), the
same fact holds for the compression P,p2C':2H?*(D) — zH?*(D). Consequently,
P20, = M : zH?*(D) — zH?(D) satisfies (C).

It follows from the similarity stated at the beginning of the argument that the restricted
adjoint C} — A : 25%(D) — 25%(D) also satisfies (C) and is hence universal on z5%(ID).
Write C% — AT on S?(DD) as an operator matrix acting on 25%(D) @ [1], that is,

Cs M PpCh
0 1-X) )

where we also take into account that C7, (25%(D)) C 25%(D). It follows that C} — I :
S$2(D) — S?(D) is universal by Proposition 2.1.

Alternatively, in the last step one may also note that if A# 1, then Cj — AI:
5?(D) — S*(D) satisfies (C), while codimRan (C; —1I) =1 in S*(D), so that C; — I
satisfies the generalized condition (C).

Finally, note that the annulus A4, is preserved by complex conjugation, so that we may
above change C7 — Al to C7, — M. O

Heller [14] found a concrete formula for the adjoint C7 on S*(D) which involves a
compact perturbation. This fact leads to a related universal operator. Let M, be the
multiplication operator f — zf on S?(D), whose adjoint M € £(S?(D)) has the form

M;‘(rgoanz"> =a +Zan+1<nzl> 2"

n=1

for f(z) =3 0" yanz™ € S*(D).
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Corollary 3.3. Let ¢, be as in Theorem 3.2. Then the operator

Cp, = T (M + M.)C, - %:z/\f
is universal on S?(D) for all A € A,.
Proof. By [14, Theorem 6.5], we can write
1y 1+ 72 r .
(CoH =M = T TQO% kg (M; +M.)C,, — N + K,

where K is a compact operator on S*(D). Recall that C,, and C' = C,_, are similar
operators on S?(ID). From the symmetry of A,., we get that Theorern 3.2 holds if we replace
C;, by (C,1)*. Moreover, the proof of Theorem 3.2 shows that (C')* — AI satisfies
condltlon (C4) on S%(D) for all A € A,. Since the class UC, is preserved by compact
perturbations, we deduce that ((1+r?)/(1 —72))Cyp, — (r/(1 — r?))(M} + M.)C,, — M
is a universal operator on S?(D). O

We include an explicit example of a non-universal composition operator, for which the
necessary condition in (1) from Theorem 2.2 holds.

Example 3.4. Fix 0 < s < 1 and let ¢ : D — D be the hyperbolic non-automorphism
defined by ¢(z) = sz + 1 — s. Then

of (Co; HA(D)) = {A € C: ]A| < s71/%}, (4)

but Cy is not universal on H?(D).

In fact, the argument in [16, Theorem 8] implies that for each A = sP™% with p > —1/2
and ¢ € R (so that 0 < |\| < s71/2), the functions f,(z) = exp((p + i(q + 2n7t))log(1 —
z)), where t = 1/log(s), are linearly independent in H?(D) N XKer(Cy — X) for n € Z.
Here, log is the principal branch of the natural logarithm. This implies that (4) holds,
since o (Cy; H?(D)) is a closed set. Clearly, Cy is an injective operator and thus not
unlversal Finally, to obtain an example where 0 belongs to the point spectrum of the
operator, one extends

o) to<co¢ 8> on HA(D) @ [a],

where [x] denotes a one-dimensional space.

Recently, composition operators have also been studied on the Hardy space and the
weighted Bergman spaces of the upper half-plane II" = {2z € C : Im z > 0}, where new
phenomena occur (e.g. [10,11,19]). Recall that the analytic function F' : IIT — C belongs
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to the Hardy space H?(IIT) if

T Pp—— / Flo+ i) dz < oo,
y>0

— 00

and to the weighted Bergman space A% (IT1), for a > —1, if

B e . odzdy
1P = [ [ 1P <o

Let 7 be a hyperbolic automorphism of TIT, that is, 7(w) = pw + wg, where wy € R and
e (0,1)U(1,00). It follows from [10, Theorem 3.1] and [11, Theorem 3.4] that the
composition operator C, is bounded on H?(II*) and on AZ2(IT"), respectively, for all
a > —1. It is natural to ask whether there is an analogue of the theorem of Nordgren,
Rosenthal and Wintrobe on these spaces.

Proposition 3.5. The operator C, — I is not universal on H?(I1") or A2 (IT*), where
a > —1, for any A € C and any hyperbolic automorphism 1 of ITT.

Proof. The claim follows from Corollary 2.4 and the spectral results
o(Cri HAII*)) = (A €T s ]\ = u~Y/2),
[20, Theorem 2.12], and
o(Cri AZ(IT)) = {A € T ]A] = u=(+272)
for a > —1[30, Theorem 1.2]. Here, 7(w) = pw + wp and p € (0,1) U (1, 00) as above. O

4. Examples of universal commuting pairs

Recently, Miiller [22] introduced a notion of universality for commuting pairs of operators
(and, more generally, for commuting n-tuples). Let H be a separable infinite-dimensional
Hilbert space. The commuting pair (U, Us) € L(H)? is said to be universal if for each
commuting pair (S, S2) € L(H)? there is a constant ¢ # 0 and a subspace M C H, invari-
ant for both U; and Uy, so that the pairs (Uy |, Uzjar) and (¢S1,cS2) are similar, that
is, there is an isomorphism V : H — M such that U;V = ¢V S and UV = ¢V Ss.

If (Uy, Us) is a universal commuting pair, then dim(Ker(U;) N Ker(Us)) = oo, and both
Uy and Uy must be universal operators for H. Miiller [22, Theorem 3] obtained a version
of Caradus’s condition for the universality of commuting pairs (Uy, Us), which we recall
next in the special case where Uy, Uy are surjections (see [22, Corollary 8]).

(M) Let Uy, Uy € L(H) be commuting surjections, such that:
(i) dim(Ker(Uy) NKer(Usz)) = oo, and

(i) Ker(UyUs) = Ker(U;) + Ker(Us).
Then (Uy,Us) € L(H)? is a universal commuting pair.

The following concrete example of a universal commuting pair is contained in [22,
Example 9]. Let H be a separable infinite-dimensional Hilbert space and K = (*(Z%, H),
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the space of double-indexed sequences with values in H. Define U; € L(K) by U, f(a) =
fla+p;) for a« € Z2, f € (*(Z%,H) and i = 1,2, where 3; = (1,0) and 8> = (0,1) in
Z3%. Then (Uy,Us) € L(K)? is a universal commuting pair. (Alternatively, U; = M for
i = 1,2, where M., denotes multiplication by the variable z; in the vector-valued Hardy
space H?(D?, H) for (21,22) € D2.)

In this section, we are mainly interested in obtaining further concrete examples of uni-
versal commuting pairs, since it turns out that such examples are rather more difficult to
write down explicitly compared with the class U(H). Our first observations and exam-
ples illustrate some of the obstructions, apart from the technical fact that condition (M)
requires knowledge of Ker(U;) and Ker(Usz). We begin by noting that there is a kind
of algebraic independence between U; and U, for universal pairs (Uy,Us). For this, let
{T}Y ={S € L(H): ST =TS} stand for the commutant of T

Proposition 4.1. Let H be a separable infinite-dimensional Hilbert space and T €
L(H).

(i) If Se{T}, then (T,ST) is not a universal commuting pair. In particular,
(T,p(T)T) is not a universal commuting pair for any complex polynomial p(z) =
a1z + -+ + ap 2" satistying p(0) = 0, where p(T) = a1 T + -+ - + a, T".

(if) (T™,T™) is not a universal commuting pair for any m,n € N.

Proof.

(i) Consider (0,1y) € L(H)?. If (T, ST) is a universal pair, then corresponding to the
pair (0,1y) € L(H)? there is an infinite-dimensional subspace M C H invariant
under 7', and ¢ # 0, so that (T}, ST|ar) and (0,clg) are similar. However, the
similarity of 7}5; and 0 implies that M C Ker(T), so that ST}, cannot be similar
to cly.

(ii) Observe that one may assume m <n by symmetry, and then argue as in
part (i). U

The following example looks at simple ways to construct universal pairs starting from
given universal operators U,V € U(H).

Example 4.2.

(i) Suppose that U,V € L(H) satisty condition (C), and

(U 0 Iy 0
UO_(O IH), VO_(O V>€£(K),

where K = H ® H. Then Uy and Vj are commuting surjections on K, and
Ker(Up) = Ker(U) x {0} and Ker(Vy) = {0} x Ker(V). Hence, the pair (Uy, Vj) €
(L(K))? is not universal, since Ker(Up) NKer(Vo) = {(0,0)}. (Note, however, that
Ker(UpVp) = Ker(Up) + Ker(V}) in this case.)
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(ii) Suppose that (Uy,Us) and (Vi, Va) are commuting pairs of surjections that satisfy
condition (M), and

_ Ul O o U2 O
U_<O V1)’ V_<0 V2>e/:(K).
In this case, (U,V) € L(K)? is a universal commuting pair. In fact, (U,V) also
satisfies (M), since it is not difficult to check that

Ker(UV) = (Ker(Uy) + Ker(Uz)) x (Ker(V;) + Ker(V3)) = Ker(U) + Ker(V).

We next look for a non-commutative version of the example from [22]. Let H be
a separable infinite-dimensional Hilbert space and Co(H) the space of Hilbert—Schmidt
operators on H equipped with the Hilbert—Schmidt norm || - ||2. Recall that T' € Co(H)
if there is an orthonormal basis (f,,) of H such that > >~ ||Tf,]|? < oo, where

00 1/2
1Tl = (Z IITfnz)
n=1

is independent of the basis. Then (Co(H),| -|2) is a separable Hilbert space, and
WUSV |2 < U - ||V ||S]le for S € Co(H) and U,V € L(H). We refer to [23, Chapter
2.4], for example, for more background on the ideal Co(H) of L(H).

Hence, the multiplication maps Ly and Ry are bounded operators Co(H) — Co(H),
where Ly (S)=US and Ry(S)=SU for any U € L(H) and S € C3(H). Clearly,
(Ly, Ry) € L(C2(H))? is a commuting pair for any U,V € L(H), and we are interested
in the universality of (Ly, Ry) on Co(H). Let B be the standard backward shift on
0% = (*(Z4), that is, B(zo, x1,...) = (21, 22,...) for (x;) € £2. It turns out that (L, Rp-)
is not a universal pair (see part (ii) of Theorem 4.3); to obtain universal pairs (Ly, Ry),
we will consider the vector-valued direct (2-sum H = (*(Z., H) = (®nez, H)s2, where H
is a fixed separable infinite-dimensional Hilbert space. Let B,, be the backward shift of
infinite multiplicity on H, so that B is the corresponding forward shift on H.

The following result contains the main example of this section. We will use u ® v for
given u,v € H to denote the rank-1 operator  — (z,v)u on H.

Theorem 4.3.

(i) Lp,Rp- € U(C2(f?)) and Lp__, Rp-. € U(C2(H)).
(i) (Lp, Rp+) is not a universal pair on Ca(¢?).
(iii) (L. ,Rpx ) is a universal pair on Co(H).

Proof. (i) We check that Ly and Rp- satisfy condition (C) on C(¢?). In fact, if (e,,)
is the standard unit vector basis of £, then Lg(eo ® e,) = Beg ® e, = 0 for any n € Z,
so that Ker(Lp) is infinite dimensional. Moreover, Ran(Lg) = C2(¢?), since BB* = Iy.
The argument for Rp+ is similar.

The universality of Lp_ and Rp: on Co(H) follows from part (iii) (alternatively, one
may also modify the preceding argument as in the proof of (iii)).
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(ii) Recall that (e ® €n)mnez. is an orthonormal basis of C2(¢?). Tt follows from
the identities Lp(en, ® e,) = Bey, @ e, and Rp« (e, @ e,) = e, ® Be, that Ker(Lp) =
[eo ® e, :n € Zy] and Ker(Rp«) = [en, ® €9 : n € Z4]. Here, [A] denotes the closed lin-
ear span of the set A C C2(¢?). In particular, Ker(Lg) NKer(Rp+) = [eg ® o] is one
dimensional, so that (Lg, Rp+) can not be a universal pair.

(iii) We will verify that condition (M) holds. Towards this, note first that Lp__ and
Rp: are surjections on Cy(H), since By, Bj, = I implies that Lp_ (B3 S) =S and
Rp: (SBx) = S for any S € C2(H).

To compute the kernels of Lp, and Rp- , we need the fact that any S € C2(H) is
uniquely determined by its operator matrix components S; ; = P;SJ; € Co(H) for i,j €
Z, . Here, P; is the orthogonal projection H — H onto the ith copy of H, and J; : H — 'H
the canonical inclusion from the jth copy. One deduces from the definition of S; ; and
the identity Lp_ (v ® u) = Boov @ u for u,v € H that

S10 Sia
Lp_(S)=|520 521

for S = (S;,;), so that by uniqueness
Ker(LBoo) = {S = (SLJ) € CQ(H) : Si,j =0 fori > 0} (5)
Similarly, the identity Rp: (v ® u) = v ® Boou for u,v € H yields that

So,1 So2
Rp: () = Sia Sz |

whence
KeI‘(RB;O) = {S = (Si’j) S CQ(H) : Si)j =0 for 7> 0} (6)
In particular, we get that

Kel"(LBOQ) ﬂKer(RB;C) = {S = (S@j) S CQ(H) : Si,j =0fori>0or j> 0}

is infinite dimensional, since the operator Sp o € Co(H) can be chosen freely. Finally, we
need to verify that

Ker(Lp, Rp: ) = Ker(Lp_ ) + Ker(Rp: ). (7)

However, (7) follows from (5) and (6), the identity Lp. Rpx (v ® u) = Boov ® Bou for
u,v € H, and the observation that

31,1 5'1,2
Lp Rp (S)= | 521 S22 |
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as well as the fact that

Soo Soa - Soo Soa - 0 0
St 0 || o0 0 | 4|80 0

is the sum of two well-defined Hilbert-Schmidt operators for any S = (5; ;) € C2(H) (see,
for example, the proof of [17, 1.c.8]).
We conclude from condition (M) that (Lp_,, Rp: ) is a universal pair. O

Remarks. By a straightforward modification of the argument in part (iii), one may
also show that (L(p_ym, R(p= =) is a universal pair on Co(H) for any m,n € N. We do not
know explicit conditions on (U, V) € (£(H))? which ensure that (Ly, Ry) is a universal
pair on Co(H).

For our last examples, we return to the setting (and notations) from §3 related to
composition operators on H?(ID) associated with hyperbolic automorphisms of . Recall
that C,, — Al and Cy,, — pul commute for any 0 <r,s <1 and A, € C. This follows
from the fact that

Pr O Ps = Pt = Ps O Pr, (8)
where ¢t = (r+$)/(1 + rs). The result of Nordgren et al. [24] suggests the following
natural question.

Problem. Are there universal pairs of the form
(C% — M, Cyp, — u[) € L(H?*(D))?,
for some 0 <r,s <1, A€ A, and u € As7?
We first note some obvious restrictions in view of Proposition 4.1.
Example 4.4.

(i) The pair (Cy,, — X, C,,. — pl) is not universal for any 0 < r < 1 and A # p. In fact,
in this case, Ker(C,, — X) N Ker(Cy,, — ul) = {0} once A # p.

(ii) Let 0 <r < 1. By (8), there is 7, € (0,1) such that ¢ = ¢, , where ¢ = ¢, o
... 0, (n-fold composition). Then (C, — AI,C,_ — A"I) is not a universal pair
for any n > 2 and A € A,. Indeed, to see this we write C,, — A" = S(Cy,, — AI),
where S commutes with C,, , and apply Proposition 4.1.

In our final example, we use the recent approach of Cowen and Gallardo-Gutiérrez (8]
to the universality result by Nordgren, Rosenthal and Wintrobe in order to analyse more
carefully a pair which shows subtler obstructions related to the existence of Nordgren—
Rosenthal-Wintrobe pair.

Example 4.5. There are r, s € (0,1) and respective eigenvalues A € A, u € A, such

that Ker(C,, — A ) NKer(C,, — pl) is infinite dimensional, but condition (M) fails to
hold for the pair (Cy,, — A\, Cy,, — pl).
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Proof. Fix 0 < r < 1 and consider the positive eigenvalue A = ((1 —7r)/(1+7r))" ™ €
A,, where 0 < u < 1/2. Tt follows from the proofs of Lemma 7.3 and Theorem 7.4 in [9]
that the functions

1
fn(2) = exp ((u + in2ma) log 1 + Z),
-z
where a = (log((1—7)/(1+7)))~! and n € Z, forms a linearly independent family of
eigenfunctions for C,, in H?(D) associated with the eigenvalue \. Here, the logarithm
refers to the principal branch. Let r < s < 1 and consider p = ((1 —s)/(1 4+ s))™" € A,.
As above,

1
gm(2) = exp ((u + im27b) log 1 i z>,

where b = (log((1 —s)/(1 +s)))~! and m € Z, are linearly independent eigenfunctions of
C,. for the eigenvalue p. Moreover, we select r and s so that

n b log((1+1)/(1=1)) o
m a log((1+s)/(1—23))

holds for infinitely many pairs n,m € Z\ {0}. This ensures that Ker(C,, — AI)N
Ker(Cy, — p) is infinite dimensional by comparing the above eigenfunctions.

Recall from [4, Theorem 5] (see also [8]) that there is an analytic covering map ¥, :
D — A, such that Cyp, — Al and T;; _ are similar operators on H?(D), where Ty, ) €
L(H?(D)) is the analytic Toeplitz operator f + (1, — \)f. Indeed,

1 ity /m
v =(152)

where ¢, = —log ((1 —7)/(1 + 1)) > 0. Moreover, Cy,, — I and Tj; _, are similar oper-
ators on H2(D) for the covering map 15 : D — Ay, where ¢4(2) = ((1 — 2)/(1 + z))%/™
and t; = —log((1 — s)/(1 + s)).

By standard duality, the dual version of part (ii) of condition (M) for the pair
(T, Y Sy #) is the requirement that

Ran(Ty, -, Ty, —») = Ran(Ty, _x) ( Ran(Ty, ). (10)

Note for this that all the ranges are closed, since the adjoints are onto maps by similarity.

We claim that condition (10) does not hold. Towards this, consider the standard fac-
torization ¢, — A = B1S1F} into a Blaschke product B; containing the zeroes of the
function (counting multiplicity), a singular inner function S; and an outer function Fb.
Let ¥ — u = B2SsF5 be the analogous factorization for 13 — p. It is not difficult to check
from (9) and the explicit form of 1, and ¥ that the functions ¢, — X and s — p have
infinitely many simple common zeroes. Let By = BgBs and By = ByB,4, where By is the
Blaschke product which contains the common zeroes.

To conclude the argument, consider the function g = By B3 B4S1F1.S2F;. Observe that
g € H*(D), since the maps 1, — A and s — u, and hence also S;F; and SyF5, belong
to H> (see [29, Theorem 17.9], for instance). Clearly, g € Ran (T}, —x) NRan (T3, —,)
by inspection. However, the Blaschke product containing the zeroes of (1, — X)(¢s — )
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already has the form BZBj3Ba, so that g ¢ Ran (T, _, Ty, —») in view of the uniqueness
of the factorization. O

Remarks. One may verify from (9) that the pair (Cy,, — AI,Cy,, — pl) studied in
Example 4.5 has the property that there is p,q € N with p < ¢, for which C% — A\ =
CL. — pPI. However, we do not have general results which would exclude such a property
for universal pairs.
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