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In this work, we consider oriented compact manifolds which possess convex mean
curvature boundary, positive scalar curvature and admit a map to D? x T™ with
non-zero degree, where D? is a disc and 7™ is an n-dimensional torus. We prove the
validity of an inequality involving a mean of the area and the length of the boundary
of immersed discs whose boundaries are homotopically non-trivial curves. We also
prove a rigidity result for the equality case when the boundary is strongly totally
geodesic. This can be viewed as a partial generalization of a result due to Lucas
Ambroézio in (2015, J. Geom. Anal., 25, 1001-1017) to higher dimensions.
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1. Introduction

An important question in modern differential geometry is about the connection
between the curvatures and topology of a manifold. A very significant and historic
result on this is the famous Gauss—Bonnet theorem. As a consequence of that
theorem, we note that the topological invariant, named Euler characteristic, gives
a topological obstruction to the existence of a certain type of Riemannian metrics
on surfaces. In higher dimensions, the relationship between curvatures and the
topology of a manifold is much more complicated. However, Schoen and Yau, in their
celebrated joint work, discovered interesting relations between the scalar curvature
of a three-dimensional manifold and the topology of stable minimal surfaces inside
it, which emerge when one uses the second variation formula for the area, the Gauss
equation and the Gauss-Bonnet theorem.

In a very recent paper Bray, Brendle and Neves [3] proved an elegant rigidity
result concerning to an area-minimizing two-sphere embedded in a closed three-
dimensional manifold (M3, g) with positive scalar curvature and o (M) # 0. In that
work, they showed the following result. Denote by F the set of all smooth maps
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1362 E. Barbosa and F. Conrado
f:S? — M which represent a non-trivial element in 7o (M ). Define
A(M,g) = inf{Area(S?, f*g) : f € F}.
If Ry > 2, the following inequality holds:
A(M, g) < 4,

where R, denote the scalar curvature of (M, g). Moreover, if the equality holds
then the universal cover of (M,g) is isometric to the standard cylinder S? x R
up to scaling. For more results concerning to rigidity of three-dimensional closed
manifolds coming from area-minimizing surfaces, see [2, 4, 16, 18, 19]. In [21], Zhou
showed a version of Bray, Brendle and Neves [3] result for high co-dimension: for n +
2 < 7,let (M"*2 g) be an oriented closed Riemannian manifold with Ry > 2, which
admits a non-zero degree map F : M — S? x T". Then A(M, g) < 47. Furthermore,
the equality implies that the universal covering of (M"*2 g) is §? x R™.

In the same direction as the results mentioned above for the closed manifolds,
let M be a Riemannian manifold with non-empty boundary 0M. A free boundary
minimal surface in M is a minimal surface in M with boundary contained in the
boundary OM and meeting it orthogonally. Such surfaces arise variationally as crit-
ical points of the area among surfaces in M whose boundaries lie on M but are
free to vary on M. The simplest examples, considering M as the unit ball with
centre at the origin in the Euclidean space, are an equatorial plane disc and the
critical catenoid, the unique piece of a suitably scaled catenoid in the unit ball.
Fraser and Schoen [12] established a connection between free-boundary minimal
surfaces and the Steklov eigenvalue problem, and proved existence of an embed-
ded free-boundary minimal surface of genus zero with any number of boundary
components. Since then, many works was developed to study free-boundary mini-
mal surfaces. For more results concerning free-boundary minimal surfaces, see the
following references and the references therein: [1, 5-14].

Consider now a Riemannian n-manifold with non-empty boundary (M, 0M, g).
Let Fj; be the set of all immersed discs in M whose boundaries are curves in M
that are homotopically non-trivial in M. If Fy; # 0, we define

M,g) = inf |¥ d L(M,g)= inf [0
A(M,g) = jinf [X]; and L(M,g)= inf |0%]
In [1], Ambrézio proved the following result.

THEOREM 1.1. Let (M,g) be a compact Riemannian three-manifold with mean
convex boundary. Assume that Fyr # (. Then

1. .
§1nfR_f]V[A(M,g) +1an£‘?M£(M,g) < 2. (1.1)

Moreover, if equality holds, then the universal covering of (M,g) is isometric
to (R x X, dt? + go), where (Xo,g0) is a disc with constant Gaussian curvature
%inf R, and 0% has constant geodesic curvature inf HgM in (X0, 90)-

A question that arises here is the following: Is it possible to obtain similar
result for high co-dimension? Unfortunately, a general result cannot be true as we
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can see with the following example. Consider (M, g) = (S3.(r) x S™(R), ho + go),
where (S2.(r), ho) is the half two-sphere of radius r with the standard metric, and
(S™(R), go) is the m-sphere of radius R with the standard metric, m > 2. This case,
we have that

1. :
5 inf RS/[.A(M, g) + inf HSM[,(M, g) > 2m.

On the other hand, consider (M, g) = (S%.(r) x T™, go + &), where (T™, §) is the flat
m-torus, m > 2. Note that the equality holds in (1.1). However, we can see that
in this case the universal covering of (M, g) is isometric to (S%(r) x R™, go + do),
where dg is a standard metric in R™,

In the first example above, note that there is no map F : (M,0M) — (D? x
T",0D? x T™) with non-zero degree. However, this is a condition that we need
in order to obtain a similar result as in [1]. However, for the rigidity part, we
will assume that the manifold has strongly totally geodesic boundary. We say that
(M, g) has strongly totally geodesic boundary if the following two conditions hold
simultaneously:

(a) OM is a totally geodesic hypersurface of (M,g), i.e. Vg, 0; =0 on OM for
i=1,...,n—1

(b) Vgi“@i = 0 for all positive integers k and i = 1,...,n —1 on M.
Our main result of this work is the following.

THEOREM 1.2. Let (M,0M,g) be a Riemannian (n+ 2)-manifold, 3 <n+2 <7,
with positive scalar curvature and mean convex boundary. Assume that there is a
map F : (M,0M) — (D? x T",0D? x T™) with non-zero degree. Then,

1. .
ilnfRéV[A(M, g) + me_(‘?ME(M, g) < 2m. (1.2)

Moreover, if the boundary OM 1is strongly totally geodesic and the equality holds
in (1.2), then the universal covering of (M,g) is isometric to (R™ x Xg,d + go),
where 6 is the standard metric in R™ and (3¢, go) is a disc with constant Gaussian
curvature %inf R;VI and 0%¢ has null geodesic curvature in (3o, go).

REMARK 1.3. In order to prove the rigidity part of the above result, we consider the
double manifold (DM). However, such a double manifold does not inherit a smooth
Riemannian metric in general. If the manifold has strongly totally geodesic bound-
ary, we obtain that the double metric is smooth. Hence we apply the theorem 1.1
in [21] and obtain the rigidity. If we consider only the totally geodesic condition
on the boundary, we think it is also enough to obtain the rigidity. Actually, if the
boundary is totally geodesic, the double metric is smooth and it fails to be smooth
only across a hypersurface given by the double of the boundary. As in the work of
Miao [17], related to non-smooth versions of the positive mass theorem, we think
is it possible to obtain theorem 1.1 in [21] for this type of metrics: smooth metrics
which fails to be smooth only across a hypersurface. Hence, applying the conclusion
of theorem 1.1 in [21], we obtain the rigidity part.
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This work is organized as follows. In § 2, we present some auxiliaries results to be
used in the proof of the main results. In § 3, we present the proof of the inequality
in our main theorem 1.2. Finally, in §4, we present the proof of the rigidity part
for the case where the equality is achieved and the manifold has strongly totally
geodesic boundary.

2. Free-boundary minimal k-slicings

All the manifolds considered here are compact and orientable.

2.1. Definition and examples

Let (M,0M, g) be a Riemannian n-manifold and 7 the outward unit vector field
on the boundary OM in (M, g). Assume there is a properly embedded free-boundary
smooth hypersurface 3, _; C M which minimizes volume in (M, g). Choose u, 1 >
0 a first eigenfunction for the second variation S,_; of the volume of ¥,,_; in (M, g)
satisfying

Ouy 1

ann71 = un—lBaM(Vn—l’ Vn—l) on 62n_1

where v, is the unit normal vector field of X,,_1 on (M, g), 7,1 is the outward
unit normal vector field on the boundary 0%,,_1 in (X,,1, ¢) and B9M ig the second
fundamental form of OM in (M, g) with respect to 7. Define p,,_1; = u,—1 and the
weighted volume functional V, _, for hypersurfaces of ,_1,

Vo 1 (2) = / pn—1dus,
>

where dvy, is the volume form on (3, g). Assume that there is a properly embedded
free-boundary smooth hypersurface ¥, _o C 3, _1 which minimizes the weighted
volume functional V, Choose a first eigenfunction u,_s > 0 for the second

Pn—1"
variation S, _» of the weighted volume functional V), | in X, _» satisfying

n—1
ou 2
a = = Un—2B82n71 (Vn—Qa Vn—2) on 82n—2;

TNin—2
where v, is the unit normal vector field of ¥, o on (X,,_1, g), Jn—2 is the outward
unit normal vector field on the boundary 9%, o in (X, _2,9) and B%®n-1 is the
second fundamental form of 9%,,_1 in (X,,_1, g) with respect to 7,,_1. Define p,_o =
Prn—1Un—o. Assume that we can keep doing this, inductively. Hence, we obtain a
family of smooth free-boundary minimal submanifolds

X C Ek:—i—l C--CY¥p 1 C (ng) = (Ma g)a

which was constructed by choosing, for each j € {k,...,n — 1}, a smooth properly
embedded free-boundary hypersurface ¥; C ¥;11 which minimizes the weighted
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volume functional V,

Pit1s where Pj+1 = Uj1Ujy2 - Up—1 and

Ou,

= u; BO%+1 (v, 1) on 9%;.
an; J 35 Vi J

We call such family of free-boundary minimal hypersurfaces a free-boundary
minimal k-slicing in (M, g).

EXAMPLE 2.1. Let (N,0N, g) be a Riemannian k-manifold. Consider the following
Riemannian n-manifold (N x T"~%, g + §), where § is the flat metric on the torus
T™F. The family of smooth hypersurfaces

NCNxS'CNxT*>c.---CNxT"* 1L (NxT"* g+9),

where p; =u; =1, for every j =k,...,n — 1, is a free-boundary minimal k-slicing
in (N x Tk g+6).

2.2. Geometric formulas for free-boundary minimal k-slicing

Let (M,0M, g) be a Riemannian n-manifold. Consider a free-boundary k-slicing
in M:

S Co-C Y1 C (Emg) = (M7g)'
Notation

e Ricj:=Ricci curvature of (£, g)

e R;:=Scalar curvature of (¥£;,¢)

e v;:=Unit normal vector field of 3; in (X1, g)

e B;:=Second fundamental form of ¥; in (£;41,9)

e H;:=Mean curvature of ¥; in (X;41,9)

e 7); := Outward unit normal vector field on the boundary 9%; in (X5, g)
e BY% :=Second fundamental form of 0%; in (X;, g) with respect to n;

e H9%i :=Mean curvature of 9%; in (¥;, g) with respect to n;

REMARK 2.2. Since X; is a free-boundary hypersurface in (¥;41,9), for every
j=k,...,n—1, we have that

(1) n; = n, in 9%, for every p > j.

(2) HO%5 = H%ir — Bazj“(”ﬂ'?yj) = HOM — Zz;jl B%ri (val/p)‘
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For each j € {k,...,n — 1}, define on X; x 7"~ the Riemannian metric
n—1
Gi=g+ Y unde
p=j
We define

ZAJJ' = Ej X Tnij and ij = Ej X Tnijil.

Note that, since ¥; is free-boundary hypersurface in (¥;41,¢), we have that
Y; is a free-boundary hypersurface in (Ejﬂ,f}jﬂ). With the next lemmas and
propositions, we will prove that ¥; x Tm=3~1 is a stable free boundary minimal

hypersurface in (X441, §j4+1)-

PROPOSITION 2.3. Let (M, g) be a n-dimensional Riemannian manifold, ¥ C M be
a hypersurface and 0 < u € C°°(M). Then, the second fundamental form of ¥ x St
in (M x St,g = g+ u?dt?) is given by

B = B — uv(u) dt?,

where v is a globally defined unit normal vector field on ¥ and B is the second
fundamental form of ¥ in (M, g).

Proof. Consider (x1,...,2,-1,t =x,) a local chart in X Xx St such that
(1,...,2p—1) is a local chart in X. Denote by V and V the Riemannian
connections of (M x S, §) and (M, g), respectively. For 7,7 = 1,...,n — 1, we have
that

. . o; .
Va,0; =Vo,05, Vo,0p = iu) 0 and Vp,0p = —uV u.

It follows that

Bij = §(V,0;,v) = g(V,0;,v) = By,
~ s Oi(u) .
Boy = i(Vo,0) = 2 500,.) = 0
and
Bnn - §(@8tat, V) = 7ug(vgua V) = fuy(u).
O
LEMMA 2.4. For every j =k,...,n — 1, the second fundamental form Bj of i?j mn
(3j+1,95+1) is given by
~ n—1
Bj = Bj — upuj(up) dti (21)
p=j+1
In particular,
n—1
B> =BjI* + Y (vj(logu,))*.
p=j+1
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Proof. To prove (2.1), for me {j+1,...,n—1}, define on X, 1 x T™""™ the
following Riemannian metric

n—1
G =g+ Y ujdt.
p=m
We will prove that the second fundamental form of X; x ™™™ in (X;41 X
™™ g,.) is
n—1

B =B — Y upv(uy)dt? (2.2)
p=m

by a finite reverse induction on m. When m = n — 1 equality (2.2) follows directly
from proposition 2.3. Now suppose that (2.2) is valid for m + 1. Note that g,, =
Ty + u2, dt2,. It follows from proposition 2.3 that By, = Byi1 — v (um) dt2,.
Equality (2.2) now follows from the inductive assumption. Since g, = gj+1, we
have showed equality (2.1). O

LEMMA 2.5. For every j=k,...,n—1, the second fundamental form Bj+1 of
0X 41 in (X,41, §j41) with respect to n; satisfies

By (vj,v5) = B4 (v, 1),
Proof. Using a similar argument used to prove (2.1), we can prove that
n—1
By = Bt — N uymia(up) di.
p=j+1
In particular,

Bji1(vj,vy) = BP9+ (v, v;). O

PROPOSITION 2.6. Let (M, g) be a n-dimensional Riemannian manifold and 0 <
u € C*(M). Then the Ricci curvature of (M x S',§ = g+ u? dt?) is given by

Ricg = Ricg —u™" (Viu) — ulgu dt?,
where Ricy is the Ricci curvature of (M, g).

Proof. Consider (z1,...,Zn,t =a,11) a local chart in M xS! such that
(z1,...,2p) is a local chart in M. Denote by V the Riemannian connection of
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(M,g) and R, R the curvature tensors of (M x S',§) and (M, g), respectively.
Note that

n+1 n
(Ricg)ij = Z §"' Riiji = Z 9" Ryiji + w2 Rygju.
k,l=1 k,l=1
Since, for ,j,k,l =1,...,n, we have that

Riiji = Ryiji,  Ruije = —u (Vf,u)ij and Ry =0

then
n
(Ricg)ij Z "Rpiji —u™t (Vﬁu)” (Ricy)ij —u™t (Vﬁu)” )
n
(Ricg)ee = —u Z gt = —ulA,u
k=1
and
(RiC§)it =0
for every i,7 =1,...,n. O
LEMMA 2.7. For every j = k,...,n — 2, the Ricci curvature Ricg, ., of (2j+1, Gj+1)
satisfies
n—1
Ricg, ., (vj,vj) = Ricj 1 (v, vs) — Y uyt (V3 up) (1), 05)
p=j+1

where V3, | is the Hessian in (3j11,9).

Proof. For m € {j +1,...,n— 1}, define in ¥;11 x T~ ™ the Riemannian metric

n—1
m =9+ Z u?) dti.
p=m

We will prove that the Ricci curvature Ricy, of (X411 x T"™,7,,) satisfies

n—1

Rico (v, v5) = Ricin (vy,v5) = Y uyt (Vi) (v,v5) (23)

p=m

by a finite reverse induction on m. When m = n — 1 equality (2.3) follows directly
from proposition 2.6. Now suppose (2.3) is valid for m + 1. Since g,, = G,, 1 +
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w2 dt? . it follows from proposition 2.6 that

m m?
X - — 72
Ricy(v;,v;) = Ricyy1 (v, vj) — ! (Vm+1u7n> (vj,v)).
=2 L _
where V, ., denote the Hessian in (341 x 7"~™~'. g, ). Note that

(vfn+1um) (vj,v5) = (V3i1um) (v, v5).

Equality (2.3) now follows from the inductive assumption and the last two equalities.
Since g1 = gj+1, we have proven the lemma. O

ProproOSITION 2.8. For every j=k,...,n—1, f)j is a free-boundary minimal
hypersurfaces in (Xj41,Gj+1)-

Proof. Consider (z1,...,2j,tj41,...,tn—1) alocal chart in ij such that (z1,...,z;)
is a local chart in X;. Denote by H; the mean curvature of ¥; in (X,41, §j+1).
It follows from lemma 2.4 that

- il
H; = 9;+1 (Bj)
i,k=1
S S vil)
ik
WLy
i,k=1 p=j+1
n—1
—i- Y yuu)
p=j+1

=H; —vj(Inpji1)
=H; = (Vjtalnpjir,vj)

where V1 is the gradient in (X;41, g). We have that ¥; minimizes the weight vol-

ume functional V,,, ,, in particular, the (In p;;1)-mean curvature of X; in (3,41, 9)

vanishes everywhere, this is, H; = (V,411Inpj11,v5). (See [15].) This implies that
H; = 0. Therefore, 3J; is a free-boundary minimal hypersurfaces in (X;41,gj4+1). O

Denote by S; the second variation for weight volume functional V,, , in ¥;, Sj
the second variation for volume functional of f]j in (ij+1,§j+1) and g; = Gj11ls -
J

PROPOSITION 2.9. For everyj=k,...,n—1, ij is a free-boundary stable minimal
hypersurfaces in (Xj41,Gj+1)-
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Proof. Let ¢ € C*°(X;). We have that

S;() = / (V50 — (1B;? + Ricy, . (v, 13))¢%] pyor du

J

- / ©* B (v, v5)pj 1 do;
ox;

where Ricy, ., (vj,v;) = Ricjt1(vy,v5) — (Vi1 fiv1)(vj,v5), fi+1 =Inpji1 (see
[15]). Here, dv; and do; are the volume forms of (X;, g) and (0%, g), respectively.
Note that

Visifivnr = VipInpj

n—1
=V, Z In u,

p=j+1

n—1
Z Vj+1 In Up

p=j+1

n—1

Z uiv]‘_;,_lup.

p=j+1 P

It follows that

(Vi fi)(v,v) =

~

Vo, (Vg1 fis1),v5)

n—1
1
<Vw > o Vi+1tp ’Vj>

= /1 v;(up)
= < Vo, (Vjtrup) — ]uzp Vi1, Vj>
1

Up

p=j+ p
n—1 1 n—1 1

= u7<vl’j (Vjsrup) ,v5) — Z T[Vj(up)}z
p=j+1 " p=j+1 P
n—1 1 n—1

= > — (Viaw) @) = Y o))
p=j+1 P p=j+1

From lemmas 2.4 and 2.7 we obtain
Ricy,,, (vj,v;) + |B;|* = Ricg,,, (v;,v) + | B>,

This implies that

Si(e) =/E (IVel* = Q;9%) pjs1 dv; —/8E P BP%i+1 (1, 1) pjg1 doj.
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where
Qj = Ric@jﬂ(’/jv Vj) + |Bj|2~
Consider now ¥ € C>(%;). We have that

Si(¥) :/ [IV5, 9> — Q%] dug, —/~ W2 Bj1 (v, v) dog,

J BEj

where dvg, and doj; are the volume forms of (3;,3;) and (9%;,3,), respectively.
From lemma 2.5 we have that

S'j(xlf):/ (|Vg,¥? — Q;9?) duy, —/N U2B%it (v, ;) dog,

Furthermore, since dvg, = pjr1dvjdt and dog, = pjy1do;dt, where dt =
dtjjo---dt,_1, we have that

gJ(‘I’) = /Tniiil (L (|ng\11‘2 — Qj\I/2) Pi+1 d’l)j) dt

J

7/ v </ \I/2B82j+1(1/j,1/j)pj+1 dO’j) dt
Tr—i—1 82j

For each ¥ € C* (%) define Fy : T"7~1 — R by Fy(t) = S;(¥;), where for each
t € T"I71 the function ¥, € C*°(%;) is defined by W, (z) = ¥(x,t), z € ;. Note
that

S;(0) > / Fy dt. (2.4)
Tn—j—1

Since ¥; minimizes the weight volume functional V). , we have that Fiy > 0 for
every W € C(%;). It follows that S;(¥) > 0 for every ¥ € C>°(%;). Hence, ¥; is
a free-boundary stable minimal hypersurface in (3,41, gj4+1)- O

Note that the equality holds in (2.4) if and only if ¥ € C°°(%;). So S;(¢) = S;(¢),
for every ¢ € C*(%;). It follows that

Si(p) = /Z (IV0l* = Qi9*)pjs1 dv; — /az @*BPi+1 (v, 1) pjs1 do

= */ ©L;j(@)pj+1dv; +/ © (gso — B+ (i, Vj)) pj+1do;
35 9% 1j
for every ¢ € C°(%;), where L;: C®(X;) — C>(%;) is a differential operator
given by L() = Ajp + Q;, where A denote the Laplacian operator of (X, §j+1).
Consider A; the first eigenvalue of S; associated with the first eigenfunction u;.
We have that,

Lj(uj) = —Ajuj on 3;

. (2.5)
87%_ = u; B+ (v, v;) on O%;
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LEMMA 2.10. For every j < p < n—1, we have that, in 025,
Bazp“(”pv”p) = (V; logup, n;).

Proof. 1t follows from (2.5) that, in 0%,

1 0u,

up Onp

for every p=k,...,n — 1. Consider j < p < n — 1. Note that, in 0%;,

B4 (v, 1) = = (Vploguy, mp),

Br1 (v, 1) = (V log up, 1),
because we have 7, = 7; in 03; (see remark 2.2). In 3;, we can write

p—1
Vplogu, = V;logu, + Z(Vp log u,, vi)v.
1=j

Hence, in 0%, we have that

p—1
Bt (v, 1) = (Vlog up, 15) + > _(Vplog iy, 1) (v, 1;)-

l=j

However, we have n; L v, in 0%, for every j <1 < n — 1. Therefore,
B82P+1(Vp,yp) = (V,loguy,n;)
O

PROPOSITION 2.11. Let (M, g) be a n-dimensional Riemannian manifold and 0 <
u € C°(M). Then the scalar curvature of (M x St, g = g+ u? dt?) is

2
Ry = Ry — ~Agu,

where Ry is the scalar curvature of (M, g).

Proof. Consider (z1,...,Tp,t =x,11) a local chart in M xS! such that
(z1,...,2,) is a local chart in M. From proposition 2.6, we have that
n+1
Rs =Y §"(Ricy);
i,j=1

nooo 1
Z 9" (Ricg)i; + ?(Rlcg})tt

i,j=1
=N gi(Rie ) — L ST g (92 LN
—'ZQ ( wg)w—a.zg ( gu)ij_a gt
3,j=1 4,j=1
2
:RQ_EAQU.
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LEMMA 2.12. For k < j <n—1, the scalar curvature R of (X ],gj) is given by

~ n—1

R;=R; -2 Z uy Ay, — 2 Z (Vjloguy, Vjlogug). (2.6)

p=j+1 j+1<p<g<n—1
FEquivalently,
1/2 1/2
R = Ry — 4p; P N (p113) — Z 1V 1log u,|?. (2.7)
p=j+1

Proof. To prove (2.6), form € {j +1,...,n — 1}, define in 3; x T"™~™ the Rieman-
nian metric

n—1
m=9+ Z uf) dtf,.
p=m

We will prove that the scalar curvature of (X; x T~ ™,g,,) is

n—1
=R;—2 Z u;lAjup -2 Z (V;loguy,, Vjlogug) (2.8)

m<p<gsn—1

by a finite reverse induction on m. When m = n — 1 formula (2.8) follows directly
from proposition 2.11. Now suppose formula (2.8) is valid for m + 1. Note that
Ty = Gmyq + uZ, dt2,. It follows from proposition 2.11 that

— — 1~
R, = Rm+1 - 2um Am+1um

where A, ;1 denote the Laplacian operator of (X; x T"~™~1 g ). Note that

n—1

A1ty = A U+ Z (Vjloguy,, Vium).
p=m+1

Equality (2.8) now follows from the inductive assumption and the last two equalities.
Since g; .1 = g;, we have proven equality (2.6).
To prove (2.7), note that

2

n—1
Z V;logu,| = Z |V logup|? + 2 Z (Vjloguy, Vjlogug)
p=j+1 p=j+1 JH1<p<gsn—1

It follows from (2.6) that

n—1 n—1 n—1
R;=R; —2 Z u;lAjup— Z Vjloguy,|l -+ Z IV log uy|?.
p=j+1 p=j+1 p=j+1
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Since
n—1
2Alogu, = 2u;1Ajup — 2|V, log up\Q and Z logu, = log pj41
p=j+1
we have that
2
~ n—1 n—1 n—1
R; =R; — Z |V logu,|? — 24, Z logu, | — |V, Z log u,
p=j+1 p=j+1 p=j+1
n—1
= R;— Y |Viloguy|* = 2A;log pj1 — [V log pj 1]
p=j+1
1/2 1/2
= R; —4p; /P 0 (pY3) - Z |V, log u|?.
=j+1
O

LEMMA 2.13. For k < j <n—1, the scalar curvature R of (X j,gj) is given by

e
R;=R; -2 Z uy A juy, — 2 Z (V;loguy, Vjlogug) (2.9)

Jj<p<gq<n—1

= Rji1+ B2+ 2\ (2.10)
n—1 n—1

=R+ B +2) A, (2.11)
p=j p=j

Proof. We can prove (2.9) using a similar argument used to prove (2.6). To prove
(2.10), note that (E],g]) (E xS, g; + u2 dt2) It follows from proposition 2.11
that

Rj = Rj — 2u;15juj
where A; denote the Laplacian operator of (35, ;). So, from (2.5) we have that
2\ = —2u; ' Aju; — Rya + Ry — |By| = By — Ry — | By
Hence, it follows equality (2.10). To get (2.11) we iterate (2.10) n — j times. O

PROPOSITION 2.14. If RM > 0 and H?M > 0 then

4/ V| dv; > —2/ P2 HO® do—j—/ O’ R; dvy,
I 0% 5

J J J

for every p € C*(%;) and j =k,...,n—1.
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Proof. Since ¥; minimizes the weighted volume functional V, we have that

Si(¢) =0, for every ¢ € C*°(%;). It follows that,

j+17

4/ Vol pjs1 dvj > 2/ ¢jo?pjt1 dv; +2/ ©? B (1), v5)pj1 doy,

J J

for every ¢ € C°°(X;). From Gauss equation we have that

| —

Qj = 2(Rj+1 — R; +|B,%).

Since RM > 0, from lemma 2.13, we have that R; > 0, for every k<t <n—1.
It follows from lemma 2.12 that

2Q; > —Rj +4p; (1/2)A (lefl)

Thus,
1/2 1/2
4/ Vil pjsr duj > —/ Rj¢®pji1 v +4/ P () ¢? du
Ej j zj

2 /02; ©° B+ (v, 1) pj1 oy,

(1/2)

for every ¢ € C*°(%;). Replacing ¢ by P4 at the last inequality, we obtain

that

4/ V(002 Ppsan duy > / R;©* dv; +4/E PP A (p3)e? dug

2 2 j

+2/ (pZBanJrl(I/j,l/j)dO'j.
ox

j
Observe that

(1/2)g

1/2 2
v (gpp]J,El/ )) SﬁvijJrl/ )+p]+ ]SO

This implies that
1/2 2 1/2 2
Vi (en; 12 = 071 V502 + @21V 07 0212 + 200, 525070 P, V50)
Thus,

(1/2))|

2 2
pi+1lV;(ep; ) V61 + 020,01 Vi0,0 7 2 + (Vi log 957, V5(62)
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Using integration by parts, we have that

/ (V;10g 7/ V(%)) du

J
(1/2))

d(lo
—/ ©*A; logpj+1/2 dv; + / ©* 7( EPi
b by

dO’j
j j o

2 1/2 1/2
+/ @ pﬁl/ )Agpjil de_/ 0’|V logpjillz)dvj
35 2
1

- 5/ ©*(V;log pji1,m;) do
0%,

1/2 1/2 1/2
= —/ ¥*|V; logpjill2dvj+/2 P20, 80l dvg
J J

1
/ ©*(V;log pji1,1;) do;
ox

5 J
Then,
1/2
4 [ pral¥ster )R
—(1/2
—4/2 V0] du; +4/ ©2p41|V,0; /P dvy
1/2 2 1/2
—4/Z ¥?|V; logpjillzdvﬁ‘l/z P20 Ay v
:
—2/ ¢*(Vjlog pjr1,m;) oy
%,
Since,
—(1/2 1/2
vaJJfl/ = *PJ+1VJPJilv
we obtain that
2 1/2
pJ+1|VJP]+1/ )|2 1V IOgP]-/H‘Z
This implies that
A pialVilep PP dv; =4 | Vel do, +4 DAL Qo
- P+l (QOPJH )7 dv, . Vil dv; + 5, ‘PPJH 3 Pj+1 AY;

—2/ 902<Vj 10%Pj+1,77j>d0j
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Consequently,

4/ |Vj(,0|2 de > 2/ g02 (Bazj'*'1 (Vj7 I/j) + <V] log pj+1,’l7j>) dO’j

J

)
— R]' QDQ d?)j
=
Since H?M > 0, from remark 2.2 and lemma 2.10 that

n—1
4/ IV j|* dv; >2/ ©° ZBQZP“(VP,VP) do; —/ R;* dv;

2 0% p=j %

:2/ @2 (H?M—Hagj)ddj—/ Rj(de’Uj
o5 ‘ %

J

> —2/ ©?H%i do; —/ R;¢? dv;
o%; ;5

Therefore,
4/ V| dv; > —2/ ©?H%i do; —/ ©*R; dvj,
25 f b
for every ¢ € C™(%;). O

THEOREM 2.15. Let (M,0M,g) be a Riemannian n-manifold such that R™ >0
and HOM > 0. Consider the free-boundary minimal k-slicing in (M, g)

YpC--CYp1CY, =M.
Then:

(1) The manifold 3; has a metric with positive scalar curvature and minimal
boundary, for every 3 <k <j<n-—1.

(2) If k =2, then the connected components of Yo are discs.

Proof. (1) Consider j € {k,...,n—1}, here k> 3. It follows from proposi-
tion 2.14 that

_4kj/ V50l? dv; <2k’j/ PP HO% d0j+kj/ ¢°R; dvj,
3 %5 5,

for every ¢ € C*°(X;) such that ¢ # 0 and k; = (j — 2)/(4(j — 1)) > 0. This implies
that

/ Vil dvj + 2’%‘/ P?H? doj + kj/ v R; dv;
¥ 0% X

J

> (k) [ (90

J
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for every ¢ € H'(X;) such that ¢ # 0. It follows that

/ |ngo\2dvj+2kj/ 2 HO%i daj+/cj/Z ©’R; dv;

A= inf 2 = . > 0.
0£pEH(3;) / o du;

Therefore, there exists a metric in 3; with positive scalar curvature and minimal
boundary.

(2) From proposition 2.14 we have that

4/ |Vai|? dug > —2/ ©*HO%2 doy —2/ O K du,,
PP 0o I

for every ¢ € C*°(Xy) such that ¢ #0, because Ry = 2K, where Ky is the
Gaussian curvature of (X9, g). In particular, for ¢ = 1 we have that

/ H%2doy + | Kdvy > 0. (2.12)
o) PP

Let S be a connected component of Y. From inequality (2.12) and from
Gauss—Bonnet theorem, we have that x(S) > 0. Therefore S is a disc. O

3. Proof of inequality
PRrOPOSITION 3.1. There is a free-boundary minimal two-slicing
Yo C¥3C---C8py1 C(M,g),
such that X s connected and the map Fy:= Flg :(3g,05;) — (D* x

T+=2,0D% x T*=2) has non-zero degree, for every k =2,...,n+ 1.

Proof. Without loss of generality, we assume that F'is a smooth function. Consider
the projection p; : D? x T9 — S! given by

pj(l‘, (fl, AN ,tj)) = tj,

for every z € ¥ and (t1,...,t;) € T9 =S x --- x S.

We will start constructing the manifold ¥,.;. For this, define f, = p, o F.
It follows from the Sard’s theorem that there is 6,, € S which is a regular value of
fn and Of,. Define

Spi1 = f1(0,) = F7HD?* x T x {6,}).

Note that S,,11 C M is a properly embedded hypersurface which represents a non-
trivial class in Hy41(M,0M) and

Flg . :(Snt1,08041) — (D* x "1 9D* x T 1)

n+1

is a non-zero degree map. It follows from geometric measure theory that there is a
properly embedded free-boundary smooth hypersufrace 3, ; C M which minimizes

https://doi.org/10.1017/prm.2021.51 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2021.51

Discs area-minimizing in mean conver Riemannian n-manifolds 1379

volume in (M, g) and represents the class [Sy+1] € Hypq1(M,0M). Since ¥, | and
Sp+1 represent the same homology class in H,,+1(M,0M), we have that

Flg, (X0 11,080 1) — (D x T 9D? x T 1)

has non-zero degree. Consider X, a connected component of ¥/, such that
Foyr:=Fly 0 (Zp41,08041) — (D? x T"71,0D? x T 1) has non-zero degree.
It follows from lemma 33.4 in [20] that X,.; is still a properly embedded
free-boundary hypersurface which minimizes volume in (M, g). Consider wu,; €
C*™(X2,4+1) a positive first eigenfunction for the second variation S, 1 of the volume
of ¥,,41 in (M, g). Define p, 41 = tpy1.

By a similar reasoning used to construct X,4;, we obtain a properly embed-
ded free-boundary connected smooth hypersurface ,, C ¥,,;1 which minimizes the
weighted volume functional V,,,, and

F, = Flg : (34,05,) — (D* x T"7?,0D* x T"?)
has non-zero degree. Consider u,, € C*°(%,,4+1) a positive first eigenfunction for the
second variation S, of V, , on ¥,. We then define p,, = u,pn 1 and we continue
this process. O

LEMMA 3.2. We have that X5 € F)y.

Proof. From theorem 2.15 that ¥, is a disc. Since there is a non-zero degree map
Fy 1 (39,0%5) — (D?,0D?), we have that %5 is a curve homotopically non-trivial
in OM. Therefore, X5 € Fyy. O

LEMMA 3.3. We have that,
1
5 inf RM|%, |, 4 inf HOM|%,|, < 2m.

Moreover, if equality holds then Ry = inf RM, H9%2 = inf HOM and uk|22 are
positive constants for every k=2,...,n+ 1.

Proof. From remark 2.2 and lemma 2.10

n+1
inf HOM < Z<V2 log uy, 72) + HO*2.
p=2
This implies that
n+1
inf HOM|9%,|, < Z/ (Valogu,doa, n2) + HO%2 doy. (3.1)
p=2 [9) 30 [2)3P
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From lemma 2.13, we have that

n+1
Ry = Ry —2Zu;1A2up -2 Z (Valoguy, Valogug)
p=2 2<p<gsn+1
n+1 n+1 2 n+1
=Ry —2) uy Aoup, — DX, 4+ IX)%
p=2 p=2 p=2

where X, := V3 logu,. Since

u;lAgup = Aslogu, + |Xp|2,

we have that

n+1 n+1 2 n+1
Ry=Ry—2) Aglogu, — > X,| =) X,
p=2 p=2 p=2
Since ]:22 > inf RM | we obtain

1. M 1 .

—inf R |22|g < = R2 d’UQ

2 2 Js,

n+1

7!
= — Ry dvy — / YAV log Uy, dvg
2 o I;Q P !

1 n+1 2 1 n+1
,5/2 ZXP d02752/2 X, |2 dvs
2 p=2 p=2 2

n+1
1
3 / Ry dvy — E Ag loguy, dvs.
ps

p=2"%2

N

It follows from divergence theorem that
1 1 n+1
~inf RM|%,|, < 7/ Ry dvy — Z/ (V3 log uy, 12) dory. (3.2)
2 2 Js, p—2 /052

By inequalities (3.1) and (3.2), we have that

1 1
—inf RM ||, + inf HOM|9%,|, < f/ Ry dvy + HO%2 doy.
2 2 /s, 9%,

Therefore, from Gauss-Bonnet theorem, we obtain
1 .
5 inf RM|S,|, + inf HOM|9%,|, < 27X (32) = 27.

However, note that if holds equality then the field X,, = 0 for every p=2,...,n + 1.
It follows that u][,|22 are positive constants for every p = 2,...,n + 1. Consequently,
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Ry = RQ > inf RM and H%%2 > inf HM. Therefore, from Gauss—Bonnet theorem,
we have that Ry = inf RM and H9*2 = inf H9M O

COROLLARY 3.4. We have that,
1
5 inf RMA(M, g) +inf HOM £(M, g) < 2.

Moreover, if equality holds then Ry = inf RM, H9%2 = inf HOM and uk|22 are
positive constants for every k=2,...,n+ 1.

Proof. We have that
1 1
B inf RM A(M, g) + inf HOM L(M, g) < 3 inf RM|%|, + inf H |03,

for every ¥ € Fjs. From proposition 3.1 and lemmas 3.2 and 3.3 we have that there
is Yo € Fjs such that

1
5 inf RM|5,|, 4 inf HOM|%,|, < 2m. (3.3)

It follows that
1
§infRM.A(M, g) +inf HOM £(M, g) < 2. (3.4)

If the equality holds in (3.4) then the equality holds in (3.3). Therefore, from lemma
3.3 we have that Ry = inf RM, H?%> = inf H?M and uk|22 are positive constants
for every k=2,...,n+ 1. O

4. Proof of the rigidity

Proof. Without loss of generality, we can assume that R, > 2. Using an idea in the
Gromov-Lawsons paper on positive scalar curvature and mean-convex manifolds,
we obtain that the doubling DM of M has a metric g with R, > 2. Moreover, if
F:(M,0M) — (D? x T",0D? x T™) is a non-zero degree map, then the induced
map DF : DM — DD? x T™ has the same non-zero degree, simply by looking at
the preimage of a non-singular point. Hence, DM admits a map to S? x T" with
non-zero degree, since DD? = S2. Note that such a double manifold does not inherit
a smooth Riemannian metric in general. However, since the boundary OM is
strongly totally geodesic, we obtain that the double metric is a smooth metric.
Now, we obtain that equality in (1.2) implies that the equality is achieved in the
main inequality of theorem 1.1 in [21] for our doubling manifold DM. Therefore,
the rigidity part can be obtained from theorem 1.1 in [21]. O
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