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HYPERGEOMETRIC MELLIN TRANSFORMS

By L. J. SLATER
Received 24 January 1955

1. Introduction. The Mellin transforms of generalized hypergeometric functions are
discussed in this paper, and it is shown how some of the most general integrals of the
Mellin type can be deduced from them. Four general theorems are considered and
a number of special cases are given in detail.

In the usual notation for generalized hypergeometric functions we let

(@) (@1)n (@2)r, - (B 4)p 2™ .
Fal(0); 0091 = 3 (G = % G G )

where (@) = i@, + 1) (@, +2)... (@, +7—1), (a,)e=1,

and (a) denotes the sequence of parameters a,, a,, ..., a,,, ..., a,. We assume that there
are always A of the a parameters, B of the b parameters, and so on.
Also, for convenience in printing, let

e -
[(ay) I(a,) - F(aA) .
T'(by) T'(by) ... T'(bp) © (1-2)

A dash will denote the omission of a vanishing factor in a sequence. Thus (a)’ —a,,
denotes the sequence

Ay — Qs By — Ay ey Qg = Oy B 1 — By 0= By ey B g — B
We state the Mellin transform thus: if

1 c+io

fla) = xg(s)ds, (1-3)

2m c—io

then g(s) = [ I (x) dz, (1-4)
provided that g(s) exists in the Lebesgue sense, over the range 0, co. The Mellin
transform can be translated into the Laplace transform by putting exp (1/z) for z, and
into the Fourier transform by putting exp (1/iz) for x (see (3), chap. 2, for fuller
details).

2. The first theorem. In (2) four theorems are stated on the evaluation of contour
integrals in terms of hypergeometric functions. We now apply the Mellin transform
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to these theorems and we deduce four further theorems. In the first theorem of (2) the
integrand was the product of gamma functions

-2
and the result proved was: if }7(4 + B— C—D)>|argz|, then
(1) f(z) = Z(x)~Zg(1/z) when A +D>B+C or when A +D = B+C and |z| <1,
(i) f(x) = Z4(x) = Zg(l/z) when A+ D =B+C,z=1and RE(c+d—a—b)>0,
and (iii) f(z) = Zz(1/z)~Z () when 4 + D< B+ Corwhen A + D = B+Cand |z|>1,

where
_ 4 (@) —a, ) +a (6)+a, 14+a,— (c); (= 1)4+05
Za@) = X 2 P[(c)—a,ff(d)w:]“" “D'l[ 1+a,~(a), (d)+a, ]
(2-2)
and

B [@+b,, () (@) +b,, 1+b,— (d); (= 1)#+Pz
23‘1/”",§1xbr[()+b,,<d> b]“”FM—[ (c) +b,, 1+b,~ (B)'; ]
(2:3)

Let us apply the Mellin transform (1-3) and (1-4) to these results. Then we find that
fl@)=3%24x) if A+D>B+C, or A+D=B+(C and 0O<z<l,
and that
fley=2g1/x) f A+D<B+C, or A+D=B+C and l<z<oo,
where we must have 4 + B> C + D for f(x) to exist.
Hence we have
TuroreM 1. (i) g(s) = f " w13 (z)dz if A+ D>B+C,
0
1 o
(i) g(s) = J 251E () dax +J 25 1E (1) dx if A+D = B+C,

and (iii) g(s) = f 1 p(1jx)de if A+D<B+C,

provided that A+ B>C+D, —Ra,<Rs<RNb,, and Re,, Rd,+ — N for N a positive
integer or zero, and for all v.

It should be noted that g( — s)— g(s) when f(1/x)—f(x), and so, given any g(s) which
falls under (iii) above, it is possible to regard it as equivalent to a function g{—s)
which can be treated under (i) by simply substituting b’s for a’s, d’s for ¢’s and vice
versa. Also, when A +D = B+, Zg(l/z) is the analytic continuation of Z ,(z) for
l<z<oo. If B=0and 4 = C, we must also have D = 0. In this particular case, the
integral over the range 1 to oo is zero, and

g(s) = J': 25-1E 4 (%) de. (2-4)
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+iw0

If we leave f(x) expressed as the contour integral 57% g(s)xz—2ds without
c—tiow

giving its evaluation in terms of power series, we have the Mellin transform of Meijer’s
G-function ((1), §7-3 (43)).

3. Some examples on Theorem 1. In all these examples we assume that
—Ra, < Rs< Nb,

and that Re,, Rd, + — N for all v. If g(s) contains only one gamma function of s, there
are two possibilities, I'(@+s) and I'(b—s), which transform one into the other
under g(—s)—>¢g(s). Both lead to the Euler integral of the second kind,

Ta+s) = J:o as-ltae—=z dy, (3-1)

The possibilities for g(s) to contain two gamma functions of s reduce in the same
way to four distinct cases: two Euler integrals of the first kind,

[a+s,b—3

1
= ~1+ ..
a+b ] foﬁ o Fla+b; ;—x]de

+Jwﬁ—14lﬂ[a+b;;—1/x]dx ((1),§7-3(15)) (3-2)
1

— 1
and r[“:fs “]= j w1 Rl +a—c; ; zlde ((1),§7-3(20) and (22)), (33)
0

and two integrals of Bessel functions,

P[“;’_“:d] =f: s+ B[ a+d; —alde ((),§7-3(23)) (3-4)

and TIfa+s,b+s]= mes—H“ Tb—~alFil; 1+a—b; x]dx
0

+f°° -1 [a—b] Fif; 1+b—a; 2ldr  ((1),§7-3(17)).  (3-5)
0
When g(s) contains three gamma functions of s we find five distinct cases:

a+s8,b—s N a+b . L .
F[ d—s ]‘foxs F[a+d Fila+b; a+d; —z]dz. (3-6)

The special case b = %, d = 1 +a, leads to
JaT[s+v,8—v; 8+4] = Jm 2 le ¥ K (}x)dx, (3:7)
0

)
where | Rv| < Rs ((1), §7-3(26)), and the corresponding case for g(— s) leads to

If}—s,8+v; 1+v—g] = Jnf: 2o le 2 [ (3x) da, (3:8)
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where — Rv<Rs < ((1), §7-3(25)).

I'la, +s,a,+s,b—s] = f: 1t ala,—a,, a,+b]  Fila, +b; 1+a,—a,; x]dz
+J: 25143 Ta, — ag, ty + b Filag + b; 1 +ag—ay; z]dz.  (3-9)
The special case g —4 = a;, 4 —u = a,, —x = b, leads to
P[ﬂ—%+8, —p+3+s, —K—S] =fwxs‘1e“WK,,‘(x)dx, (3-10)
0

p—k+h —p—k+}

where | Ru| -4 <Rs< —Re (1), §6-9(7)).
The remaining three results in this group do not seem to have been stated before.
These are:

F[a+8,b+8§

—_ ao —1+a —a e — —p- —_h —
s ] foaﬁ I'b—a;c—a], F{[l+a~c; 1+a—b; —~x]dx

+fwx3—1+bF[a—b; c—b],F[1+b—c; 1+b—a; —x]dz, (3-11)
0
I'la+s,b+s; d—s] =f 2 el(b—a; d+a) byl; 1+a—b,d+a; x]dz

0

+fwxs‘1+bI‘[a—b; d+b]oby[; 1+b—a,d+b; x]dx (3-12)
and ’
Ila; +s,a,+s,03+58] = 23) :xs—”av I'i(a) —a,] s 1+a,—(a); —x]dz.
= (313)

When g(s) contains four gamma functions in s we find ten distinct cases, each of
which can be extended immediately to the generalized hypergeometric series, thus the
generalization of (3-13) is

T[(a)+] = ﬁl I[(a) —a,] f Cattn B Lk, (@) (~D4a)da. (314
/l=
T((a)+s; (¢) +5] = §1 Tla) —a,; (€)~a,]
p>
x [ a oP (14 0, () 140, = (@) (= ) 440 2]ds
0

(3-15)
when 4 > C, and

Iif@)+3; (0)+5] = 3 TTle) a3 (0=,

1
x f 2ty [1+a,—(c); 1+a,—(a)'; ]dx (3-16)
0

when 4 = C,

https://doi.org/10.1017/50305004100030668 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100030668

Hypergeometric Mellin transforms 581
A
I'l(@)+s; (d)—s] = El I'l(a)’ —a,; (d) +a,]
Pan

x f :x*-““noFM_l[; 1+a,—(a), (@) +a,; (—1)4z]dz (3:17)
for A> D, '
A
I'l(a) +s; (c)+s,(d)—s] = X T'(@) —a,; (c)+s,(d)—s]

p=1

xjwﬁ—1+aquA+D_1 [1+a,~(c); 1 +a,—(a), (d)+a,; (—1)4+Cx]dx (3-18)
0

forA>C+D,
A
T[(a)+s,(b)—s] = El I(a) ~a,, (b)+a,]

xfwx"‘1+“uBFA_1[(b)+aﬂ; l+a,~—(a); (-1)4x]dz (3:19)
0

for 4 > B, and

l@)+5,(0)-31 = % | T@) ~a, (¢) +4,]

l[—
1

xf w1t B, [(B)+a,; 1+a,—(a); (— 1)4x]dx
0

+I'[(a) +b,, (b)’—b"]f:’ as=1=bu Fy 3[(@)+b,; 1+b,—(b)'; (—1)4/z]dz} (3-20)
for 4 = B,
I'[(a)+s,(b)—s; (c)+8] = I‘[(a/) —a, () +a,; (¢)-a,]

=1
xf w o g B, [(0)+a,14a,—(c); 1+a,—(a); (—1)4Cz]de (3-21)
0

for A>B+C, and

I'[(a)+s,(b)—s; (¢)+8] = [(a,) o ,(:)-l-aﬂ]
#=1 i
! a, b)+a,,1+a,—(c); (—1)4+Cy
xfoﬁ 1+#AFA—1[ # 1+2,,—(a)'9 ]dx

B ' 0
+ ST 0 [ e Bl + 0 @) 40,148, 01 (< 121040
(3-22)

for A = B+C, and finally
T[(a)+s, (b)—s; (d)—s] = [(a) (;;,:-(ZH%]
A= u
_1ta (b)+a,; (—1)4z '
xJo o1 g B pa [1 +a/,—l(‘a)', (d)+aﬂ;] dxr (3-23)
for B = D.

Most of these results do not seem to have been stated explicitly before, although
many special cases of them are well known. In particular the integrals (3-16), (3-20)
and (3-22), which involve the Gauss ,F;(z) series when A = 2, have often been stated
incompletely.
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4. The second theorem. Let

_ (@) +s,(b)—s (@) +38,(b)—s,(e); ¥ )
o) = P Lo o) armslermns [ S0 G e
A (@) =, () +8,] 2 () +)um( DT
Zal®) = Z oh [ (©)—a, () +a:] w20 (D) T ,)pm ()
() +a,+2m,1+a,—(c); (—1)A+cx] (4:2)
(@)+a,+2m,1+a,—(a);

xB+CFA+D—1[
_ 2, p[@+b, () -b] 2 (@) +b)am
and Zz(1/x) _El z I‘[ (¢)+b., (d)—b,]m{:o ((c)+b,):m

((e))m Y™ (@)+b,+2m,1+b,—(d); (—1)B+D[x .
(D! A+DFB+°‘-1[ (0)+5,+2m, 1 +b,— (b)'; ] (4:3)

Now let us apply the Mellin transform (1-3) and (1-4) to the results of Theorem 2
of (2). We find

TaeoreM 2. If A+B>C+D, A+B+E<C+D+F+1, —Ra,<Rs<Rb,, and
Re,, Rd,+ — N, for all v, then

@) gs) = f ® 15 (@) da for A+ D> B+C,
0
(i) g(s) = f " 1S (v) da+ f ® 215 (1/z) dz for A+ D = B+C
0 1

and (iii) g(s) = f: w15 5(1/2)da for A+D<B+C.

Again we note that (iii) and (i) are equivalent under the transform g(s) -g(—s), and
that in (ii) Z5(1/x) is the analytic continuation of X 4(x), for 1 <z < 0.
In particular, if B = D = 0, then 4 = C, the second integral in (ii) is zero and

g(s) = j:xs—l 2 () dz: (4-4)

To justify the application of the Mellin transform here, we need only note that,
under the conditions of this theorem, g(s) is a function of bounded variation, on part
of the real axis ((3), Theorem 29).

5. Special cases of Theorem 2. In all these examples we assume that the parameters
satisfy the restrictions —Ra, < Rs < Rb, and Re,, Rd,+ — N for all v. The simplest
possibility is "
'@ +s) Fyla+s; y] =Jo Zs1Te gy dg (5-1)

for | y | < 1. Thisis another variation of Euler’sintegral of the second kind ( (1), §6-3 (1)).
When an f parameter is added we find

T(a+s)Fy[a+s; f; y] = f Cameet R[S aylde (0,§75(24), (5
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and when e parameters are added also we have
D+ ) puFplets, ©: ()i 4] = [ otoee phol); (i aylde, (59

where E<For E = F and |y| <1((1),§7-6 (27)).
When g(s) has two gamma functions involving s there are four possibilities. The
first case is

Tla+s,b+38]F [a+s,b+s; f; y]

= F[b—a]f:ﬁ—l"'“oFl[; 1+a—b; z] 10 f; zylde

+l"[a-—b]f: 2510 B[ 1+b—a; ] [ f; zyldx, (54)

from which we can deduce various integrals of products of Bessel functions. When
e and f parameters are added, we have

Ia+8,b+8] groFrla+s b+s,(e);(f); vl

— Ib-a] f "ot R [ 1+a=b; 2] pFyl); (f); ayde
+T[a—b] f " B[ 1+ —a; ] pFp[0); (f); aylde, (59)

where E < F. This is a general Hankel transform. The extension to a general number
of a parameters is

I'(a) + 5] 4+ eFrl(@)+8,(e); (f); 9]

- f:IP[(a)'—aﬂ] j " aretrong By [ 1+a, (@) 2] Bl (1) og)de (59)

p=

for EF.
The second possibility is

Ia+s,b—s].F[a+s,b—s; f; y]
= Tla-+8) "o 1te(La) ot B [ha +0) H1 +a-+0)i i deyl(1+aP]de, (57)
0

and when the e and f parameters are added we find that
Ila+8,b—8]g.Fplat+s,b—s,(e); (f); ¥l

= T[a+b] f “ gs-1+a(1 4 g)-a-d
0

X pr2Fplda+0), H1+a+b),(e); (f); y/(1+x)?]dx  (58)

for E<F. When A>1, or B>1, the double series under the integrand is neither
separable nor summable, and so in general it cannot be reduced to a single summation.
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Thirdly, we have

1
I'a+s,c—a; c+s],F[a+s; c+s; y] =f ree ey (1 —g)e—olde  ((1), §7-5(25)).
0

(5-9)
When we add an e parameter we find

Ta+s,c—a; c+s]F [a+s, e c+s;y]

1
= f as-1+a(1 — g)e—a-1(1 —ay)-edz ((1)§7-5(16)) (5-10)
0
for |y | <1, and when we add an f parameter also, we have

1
Ta+s,c—a; c+s]y[a+s,e; c+s.f; vl =f0 s 1+e(1 —g)e—e-1 T [e; f; xy] du,

(5-11)
and, for general £ and F,

Ma+s,c—a; c+8] g Friilats, (e); c+s,(f); ¥l
1
= [ wr -yt Byl (1) e (512)
0
for E<F+1l,orE=F+1and|y|<1((1),§6-9(10)).

For A = C > 1, the inner double series is separable but not summable in general, and
the result becomes

4
Tl@) +s; () +8]lssnFarr @) +8.(); () +5,(f); 9] = X Tl(@) —a ()~ a,]
p=
1
x [ Fy s [0, (0 140, — (@) s 2] sTpl(e) () sl (513)
for E < F or for E = F and | y | < 1. Here the most interesting particular caseis 4 = 2,

which leads to a ,F(x) under the integral sign, and in particular when ' = F = 0, we
have

Tla+8,b+s;ct+s,d+8],Fyla+s,b+s;c+s,d+s; y)
= I'[b—a; c—a,d—a]f:ﬁ—1+“e—$ﬂzﬂ[1 +a—c,1+a—d; 1+a—>b; x]dx
+I'fa—1b; c—b,d—b]f:x’—l‘*be—zi/%F’I[I+b-—c, 1+b—d; 14+b—a; x]dz. (514)
For A > C > 1, the corresponding general result is
I'[(@) +s; (¢) +8] asrtcir (@) +5,(e); (O)+s,(f); y] = /gl I'l(@) —a,; (c)—a,]

x f :xs-lw oFas[1+a,—(); 1+a,— (@)'; (= 1)4+a] zFyu[(e); (f); aylda, (5-15)
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and in particular for 4 = 2, C =1, E = F = 0, we find that

Ila+s,b+s; c+s]F [a+s,b+s; c+s;y]
=I'[b-a; c—a]J gs—Hee—2 F [1+a—c; 1+a—b; —x]dr
0

+I'[a—b; c—b]J:#‘1+be—IUIFl[l +b—c; 1+b—a; —x]dz (5-16)

for |y|<1.
The fourth case is

lNa+s,a+d; d—s] Fila+s; d—s; x]

= | as-14e S A— ; a+d+2m; —z]dx. 517
JO m2=JO (d+a)2mm!01171[ ] ( )

Here the inner series are neither separable nor summable, and the introduction of
further parameters, a’s, d’s, €’s or f’s does not alter this fact.

When g(s) contains three different parameters involving s three further groups of
cases arise. Firstly we have

g(s)=T[a+s,b—s; d—s] Fila+s,b—s; d—s; y],
where |y | <1, and its extensions
gs)=Tla+sb—s d—8l g Fp la+sb—s,(e); d—s,(f); ¥l (5-18)
where E<F, and

g(s) = I'l(a) + s, (b) — 5; (@) — 8] 4 pselpir (@) +5,(6)—s, (e); (d)—s,(f); ¥],

where A+ B+ E<D+F+1and A+B>D. e
Secondly, we have
gy =Tla+s,b—s; c+s] F{a+s,b—s;¢c+s; ¥yl (5-20)
where |y | <1, and its extensions,
g(s)=Tla+s,b—s; c+8lgioFp[a+s,b—s,(e); c+s,(f); ¥, (5-21)

where < F, and
g(s) = T'l(@) +8, (b) —s; (¢) +8] ssmreForr (@) +s,(b)—s,(e); () +s,(f); ], (5-22)

where A+ B+ E<C+F+1land A+B>C.
Thirdly, we have

g(s) = a,+s,a,+8,a,+3; c+8,d—s],F, [a1+s,a2+s,a'3+8; c+s,d—s; y], (5-23)
and its extensions,
g(s) =T[a,+s,a,+8,0,+8; c+5,d—s]
e+sbrislti+8,a,+8,a5+8,(¢); c+8,d—38,(f); yl, (5:24)
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where E< F+1, and

9(8) = I'l(@) +s; (c) + 8, (d) — 4]

4+8¥cipir (@) +5,(e); (€)+s,(d)—s,(f); 4], (5:25)
where A >C+Dand A+ E<C+D+F+1.
In these three groups, however, the inner double sum is neither separable nor

summable, owing to the presence of an ¢ and a d parameter or a b and a ¢ parameter
at one and the same time.

6. The third theorem. Let

(@)+s,(b)—s,(g)+s, (h)—s (@) +s, (B)—s,(e); © .
(©)+5,(@) —s, (j) +5, (k)—s]"‘*B*EF crpir [ (©)+8, (@) 5 (f); ] > (61)
(@) —a, (b) +a, (@)~ a,, () +a,]
EA‘“"F [(c) a”(d)+a”<)—aﬁ(k>+a,f]“
. & (O +0)menl D)+ enl(€)(1 + 0= ()
=0n= 0(1+a —'(a)) (1+ap_(g))m+n((f))m((d)+a’,u)2m+n
(1@, — () g &1y — 1 yHd+G=0=)
() + @) mln]
¢ @ =9, 0)+9, @) =9, B)+94] 5 2 UD)+Fdnn
tE F[ (€)= 0,0 () +G,0 (1)~ g0 (F) +g,4] o e (© =G )mm
(8) + Ghmn (1 G () () +8,), ((€)) g7 — 1)2G=D
(@) + 9 mrm (LTG0 — @) (B) + ) (PNl nd

(@) +b,, (b) b, (g) + b, (B)—b,] _
and - Zp(lfe) = X [c>+bv,<d) b, () +b,, (k) — b]“’

§ § ((a) -+ b )2m+n ((g) + bv)m+n(1 + bv— (d))n (1 + bv - (k))m+n
m=0n= 0(1 +b _( )I)n(l+by_(k))m+n((c)+bp)2m+n((j)+bv)m+n
( ( )) mx—m—n( — 1)n(B+H —D—K)

g(s) = 1‘[

X

(6-2)

x (Fmminl
B @)+ By, (B) =y, (9) +hy, (B — B, © (@) +h)min
+,§1F[(c)+h,,(d)—h,,(j)+hv,(k)—h v mEMEo(uh ~ ).

((©) + ) 4n((@) = P, )—n((f ))m(( )+h Jum!nl '

Again we see that g(s) is a function of bounded variation over part of the real axis,
so that we can apply the Mellin transform to Theorem 3 of (2). Then

TaEOREM 3. (i) g(s) =fmx"—124(x)dx if A+G+D+K>B+H+C+J,
0

. 1 (]
(ii) g(s) = fo 1Y (x) dx +f1 12 p(1/x) dx
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ifA+G+D+K=B+H+C+J,

587

and (iii) g(s)=J:#‘IZB(I/x)dxifA+G+D+K<B+H+C’+J,

provided that
—Ra,, —Rg, <Rs<Rb,, RA,,
Re,, Rd,, Rj, and Rk, + —N for all v,
A+B+G+H>C0+D+J+K

and A+B+E<C+D+F+1,0r A+B+E=C+D+F+1and |z|<1.

As before, (iii) and (i) are equivalent under the transform g(s)—g(—s), and, in
(i) Tp(1/z) is the analytic continuation of X ,(x), for 1 <x<oo. In particular, if
B=D=H=K =0, then 4+G = C+J, the second integral in (ii) is zero, and

1
g(s) = jo 21T (x)de.

(64)

7. Special cases of Theorem 3. There are only three cases in which the series under
the integral can be reduced to a simpler form. In these examples we assume that the

conditions of Theorem 3 are satisfied.
First, I'[a + s,k —s],Fy[a+s; y] leads to

F[ h+a

This can be extended to
INa+s,h—s]Fy[a+s,e; f; y] =T[h+a]

xf xs~1+a(1 + x)—h—azFl [h + a,e; f,
0

and Tla+s,h—s; hta] g Frla+ts, e) (f); vl

] (I—y)y == f: sl +x +ay)redx  ((1),§6-2(19)).

(7-1)

f a8 re(l )t P [a+h (e); (f); 1+x dx (7-3)
for E<F.
A similar result from I'[a +s; j+ s}, Fy{a+s; ; y]is
. :
Pla+s,j—a;j+s](1—y)—*3 =f 25-1te(] — gy — )01 dx. (7-4)
0
This can be extended to
Mlotaj=a; j+s) B [o+s,6ifi 9] = [ ose1=ap-ot B [1rajie fi 2 | ao

and  Tla+s,j—a;j+8lguFrlats,(e); (f); ¥

- f as-1+a(] — g)i-a-1, B, [1 +a—j,(e); (f);
0
for E<P.
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1—”‘_3/—x] dx  (7-6)
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The third result, which involves Bessel functions, is
Llg+s,c—g; c+slohi[; c+s; 9]
= [[a e —ap ot B e—g g -ade (@, §74G), ()
with the generalization
Llg+s.c—g; c+slgFpyl(e); c+s,(f); 9]

1
= fo 2 H(1 —2f 07 gy, [(e); =g, (f); (1 —2)]dz (78)
for E<F+2.
The other special cases of Theorem 3 lead to double series which are neither separable
nor summable.

8. The fourth theorem. Let

gs)= £ ST

m=0n=0

(@) +u,m+v,n+s,(b)+uym+v,n—s - (81)
() +u,m+v,n+s, (d)+uym+vin—s P PIYTE

where each » or v is unity or zero according as each parameter a, b, ¢ or d occurs within
the m or n series or not. «(m,n) is a function independent of s such that the double
series in m and = is absolutely and uniformly convergent in both y and z. Also let

Z4(x) = Z DD

[(a)'+uam+van—aﬂ—uﬂm—vﬂn—p,
p=1lm=0n=0p=0

() +um+v,n—a,—u,m—v,n—mp,

O)+wymtvynta,+u,m+v,n+p

(@) +uzgm+vgn+a,+u,m+ ] a(m, n) ymeraouttumivumtp - (8.2)
d d wt Uy, v,n+p

© = [(a)+uam+van+b,,+u,,m+v,,n+p,

B ©
d 2501 r
an s1/2) = § EMZO”ZO (c) +u,m+v,n+b,+u,m+v,n+p,

b)Y +uym+v,n—b,—um—v,n—p

@) +ugm+vgn—b,—u,m—v n—P] m, n)yr TR, (8:3)

Then, since g(s) is again a function of bounded variation we can apply the Mellin
transform to Theorem 4 of (2), and we find

THEOREM 4. (i) g(s) = fw 1Y (z)dxif A+ D>B+C,
0
1 0
(i) g(s) = f w18 () de + f #-15,(1Jz)dz if A+ D = B+C,
0 1

and (iii) g(s) = f : 215 5 (1/z)dx if A+D < B+C,

provided that A+B>C+ D, and that g(s) is an absolutely and wniformly convergent
series itn y and z.
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Again (iii) and (i) are equivalent under the transform g(s) >g(—s), and in (ii) the
sum Xg(1l/x) is the analytic continuation of X ,(z) for 1<z <o0. In partlcular, if
B =D =0, then 4 = C, the second integral in (ii) is zero, and

g(s) = f 2515 (x) dz. (8-4)
0
This theorem contains as special cases Theorems 1, 2 and 3, and other transforms of

Meijer’s G-function, for example (1), §7-5 (30), (31) and (32).

9. Ezamples on Theorem 4. The double series in g(s) can assume many forms. For
example, it may be one of the Appell series, ((1), p. 384), though none of the integrals
which arise assumes a simple form. Alternatively, the double series in g(s) may be
separable into two simple series in m and n respectively. In a few cases the resulting
triple series under the integral is separable into double series, and occasionally this
integrand will reduce even further. Thus I'[a + s, b — s]  Fy [a +s; y] .5, [b—s; z]leads to

INa+s,b—s; a+b](1—y) ¢ s(1-2)50 = fwx“—“f“(l +x—y—az)"%bdxr (9-1)
0
and INa+s,b—s; a+b], Fila+s;e; y], Fi[b—s; f; 2]

dx. (9-2)

—t+a(] 4 g)—a i G )
J‘ as-1+a(] + g)—a-b mZOnEO(l +x)mtnmn! (6):. ()n

This double series under the integral is one of Horn’s hypergeometric series ((1),
p. 385).
Another related result is

Tla+s,c—a; c+8],F;[a+s; f; y],F [e; c+s; 2]

— ? e a c—a— > (e) mznxm(_l)n(1+a c)m—n .
—Jo zs-1te(1 4 x) 1mz_on¥0 P mTal (12 dz, (9-3)

and there are many other similar results involving Bessel functions, confluent hyper-
geometric functions and other more general hypergeometric functions.

Results similar to Theorem 4 will hold for triple and multiple series in general, in
g(8), but these results are so complicated that it is unlikely that they can have any
practical application. '
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