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Abstract. The aim of the article is to provide a characterization of the Haagerup property
for locally compact, second countable groups in terms of actions on o-finite measure
spaces. It is inspired by the very first definition of amenability, namely the existence of an
invariant mean on the algebra of essentially bounded, measurable functions on the group.
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1. Introduction

Throughout this article, G denotes a locally compact, second countable group (lcsc group
for short); we assume furthermore that it is non-compact, because the compact case is not
relevant to the Haagerup property [5], which is the central theme of these notes.

The latter property is often interpreted as a weak form of amenability or as a strong
negation of Kazhdan’s property (T), depending on the context.

A way to see that it is a weak form of amenability is to consider the following
characterization: recall that G has the Haagerup property if and only if there exists a
sequence of normalized, positive-definite functions (¢,),>1 on G such that ¢, converges
to the constant function 1 uniformly on compact subsets of G as n — oo, and each
on € Co(G), i.e. ¢, — O at infinity. In turn, G is amenable if and only if each ¢, can
be chosen with compact support.

Nowadays, there are several characterizations of the Haagerup property: apart from
the ones presented in the monograph [5], we can mention for instance the ones involving
actions on median spaces or on measured walls as in [4]. In fact, the characterization
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presented here has no direct relationship with the latter ones; it rests rather on strongly
mixing actions on probability spaces: see Theorem 1.6.

The present article has its origin in the characterization of amenability given by its
original definition: the lcsc group G is amenable if and only if the algebra L°°(G) has a
G-invariant mean with respect to the action of G on itself by left translation.

Observe that such an action is a special case of proper actions that we recall now. Let
be a locally compact space. Suppose that the Icsc group G acts continuously on €2. Then
the action is proper if for all compact subsets K, L C €2, the set

{eeG:gKNL # o}

is relatively compact in G. Then a question arises: which lcsc groups admit proper actions
on locally compact spaces €2 equipped with an invariant measure and such that L°°(2) has
an invariant mean? Here is the answer.

PROPOSITION 1.1. Let G be a lcsc group and let Q be a locally compact space on which
G acts properly and which admits a G-invariant, regular Borel measure . If L°°(2) has
an invariant mean, then G is amenable.

Indeed, it is a well-known fact that the existence of an invariant mean on L% () is
equivalent to the fact that, for every compact set L C G and every ¢ > 0, there exists a
continuous function & on €2 with compact support such that ||£|[> = 1 and

sup [(re(g)§|€) — 1] <&,

geL
where g, denotes the natural unitary representation of G on L?(£2) associated to the action
of G on Q2. As the latter is proper and £ has compact support, the coefficient function
¢ = (mq(-)€]€) has compact support too and thus the constant function 1 is a uniform
limit on compact sets of compactly supported positive-definite functions, which means
that G is amenable.

Thus, G is amenable if and only if it admits a proper, measure-preserving action on
some locally compact space €2 so that L°°(2) admits a G-invariant mean.

As properness of actions is too strong to characterize the Haagerup property, we
consider the setting of measure-preserving actions on measure spaces equipped with
invariant measures. It turns out that the following property is well adapted to our situation.

Definition 1.2. Let (2, B, i) be a measure space on which a lcsc group G acts by Borel
automorphisms which preserve . Then we say that the corresponding dynamical system
(R, B, u, G) is a Co-dynamical system if, for all A, B € B such that 0 < u(A), u(B) <
00, one has
lim u(gANB)=0.
g§—>00

Remark 1.3. Let (2, B, i, G) be a Co-dynamical system. Then every G-invariant set
A € B such that (A) < oo is automatically of measure zero. In particular, if p is finite,
then it is equal to zero. Moreover, the action of G is not ergodic in general. Indeed, let Z
act by translations on R equipped with Lebesgue measure . Then

A:={x+k:xe(,1/2), keZ}:I_l(k,k—H/Z)
keZ
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is Z-invariant and pu(A) = u(A¢) = oo. The action is Cy since it is proper, as it is the
restriction to Z of the action of R on itself.

Remark 1.4. Let (2, B, i, G) be a (measure-preserving) dynamical system; then it is a
Co-dynamical system if and only if the permutation representation g of G on L2() is a
Co-representation. Hence, we infer that if G admits a Cyp-dynamical system (2, B, u, G)
such that L°°(2) has a G-invariant mean, then G has the Haagerup property.

Then the goal of the present article is to prove the converse.

THEOREM 1.5. Let G be a lcsc group which has the Haagerup property. Then there exists
a Co-dynamical system (2, B, u, G) such that L°°(2) has a G-invariant mean. More
precisely:

(1) the measure . is o -finite, G-invariant, and the Hilbert space L*(Q2, ) is separable;
(2) for all measurable sets A, B € B such that 0 < u(A), uw(B) < 0o, we have

lim u(gANB)=0;
g—>00

in other words, g is a Co-representation;
(3) there exists a sequence of unit vectors (&,) C L2(Q, W) such that &, > 0 for every n
and, for every compact set K C G, one has

lim sup (rQ(g)énlén) =1;
n—>00 e g

in other words, the dynamical system (2, B, i, G) has an invariant mean.

The proof of Theorem 1.5 will occupy the rest of the article. It relies on the
characterization of the Haagerup property stated in [5, Theorem 2.2.2] that we recall now.

THEOREM 1.6. [5, Theorem 2.2.2] Let G be a Ilcsc group. Then it has the Haagerup
property if and only if there exists a standard probability space (S, Bs, v) on which G acts
by Borel automorphisms which preserve v, and (S, Bs, v) has the following additional
two properties:

(@) the action of G on S is strongly mixing, which means that for all A, B € By,

glingo v(gA N B) =v(A)v(B);

(b) the action admits a non-trivial asymptotically invariant sequence: there exists a
sequence (Ap)p>1 C By such that v(A,) = 1/2 for every n and such that, for every
compact set K C G,

lim sup v(gA, A A,) =0.
n—00 ek
Furthermore, we assume that S is a compact metric space on which G acts continuously,
and v has support S, according to (the proof of) [1, Lemma 1.3] that we recall for the
reader’s convenience.

LEMMA 1.7. [1, Lemma 1.3] Let X be a standard Borel G-space with a G-invariant
probability measure 1. Then there exists a compact metric space Y, on which G acts
continuously, and a G-invariant probability measure v, whose support is Y, such that
L3(X, u) and L*(Y, v) are G-isomorphic.
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We end this introduction with a brief sketch of the proof of Theorem 1.5. It uses
elementary measure theory (see [3] on this subject) but it is quite long and involved.

We start with the infinite-product space X =[], S, where S satisfies all properties
of Theorem 1.6 and Lemma 1.7. We equip X with the diagonal action of G and with
a suitable family F of subsets containing all sets of the form B =[], B, such that the
infinite product [ [, 2v(B,) converges, where B, € Bs for every n. We construct a measure
w on o (F), the o-algebra generated by F, that satisfies u(B) =[], 2v(B,) for every B
as above.

One of the reasons of the choices of such sets and measure p is that one can extract
from the family (A,,) in condition (b) of Theorem 1.6 a sequence (X,,),, C F so that the
associated sequence of unit vectors &,, = xx,, satisfies condition (3) of Theorem 1.5. They
are unit vectors since v(A,) = 1/2 for every n.

In order to prove that condition (2) holds, consider two subsets A =[], A, and B =
1, Bn such that the infinite products [ [, 2v(A,) and [, 2v(B,) converge. Given ¢ > 0,
choose first N large enough so that

3—e<v(An), v(B)<j+e

for every n > N. Then, using the strong mixing property of the action of G on S (condition
(a) in Theorem 1.6), we choose a suitable positive number &’ > 0, an integer m > 0, and
a compact set K C G such that, for every g ¢ K, v(gA, N B,) < v(A,)v(B,) + &' for all
N <n < N + m. Hence, we get

N-1 N+m
ngAnB) < [T2van - [T 2van - [T 200400 (By) +¢)
n=1 n>N+m n=N
N+m

2v(A,)V(By,) + 2¢’
=e [1 =54
n=N

since the quotients (2v(A,)v(By) + 2¢')/2v(A,) belong to some interval (0, 8) for a
convenient value of § < 1 such that 8"+ < ¢/u(A).

It turns out that the o -algebra o (F) generated by F is too large, so that the dynamical
system (X, o (F), u, G) is not o -finite, and, as observed by A. Calderi and A. Valette (cf.
Remark 2.9), the associated representation rx on L%(X, /L) is not continuous.

Thus, we need to divide the proof of Theorem 1.5 into two parts: in the first one,
we prove that (X, o (F), u, G) is a Cp-dynamical system as stated in Definition 1.2 on
the one hand, and we construct a sequence of unit vectors that satisfy condition (3) in
Theorem 1.5 on the other hand. In the case where G is discrete, it is very simple to restrict
our dynamical system to a o-finite one, so that the proof is complete with the former
additional assumption. All this is contained in §2.

In the last part of the proof, which is the subject of §3, we define a sub-o-algebra
o (F¢) of o(F) and a measure . so that, for every A € o (F.), uc(A) < oo, we have
limg .. c(gA A A) =0. This implies the continuity of the permutation representation
nx : G — U(L*(X, 0 (F.), iue)), and finally the latter property is used to prove that we
can restrict our dynamical system to get a o -finite measure.
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2. Proof of Theorem 1.5, Part 1
For the rest of the article, G denotes a (non-compact) Icsc group with the Haagerup
property. According to Theorem 1.6 and Lemma 1.7, let (S, Bg, v) be a compact metric
space equipped with a probability measure v whose support is S, and G acts continuously
on § and preserves v and which satisfies conditions (a) and (b) of Theorem 1.6.

Thenput X =[]~ S ={(sx)n>1: s» € SV n}. If S is any non-empty family of subsets
of X, we denote by o (S) the o -algebra generated by S.

Here is the starting point of our construction.

Definition 2.1. Let X be as above.

(1) We denote by Fp the family of subsets of X of the form A =[],., A, where A, €
Bs for all n such that the infinite product ]_[20: 1 2v(A,) exists, ie. the sequence of
partial products (]_[,[1\': 1 2v(A,))N>1 converges to some limit in [0, 00). We also set

For = {B =1_[Bn € Fo:v(By) >0Vn}.
n

(2) We define the following sequence (F,),>1 of collections of subsets of X by
induction: forn > 1, set F, ={B\ A: A, B € F,_1}. Finally, we set

F = U Fn.
n>0

Observe that @ € Fy and hence also that F,, C F,, 41 for every n.

LEMMA 2.2. Forall A, B € Fy, one has AN B € Fy.

Proof. Let A, B€ Fy. Let us writt A=[], A, and B=]], B, as above. Then
v(A, N By) <min(v(A,), v(B,)) for every n. If there exists an integer n such that
min(v(A,), v(By,)) = 0, then the product 1_[211 2v(A, N By) converges trivially and A N
B € Fy. Suppose then that v(A,) > 0 for every n and consider the product of conditional
probabilities
ﬁ BLIA) ﬁ v(A, N By)

an 1 V(bp|An 11 (A, .
As 0 <v(BylA;) <1 for every n, one has 0 <ay4+1 <ay <1 for every N, and the
bounded, decreasing sequence (ay)ny>1 converges, say, to a € [0, 1]. Then the sequence

N N
]_[ 2v(A, N B,) =ay - ]_[ 2v(Ap)

n=1 n=1
converges to a - [[72 2v(Ap). O
LEMMA 2.3. The family F is a semiring of subsets of X, i.e.:

i) ifA,BeF, thenANBelF;
(i) ifA,BeF,then B\ A€ F.

t Recall that an infinite product [], u, of complex numbers converges if limy_, o l_[’]:’:] uy exists and is
different from 0, and it converges trivially if the limit equals 0. Thus, we require that the infinite product
]_[Zo: 1 2v(Ay) either converges or converges trivially.
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In particular; the set of all finite, disjoint unions of elements of F is a ring of subsets of X.
It is the ring generated by F and is denoted by R(F). Moreover:
(iii) for every A € F, there exists B € Fq such that A C B.

Proof. (i) We prove by induction on n > 0 that for all A, B € F,,, onehas AN B € F. The
claim is true for n = 0 by Lemma 2.2. Thus, let us assume that the claim is true for n > 0,
and let A, B € F,,+1. Then there exist Aj, As, By, B, € F, such that A=A \ A, and
B = B; \ B>. Then, by the induction hypothesis, there exists m > n such that A; N B €
Fm- As

ANB=(A1NAY)N(BINBY) = (A1 NB)\ A2\ By,

this shows that A N B € F,;,42 C F since (A1 N By) \ Az € Fipy1.
Assertion (ii) follows readily from the definitions, and (iii) is established by induction
on n. O

The next step consists in defining a suitable measure w on the o-algebra o (F) = o (Fo)
generated by F (or equivalently by Fo).

In order to do that, we associate to every element B =[], By € Fo + the probability
measure Pp on the o-algebra o (C) generated by the family C of all cylinder sets in X =
[, S. We observe for future use that 7o C ¢ (C) and hence that o (F) C o (C) as well.

Then Pp is the product probability measure ®n Vn, B, Where v, p is the probability
measure on Bg given by

v(E N By,) _

vn,B(E) 1= (B = v(E|By,)

for every E € By and for every n. As is well known, if C = ]_[n C, with C,, C S Borel for
every n, then Pg(C) = [[°2, vy, 5(C,) because C =y C™, where CN) = C; x C3 x
X Cy X Sx 8 x---eCand Pg(C™) =TTV, v, (Cy) forall N.

We define now a premeasure @ on F.

Definition 2.4. For A € Fy, A =], An, set u(A) =[], 2v(A,). For A € Uns1 Fns
let B € F be such that A C B; then set

) — {SB(A)M(B) if B € Fo 1.

if w(B) =0.
‘We need to check that w is well defined.

LEMMA 2.5. Let A € F.

(1) Ifthere exists B € Fqy suchthat A C B and u(B) =0, then Pc (A)u(C) = 0 for every
C € Fo,+ such that A C C.

(i) IfB, C € Fy 4+ are such that A C BN C, one has

Pp(A)w(B) =Pc(A)u(C). 2.1)
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Proof. (1) If B and C are as above, then
0=<Pc(A)u(C)=Pc(AN B)u(C)
<Pc(BNC)u(C)

152 o

= n=1

= lim - 2v(Cp)

N—o00
n=1

2v(B, N Cp)
H 2v(Cy)

o0 o0
= ]‘[ 20(B, N Cy) < ]‘[ 2v(B,) =0
n=1 n=1
(i) Observe first that if B, C € Fo_ 4 are such that u(B) = u(C) = 0, then equality (2.1)
holds trivially. By (i), it also holds if w(B)u(C)=0. Thus, it remains to prove that
(2.1) holds when A C BN C with B, C € Fp 4+ and u(B)u(C) > 0.
We assume first that A = ]_[n A, € Fp; then

A, N By
Bp(u(my =[] L0 B N l_[2v(B)

T 2v(A, N By)
= lim HWZU(B,Z)

N—o00
n=
o
=[] 2v. N By
——
n=1 —A,
= [(A).
Similarly, we get Pc (A)u(C) = n(A).
In the last part of the proof, we fix B, C € Fo 4+ such that u(B)u(C) > 0, and we define
two measures &) and (€ on the o-algebra o (C) (which contains o (F)) by
wB(E):=Pg(BNE)u(B) forall E €o(C)

and similarly for ©©.  Then u®(X)=Pg(B)u(B)=u(B) <oo (respectively
w©)(X) = u(C)), so that they are both finite measures on o (C).

Set A:={Aco(F):nBUAUNBNC)=pANBNC)}. Then the second part
shows that Fy C A and, in particular, since BN C € Fy, one has that M(B)(B NC)=
w'© (B N C), which implies that X € A.

Let us check that if A € A, then A€ € A: indeed, as BNC=(A“NBNC)U(AN
BNC),

wBAanBne)=u®BnNC)—uBANBNC)
=uOBNC)—pn9ANBNC)
=u©UNBNO).

Finally, it is straightforward to check that .4 is a monotone class. It implies that it is a
o -algebra which contains ¢ and hence A = o (F). O
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As a consequence of Lemma 2.5 and Caratheodory’s theorem, we have the following
result.

PROPOSITION 2.6. The premeasure | :F — Ry is o-additive and thus it extends to
a measure still denoted by p on the o-algebra o (F). However, | is not o-finite; in
particular, it is infinite.

Proof. Let (A®)=1 CF be a sequence of pairwise-disjoint sets such that A :=
Uk>l A® sl belongs to F. Choose B € Fp such that A C B. Then, as A® c B
for Every k, if w(B) =0, one has, by Lemma 2.5, w(A®Y) = 1 (A) =0 for every k. If
w(B) > 0, one has

w(A) =Pp(A)u(B) =Y PpA®)u(B) =) u(AY)
k k

since Pp is o-additive. Thus, by Caratheodory’s theorem (see for instance [3, Theorem
11.1]), u extends to a measure still denoted by u on o (F).

In order to prove that u is not o-finite, let us choose A € By such that v(A) =1/2,
and set Ap=A and A; = A°. Next, for every sequence ¢ := (&,)n>1 C {0, I}N* =€,
set Ag:=1]], A¢, € Fo. Then u(A;)=1 for every e €€ and A, N Ay =& for all
e #¢&'. If u was o-finite, then £ would be countable: indeed, there would exist an
increasing sequence X| C X2 C - - - C X such that |, Xy = X and u(Xx) < oo for every
k. Then, for k >2,set & ={e € £ : u(Xy N A;) > 1/2}. Then |&| <2u(Xy) is finite.
As limy_, o0 u(Xx N Ag) = u(Ag) =1 for every ¢, it follows that £ = [, & would be
countable, which is not the case. O

Now we consider the diagonal action of G on (X, o (F), n), i.e.

8- (sn)nzl = (gsn)nzl
forge G and (sy)n=1 € X =11, S.

LEMMA 2.7. The action of G on X defined above is measurable. In particular, G acts by
measurable automorphisms on (X, o (F), u) and it preserves L.

Proof. Let o : G x X — X be defined by a(g, (x4)n>1) = (§Xn)n>1. To prove that « is
measurable, it is sufficient to see that the preimage of any element of F is measurable.

Let A € Fy with A = ]_[n>1 A,. For m > 1, we define a permutation function B, :
GxX—GxXby -

(g, (xn)nzl) = (8, (s X1, X2, ooy Xm—1s X1y Xm42, - - ),

which is clearly measurable.
Let us consider now a1 (A); we have

o' (A) ={(g. (tdn=1) 1 (8. (Xn)n=1)) € A}
= {(g’ (xn)nzl) : (gxn)nzl € A}
=({(g Culuz1) : gxx € Ag).

k>1
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For fixed k, since the action y : G x § — S given by y (g, s) = gs is continuous and hence
measurable, we have

{(8: Cdn=1) : gxx € Ak} =B (y T (A x S x S x - +) € B(G) x o/(F).

Whence
a (A=) ﬁn—1<y—1(An) <[] S) € B(G) x o (F).
n>1 k>2

In particular, if B € o (F) and for g € G fixed, then
gB=( H'Beo().

This ends the proof of the measurability of the action of G.

Finally,if A =[], An € Fo, then gA =[], gA,, and the equality p(gA) = 1 (A) holds
since the action of G is diagonal and v is preserved by the action of G on S.

If Ae F,let B € Fy 4+ be such that A C B, so that u(A) =Pg(A)u(B), according to
Definition 2.4. Then gA C gB, so that

n(gA) =Pyp(gA)(gB) =Pp(A)u(B) = n(A)

for the following reason: for every cylinder set C=C; x --- X Cy x S x ---€0(C),
one has
N
v(gCn N gBy)
Pep(@O)=| | ——F—%— =Pr(O).
¢ 1:[1 v(gBn)

This equality holds first for every element of the algebra generated by cylinder sets and
hence for every element C € o (C) by uniqueness of probability measures which coincide
on given algebras of sets. In particular, one has ©(gA) = u(A) for every A € F and hence
in the algebra R(F).

Next, the construction of the extension of u to o (F) is given by
W(E) = inf{ > 1By : (Bum=1 CRF), EC| Bm}
m>1 m
for every E € o (F). Thus, if g € G is fixed, one has
WEE) = inf{ Y #(Bu): (Buwm=1 CRF) Ec g—le} = u(E)
m>1 m

because the ring R(F) is G-invariant and every countable covering of E € o (F) in the
definition of w(E) above can be taken of the form

Ec| /g "B
with (B,,) C R(F) by G-invariance of R(F). O

We are now ready to prove the first part of Theorem 1.5 in the general case, namely the
existence of a Cp-dynamical system with almost invariant vectors, and to finish the proof
in the case where G is discrete (hence countable).
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PROPOSITION 2.8. The dynamical system (X, o (F), u, G) is a Co-dynamical system,
namely, for all A, B € o (F) such that 0 < u(A), u(B) < 0o, one has

lim u(gANB) =0, 2.2)
g—>00

and there exists a sequence of unit vectors (£,) € L*(X, o (F), u) such that &, > 0 for
every n and, for every compact set K C G, one has

lim sup (mx (g)§u5n) = 1. (2.3)
n— gEK

Moreover, if G is discrete, there exists a G-invariant subset Q € o (F) such that the
restriction of p to Q2 is o-finite and the corresponding Hilbert space L*>(2, 1) contains
the sequence (&,) and is separable.

Proof. Assume first that A, B € Fy, and write A =[], A, and B =[], By, so that

pA)y=TT2v(An) and u(B)=]]2v(By.

nx1 n>1

Let ¢ >0 be fixed and take & >0 small enough in order that §:=1/2+¢ +
&/(1/2—¢) < 1.
Since 0 < u(A), u(B) < oo, there exists N large enough such that

%—8'<v(A,,), v(B,,)<%+£/ foralln > N.

Since § < 1, there exists m large enough such that 8"+ < (¢/u(A)). The action of G
on (S, v) being strongly mixing, there exist compact sets K, C G foralln € {N, ...,
N + m} such that

[v(gA, N By) —v(Apv(B,)| <é&' forallge G\ K,.
Set K = UN+m K, which is compact. Then we have forall g € G \ K,

N+m
nEgANB) < H (A - [T 200A0vBy +¢)- [T 2v(An
n=1 n=N n>N+m+1

N+m ’
— L(A) - l—[ 2v(Ay)v(By) + 2¢

2v(Ay)

N+m

=u@ ] (v(B o )>

n=N
N+m ¢
A -
<M()]_[< +¢ + 2_8/)
= (A" <&

Thus, we have
lim u(gANB)=0 forall A, B e Fy.
g—00
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The same claim holds for A, B € F since there exist C, D € F such that A C C and
BcC Dand u(gANB) <u(gCnN D) — 0as g — oco. Moreover, equality (2.2) also holds
for all elements of the ring R(F).

Finally, if A, B € o(F) are such that 0 < u(A), u(B) < 0o, by construction of the
measure p on o (F), if € > 01is given, there exist two sequences (Ci)k>1, (De)e>1 C R(F)
such that

AclJce and Bc| D
k>1 >1
and
w(A) <Y (€ <p(A)+¢e and  pu(B) <Y (D) < u(B) +¢.
k [
Choose first N large enough so that ) ", u(D¢) < &/3. Then, as

N
gANBC (UgAﬂDg) U <U Dz),
=1 >N

we get
N

(AN B) <> u(gAN D) +e/3.
=1

Choose next M large enough so that ) ", ,, u(Cx) < &/3N. Then, as

gAﬂDgC(LA:IJngﬂDg>U(U ng>

k=1 k>M
for every 1 <€ < N and, since p is G-invariant, we get

N M
n(gANB) <) > u(gCiN Dy)+2¢/3
=1 k=1
for every g € G. By the previous part of the proof, there exists a compact set K C G such
that
u(@ANB)<e forallge G\ K.

This ends the proof of the first claim of the proposition.
Let us prove now the existence of the sequence (&,) C L*(X, o (F), 1) which
satisfies (2.3).
The probability standard space (S, v) contains an asymptotically invariant sequence
(Ap)n=1 C Bs such that v(A,) = % for all n and, for every compact set K C G,
sup v(gA, NA,) — % asn — oo. 2.4)
gek
Since G is a locally compact, second countable group, we choose an increasing sequence
of compact sets (K,),>1 C G such that G =J,»; K, and such that for every compact
set K C G, there exists m > 1 such that K C Km._Consequently, by (2.4), forall m, k > 1
there exists an integer n(k, m) such that

_ k
V(g Ankm) N Ankomy) — 31 < (1L — ey forall g € K.
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Then we set for all m
En = ATy Angomy € L7 (X, 0.

By construction, 0 < &,, <1 and ||&,,||» = 1 for all m.
Now let K be a compact subset of G; then, for every integer m > 1 such that K C K,,,,
we have

1> <7TX(g)§m|§m> ZA Xnkzl An(k,m) (g—lx)X["[kzl Antem) (x) du(x)
= /X X]_[kzl(gAn(k,m)ﬂA,,(k‘m))(x) d/,(/(x)

= M(l_[(gAn(k,m) N An(k,m))) = l_[ 2V(gAn(k,m) N An(k,m))

k>1 k=1
1 1 —1/m2k —1/m2*
z]_[z(i—z(l—e ) =TTe
k=1 k>1

=e LRy (1/m25) = e_l/m —>mooo 1

uniformly on K, where the first inequality follows from the Cauchy—Schwarz inequality.
Assume now that G is discrete and hence countable; set

o= Us %

geG m>1

where X, = ]_[k Apk,m) 1s the support of &, for every m. Then €2 is G-invariant, the
restriction of p to Q is o-finite, and L2($2, ) is separable since G is countable, and it
contains the sequence (&,,) by construction. 0O

Thus, the proof of Theorem 1.5 is complete in the case where G is discrete and hence
we will focus on the case where G is not discrete.

Remark 2.9. We are very grateful to Alessandro Calderi and Alain Valette for having
kindly communicated the present remark. The associated representation wxy of G on
L2(X , 0 (F), w) is not continuous in general. Indeed, if it was continuous, then we would
have

lim (7x (9)¢18) = HE

for every element & € L*(X, 1) and, in particular, lim, .. u(gB N B) =1 for every
B € Fo with u(B)=1. Choose a Borel set A C S such that v(A) =1/2 and set
B=][],AeFo. If g€ G is such that v(gA A A) > 0, we have u(gB N B) =0 since
v(gA N A) < 1/2. If we can make g — e, we have proved that x is not continuous. It is
the case for G = § = S! equipped with its normalized Lebesgue measure.

We also observe that, in the case where G is countable, provided that we put X =
B =], Aasaboveand we take Q@ = (U, U0 & - Xm, the unit vector xp € L2(Q, p)
satisfies the following condition:

1, g=e,

vB(g) = (mx(8)xBlxB) = {0, ce
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This means that ¢p is the positive-definite function §, whose GNS construction (see
[2, Theorem C.4.10]) is the (left) regular representation of G. Hence, the left regular
representation of G is a subrepresentation of 7g.

If G is not discrete, we see no reason why mq should contain the regular representation,
as in this case there is no analogue of the function §,.

3. Proof of Theorem 1.5, Part 2

Before proving the last part of our main theorem, let us make the following comment,
which we owe to S. Baaj: recall that if G be a lcsc group that acts measurably on some
measure space (€2, i), where u is G-invariant and o -finite, and if L3(R, W) is separable,
then the associated unitary representation mg is automatically continuous. This follows
from [2, Proposition A.6.1] for instance.

This means that, if we had been able to restrict our action of G to such a measure space,
then the proof of Theorem 1.5 would be complete. Unfortunately, we were unable to do
that and thus we have to proceed as follows: we define a subfamily F. of F and a measure
e on o (F.) so that the permutation representation on L*(X, 0 (F.), ie) is continuous
and then, using continuity, we are able to restrict the action of G to a o-finite measure
subspace of X which has all the desired properties.

Before defining the above-mentioned family F., we fix an 1ncreasmg sequence of
compact sets (K,),>1 of G with the following properties: e € K 1, Kn C K,l+1 for every
n>1,and G = Un>1 K,. We also set K := K1, which is a compact neighbourhood of e.

Definition 3.1.
(1) The family F.o is the collection of sets A=][], A, € Fo such that wu(A)=
[1,2v(A,) =0 or that

o
I 20(gA, N Ay) =1
Nl_r)nool_][v v(gAn N Ap)
n—=

uniformly for g € K.

(2) We define the sequence (F. ,)n>1 of collections of subsets of X by induction:
Fen:={B\ A:A, BeF.,_1},and we set finally F. =, Fe.n-

We also denote by o (F) the o-algebra generated by F; itis a subja-algebra of o (F).

We observe that the sequence ([[;-; Ank,m))m>1 constructed in the proof of
Proposition 2.8 is contained in . o. Indeed, we have proved that

20(g Ankmy N Angeny) € [/ 1] forall g € K.

Hence, we get

1> th l_[ 2v(gAnk,my N Angke,m))
k=N
o0
> lim efl/mZk
N—o0
k=N

— o (I/m)limy o0 3032y (1/2%) _ g
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uniformly on K. This proves among others that the associated sequence of vectors
En)m>1 C L2(X, o (F,), 1) is an almost-invariant sequence of unit vectors.

In order to see that F. ¢ is stable under finite intersections, we need the following
elementary lemma.

LEMMA 3.2. Let (xi)k>1, (ar)k>1 C R* be sequences such that

i =1l I —ap)=1.
im [Txe= lim [Td-a)

N—o0
k>N k>N

Then

li —a)=1.
Jim [Tow—an =1
k>N

Proof. There exists Ny so that x;x > 2/3 and 0 < aj < 1/2 for all k > Ny. This implies
immediately that
(—2a + ap)xk < —3arxk < —ay

for all k > Ny and we get for all N > Ny
[[x0-a)®<[]eu—a) <[]
k>N k>N k>N

which proves the claim. O
LEMMA 3.3. Let A, B € F. 0. Then AN B € F. .

Proof. Let A, B € F. o, where A =[], A, and B=]], Ba.
If A or B has measure zero, then u(AN B)=0and AN B € F. . We assume that
w(A N B) # 0. Thus, we have that the five sequences

o0 o0
[]2v@AnAan. ] 2v(gB.n B,
n=N n=N

[]2vAanBy. [ 2v@an. J]2vBw
n=N n=N

n=N

converge to 1 uniformly on K as N — oo.
As v(Ap), v(By) # 0 for every n, we have that

oo o0

1—[ 2v(gA, N Ap) 1—[ 2v(gB, N By)
—y (A 0By
= 2v(A, N B,) = 2v(A, N B,)
l;lv wan 150G,

converge to 1 uniformly on K as N — oo.
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Moreover,
> lim ﬁ 2v(g(An N Ba) N (A N By))
T Nooo 2v(A, N By)
n=N
-1 lo—o[ 2v(Ap, N By) —2v(A, N B, NgAS) —2v(A, N B, NgA, NgBY)
im
T Nooo N 2v(A, N By)

. ( 2v(An \ gAn) 2v(Bn\an))
> lim 1— — .
20(A, N By)  2v(A, N By)

~ N—>oo -
Using Lemma 3.2, we will show that

(1. 22(An\gAn)  20(By \ gBy)
20(A, N By,)  2v(A, N By)

lim
N—o0

=1. ()

One has to check that:

(1) limy— oo [Ty (1 — 2u(B, \ gBn)/2v(A, N By))) = 1;

(2) limy—oo [Tron (1 — Qu(A, \ gA,)/2v(A, N By))) = 1.

We prove (1) in detail; as the proof of (2) is similar, we will get (). One has

. 2v(By, \ gBy)
hm 1 -__-
N—o00 il 2v(A, N By)

. 2B, \gB)\ .. 1 2v(A,NB,)
= 11m 1 e e——— 11m 1_[ _—
N—oo N 2v(A, N By) )] N—>oo N 2v(By)

o <2v(AmBn>—2v(Bn\an))
= lim .
n=N

N—o0 2v(By)
Moreover,
T 2v(By \ 8Bn)
lim l— —-
N—oo ' 2v(By)
— im T <2v<Bn> — 2v(B, \an>>
N—oo N 2v(By)
o
2v(B, NgB
— lim 1—[ v(B, N gBy) -1
N—o0 e 2v(By)
As observed above, this ends the proof. O

Next, exactly the same arguments as those in §2 from Lemma 2.3 to Proposition 2.8
allow us to prove the following facts.

PROPOSITION 3.4. The family F. has the following properties.
(i) Forall A, B € F., one has AN B € F. and A\ B € F., so that F. is a semiring,

and the set of all finite disjoint unions of elements of F is the ring generated by Fv,
which is denoted by R(F.).
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(i) The diagonal action of G on X =[]~ S is o (F.)-measurable.

(iii) There exists a measure (¢ : o (F¢) — [0, o] which is G-invariant and such that
we( T, An) =T1,, 2v(Ay) for every A=T],, An € Fe0.

(iv) The dynamical system (X, o (F¢), te, G) is a Co-dynamical system.

(v)  Let (Ank,m))k,m be the family constructed in the proof of Proposition 2.8 and set
Xm = nk Ank.my and &y = xx,, for every m > 1. Then (§,) C Lz(Xa o (Fe), ie)
is a sequence of almost-invariant unit vectors.

We are ready to prove that the representation wy on L2(X , 0(F¢), We) 1s continuous.
To do this, it suffices to prove that, for every A € o (F,) such that u.(A) < 0o, one has

l7x () xa — xall3 = / xga — xal* due = / Xga = xalditc = j1c(gA & A)—0
X X

as g — e.
PROPOSITION 3.5. Let A € o (F.) be such that j1.(A) < co. Then

lim pu.(gA A A)=0.

g—e
Proof. Denote by S the family of sets A € o(F;) such that u.(A) <oo and that
limg . c(gA A A) =0. Let us prove the following assertions.

(i) One has F. C S, ie. limg,, u(gA A A) =0 forevery A € F..
Indeed, if (A) = 0, the claim is obvious. Thus, assume that A = ]_[n A, and

o0
Jim ];[V 20(gAn, N Ay) =1

uniformly on K. Let (g,)m>1 be a sequence in K which converges to e. We prove that
Ue(gmANA) — ue(A) as m — oo; this will prove the claim since we have for every m,

He(gmA A A) :/ |XgmA — XAl due
X

< / (KA — Xenana) die + / (Kem — Xemana) dite
X X
— 2(4e(A) — pe(gmA N A),

(Notice that we have used that u.(A) < oo and that y. is G-invariant.)
As [],2y 2v(gAn N A,) — 1 uniformly on K, there exists Ny such that

]

I Me(m,«/1+5) for all m.

n=Ny+1 2v(An)

As the representation of G on L2(S , V) is continuous, one has, for every fixed n,
v(gmAn NAy) > v(A,) asm — oo.

Hence, there exists M such that, for every n € {1, ..., Np},

V(gmAn N Ap) c

[(1—&)/2No (1 4+¢)!/2Mo] forallm > M.
V(Ay)
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Then one has for every m > M,

[Tz1 2v(8mAn N An) _(ﬁ 2v(gmAmAn)> ( ﬁ 2v(gmAmAn)>
[T 24 1T 2u(Ay) ovost 2V(AD)
e(l—¢g1+e¢).

This shows that (uc(gmA N A)/uc(A)) = 1 and puc(gnmA N A) — uc(A) asm — oo.
(i) IfA, BeS,thenANBeSand A\ B €S. Inparticular, S is a semiring of subsets
of X which contains F.
Indeed, let A, B € S and let g € G. Then

Mc(g(AﬂB)A(AﬂB))=/ IXgAXgB — XAXB| dte
X

5/ Ixga(XgB _XB)|nd+/ IxB(Xga — xA)| dte
X X
<uc(8AAA)+u(gBAB)—0

as g — e. This shows that A N B € S. Next,
nc(g(A\ B) A (A\ B)) = / [Xg(A\B) — XA\B| dlLc
X
= / [xga(l — xgB) — xa(l — xB)| dpsc
X

= f IXgA — XA — (XgAXgB — XAXB)| ditc
X

IA

Mc(gAAA)Jrf Ixga — xalxgB dpic
X

+/ xalxgs — xBlduc
X
2uc(gAAA)+uc(gBAB)—>0

IA

as g — e, showing that A \ B € S. Lemma 3.3 and these facts imply that 7. C S.

(iii) Let Ay, ..., A, € S. Then their union U’}zl Aj € S. In particular, S is a ring of
subsets of X which contains the ring generated by F..
Indeed, by (ii), we can assume that A; N A; = @ foralli # j. Setting A = |_|7_; A;, we

have
n n
ne(gA A A) =/ D Xea;— Y xa;| dite
X1z j=1
n
=/ Z(ngj — XA;))| dpte
bt

n
<Y ne(gAj AA)—0
j=I1

as g — e. This proves (iii).
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(iv) Let A € o (F;) be such that u.(A) < oo. Then

lim pu.(gA A A)=0.
g—e

Indeed, fix ¢ > 0. By construction of the measure i, on o (F.) and since S is a ring which
contains the ring R(F,) generated by F,

pe(A) = inf{z pe(Ai): Ay e Fovi, Ac| A }

i>1 i
Hence, there exists a sequence (A;);>1 C F¢ such that A C | J; A; := B and
(A) =" 1e(A) < pe(A) + = 3.1)
Me =L (A He 5 .
l
By (ii), we assume that A; N A; = & for all i # j. Choose then N large enough so that
e
D HelAi) < <
i>N
and let V C G be an open neighbourhood of e such that

N

&
Z ue(gA;i A Ap) < 3 forallg e V.
i=1

Then we have for every g € V,

Mc(gAAA)E/ |ng—ng|duc+/ |xg3—xB|duc+/ x5 — xal dite
X X X

<2uc(B\A)+ Y ne(gA; A A))

i
N

S2Uc(BNA) + ) (A AA) +2 ) ne(A) <e. O
i=1 i>N

Remark 3.6. Since u is not o -finite, there is no reason that it coincides with w. on o (F.),
even if it does on F,. C F. Furthermore, we had to use p. instead of u because of equality
(3.1); more precisely, it is not necessarily true that, for A € o (F,), one has

w(A) = inf{z w(A): Aje Fovi, Ac| A,-}.
i>1 i

LEMMA 3.7. Let (2, B, p) be a measure space on which a group G acts by measurable
automorphisms, and such that p(gB) = p(B) for every B € B such that p(B) < co. Then
the action of G preserves p, i.e. p(gB) = p(B) for every B € B.

Proof. 1f there existed g € G and B € B such that p(B) = oo and p(gB) # p(B), then,
necessarily, we would have p(gB) < oco. But this contradicts our hypothesis since then
p(g~'gB) = p(B) would be finite. m

The next proposition is the last step of the proof of Theorem 1.5.
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PROPOSITION 3.8. There exists a G-invariant subset 2 € o (F.) such that the measure
p 10 (F:) — [0, oo], defined by p(B) := u.(B N Q) for every B € o (F.), is o-finite and
G-invariant. Furthermore, the Hilbert space L>(Q, p) is separable and contains the
sequence of unit vectors (&,,) of Proposition 3.4.

Proof. Let D={g1 =e, g2,...} CG be a countable, dense subset of G. Set Y =
Ums1 Xm» where X;y = [];=1 Anck.m) as in Proposition 3.4, and set

Q=] nr.
heD

Recall that the measure p on (X, o (F;)) is defined by
pP(B) = puc(B N Q)

for every B € o (F;), so that p is o-finite. It remains to prove that it is G-invariant. By
Lemma 3.7, it suffices to prove that p(gB) = p(B) for every g € G and B € o (F,) such
that p(B) < oo. Then, for every i > 1, set

i—1
B; = (B mgﬂ)\(U ng),
j=1

sothat BN Q= |; B; and thus p(B) =Y _; p(B;) < 00.
Then
p(8B) = p(g(BNR) =Y p(gBi).

1

For fixed i, let (h)p=1 C D be such that h) — gg; asn — co. Then p(gB;) > p(gB; N
h,(f)gi_lBi) for every n and

p(¢Bi NhY g By = pc(gBi Nh g B) = nc(gBi) = j1c(B;)
as n — o0; thus p(gB;) > u.(B;) and hence

P(eB) =) p(gBi) =) 1e(B) = pe(B) = pie(BN Q) = p(B).

We also get
p(B) < p(gB) < p(g'gB) = p(B).
Finally, separability of L($2, p) follows from the countability of D and from its density
inG.
The proof is now complete. O
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