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Abstract Let X be a regular variety, flat and proper over a complete regular curve over a finite field

such that the generic fiber X is smooth and geometrically connected. We prove that the Brauer group of
X is finite if and only Tate’s conjecture for divisors on X holds and the Tate–Shafarevich group of the

Albanese variety of X is finite, generalizing a theorem of Artin and Grothendieck for surfaces to arbitrary
relative dimension. We also give a formula relating the orders of the group under the assumption that

they are finite, generalizing the known formula for a surface.
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1. Introduction

Let C be a smooth and proper curve over a finite field of characteristic p with function

field K . Let X be a regular scheme and X → C a proper flat map such that X = X ×C
K is smooth and geometrically connected over K . Let Kv be the quotient field of the

henselization of C at a point v, and let Xv = X ×K Kv.
If X is a surface, then it is a classical result of Artin and Grothendieck [14, § 4] that

the Brauer group of X is finite if and only if the Tate–Shafarevich group of the Jacobian

A of X is finite. Moreover, if they are finite, then their orders are related by the formula

[11]

|Br(X )|α2δ2
= |X(A)|

∏
v∈V

αvδv, (1)

where δ and δv are the indices of X and Xv, respectively, and α and αv are the order

of the cokernel of the inclusion Pic0(X)→ H0(K ,Pic0
X ) and Pic0(Xv)→ H0(Kv,Pic0

X ),

respectively. The purpose of this paper is to generalize these results to arbitrary relative

dimension d.
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Theorem 1.1. The Brauer group of X is finite if and only if the Tate–Shafarevich group

of the Albanese variety of X is finite and Tate’s conjecture for divisors holds for X ; i.e.,

for all l 6= p, the cycle map

cl : Pic(X)⊗Zl → H2
et(X

s,Zl(1))Gal(K )

has torsion cokernel, where X s is the base extension to the separable closure.

Moreover, under the assumptions of the theorem, coker cl vanishes for almost all l. If X
is a surface, then Tate’s conjecture for divisors on X is trivial and we recover the classical

result of Artin–Grothendieck.

In order to generalize formula (1), we need to introduce other invariants that vanish

for a relative curve. Consider the maps

ξ i
n : H2(K , H i

et(X
s,Q/Z[ 1p ](n))) −→

⊕
v

H2(Kv, H i
et(X

s,Q/Z[ 1p ](n))),

l i
n : H i

et(X,Z(n)) −→
∏
v

H i
et(Xv,Z(n)),

where H i
et(X,Z(n)) is the etale hypercohomology of Bloch’s cycle complex. The maps ξ i

n
were studied by Jannsen [16], and the argument of loc. cit. Theorem 3 shows that they

have finite kernel and cokernel if i 6= 2n− 2.

Let G = Gal(K ), let Gv = Gal(Kv) be the decomposition group, let α, αv be defined as

above, let β, βv be the orders of the prime to p-part of the cokernels of

H2d
et (X,Z(d))

ρd
−→ H2d

et (X
s,Z(d))G , H2d

et (Xv,Z(d)) −→ H2d
et (X

s
v,Z(d))

Gv

and let δ′, δ′v be the order of prime to p-part of the cokernels of the maps

C Hd(X s)G
deg
−→ Z, C Hd(X s

v)
Gv

deg
−→ Z,

respectively. Then α, δ′ and
∏
v δ
′
v are finite, and we use a result of Saito–Sato to show

that
∏
v βv is finite. Let c be the product of the maps cl for all l 6= p.

Theorem 1.2. Let X be smooth and projective over a global field of characteristic p.

Assume that X admits a regular proper model, X(AlbX ) is finite, Tate’s conjecture for

divisors holds on X and ker ξ2d−2
d is finite. Then β is finite, and up to a power of p, we

have

|ker l2d+1
d | · |cokerc| ·αβδ′ = |X(AlbX )| · |ker ξ2d−2

d |

∏
v

βvδ
′
v.

Note that the terms appearing in the theorem only depend on X . If ker ξ2d−2
d , or

equivalently β, is not finite, then the theorem still holds if we replace the corresponding

terms by the order of their finite quotients by a common subgroup. If X is a curve, then

the formula reduces to (1) because ker ξ0
1 = 0 and ker l3

1
∼= Br(X ).

The same argument gives the following theorem which relates the above-mentioned

groups. Let AlbX be the Albanese variety of X , and for an abelian group A, let A∗ and

T A be the Pontrjagin dual and Tate module, respectively.
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Tate’s conjecture and the Tate–Shafarevich group over global function fields 1003

Theorem 1.3. Modulo the Serre subcategory spanned by finite groups and p-power torsion

groups, we have an exact sequence of torsion groups

0→ coker ρd → ker ξ2d−2
d → ker l2d+1

d →X(AlbX )

→ (coker c)∗→ (T Br(X ))∗→ (TX(Pic0
X ))
∗
→ 0.

Theorems 1.2 and 1.3 will be proven in § 4, and in § 5, we show that Theorem 1.3

implies Theorem 1.1. During the proof, we obtain the following result on the maps ξ2d−2
d

and l2d+1
d .

Proposition 1.4. Assume that Br(X ) is finite.

(1) There is a complex

0→ coker ρd → H2(K , H2d−2
et (X s,Q/Z(d)))

ξ2d−2
d
−→⊕

v

H2(Kv, H2d−2
et (X s,Q/Z(d)))→ Hom(NS(X),Q/Z)→ 0

which is exact up to finite groups and p-groups.

(2) There is a complex

H2d+1
et (X ,Z(d))→ H2d+1

et (X,Z(d))
l2d+1
d
−→⊕
v

H2d+1
et (Xv,Z(d))→ Hom(Pic(X),Q/Z)→ 0

which is exact up to p-groups.

The idea of the proof of Theorem 1.3 is to work with one-dimensional cycles and to use

a theorem of Saito–Sato. For our purposes, it is necessary to give a slight improvement of

their main theorem, which we are able to prove using results of Gabber and Kerz–Saito:

Let f : Y → Spec R be of finite type over the spectrum of an excellent henselian discrete

valuation ring R with residue field k. The following conjecture and theorem on Kato

homology were stated and proven by Saito–Sato for Y projective over R such that the

reduced special fiber is a strict normal crossing scheme.

Conjecture 1.5 [29, Conjectures 2.11, 2.12]. Let Y be a regular scheme, flat and proper

over Spec R, and l a prime invertible on R.

(1) If k is separably closed, then K Ha(Y,Ql/Zl) = 0 for all a.

(2) If k is finite, then

K Ha(Y,Ql/Zl) =

 0 for a 6= 1;

(Ql/Zl)
I for a = 1,

where I is the number of irreducible components of the special fiber.

Theorem 1.6 [29, Theorem 2.13]. The conjecture holds for a 6 3.
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In the body of this paper, we invert the characteristic p of the base field, i.e., we work

with Z′ = Z[ 1p ]-coefficients. For a compact or discrete abelian group A, we define the

Pontrjagin dual to be A∗ = Homcont (A,Q/Z[ 1p ]), the completion to be A∧ = limp 6|m A/m,

the torsion to be TorA = colimp 6|m m A and the Tate module to be T A = limp 6|m m A. Note

that the results for A and AZ′ := A⊗Z′ agree so that we sometimes omit the subscript Z′.

2. Etale motivic cohomology

Let f : Y → B be separated and of finite type over the spectrum B of a Dedekind ring of

exponential characteristic p. Consider Bloch’s cycle complex with the free abelian group

zw(Y, j) on closed integral subschemes of dimension w+ j on Y ×1 j which intersect

all faces properly in degree j . The higher Chow group C Hw(Y, j) is defined as the jth
homology of this complex. Let Zc(w) be the cohomological complex of etale sheaves

with zw(−,−i − 2w) in degree i . For an abelian group A, we define an etale motivic

Borel–Moore homology H c
i (Y, A(w)) to be H−i

et (Y, A⊗Zc(w)). For finite maps g : Y →
X , the direct image functor is exact so that g∗ = Rg∗ and the proper push-forward of

algebraic cycles induces covariant functoriality. The flat pull-back induces contravariant

functoriality with the appropriate shift in weight. Since the homology of Bloch’s complex

agrees with its etale hypercohomology with rational coefficients [7, Proposition 3.6], the

natural map

C Hw(Y, i − 2w)→ H c
i (Y,Z(w))

is an isomorphism upon tensoring with Q, and this vanishes if i < 2w. In particular, we

have H c
i (Y,Z(w)) ∼= H c

i+1(Y,Q/Z(w)) for i < 2w− 1.

If Y is regular and of pure dimension d + 1, we also write Z(n) for Zc(d + 1− n)[−2d − 2]
and H i

et(Y, A(n)) for Het
2d+2−i (Y, A(d + 1− n)). If, in addition, B is a regular curve over a

perfect field and Y is regular, then Zc/m(d + 1− n)[−2d − 2] ∼= Z/m(n) ∼= µ⊗n
m for n > 0

and m invertible on Y because this holds for smooth schemes over fields [12].

By [5, XVIII, Theorem 3.1.4], the functor R f! has a right adjoint R f ! on the category

of bounded complexes of Z/m-modules for any compactifiable morphism f .

Lemma 2.1. If B is a regular curve over a perfect field and Y is regular, then

R f !µ⊗−n
m
∼= µ

⊗d−n
m [2d] ∼= Zc/m(n+ 1)[−2]

for any m invertible on B and n 6 d.

Taking the limit over etale neighborhoods of a point of B, the lemma remains true for

B replaced by the henselization of a regular curve over a perfect field.

Proof. Let s : B → k be the structure map. Then s and s f are smooth, and

Rs!µ⊗−n−1
m [−2] ∼= µ⊗−n

m on B by [5, XVIII Theorem 3.2.5]. Hence, for the same reason,

R f !µ⊗−n
m
∼= R(s f )!µ⊗−n−1

m [−2] ∼= µ⊗d−n
m [2d] ∼= Zc/m(n+ 1)[−2].

In particular, we obtain an isomorphism

H c
a (Y,Z/m(1)) ∼= Het

a (Y,Z/m(1)) := H2−a(Y, R f !Z/m);

i.e., for regular schemes, etale motivic Borel–Moore cohomology is isomorphic to the etale

motivic homology used in [29].
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Theorem 2.2. If T is of finite type over a separably closed field k and w 6 0, then the

natural map

C Hw(T, i − 2w)Z′ → H c
i (T,Z′(w))

is an isomorphism.

Proof. The proof of [8, Theorem 3.1] works in this situation, but we replicate it for

the convenience of the reader. Since Zc(w) satisfies the localization property, we can

apply Thomason’s argument [33, Proposition 2.8] using induction on the dimension of

T to reduce to showing that for an artinian local ring R, essentially of finite type over

k, the canonical map Zc(w)(Spec R)Z′ → R0et(Spec R,Zc(w))Z′ is a quasi-isomorphism.

Since Zc(w)(U ) ∼= Zc(w)(U red), we can assume that R is reduced, in which case it is

the spectrum of a field F of finite transcendence degree d over k. We have to show

that the canonical map Hi (Zc(w)(F))Z′ → H c
i (F,Z

c(w))Z′ is an isomorphism for all

i . Rationally, Zariski and etale hypercohomologies of the cycle complex agree. With

prime to p-coefficients, both sides agree for i > d +w by the Rost–Voevodsky theorem,

and for i < d, both sides vanish because H c
i (F,Z/ l(w)) ∼= H2d−i

et (F,Z/ l(d −w)) and the

l-cohomological dimension of F is d.

Corollary 2.3. Let T be a smooth scheme of dimension d over a separably closed field k.

Then H i
et(T,Z

′(d)) = 0 for i > 2d and C H0(T )Z′ ∼= H2d
et (T,Z

′(d)).

Taking a K -injective resolution of the motivic complex as in [32], the usual argument

gives a Hochschild–Serre spectral sequence

E s,t
2 = H s(F, H t

et(X ×F F s,Z′(d)))⇒ H s+t
et (X,Z′(d)). (2)

The corollary implies that for any field F of characteristic p and a scheme X of dimension

d over F , we have E s,t
2 = 0 for t > 2d.

Proposition 2.4. Let T be a smooth projective scheme over a separably closed field k.

Then the Albanese map induces a surjection from the degree zero part

C H0(T )0Z′ → AlbT (k)Z′

with uniquely divisible kernel.

Proof. By Rojtman’s theorem, the Albanese map induces an isomorphism on prime to p
torsion subgroups [2, Theorem 4.2]. Hence, the proposition follows because the Albanese

map is surjective, and C H0(T )0 as well as AlbT (k) are divisible by all integers prime

to p.

The following proposition can be proved as in [9, Theorem 1.1].

Proposition 2.5. Let T be smooth and projective over a separably closed field. Then

H i
et(T,Z(n))⊗Q/Z′ = 0 for i 6= 2n.

2.1. Duality

We recall some facts on duality from [10], [8]. If g : Y → F is separated and of finite type

over a finite field and m prime to the characteristic of F, then the adjunction Rg! ` Rg!

https://doi.org/10.1017/S147474801900046X Published online by Cambridge University Press

https://doi.org/10.1017/S147474801900046X


1006 T. H. Geisser

gives

R HomAb(R0c(Y,Z/m(n)),Z/m[−1]) ∼= R HomF(Rg!Z/m(n),Z/m)
∼= R HomY (Z/m, Rg!Z/m(−n)) ∼= R0(Y, Rg!Z/m(−n)),

where the shift in degree appears because the left derived functor of coinvariants under

GF is the right derived functor of the invariants functor shifted by one. Using the

usual definition Het
i (Y,Z/m(n)) := H−i

et (Y, Rg!Z/m(−n)) for etale homology, we obtain a

perfect pairing:

H i
c (Y,Z/m(n))× Het

i−1(Y,Z/m(n))→ Z/m.

For finite maps ι : Y → X , the adjunction maps ι∗Rι!R f !→ R f ! and R f!→ R f!ι∗ι∗

together with the isomorphism ι∗Z/m(n) ∼= Z/m(n) induce maps compatible with the

pairings
H i

c (X ,Z/m(n))×Het
i−1(X ,Z/m(n)) −−−−→ Z/m

ι∗

y ι∗

x ∥∥∥
H i

c (Y,Z/m(n)) ×Het
i−1(Y,Z/m(n)) −−−−→ Z/m.

(3)

Let X be connected of dimension d + 1, smooth and proper over a finite field. Then,

since R f !Z/m(−n) ∼= Z/m(d + 1− n)[2d + 2], the pairing above can be rewritten and

identified with the cup-product pairing

H i
et(X ,Z/m(n))× H2d+3−i

et (X ,Z/m(d + 1− n))→ H2d+3
et (X ,Z/m(d + 1)) ∼= Z/m.

Moreover, we have a trace map

H2d+4
et (X ,Z(d + 1))

∂
∼= H2d+3

et (X ,Q/Z(d + 1)) ∼= Q/Z

and compatible cup-product pairings for any m,

H i
et(X ,Z(n)) × H2d+4−i

et (X ,Z(d + 1− n)) −−−−→ Q/Zy ∂

x ∂

x∼=
H i

et(X ,Z/m(n))×H2d+3−i
et (X ,Z/m(d + 1− n)) −−−−→ Q/Z.

(4)

If Xv is connected of dimension d, smooth and proper over a henselian valuation field of

residue characteristic p, then the trace isomorphism H2d
et (X

s
v,Q/Z′(d)) ∼= Q/Z′ together

with the Hochschild–Serre spectral sequence induce isomorphisms

H2d+3
et (Xv,Z′(d + 1))

∂
∼= H2d+2

et (Xv,Q/Z′(d + 1)) ∼= Q/Z′

and compatible cup-product pairings for any m not divisible by p,

H i
et(Xv,Z

′(n)) × H2d+3−i
et (Xv,Z′(d + 1− n)) −−−−→ Q/Z′y ∂

x ∂

x∼=
H i

et(Xv,Z/m(n))×H2d+2−i
et (Xv,Z/m(d + 1− n)) −−−−→ Q/Z.

(5)

Again, the lower pairing is a perfect pairing.
We end this section with a lemma on topological groups.
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Lemma 2.6. Let Ai be a system of compact groups. Then the natural map of discrete

groups

colim(A∗i )→ (lim Ai )
∗

is an isomorphism.

The lemma includes the statement ⊕(A∗i ) ∼= (
∏

Ai )
∗ and applies, in particular, to finite

groups Ai .

Proof. By Pontrjagin duality, it suffices to prove that the map ((lim Ai )
∗)∗→ lim((A∗i )

∗)

obtained by dualizing one more time is an isomorphism. But since Ai and lim Ai are

compact, both sides agree with lim Ai .

3. The local situation

3.1. Motivic cohomology of the model

Let R be an excellent henselian discrete valuation ring with finite or separably closed

residue field k and field of fractions K (of arbitrary characteristic). Let f : Y → Spec R
be a scheme of finite type and let m be an integer not divisible by char k. As pointed out

by Kahn [18], the method of [12] and [22, 12.3] can be applied to construct a cycle map

cl : C H1(Y, a,Z/m)→ Het
a+2(Y,Z/m(1)) := H−a

et (Y, R f !Z/m),

which is compatible with localization sequences. The difference in twists stems from

the fact that the left-hand side is indexed by absolute dimension of cycles, whereas the

right-hand side is indexed by relative dimension. The map cl induces a map between the

coniveau spectral sequences

Ẽ1
a,b(Y,Z/m) =

⊕
x∈Y(a)

Ha−b
M (k(x),Z/m(a− 1))⇒ C H1(Y, a+ b− 2,Z/m)

E1
a,b(Y,Z/m) =

⊕
x∈Y(a)

Ha−b(k(x),Z/m(a− 1))⇒ Het
a+b(Y,Z/m(1)),

where the E1-terms are motivic cohomology and Galois cohomology, respectively. By the

Rost–Voevodsky theorem, Ẽ1
a,b(Y,Z/m) ∼= E1

a,b(Y,Z/m) for b > 1 and Ẽ1
a,b(Y,Z/m) = 0

for b 6 0 for cycle dimension reasons. Taking the colimit over powers of l, the terms

E1
a,b(Y,Ql/Zl) vanish for b < 0 and l, a prime different from char k, by [29, Lemma 2.6].

Hence, Het
i (Y,Ql/Zl) = 0 for i < 0, and the difference between the two theories is

measured by the homology of the E1
∗,0-row

· · · →

⊕
x∈Y(1)

H1(k(x),Ql/Zl(0))→
⊕

x∈Y(0)

H0(k(x),Ql/Zl(−1)).

It is shown in [17, Theorem 2.5.10] that this complex is isomorphic up to sign to the

complex [29, Definition 2.1] defining Kato homology K Ha(Y,Ql/Zl) so that we obtain a

long exact sequence

→ K Ha+3(Y,Ql/Zl)→C H1(Y, a,Ql/Zl)→ Het
a+2(Y,Ql/Zl(1))→K Ha+2(Y,Ql/Zl)→ .

(6)
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Consider the following strengthening of the conjectures [29, Conjectures 2.11, 2.12] of

Saito–Sato.

Conjecture 3.1. Let Y be a regular scheme, flat and proper over Spec R.

(1) If k is separably closed, then K Ha(Y,Ql/Zl) = 0 for all a.

(2) If k is finite, then

K Ha(Y,Ql/Zl) =

 0 for a 6= 1;

(Ql/Zl)
I for a = 1,

where I is the number of irreducible components of the special fiber Y ×R k.

Theorem 3.2. The conjecture holds for a 6 3.

This is proved in [29, Theorem 2.13] for Y projective such that the reduced

special fiber is a strict normal crossing scheme. We use the theorems of Gabber and

Kerz–Saito to reduce to this case. Recall that an l ′-alteration is a proper surjective map,

generically finite of degree prime to l. We will need the following theorem of Gabber

[15, Theorem 3(2)].

Theorem 3.3. Let S be a noetherian, separated, integral excellent regular scheme of

dimension 1 with field of quotients K , and let Y be a separated scheme, flat and of

finite type over S. Then for every prime l invertible on S, there exists a finite extension

K ′/K of degree prime to l, a projective l ′-alteration h : Ỹ → Y over S′→ S, where S′ is

the normalization of S in K ′, with Ỹ regular and projective over S′. Moreover, Ỹ → S′

is smooth outside a finite subset Σ of S′, and for every geometric point in a fiber over a

point of Σ, Ỹ is locally, for the etale topology, isomorphic to

S′[t1, . . . , tn, u±1
1 , . . . u±1

s ]/(t
a1
1 · · · t

ar
r ub1

1 · · · u
bs
s −π)

at the point ui = 1, t j = 0, with 1 6 r 6 n, for positive integers a1, . . . , ar , b1, . . . , bs such

that gcd(p, a1, . . . , ar , b1, . . . , bs) = 1, for p the exponential characteristic of η, and π a

local uniformizer at s′.

Remark 3.4. This implies that the reduced singular fibers are normal crossing divisors.

However, as pointed out in de Jong [4, § 2.4], given a normal crossing divisor D ⊂ Ỹ, there

is a projective birational morphism ϕ : Y ′→ Ỹ such that ϕ−1(D)red is a strict normal

crossing divisor.

Proof of Theorem 3.2. The theorem was proved by Saito–Sato [29, Theorem 0.8] in

case the special fiber has simple normal crossings, i.e., if its irreducible components

Di are regular and if the scheme-theoretical intersection ∩i∈J Di is empty or regular of

codimension |J | in S.

In the general case and a = 2, 3, we use Gabber’s theorem and the remark to find an

l ′-alteration f : Y ′→ Y such that the special fiber is a strict normal crossing divisor. By

Kerz–Saito [20, Theorem 4.2, Ex. 4.7], there is a pull-back map f ∗ : K Ha(Y,Ql/Zl)→

K Ha(Y ′,Ql/Zl) such that the composition f∗ f ∗ with the push-forward is multiplication
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by the degree of the alteration; hence, the vanishing of K Ha(Y ′,Ql/Zl) implies the

vanishing of K Ha(Y,Ql/Zl).

If a 6 1, then by the proper base-change theorem and [29, (1.9)], we obtain for d the

relative dimension of f :

K Ha(Y,Ql/Zl) ∼= H2−a
et (Y, R f !Ql/Zl)

∼= H2d+2−a
et (Y,Ql/Zl(d)) ∼= H2d+2−a

et (Y ×B k,Ql/Zl(d)).

The latter group vanishes for a 6 1 and k separably closed and a 6 0 and k finite, and it

is isomorphic to (Ql/Zl)
I for a = 1 and k finite [29, Lemma 2.15].

From the sequence (6), we immediately obtain the following.

Corollary 3.5. If k is finite, the map C H1(Y, 1,Q/Z′)→ Het
3 (Y,Q/Z

′(1)) is surjective,

the map C H1(Y)⊗Q/Z′→ Het
2 (Y,Q/Z

′(1)) is an isomorphism, Het
1 (Y,Q/Z

′(1)) ∼=
(Q/Z′)I and Het

0 (Y,Q/Z
′(1)) = 0.

We give an application to integral etale motivic cohomology, which can be viewed as

a generalization of the vanishing of Brauer groups of relative curves over B [14, § 3].

We return to cohomological notation H i
et(Y,Z′(d)) = Het

2d+2−i (Y,Z
′(1)) for regular Y of

dimension d + 1.

Corollary 3.6. Let Y be a regular scheme of pure dimension d + 1, flat and proper over

B with finite residue field of characteristic p. Then we have a surjection

C H1(Y)Z′ � H2d
et (Y,Z′(d))

and isomorphisms H2d+1
et (Y,Z′(d)) ∼= 0 and H2d+2

et (Y,Z′(d)) ∼= (Q/Z′)I .

Proof. In degrees 6 2d + 1, this follows by combining the corollary, the isomorphism
H i

et(Y,Q(d)) ∼= C H1(Y, 2d − i)Q (which vanishes for i > 2d) and the coefficient sequence

C H1(Y, 1)Q −−−−−→ C H1(Y, 1,Q/Z′) −−−−−→ C H1(Y)Z′ −−−−−→ C H1(Y)Q∥∥∥ sur j
y y ∥∥∥

H2d−1
et (Y,Q(d)) −−−−−→ H2d−1

et (Y,Q/Z′(d)) −−−−−→ H2d
et (Y,Z

′(d)) −−−−−→ H2d
et (Y,Q(d))

−−−−−→ C H1(Y)⊗Q/Z′ −−−−−→ 0∥∥∥ y
−−−−−→ H2d

et (Y,Q/Z
′(d)) −−−−−→ H2d+1

et (Y,Z′(d)) −−−−−→ 0.

Finally, H2d+2
et (Y,Z′(1)) ∼= H2d+1

et (Y,Q/Z′(1)) ∼= (Q/Z′)I .

3.2. Motivic cohomology of the generic fiber

Let K be a global field of exponential characteristic p and X be a connected scheme of

dimension d, smooth and projective over K . For a valuation v of K , we let Kv be the

henselization of K at v, Gv its Galois group and Xv = X ×K Kv.
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Proposition 3.7. We have

H2d+2
et (Xv,Z′(d)) ∼= H2(Kv,Z′)

and

H2d+2
et (X,Z′(d)) ∼= H2(K ,Z′).

The map l2d+2
d : H2d+2

et (X,Z(d))→
∏
v H2d+2

et (Xv,Z(d)) is injective.

Proof. Since Xv has dimension d, Corollary 2.3 and the Hochschild–Serre spectral

sequence (2) give

H2d+2
et (Xv,Z′(d)) ∼= H2(Kv, H2d

et (X
s
v,Z′(d))) ∼= H2(Kv,C H0(X s

v)Z′).

By Proposition 2.4, we have H2(Kv,C H0(X s
v)

0
Z′)
∼= H2(Kv,AlbZ′), and the latter group

vanishes by comparing to the completion of Kv and using [27, Remark I 3.6, 3.10]. Hence,

the degree map induces an isomorphism

H2(K , H2d
et (X

s
v,Z′(d))) ∼= H2(Kv,Z′).

In the global case, the same argument works because H2(K ,AlbZ′) still vanishes by

[27, I Corollary 6.24]. The injectivity of l2d+2
d follows from the above and Chebotarev’s

density theorem.

Proposition 3.8. Let Xv be a smooth and proper scheme with good reduction over the

henselian valuation field Kv. Then the map

H i
et(Xv,Q/Z′(n))

σ
→ H i

et(X
s
v,Q/Z′(n))

Gv

is surjective. In particular, the map

TorH i
et(Xv,Z′(n))

σ
→ (TorH i

et(X
s
v,Z′(n)))

Gv

is surjective for i 6= 2n+ 1.

Proof. Let Y be the special fiber of a smooth and proper model Y over the valuation

ring R of Kv with strict henselization Rnr and residue field k. Consider the specialization

diagram

H i
et(Y,Z/m(n))

∼
←−−−− H i

et(Y,Z/m(n)) −−−−→ H i
et(Xv,Z/m(n))y y y

H i
et(Y

s,Z/m(n))Gal(k) ∼
←−−−− H i

et(Y ×R Rnr ,Z/m(n))Gal(k) ∼
−−−−→ H i

et(X
s
v,Z/m(n))Gv .

The left horizontal maps are isomorphisms by the proper base-change theorem and

the lower right map is an isomorphism by the smooth base-change theorem. The

first statement follows because k has cohomological dimension one, and hence the left

vertical map is surjective. The second statement follows because H i−1
et (X s

v,Q/Z′(n)) ∼=
TorH i

et(X
s
v,Z′(n)) for i 6= 2n+ 1 by Proposition 2.5.

The following is a refinement of a theorem of Saito–Sato; see [3, Theorem 3.25].
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Theorem 3.9. Let X be smooth and proper over the fraction field of an excellent henselian

discrete valuation ring with finite or separably closed residue field. Then the group of

zero-cycles of degree 0 on X is isomorphic to the direct sum of a finite group and a group

divisible by all integers prime to the residue characteristic.

We use this to prove the following.

Theorem 3.10. Let X be smooth and proper of dimension d over a global field of

characteristic p. Then the cokernel Bv of H2d
et (Xv,Z

′(d))→ H2d
et (X

s
v,Z′(d))Gv is finite

and vanishes for almost all v.

Proof. We show that the cokernel is finite and vanishes for Xv with good reduction. The

maps C H0(Xv)Z′ → H2d
et (Xv,Z

′(d))→ H2d
et (X

s
v,Z′(d))Gv induced by change of topology

and pull-back to the separable closure are compatible with proper push-forward

[8, Corollary 3.2] and, hence, induce the map deg in the following map of exact sequences:

0 −−−−−→ H 2d
et (Xv,Z′(d))0 −−−−−→ H 2d

et (Xv,Z′(d))
deg

−−−−−→ Z′ −−−−−→ Z′/δvZ′ −−−−−→ 0y y ∥∥∥ y
0 −−−−−→ (H 2d

et (X
s
v ,Z′(d))0)Gv −−−−−→ H 2d

et (X
s
v ,Z′(d))Gv

deg
−−−−−→ Z′Gv −−−−−→ Z′/δ′vZ′ −−−−−→ 0.

Here, the left-hand groups are defined as the kernel of the degree map and the invariants

δv and δ′v are analogs of the (prime to p-part of the) index and period of Xv. The

cokernels of the two left vertical maps differ by a finite group, and they agree if Xv has

good reduction because in this case a zero-cycle of degree 1 in the special fiber can be

lifted to Xv by the henselian property; hence, δv = δ
′
v = 1. Now, we consider the following

diagram with exact rows (we omit the coefficients Z′(d)):

0 −−−−→ Tor C H0(Xv)0Z′ −−−−→ C H0(Xv)0Z′
τ1

−−−−→ C H0(Xv)0Qy y ∥∥∥
0 −−−−→ TorH2d

et (Xv)
0
−−−−→ H2d

et (Xv)
0 τ2
−−−−→ H2d

et (Xv)
0
Qy y ∥∥∥

0 −−−−→ (TorH2d
et (X

s
v)

0)Gv −−−−→ (H2d
et (X

s
v)

0)Gv
τ3

−−−−→ (H2d
et (X

s
v)

0
Q)

Gv .

The lower right equality sign follows by a trace argument. By Theorem 3.9, the cokernel

C H0(Xv)0⊗Q/Z′ of τ1 vanishes. This implies that τ2 and τ3 are surjective and the

cokernels of the two lower left vertical maps are isomorphic. By Rojtman’s theorem,

we get

(TorH2d
et (X

s
v,Z′(d))

0)Gv ∼= (Tor AlbXv (K
s
v)Z′)

Gv ∼= Tor AlbXv (Kv)Z′ .

This group, hence Bv, is finite because an abelian variety over a local field has a subgroup

of finite index which is uniquely divisible by all primes different from p [27, I Remark 3.6].

The vanishing of Bv for v with good reduction follows from Proposition 3.8 because the

torsions of H2d
et (X

s
v,Z′(d))0 and of H2d

et (X
s
v,Z′(d)) agree.
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4. Proof of 1.2, 1.3, and 1.4(2)

Let C be a smooth and proper curve over a finite field F of characteristic p, with generic

point Spec K → C . Let X → C be a flat, projective map, with regular X of dimension

d + 1. We assume that the generic fiber X = X ×C K is smooth and geometrically

connected over K . For a closed point v of C , we let Ov be the henselization of C at v, Kv
its quotient field, kv the residue field and Xv = X ⊗C Ov, with generic fiber Xv = X ×K Kv
and closed fiber Yv = X ×C kv. Let G be the Galois group of K and Gv the Galois group

of Kv.

Proof of Proposition 1.4(2). Taking the colimit over increasing union of fibers of

the localization sequence in etale cohomology, we obtain a map of long exact sequences

−−−−→ H i
et(X ,Z(n)) −−−−→ H i

et(X,Z(n))
∂

−−−−→
⊕

v H i+1
Yv (X ,Z(n)) −−−−→y li

n

y y
−−−−→

∏
v H i

et(Xv,Z(n)) −−−−→
∏
v H i

et(Xv,Z(n))
(∂v)
−−−−→

∏
v H i+1

Yv (Xv,Z(n)) −−−−→

We claim that identifying the terms H i
et(Xv,Z(n)) with Corollary 3.6 gives rise to the

following commutative diagram:

H2d+1
et (X ,Z′(d)) −−−−→ H2d+1

et (X,Z′(d)) ∂
−−−−→

⊕
v H2d+2

Yv (X ,Z′(d))y l2d+1
d

y ∥∥∥
0 −−−−→

⊕
v H2d+1

et (Xv,Z′(d))
(∂v)
−−−−→

⊕
v H2d+2

Yv (Xv,Z′(d))

(7)

−−−−→ H2d+1
et (X ,Q/Z′(d)) −−−−→ H2d+1

et (X,Q/Z′(d))

δ

y l2d+2
d

y
(τv)
−−−−→

∏
v Q/Z′

Iv −−−−→
∏
v H2d+1

et (Xv,Q/Z′(d)).
The shift of degrees appears because we switch from Z′ to Q/Z′-coefficients in the

last four terms. The map l2d+1
d has image in the direct sum because so has ∂. The

lower sequence is exact because for almost all v, τv is the zero map. Indeed, if Xv
has a good reduction, then by the proper base-change theorem H2d+1

et (Xv,Q/Z′(d)) ∼=
H2d+1

et (Yv,Q/Z′(d)) and by the Hochschild–Serre spectral sequence and the trace

map, this is isomorphic to H1
et(kv, H2d

et (Ȳv,Q/Z
′(d))) ∼= H1

et(kv,Q/Z
′) so that using

Proposition 3.7, the map H2d+1
et (Xv,Q/Z′(d))→ H2d+1

et (Xv,Q/Z′(d)) can be identified

with the map H1
et(kv,Q/Z

′)→ H1
et(Kv,Q/Z

′), which is the injection dual to the surjection

Gal(Kv)→ Gal(kv).
From the diagram and Proposition 3.7, we see that ker l2d+1

d = im H2d+1
et (X ,Z′(d)) and

coker l2d+1
d
∼= ker δ.

Proposition 4.1. Up to p-groups, we have an exact sequence

0→ (T Br(X ))∗→ ker δ→ Pic(X)∗→ 0.
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Proof. The map δ is the colimit of the maps

H2d+1
et (X ,Z/m(d))

δm
→

∏
v

H2d+1
et (Yv,Z/m(d))

tr
→

∏
v

(Z/m)Iv

followed by the natural inclusion colimp 6|m
∏
v(Z/m)Iv ⊆

∏
v(Q/Z′)Iv . Since tr is an

isomorphism, it suffices to consider the kernel of δm . By Poincaré duality and Lemma 2.6,

we have

H2d+1
et (X ,Q/Z′(d)) ∼= colim

p 6|m
H2

et(X ,Z/m(1))∗ ∼= H2
et(X , Ẑ′(1))∗,

where, here and in the following, H i
et(X , Ẑ′(n)) denotes limp 6|m H i

et(X ,Z/m(n)). If

ι : Yv → X is the inclusion of a closed fiber, then we obtain the commutative diagram (3)

H2d+1
et (X ,Z/m(d)) ×H2

et(X ,Z/m(1)) −−−−→ Z/m

ι∗

y ι∗

x ∥∥∥
H2d+1

et (Yv,Z/m(d))×Het
2d (Yv,Z/m(d)) −−−−→ Z/m.

Thus, δm is dual to the right vertical map in⊕
v CHd(Yv)/m

⊕
v Het

2d (Yv,Z/m(d))

ιm∗

y dm

y
Pic(X )/m

⊂
−−−−→ H2

et(X ,Z/m(1)).

Since coker ιm∗ = Pic(X)/m, the coefficient sequence gives a short exact sequence of

cokernels

0→ Pic(X)/m → coker dm → m BrX → 0

and its dual

0→ (m BrX )∗→ ker δm → (Pic(X)/m)∗→ 0.

In view of the finiteness of m BrX and Pic(X)/m, the proposition follows by taking colimits

using Lemma 2.6.

Lemma 4.2. The composition a : coker l2d+1
d

∼
→ ker δ→ Pic(X)∗ is induced by the

composition a′ : H2d+1
et (Xv,Z′(d))→ Pic(Xv)∗→ Pic(X)∗, where the first map is induced

by cup product followed by the trace map (5).

Proof. Consider the following diagram, where the upper horizontal maps are induced by

(7) and the lower horizontal maps are induced by functoriality.

H2d+1
et (Xv,Z′(d))

∂ //

��

⊕H2d+2
Yv (X ,Z′(d)) //

��

H2d+2
et (X ,Z′(d))

��
Pic(Xv)∗ //

,,

Pic(Xv)∗ // Pic(X )∗

Pic(X)∗
% �

88
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The upper vertical maps are the cup products over local fields, over local rings

and over finite fields. Commutativity amounts to the compatibility of these pairings.

The lower triangle is commutative by functoriality. The upper horizontal composition

induces the identification of coker l2d+1
d with ker δ and the right vertical map induces the

map ker δ→ Pic(X)∗ of the proposition. Commutativity of the diagram shows that a is

induced by the lower left composition.

In particular, we obtain Proposition 1.4(2) because coker l2d+1
d
∼= ker δ ∼= Pic(X)∗ if

Br(X ) is finite.

First diagram. We consider the long exact sequence of Galois cohomology groups

associated with the degree map

0→ C Hd(X s)0Z′ → C Hd(X s)Z′
deg
−→ Z′→ 0.

Since higher Galois cohomology of uniquely divisible groups vanish, Proposition 2.4 gives

an isomorphism H1(K ,C Hd(X s)0Z′)
∼= H1(K ,AlbX )Z′ . Let D and Dv be the cokernels of

the global and local degree maps

C Hd(X s)GZ′ → Z′, C Hd(X s
v)

Gv

Z′ → Z′

and recall that their orders were denoted by δ′ and δ′v. Then we obtain the following

commutative diagram with exact middle rows. The map β1, hence τ , has image in the
direct sum by [27, I Lemma 6.3].

K2 −−−−−→ X(AlbX ) −−−−−→ 8y y y
0 −−−−−→ D −−−−−→ H1(K ,AlbX )Z′ −−−−−→ H1(K , H2d

et (X
s,Z′(d))) −−−−−→ 0

θ

y β1
y τ

y
0 −−−−−→

⊕
v Dv −−−−−→

⊕
v H1(Kv,AlbX )Z′

u
−−−−−→

⊕
v H1(Kv, H2d

et (X
s,Z′(d))) −−−−−→ 0y y ρ

y
C2 −−−−−→ (T Sel(Pic0

X ))
∗

−−−−−→ 9.

(8)

The groups K2 and C2 are the kernel and cokernel of θ and 8 and 9 are the kernel and

cokernel of τ , respectively. The outer columns are exact by definition, and the middle

column is exact because for any abelian variety A with dual At , there is a short exact

sequence [13]

0→X(A)→ H1(K , A)
β
−→

⊕
v

H1(Kv, A)→ (T Sel(At ))∗→ 0

with T Sel(At ) = limp 6|m ker H1(K , m At )→
∏
v H1(Kv, At ) being the inverse limit of

Selmer groups. The middle two rows induce the horizontal maps in the upper and lower

rows. An easy diagram chase in (8) gives the exact sequence

0→ K2 →X(AlbX )→ 8→ C2 → (T Sel(Pic0
X ))
∗
→ 9 → 0. (9)
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Proposition 4.3. (1) The maps X(AlbX )→ 8 and (T Sel(Pic0))∗→ 9 have finite kernels

and cokernels.

(2) If X(AlbX ) is finite, then 8 is finite, u induces a surjection z : H0(K ,Pic0
X )
∗
→ 9

and we have an equality

δ′ · |8| · |ker z| = |X(AlbX )| ·
∏

δ′v. (10)

Proof. (1) It follows because D and
∏
v Dv, hence K2 and C2, are finite.

(2) If X(A) is finite, then TX(A) = 0 and, hence, A(K )∧ ∼= T Sel(A). Thus,

(T Sel(Pic0
X ))
∗ ∼= H0(K ,Pic0

X )
∗ and we obtain the map z. Now, the equality follows by

taking alternating orders in (9) because |K2|/|C2| = δ
′/
∏
v δ
′
v.

The second diagram. Let B and Bv be the cokernels of

H2d
et (X,Z′(d))

ρd
−→ H2d

et (X
s,Z′(d))G , H2d

et (Xv,Z′(d)) −→ H2d
et (X

s
v,Z′(d))

Gv ,

respectively, and recall that we denoted their orders by β and βv. Then
∏
v βv is finite by

Theorem 3.10. From the Hochschild–Serre spectral sequence (2), we obtain the sequence

0→ B → H2(K , H2d−1
et (X s,Z′(d)))

→ H2d+1
et (X,Z′(d))→ H1(K , H2d

et (X
s,Z′(d)))→ 0.

By Proposition 2.5, the injection

H2d−2
et (X s,Q/Z′(d)) ∼= TorH2d−1

et (X s,Z′(d)) ↪→ H2d−1
et (X s,Z′(d))

has uniquely divisible cokernel; hence, we obtain an isomorphism

H2(K , H2d−2
et (X s,Q/Z′(d))) ∼= H2(K , H2d−1

et (X s,Z′(d))).

Comparing this with the same exact sequence for the local situation, we obtain the

exact middle two rows of the following diagram:

K1 −−−−−−→ ker ξ2d−2
d −−−−−−→ ker l2d+1

d −−−−−−→ 8y y y y
B −−−−−−→ H2(K , H2d−2(Xs,Q/Z′(d))) −−−−−−→ H2d+1

et (X,Z′(d)) −−−−−−→ H1(K , H2d
et (X

s,Z′(d)))

θ ′
y ξ

2d−2
d

y l2d+1
d

y τ

y⊕
Bv −−−−−−→

⊕
H2(Kv , H2d−2(Xs,Q/Z′(d))) −−−−−−→

⊕
H2d+1
et (Xv ,Z′(d)) −−−−−−→

⊕
H1(Kv , H2d

et (X
s
v ,Z′(d)))y ξ ′

y y ρ

y
C1 −−−−−−→ (H2

et(X
s, Ẑ′(1))G )∗ w

−−−−−−→ coker l2d+1
d −−−−−−→ 9

(11)

The maps ξ2d−2
d and τ have image in the direct sum by [27, I Lemma 4.8] and (8), and

we have seen above that l2d+1
d has image in the direct sum. The groups K1 and C1 are the

kernel and cokernel of the canonical map θ ′, and the map ξ ′ is the dual of the injection

H2
et(X

s,Z/m(1))G →
∏
v H2

et(X
s,Z/m(1))Gv . All columns are short exact by definition

except the left middle column, which is exact by Tate–Poitou duality. Hence, the maps

in the middle two rows induce the maps in the upper and lower row.

https://doi.org/10.1017/S147474801900046X Published online by Cambridge University Press

https://doi.org/10.1017/S147474801900046X


1016 T. H. Geisser

Proof of Theorem 1.3. In view of the finiteness of
∏
v βv and Proposition 4.3,

diagram (11) gives a sequence in the quotient category modulo the Serre subcategory

spanned by finite groups and p-groups

0→ coker ρd → ker ξ2d−2
d → ker l2d+1

d →X(AlbX )

→ (H2
et(X

s, Ẑ′(1))G)∗ w
→ coker l2d+1

d → 9 → 0.

Lemma 4.4. The composition of w with the map a of Lemma 4.2 is the dual of the cycle

map Pic(X)∧→ H2
et(X

s, Ẑ′(1))G .

Proof. Consider the following commutative diagram. The left middle square is

commutative because duality of Galois cohomology of a local field is compatible with

duality of etale cohomology over local fields, and the commutativity of the part with a′

is (5).

H2(Kv, H2d−1
et (X s,Z′(d))) // H2d+1

et (Xv,Z′(d))
a′

��

H2(Kv, H2d−2
et (X s,Q/Z′(d)))

∼=

OO

//

∼=

��

H2d
et (Xv,Q/Z

′(d))

∼=

��

OOOO

(H2
et(X

s
v, Ẑ(1))Gv )∗

��

// H2
et(Xv, Ẑ(1))

∗

��

// Pic(Xv)∗

��
(H2

et(X
s, Ẑ(1))G)∗ // H2

et(X, Ẑ(1))
∗ // Pic(X)∗

By Lemma 4.2, the map a ◦w is induced by lifting an element along the left vertical map

and taking the upper right composition. Commutativity implies that this is the map in

the lower row, i.e., the cycle map.

Since Pic0(X)∧ is the kernel of the cycle map, we obtain a commutative diagram with

exact rows and surjective map c∗1 .

(H2
et(X

s, Ẑ′(1))G)∗ w
−−−−→ coker l2d+1

d −−−−→ 9 −−−−→ 0

c∗1

y a
y b

y
0 −−−−→ NS(X)∗ −−−−→ Pic(X)∗ −−−−→ Pic0(X)∗ −−−−→ 0.

(12)

Taking the kernel of the vertical maps gives the sequence of Theorem 1.3 (still up to

finite groups and p-groups). Indeed, ker c∗1 = ker a ◦w ∼= (coker c)∗ by Lemma 4.4, ker a ∼=
(T Br(X ))∗ by Proposition 4.1 and ker b ∼= (TX(Pic0

X ))
∗ by Proposition 4.3(1) and the

definition of the Selmer group (it is not necessary to check that b is the canonical map

as b is surjective so that ker b and (TX(Pic0
X ))
∗ have the same corank and hence are

abstractly isomorphic). Finally, the map X(AlbX )→ (H2
et(X

s, Ẑ′(1))G)∗ factors through

ker c∗1 because its composition with w, hence with a ◦w, and then with c∗1 , is zero.
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Proof of Theorem 1.2. If Br(X ), hence X(AlbX ), X(Pic0
X ) and coker c are finite,

then the maps a and b in (12) are isomorphisms. This implies that kerw = ker c∗1 = ker c∗,
hence counting alternating orders of the first and fourth rows of (11), we get

|ker ξ2d−2
d /K1| · |8| · |C1| = |ker l2d+1

d | · |coker c|. (13)

We now compare (10) and (13). We have the identities |C1| =
∏
βv/|B/K1|, and by the

following lemma, |ker z| = |ker bz| is equal to the order α of the cokernel of the canonical

map Pic0(X)→ H0(K ,Pic0
X ) so that

|ker l2d+1
d | · |coker c| · |B/K1| ·αδ

′
= |X(AlbX )| · |ker ξ2d−2

d /K1|
∏
v

βvδ
′
v.

If B = coker ρd is finite, we can remove the common factor |K1| and obtain the formula

of Theorem 1.2. It remains to show the following.

Lemma 4.5. If X(Pic0
X ) is finite, then the composition H0(K ,Pic0

X )
∗ z
→ 9

b
→ Pic0(X)∗

of the maps from Proposition 4.3 and diagram (12) is the canonical map.

Proof. Consider the filtration induced by the Hochschild–Serre spectral sequence. By

functoriality, we have a duality between

H2
et(Xv, Ẑ′(1))/F2

= coker(Ẑ′ ∼= H2(Kv, Ẑ′(1))→ H2
et(Xv, Ẑ′(1)))

and

H2d
et (Xv,Q/Z′)

0
= ker(H2d

et (Xv,Q/Z′)→ H2d
et (X

s
v,Q/Z′(d))

Gv ∼= Q/Z′).
The latter still surjects onto H2d+1

et (Xv,Z′(d)) because H2d
et (Xv,Z(d))⊗Q/Z′ surjects

onto the copy of Q/Z′ and maps to zero in H2d+1
et (Xv,Z′(d)). We obtain a diagram

H2d+1
et (Xv,Z′(d)) // //

a′

((

H1(Kv, H2d
et (X

s,Z′(d)))
ρ // // 9

H2d
et (Xv,Q/Z

′(d))0

OOOO

// //

∼=

��

H1(Kv,AlbX )

u
OOOO

∼=

��
(H2

et(Xv, Ẑ
′(1))/F2)∗ // //

��

H0(Kv,Pic0
X )
∗

��

// H0(K ,Pic0
X )
∗

z

OO

��
Pic(Xv)∗ //

,,

Pic0(Xv)∗ // Pic0(X)∗

Pic(X)∗

88

(14)

The map u is the map of diagram (8), and the upper right square defines the map z. The

map b is induced by lifting elements of 9 to H2d+1
et (Xv,Z′(d)) and then following the

curved arrows. The middle left square is the following composition:
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H2d
et (Xv,Q/Z

′(d))0 −−−−→ H1(Kv, H2d−1
et (X s

v,Q/Z′(d)))
∼

−−−−→

∼=

y ∼=

y
(H2

et(Xv, Ẑ
′(1))/F2)∗ −−−−→ H1(Kv, H1

et(X
s
v, Ẑ′(1)))∗

∼
−−−−→

∼
−−−−→ H1(Kv,Tor AlbX )

∼
−−−−→ H1(Kv,AlbX )

∼=

y ∼=

y
∼

←−−−− H1(Kv, T Pic0
X )
∗ ∼
−−−−→ H0(Kv,Pic0

X )
∗.

The left square commutes by compatibility of duality for schemes over local fields

with Galois cohomology of the field, and the middle square is the compatibility of the

em-pairing with the cup-product pairing:

H2d−1
et (X s

v,Q/Z′(d))
∼

−−−−→ Tor Alb(X s
v)

∼=

y ∼=

yem

H1
et(X

s
v, Ẑ′(1))∗

∼
←−−−− (T Pic0(X s

v))
∗.

It is easy to see that all other squares in (14) commute, and this implies the claim of the

lemma.

If X is a surface, i.e., d = 1, then ker l2d+1
d = Br(X ), ker ξ0

1 vanishes and δ′ and δ′v are

the periods of X and Xv. By Lichtenbaum [23], βv is equal to the index δv of Xv, whereas

c is the (completed) degree map whose cokernel has order equal to the index δ. Hence,

the formula reduces to the formula in [11] in view of δα = βδ′, which can be seen from

the following diagram:

0 −−−−→ Pic0(X) −−−−→ Pic X −−−−→ δZ −−−−→ 0y y y
0 −−−−→ H0(K ,Pic0

X ) −−−−→ H0(K ,PicX ) −−−−→ δ′Z −−−−→ 0

5. Other consequences

We recall the following well-known results:

(1) The finiteness of the Brauer group and of the Tate–Shafarevich group is implied

by the finiteness of its l-primary part for any prime l; see [26, Remark 8.5] for

the Brauer group and [19] for the Tate–Shafarevich group. In particular, Tate’s

conjecture for divisors on X holds if and only if Br(X ) is finite.

(2) The Tate–Shafarevich group X(Pic0
X ) is finite if and only if X(AlbX ) is finite

[27, I Remark 6.14 (c)].

Proof of Theorem 1.1. If Tate’s conjecture holds for X and the Tate–Shafarevich group

of AlbX is finite, then (T Br(X ))∗ vanishes by Theorem 1.3. But the Brauer group is

torsion with m Br(X ) finite for every m; hence, the vanishing of the Tate module implies

that the l-primary part Br(X ){l} is finite for every prime l 6= p.
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Conversely, assume that the Brauer group Br(X ) is finite. Then T Br(X ) = 0; hence,

(TX(Pic0
X ))
∗
= 0 by Theorem 1.3. But the Tate–Shafarevich group is torsion with finite

m-torsion for every m [27, I Remark 6.7]. This implies that the l-primary part X(Pic0
X ){l}

is finite for every prime p 6= l and, hence, that X(Pic0
X ) is finite and then X(AlbX ) is

finite. Consequently, (coker c)∗ is finite by Theorem 1.3.

Proof of Proposition 1.4(1). First, we consider ker ξ2d−2
d . If Br(X ) is finite, then Tate’s

conjecture for divisors holds on X , and, hence, Tate’s conjecture for dimension-one cycles

holds on X [26, Proposition 8.4] or, equivalently, Tl H2d+1
et (X ,Z(d)) vanishes for all l 6= p.

This implies that H2d+1
et (X ,Z(d)){l} is the cotorsion of H2d

et (X ,Ql/Zl(d)), and this is

finite and vanishes for almost all l by Gabber’s theorem [6] and semi-simplicity at the

eigenvalue 1. We conclude that H2d+1
et (X ,Z′(d)) is finite and surjects onto ker l2d+1

d in

(7). By (11), we see that coker ρd → ker ξ2d−2
d has finite kernel and cokernel.

By the Tate–Poitou duality, coker ξ2d−2
d is dual to H2

et(X
s, Ẑ(1))G K . Finiteness of Br(X )

implies Tate’s conjecture for X in codimension one; hence, this agrees with the dual of

NS(X)⊗ Ẑ, which is isomorphic to the dual of NS(X) as NS(X) is finitely generated.

In characteristic 0, our method gives the following weaker result (to obtain the full

result, one would need to prove Theorem 3.10 in this situation).

Theorem 5.1. Let X be regular, proper and flat over the rings of integers of a number

field. If X has good reduction at all places above p and if the p-primary component

Br(X ){p}of the Brauer group is finite, then the p-primary component X(AlbX ){p} of the

Tate–Shafarevich group of the Albanese of the generic fiber is finite.

Proof. If X has good reduction at p, then motivic cohomology agrees with Sato’s p-adic

Tate twists, Z/pr (n) ∼= Tr (n) by [7] and [34, Theorem 4.8]; see [31, § 1.4]. Hence, the

analog of Proposition 4.1 can be proved by using [31, Theorem 1.2.2]. On the other

hand, the vanishing of H2d+1
et (Xv,Z(p)(d)) can be proved as in Corollary 3.6 by using

[30, Theorem 1.3.1]. Then the diagram chase in diagram (11) gives the result.

We show that the cokernel of ρd is finite under the following conjecture, which was

stated by Beilinson [1, Conjecture 5.2] for number fields.

Conjecture 5.2. If X s is smooth and projective over the separable closure K s of a global
field, then the Albanese map

CH0(X s)0 → AlbX s (K s)

is an isomorphism.

Proposition 5.3. Assuming Conjecture 5.2, the cokernel of

ρd : H2d
et (X,Z′(d))→ H2d

et (X
s,Z′(d))G K

is finite up to a p-group.
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Proof. A norm argument shows that the cokernel of ρd is torsion; hence, it suffices to show

that the target of ρd is finitely generated. But by the conjecture and Proposition 2.4, it

is an extension of Z′ by (CH0(X s)0Z′)
G K ∼= AlbX (K s)

G K
Z′
∼= AlbX (K )Z′ , a finitely generated

Z′-module.

Finally, we mention that our result implies the following corollary, of which the

equivalence of (1)–(4) is folklore.

Corollary 5.4. The first four statements are equivalent and imply the fifth statement:

(1) Tate’s conjecture holds for smooth and proper surfaces over finite fields.

(2) Tate’s conjecture holds for divisors on smooth and projective varieties over finite

fields.

(3) Tate’s conjecture holds for one-dimensional cycles on smooth and projective

varieties over finite fields.

(4) The Tate–Shafarevich group of any abelian variety A over a global function field is

finite.

(5) Tate’s conjecture holds for divisors and for one-dimensional cycles on smooth and

proper varieties over global function fields for all l 6= p.

Proof. (1) ⇔ (3) follows by a Lefschetz theorem argument [26, Remark 8.7], and (1) ⇔

(2) is proven in [28, Theorem 4.3].

The equivalence of (1) and (4) is known to the experts, but we repeat the argument

for the convenience of the reader. Given a smooth and projective surface X over a finite

field, it is explained in [24, Proof of Theorem 1] how to obtain a surface satisfying the

hypothesis of Theorem 1.1. Then the finiteness of the Tate–Shafarevich group of the

Jacobian of the generic fiber implies the finiteness of Br(X ).
Conversely, given an abelian variety A over a function field K , we can find a Jacobian

variety J of a smooth and proper curve X over K surjecting onto A [25, Theorem 10.1].

Choosing a polarization on A and dualizing, we obtain a morphism A→ At
→ J t ∼= J

with finite kernel. Applying [21, Theorem 6] to the image of A in J , we obtain another

abelian subvariety A′ of J and an isogeny A× A′→ J . Since X(J ) and X(A)⊕X(A′)
differ by a finite group, it suffices by [14] to observe that the Brauer group of a smooth

and projective model X of X is finite by (1).
It remains to show that (2) implies (5). Let X be a smooth and projective variety over

a function field K , and fix a prime l different from char K . By Gabber’s Theorem 3.3

applied to some proper model of X over C , we can find a finite extension K ′ of degree

prime to l such that X ′ = X ×K K ′ has a regular projective model X ′ over the smooth

and proper curve C ′ with function field K ′. Hence, X ′ is smooth and projective over a

finite field, and its Brauer group is finite by (2). From Theorem 1.1, we can then conclude

that Tate’s conjecture for divisors holds for X ′, which implies Tate’s conjecture for X .
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