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The long-time behaviour of solutions to a semilinear damped wave equation in a
three-dimensional bounded domain with the nonlinearity rapidly oscillating in time
(f = f(e,u,t/e)) is studied. It is proved that (under natural assumptions) the
behaviour of solutions whose initial energy is not very large can be described in terms
of global (uniform) attractors A. of the corresponding dynamical processes and that,
as € — 0, these attractors tend to the global attractor Ag of the corresponding
averaged system. We also give the detailed description of these attractors in the case
where the limit attractor Ag is regular.

Moreover, we give explicit examples of semilinear hyperbolic equations where the
uniform attractor A. (for the initial data belonging to the whole energy phase space)
contains the irregular resonant part, which tends to infinity as € — 0, and formulate
the additional restrictions on the nonlinearity f which guarantee that this part is
absent.

1. Introduction

We consider the following semilinear damped hyperbolic equation in a bounded
smooth three-dimensional domain 2 C R3:

t
O2u + YO — Agu + Nou + f (5, u, ) =g,
€ (1.1)

u|t:7’ = Ur, atu|t:7' - Ug-, anu|89 =0.

Here v and )\ are fixed positive constants, the external forces g € L?(§2), € > 0 is
a small parameter, and the nonlinear interaction function f(e,u,z) is sufficiently
smooth with respect to u and ¢ and is almost periodic with respect to z (see §2 for
the precise conditions).

As usual, we complete the family of problems (1.1) at ¢ = 0 by the following
averaged equation:

Xt + 0yt — Ayt + Nt + f(a) = g, (1.2)

where f(u) is the average of the almost-periodic function f(0,u, z). We also impose

the standard dissipativity and growth restrictions on the average f(u). These guar-
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antee the global existence and dissipativity of solutions of equation (1.2) in the

energy space
EY(02) := H*(2) N {0nulsn =0} x H(02)

(the critical cubic rate of growth of f is also allowed; see §2). It is also worth
noting that no growth and dissipativity assumptions on the nonlinearities f(e,u, z)
for positive € are imposed.

The long-time behaviour of solutions to (1.1) in the autonomous case is usually
described in terms of global attractors of the dynamical systems associated with
the problem under consideration (see [3,19,29] and references therein).

The case of non-autonomous equations is essentially less understood. In fact,
until now there have been several natural approaches to extend the attractors the-
ory to the non-autonomous case. One of them is based on a reduction of the non-
autonomous dynamical process to the autonomous one, using the skew-product
technique. The realization of this approach leads to the so-called uniform attrac-
tor A, of equation (1.1) which is independent of ¢ and is uniform with respect
to all the nonlinearities ¢(e,u,t/e) belonging to the hull H(f) of the initial non-
linearity f (see [11,20]). The alternative approach interprets the attractor of the
non-autonomous equation (1.1) as a non-autonomous set as well: Af(t), t € R (see,
for example, [12,22]).

The homogenization problems for individual solutions of evolution equations with
rapidly oscillating spatial and temporal terms were investigated in [1,4,5,24,28, 36]
(see also the references therein).

The homogenization of attractors has also been studied by many authors (see,
for example, [6,27] for attractors of reaction—diffusion and hyperbolic equations in
non-homogenized spatially periodic media with asymptotic degeneracy). The case of
regular spatially almost-periodic media was considered in [13]. The homogenization
aspects of the evolution problems for spatially rapidly oscillations in subordinated
terms (i.e. for f = f(x/e,u) or g = g(x/e)) were considered in [16,17]. The temporal
averaging of uniform attractors for evolutionary problems was studied in [21] (for
the case of the nonlinear wave equation with external forces rapidly oscillating in
time) and in [33] (for the case of singularly perturbed reaction—diffusion system
with rapidly oscillating external forces). The non-autonomous regular attractors
for reaction—diffusion equations with nonlinearities rapidly oscillating in time were
investigated in [14]. The homogenization of trajectory attractors associated with
ill-posed evolutionary mathematical physics equations (such as three-dimensional
Navier—Stokes equations, damped wave equations with supercritical nonlinearities,
etc.) were studied in [10,11].

In this paper, we carry out a detailed analysis of problems related to the local
and global averaging of the solutions of semilinear hyperbolic equations (1.1). In
particular, we prove (in §3) that the dissipativity of the averaged system (1.2)
in the energy space E'(£2) implies the existence of a global bounded solution for
problem (1.1) with the initial data {7 := (ur,u’) belonging to a large ball B .)
(if € > 0 is sufficiently small), where the radius Rg(¢) — oo as € — 0.

We also establish (in §4) that the long-time behaviour of the solutions to equa-
tion (1.1) with the initial data belonging to Bp,() can be described in terms of
the uniform attractor A. of the corresponding dynamical process, and that the
attractors A. are uniformly bounded in E'(£2) and tend (as e — 0) to the global
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attractor Ay of the limit autonomous problem (1.2) (in the sense of the upper
semi-continuity in E1(£2)).

Moreover, under the additional generic assumption that the limit attractor Ag
is regular, we provide a detailed description (in the spirit of [14]) of the pull-back
attractor Ag(7) of equation (1.1) on the ball Bg, (. for small positive €. In particu-
lar, we establish that, in this case, equation (1.1) possesses only a finite number of
different almost-periodic solutions (which are close to the equilibria of the averaged
system), and that, as t — oo, any other solution of this equation (belonging to the
ball Bp, () tends to one of these almost-periodic solutions (see §6). Furthermore,
the pull-back attractor Ay (7) has a regular structure (i.e. it is a finite collection of
the finite-dimensional unstable manifolds of the almost-periodic solution mentioned
above), attracts ezponentially and uniformly with respect to € and 7 the images of
bounded subsets B C Bp, () and tends to the limit global attractor Ag as ¢ — 0
in the sense of upper and lower semi-continuity in E*(£2) (see §6 for the details).

We however note that, in contrast to the case of parabolic equations or hyper-
bolic equations with external forces rapidly oscillating in time considered in pre-
vious papers (see, for example, [11,14,34]), in our case the uniform attractor /ls
of equation (1.1) in the whole phase space E'(£2) (i.e. the initial data outside of
the ball Bg, () is allowed), if it exists, does not necessarily coincide with the uni-
form attractor A. described above and does not necessarily tend to the averaged
attractor Ap as ¢ — 0. Indeed, we give (in §8) an example of an equation of the
form (1.1) whose attractor A, consists of two parts. The first part (A.) is regular,
has a large basin of attraction (which contains at least the ball Bg,(.)) and tends
to the limit-averaged attractor Ay as ¢ — 0. The second part is, however, irregular
(chaotic) and tends to infinity as e — 0 (see examples 8.4 and 8.7). The existence of
the irregular part of the attractor A, in our example can be explained in terms of
the so-called nonlinear parametric resonance phenomena (see §8) which are typical
for hyperbolic equations and, therefore, we believe that the irregular part of the
attractor is non-empty for more-or-less general equations of the form (1.1), where
the leading part of the nonlinearity contains rapid oscillations in time.

Nevertheless, we introduce a rather wide class of equations of the form (1.1) (the
so-called subordinated oscillations), for which we prove that the irregular part of
the attractor is empty and

A = A, (1.3)

exactly as in the case of reaction—diffusion equations.

The paper is organized as follows. The precise formulation of our assumptions
on the functions f(e,u,z) and some auxiliary results, which are of fundamental
significance for what follows, are given in § 2.

The local averaging of equation (1.1) (over a finite interval of time) is considered
in § 3. Moreover, based on this result, we also establish there the existence of global
bounded solutions for problem (1.1), whose initial energy is not very large.

The uniform and pull-back attractors for equation (1.1) (with the initial data
belonging to Bp,(c)) are constructed in §4 and their convergence to the limit global
attractor Ag is verified there.

We devote §5 to the study of the behaviour of the solutions to equation (1.1) in
a small neighbourhood of the hyperbolic equilibrium zy(x) of the averaged equa-
tion (1.2), which is necessary for the regular attractors theory.
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In §6 we give a detailed description of the pull-back attractors A;(7) in the
case where the limit attractor A is regular. In particular, the upper and lower
semi-continuity of attractors A, at € = 0 is established.

In §7, we formulate the additional assumptions on the nonlinearity f which
guarantee equality (1.3).

The results obtained are illustrated by several concrete examples of equations of
the form (1.1), which are given in §8.

Finally, several auxiliary estimates for the linear hyperbolic equations are given
in the appendix.

2. Main assumptions and preliminary results

In this section we formulate our assumptions on the nonlinear interaction func-
tion f(e,u,t/e), recall some known facts on almost-periodic functions and prepare
the technical tools for the next sections. To be precise, we assume from now on
that, for every € > 0 and z € R, the functions f(e,-,z2), fI(e,-,2), f!(e,-,2) and
fll'(e,-, z) belong to C(R) and satisfy the following estimate:

[f (&, u, )| + [ fle, uw, )| + £ (6, w, 2) + 1 (85w, 2) | < Q(Jul), (2.1)

for some monotonic function ) that is independent of € and z. We also assume that
fle,u,2) = f(0,u, 2) as € — 0 in the following sense:

(e, u,2) = f(0,u, 2)| + | [, u, 2) = £,(0,u, 2))
+1fil(eu,2) = £7(0,u,2)| < Cre, Vu| <R, (2.2)

for every € and z where the constant Cg is independent of z and ¢.

Our next assumption is that, for every € > 0, the functions z — f(e,u,z2),
fi(e,u,2), fll(e,u,z) and f]'(e,u, z) are almost periodic as functions with values in
the space Cloc(R). We recall that a function ¢(u, z) is almost periodic as a Cloe(R)-
valued function if and only if ¢(u, z) is an almost-periodic real-valued function (in
the Bohr sense; see, for example, [23]) for every fixed u € R, and it is uniformly
continuous with respect to u belonging to bounded subsets and z € R, i.e. for every
R > 0 there exists a monotone function ag : Ry — R such that lim. o agr(e) =0

and
|p(u1, 2)—P(us, 2)| < ag(Jur—ua|), Vui,us € R, |Ju;| < R and every z € R (2.3)

(see, for example, [14,24] for the details). We also recall that every function almost
periodic with respect to z, z — ¢(u, z), possesses the average

t+T
M(¢)(u) := lim l/t o(u, z) dz, (2.4)

T—oo T

where the limit is uniform with respect to ¢t € R. Moreover, if, in addition, ¢ is
almost periodic as a Cloc(R)-valued function (i.e. (2.3) is satisfied), then the limit
(2.4) is uniform with respect to u belonging to bounded subsets as well. Namely,
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for every R € Ry, there exists a monotone function ar : Ry — R such that

lim. o ar(e) = 0 and
1

1 T
M- [ swa
¢
for every u such that |u| < R and every ¢ € R (see [24] for the details).
We now define, for every € > 0, the function

fe(u,t) = f(e,u, Z) (2.6)

and complete this family of functions as € = 0 by

Jo(u) = f(u) :== M(£(0, u,2))(u). (2.7)
We will consider the function f as the average of the functions (2.6).

We do not impose any growth or dissipativity assumptions on the functions f.,
which guarantee the global solvability of equation (1.1) for € > 0. In contrast to this,
the global solvability of the averaged equation (1.1) (with £ = 0) is crucial for our
method, so we need the average f to satisfy the following additional assumptions:

f e C*R), If"(u) < C, VueR, lliur‘nj&f f'(w) > 0. (2.8)

We start our exposition with the following lemma, which clarifies the sense in which
the functions f.(u,t) — f(u) as e — 0.

LEMMA 2.1. Let the above assumptions hold and let ¢ and ¢ be one of the following
functions: f-, Ouf-, O2f- and f, Ouf, O2f. Then, for every R > 0, the following
estimate holds:

t+7
’/ [0e(u,t) — @(u)] dt‘ <agle), Vjul<R,teR, 7€[0,1], e=0, (2.9)
t

where the monotonic function ag(e) is independent of u, t and T and satisfies the
condition lim._,o ag(e) = 0.

Proof. Thanks to (2.2), it is sufficient to estimate the term

/tm [f <O,u, z) - f(u)} dt = s/tt/€+7/6[f(o,u,z) — f(2)]dz (2.10)

€

and its first and second derivatives with respect to u. But, due to our assumptions,
the function z — f(0,u, z) and its first and second derivative with respect to u
are almost periodic as Cioc(R)-valued functions and, consequently, the required
estimate is an immediate corollary of estimates (2.1) and (2.5) (with ¢ = f, f1, f1/,
t =t/e and T = 7/¢). Indeed, if 7 < £'/2, estimate (2.9) follows from (2.1) and,
if /2 < 7 < 1, then, due to estimate (2.5), we may estimate the right-hand side
of (2.10) in terms of Tar(c/7) < ar(e!/?) and lemma 2.1 is proven. O

As usual, in order to study the attractors of the non-autonomous equation (1.1),
it is useful to consider not only the initial nonlinearity f., but also all nonlinearities
belonging to the hull of the initial nonlinearity f-.
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DEFINITION 2.2. Let f(e,t, z) satisfy the above assumptions and let the function f.
be defined by (2.6). The hull H(f.) of fe is then the set
H(‘fs) = [Thf67 h e R]Cb(R,C3 (£2))> (Thfs)(u, t) = fg(u7t+ h), (211)

loc

where []yr denotes the closure in the space V. Then, since the functions f.(u,t),
Oufe(u,t), 02 f-(u,t) and O3 f-(u,t) are assumed to be almost periodic as Cloc(R)-
valued functions, hull (2.11) is a compact subset of Cp(R,Cioc(R)3) (due to the
Bochner—Amerio criterium [24]).

LEMMA 2.3. Let the above assumptions hold. Then every function

be(u,t) = dle,u,z), 2= 1)

3

belonging to the hull H(f:) of the initial nonlinearity f. satisfies inequalities (2.1),
(2.2) and (2.9) with the same constants Cr and monotonic functions Q and ar as
the initial nonlinearity f-.

Indeed, this assertion is a standard corollary of the definition of the hull (2.11)
(see, for example, [11]).

We now define the scale E*(2), s € R, of energy spaces associated with the
hyperbolic equation (1.1) with Neumann boundary conditions via

E5(Q) = H (02) x Hy(2), where &,(t) := (u(t),0u(t)) € E5(2)  (2.12)

and HY(2) := D((—A, + )\0)%2> is a scale of Hilbert spaces generated by the
Laplace operator in {2 with Neumann boundary conditions. Then, as is well known,

L) = {Hl((z), -1<i<3,

2.13
N HY(Q) U{0pulon =0}, 3<1<3, (2:13)

where H?®(2) are the classical Sobolev spaces in {2 (see [31] for the details). To
simplify the notation, below we will write E({2) instead of E°({2).

In the next two lemmas, we obtain the analogues of estimate (2.9) for the case
where the parameter v depends on ¢t and z (u = u(t, x)).

LEMMA 2.4. Let the above assumptions hold and let u(t) = u(t,z) be a function
satisfying
1€l E1(2) < R, V€ [0,T]. (2.14)

Then, for every € > 0 and ¢. € H(fe), the following estimate holds:

H ~/tt+T[¢E(u(t)’ t) — flu(t))]dt

< CROZC;?(E)» (2.15)
L2(%2)

for all t,t +7 € [0,T] and 7 € [0,1], where the monotonic function ar(e) is the
same as in (2.9) and the constants Cr and C, are independent of e, t, T, ¢ and u.
Moreover, if v(t) is another function such that &, € L>([0,T], E*(£2)), then

< Crll€oll=(o,1,51 (2)) ey, (€),

t+7
H [ Bugetatr.) - duFateiote) o
: L2(2)
(2.16)

forallt,t+7€[0,T] and T € [0,1].
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Proof. We consider below only the case ¢ = fe (the general case reduces to this
one, due to lemma 2.3). Let us first prove estimate (2.15). To this end, we use the
following obvious identity:

5o [ Utwls)n) = Futep] s

= [fe(u(s), 5) = f(u(s))] + Oru(s) /ts[aufs(U(S), k) = Ouf(u(s))]dr. (2.17)

Integrating this identity over s € [t,t + 7], we derive

t+71 _
/t [fe(u(s), 8) — Flu(s))] ds

t+1
:/t [f(u(t +7), k) — Flu(t +7))] dr

t+T1 s
- / dyus) ( / [0 £ (u(s), 5) — B F(u(s))] dm) ds. (2.18)
t t
We now note that the estimate (2.14) and the embedding H?(£2) C C(£2) (we recall

that n = 3) imply that

[u(s)llc) + 10u(s)|2(2) < Cr (2.19)

and, consequently, we may use inequality (2.9) (with ¢. = f. and ¢. = 9, f.) in
order to estimate the first term and the internal integral in the second term on the
right-hand side of (2.18) which gives estimate (2.15).

Let us now consider estimate (2.16). Indeed, integrating by parts the left-hand
side of (2.16), we have

t+71
/t (0 f-(u(s), 5) — DuF(u(s))]o(s) ds

t+7
— u(t+7) / (0 f-(u(s), 5) — B F(u(s))] ds

- /t T ols) ( /t 0L (u(k), 5) — B F(u(r))] d/@) ds. (2.20)

Estimating the first term and the internal integral in the second term on the right-
hand side of (2.20) using (2.18) (with f. replaced by 9, f-) and lemma 2.1, we derive
estimate (2.16) and finish the proof of lemma 2.4. O

We now consider the analogue of estimate (2.15) for the case of less regular
functions u. To this end, we need the following additional assumption on the growth
of the nonlinearity f:

[fe(w, )] S CA+[w™0), [0ufe(w,t)] <O+ |w]), VYweR, (2.21)

where C' is independent of ¢ € R and ¢ is some positive number.
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LEMMA 2.5. Let the nonlinearity fe satisfy the additional assumption (2.21) and
let u(t,x) be a function satisfying

€ullzos (0,11, E(2)) < R- (2.22)

Then, for every ¢. € H(fc), estimate (2.15) holds (with some new monotonic func-
tion ap that is independent of t, 7, ¢. and u and tends to zero as e — 0).

Proof. As in lemma 2.4, we give the proof for ¢. = f. only; the general case
is analogous, due to lemma 2.3. We also note, that in contrast to the proof of
lemma 2.4, we do not now have the estimate of the C-norm of the function u and,
consequently, we cannot directly apply lemma 2.1 to estimate the integrals on the
right-hand side of (2.18). In order to overcome this difficulty, we introduce, for every
N >0 and ¢ € [0,T], the sets

VN(u) == {z € 2, |u(t,z)| < N}, W (u) == 2\ VN (u). (2.23)

Then, due to embedding H*(£2) C L5({2), growth restriction (2.21), estimate (2.22)
and the Holder inequality, we have

1=(u(®), )|l 2w uy) + IF @) 2w uy) < CrIWY (u)|* < CRNT2, (2.24)

where the positive constants Cr, C, o1 and as are independent of N, ¢, u, s and ¢.
Thus, due to estimate (2.24) and lemma 2.1, we have

H / Tl 5) — Flat)ds

L2(£02)
t+1 _
< ‘ / (), ) — Flu(e))] ds + CpNe
t L2(VN (u))
<2V 2an(e) + ClN 02, (2.25)

where the constants Cf, and o are defined in (2.24) and the function ay(e) is
the same as in lemma 2.1. Fixing now the parameter N = N(e) on the right-
hand side of (2.25) in an optimal way (i.e. as a solution of N~™% = ay(¢)), we
find that the right-hand side of (2.25) tends to zero as ¢ — 0 uniformly with
respect to u, t,k € [0,7] and 7 € [0, 1]. Moreover, arguing analogously, we can
verify that (2.25) remains true with f. and f replaced by d,f. and 9, f, respec-
tively. Now, inserting these estimates into the right-hand side of (2.18) and using
Hatu(s)HQLQ(Q) < R, we find that

< ag(e), (2:26)
L1(2)

H / (). 5) — Flas))ds

where the monotonic function oz(e) is independent of u, t and 7 € [0,1] and
tends to zero as € — 0. In order to deduce the analogue of (2.26) for the L?-norm,
it remains to note that, due to estimate (2.22), embedding H'(§2) and growth
restrictions (2.21), we have

|/ 1 fetuls), ) — Flats)) ds <cr .

[2t01 (_Q)
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for some positive exponent §; = §1(9). Estimates (2.26) and (2.27) together with the
interpolation inequality give estimate (2.15) and complete the proof of lemma 2.5.
O

To conclude the section, we discuss the rate of convergence to zero of the func-
tions ag(e) in lemma 2.1 as & — 0. To this end, we assume, in addition, that the
function f(0,u, z) — f(u) has a bounded primitive F(u, z), i.e.

0.F(u,z) = f(0,u,2) — f(u) (2.28)
and
[P, 2)] + 10 F (s 2)| + [02F(u, )] < Q(Jul), (2.20)

for some monotonic function @ which is independent of z.
Under these assumptions, we have the linear rate of decay of ar as ¢ — 0.

LEMMA 2.6. Let the additional assumptions (2.28) and (2.29) hold. Then the func-
tion ag(e) introduced in lemma 2.1 (and used on the right-hand sides of esti-
mates (2.15) and (2.16)) possesses the upper bound

ag(e) < Cge, (2.30)
where the constant Cr is independent of €.

Proof. Indeed, due to estimate (2.2), it is sufficient to estimate the term on the
left-hand side of (2.10) and its first and second derivatives with respect to w. In
order to do so, we transform the right-hand side of (2.10), using (2.28), as follows:

/tt+r {f <O,u, z) — f(u)} dt = 6<F (u, é + Z) - F(u, Z)) (2.31)

Estimate (2.30) is now an immediate corollary of assumption (2.29). Lemma 2.6 is
proven. O

REMARK 2.7. By definition (see (2.7)), the function f-(0,u,z)— f(u) has zero
mean. Therefore, condition (2.29) will be always satisfied if the function f(0,u, 2)
is periodic with respect to z. Consequently, (2.30) is automatically satisfied for
periodic nonlinearities f. Unfortunately, for more general quasi-periodic or almost-
periodic functions, the sole zero mean assumption is not sufficient to obtain the
bounded primitive (since the so-called small denominators may appear under the
integration [23,24]). Thus, in this case, some additional assumptions (e.g. some
decay assumptions on the Fourier amplitudes of f(0,u,z) or some kind of Dio-
phantine conditions on its Fourier frequencies) are required in order to have esti-
mate (2.30) (see [14,16,17,24]).

3. The local averaging and the global existence of strong solutions

In this section, we prove the existence of a global strong solution of the non-averaged
equation (1.1) if € is sufficiently small and the initial E'-energy is not very large.
We obtain this result by comparison of the solution of equation (1.1) with the

https://doi.org/10.1017/50308210500004881 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500004881

1062 S. Zelik

corresponding solution of the averaged equation, which obviously has the following
form:

2 4 10,1 — Ayt + Mot + f(70) :g,} 51)

Salt=r = &7, Ontt)an = 0.
We start by recalling the classical result on the global solvability of equation (3.1).

THEOREM 3.1. Let the function f satisfy assumptions (2.8) and g € L?(82). Then,
for every 7 € R and £ € EY(12), equation (3.1) has a unique solution i(t) that
satisfies the following estimate:

l€a(®) e (0) < Q(Hfa(T)||E1(Q))efa(t77) +Q(lgllz2(2)), (3.2)

where t > 7 and the positive constant o and the monotonic function Q are inde-
pendent of T, t, &7 and g.

The proof of this result can be found, for example, in [3].

Let us now consider the non-averaged equation (1.1). As usual, in order to study
the long-time behaviour of solutions of this equation, it is useful to consider a family
of equations of the form (1.1) with all nonlinearities ¢, belonging to the hull H(f.)
of the initial nonlinearity. To be more precise, for every ¢ > 0, 7 € R and every
¢ € H(f:), we consider the following problem:

0%u + v0yu — Agu + Mou + ¢-(u,t) = g,
N YO ot + ¢ (u,t) = g (3.3)

£u|t:‘r - fT, 8nu|ag =0.

We first establish the existence of a solution u(t) on a finite interval [0, 7] if € is
sufficiently small.

THEOREM 3.2. Let the function f(e,u,z) satisfy the assumptions of lemma 2.1.
Then, for every T > 0 and R > 0, there exists g = eo(T, R) such that, for everye <
€0, o € H(f:), T €R and &7 € E'(12) that satisfies ||€7 || p1(o) < R, equation (5.3)
has a unique strong solution u.(t) on the interval t € [1,7 + T| and the following
estimate holds:

€u. () = €Dl 1) < Orraca(€), Wt € [rm+1T], (3-4)

where the function ar(e) is the same as in lemma 2.1 and positive constants Cr g,
Cr and 8 are independent of 7, £, € < g9 and ¢ € H(f:).

Proof. We will construct the desired solution u.(t) as a small perturbation of the
corresponding solution @(t) of the averaged equation (3.1) (with the same initial
conditions) based on estimates of lemma 2.4, estimate (3.2) and the implicit function
theorem. For simplicity, we consider below only the case ¢. = f. and 7 = 0 (the
general case is analogous to this, due to lemma 2.3). We introduce a new unknown
function we(t) := u.(t) — @(t), which should satisfy

u(t))

8t2w5 + ’Yatws - Axwa + )\Ows + [.f(wE + ﬂ’(t)) - 7( ]
[fs(ws + u, t) - .]F(ws 71)]’ fws |t:0 =0. (35)
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We will apply the implicit function theorem to equation (3.5). To this end, we define
the space
Ly :={& € C([0,T], E*(£2)), £.(0) =0} (3.6)

and invert the linear part of equation (3.5). We then obtain the relation

bw. + Hy(f(we +a) — f(a)) = Hyp(fo(we +a,t) — f(we + a)), (3.7)
where Hp : h — &y is the solution operator of the linear hyperbolic problem
020 + 0,0 — A0+ Xof = h, t€[0,T], &(0) =0. (3.8)
Let us introduce an operator @ : L1 x E*(£2) x Ry — L as follows:
¢(§w7£075) = gw _T0(€w7§0)+T1(§Wa5076)7 (39)
where
To(") := Hr(f(w+a(€®)) — f(a(€))), T1(-) = Hr(fe(w + a(%),t) — f(w +a(€")))

and 4(£°) is a solution of (3.1) on [0,7] with &;(0) = £°. In order to study func-
tion (3.9), we need the following lemma.

LEMMA 3.3. The operator Ty satisfies the estimate

||T1(§,,,,§0,€)HLT + ||D§w’]r1(§'w7§07s)HL:(LT7£T) < CT7RO[CR(€)B (310)

if lwll e + 1€ £1(2) < 2R, where the function ag(e) is the same as in lemma 2.1
and the positive constants Cr r, Cr and 3 are independent of €, £° and &,.

Proof. Indeed, due to estimates (2.15), (3.2) and (A 4) (with s = 0), we have

IT1 (S, €% &) llcqo,11,6-1(2)) < Cr.rovcy, (€). (3.11)

On the other hand, it follows from assumption (2.1) and the dissipative esti-
mate (3.2) that || fo(w(t) +u(t),t) — f(w(t) +u(t))| a2y < Ck and, consequently,
due to (A 2), we have

IT1 (8w % €)o7, 2145 (2)) < Chrs (3.12)

for some 0 < § < 1. Inequalities (3.11) and (3.12), together with the interpolation
inequality, give (3.10). Estimates of the derivative can be proven analogously, except
that estimate (2.16) should be used instead of (2.15). Lemma 3.3 is proven. O

Estimate (3.10) implies, in particular, that
(0,£°,0) = 0. (3.13)
Moreover, since the differentiability of the operator Ty with respect to &, is obvious,
D, (0,€°,0)& = & + Hr(f'(a(€))0) (3.14)

and ®(&,,, €0, ¢) and Dg, D(&,,, €0, €) tend to D(Ey, £°,0) and De, D(&y, £°,0), respec-
tively, as ¢ — 0 (and this convergence is uniform with respect to £°). Thus, in order
to deduce estimate (3.4) from (3.7) and the implicit function theorem, it remains
only to verify that the operator (3.14) is (uniformly with respect to £Y) invertible
in ET.
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LEMMA 3.4. The equation

De,, ®(0,£°,0)& = &, (3.15)
has a unique solution &y, for every &, € L, and the estimate

I€ollcr < Crrlléollers (3.16)
holds for all £° € EY(£2) such that ||§0HE1(Q) <R.

Proof. Indeed, let w(t) := 6(t) — v(¢), where & is a solution of (3.15). This function
then obviously satisfies

2w + yOsw — Agw + Xow + £ (a(t))(w(t) +v(t) =0, &,(0) =0. (3.17)
We recall that, due to estimate (3.2), we have
I @)llcw + 11 @) 2@ < Cr, ¥t = 0. (3.18)

The existence of a solution of (3.17) and estimate (3.16) is now an immediate
corollary of this estimate and the classical E'-energy estimates for the solutions of
linear hyperbolic equations (see, for example, [3,29]). Lemma 3.4 is proven. O

Thus, we have verified that operator (3.9) (in which ¢° is interpreted as a param-
eter) satisfies all of the assumptions of the implicit function theorem and, conse-
quently, the desired solution £,,. can be found in a unique way from

D(Ew.,E,6) =0 (3.19)
if ¢ is sufficiently small. Moreover, estimate (3.4) is now a standard corollary of
estimates (3.10). Theorem 3.2 is proven. O

REMARK 3.5. We note that the right-hand side of (3.4) tends to zero as € — 0 and,
consequently, the solution u.(t) of equation (3.3) with rapidly oscillating-in-time
coefficients tends to the corresponding solution @(t) as € — 0 on every finite interval
[T, 7+ T]. Thus, theorem 3.2 can be interpreted as the analogue of Bogolubov’s first
theorem for the hyperbolic equation of the form (3.3) (see [5,26]).

We now recall that only the averaged nonlinearity f is assumed to satisfy the
dissipativity and growth assumptions that guarantee the existence of the global
solutions. Thus, in general, we do not have the existence of a global solution for
equation (3.3) if € > 0. Nevertheless, estimates (3.2) and (3.4) allow us to prove the
global existence if ¢ > 0 is sufficiently small and the E'-energy of the initial data
&7 is not very large. To be more precise, the following result holds.

COROLLARY 3.6. Let the assumptions of theorem 3.2 hold. There then exists eg > 0
and a monotone decreasing function Ry : (0,e9] — Ry such that lim._,o Ro(g) = oo
and, for everye < eo, T € R, ¢ € H(f-) and £ € EY(82) that satisfies the condition

1§71 E1(2) < Ro(e), (3.20)
equation (3.8) possesses a unique global solution u € L (R, E1(£2)) and the esti-
mate . i

1€a®)llp1(2) < QUIED N B1(2))e™ ™ + QUllgllz2(2) (3.21)
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1s valid, where the positive constant o and monotonic function Q are independent
ofe, 7, ¢ and £7.

Proof. Instead of constructing the function Rq(¢), it is more convenient to construct
the inverse function eo(R). Indeed, let R be an arbitrary sufficiently large number
(R > 4Q(||9ll2(2)), where Q is the same as in estimate (3.2)). Then, we fix T =
T(R) as a solution of

Q(R)e™ " = Q(llgll 2(02))- (3.22)
Finally, we fix g = £¢(R) such that
Cr.rocy(€0)’ = Qllgllz2(2)) (3.23)

where the constants Cr, 8 and Cr g and the function ag(e) are the same as in
theorem 3.2. We claim that, if ¢ < &g and [|£7||z1 (o) < R, then equation (3.3) has
a solution u(t) that satisfies estimate (3.21). Indeed, due to theorem 3.2, equa-
tion (3.3) has a solution w(t) that satisfies the estimate

[1€u(t) = a1 () < QUIGNL2(2),  VEE [T 7 +T], (3.24)

where @(t) is the corresponding solution of the averaged equation (3.1). On the
other hand, thanks to estimate (3.2) and equation (3.22), we have the estimate
I€a(T + T)|| g1 (02) < 2Q(/|gll2(2)). Combining this estimate with (3.24), we can
derive

16u(T +D)llEr(2) < 3QI9llL2(2)) < R. (3.25)

Thus, we may again apply theorem 3.2 in order to construct the solution of equa-
tion (3.3) on the interval [7 + T, 7 + 2T with &,|i=r+7 = &.(7 + T'). By iterating
this procedure, we obtain the global solution u(t) of equation (3.3) defined for every
t € [1,+00) such that

6T +nT)||pr 2y < 3Qlgllz2(w2)), VneN. (3.26)
Estimate (3.21) is now a corollary of (3.2), (3.26) and (3.24). Since the strong
solution &, € L ([r, +oc], E1(£2)) is unique, corollary 3.6 is proven. O

Thus, for sufficiently small € and every ¢. € H(f:), equation (3.3) defines a family
of solution operators

Up.(t,7) 2 Bry(e) — EY(2), t,7€R, t>7 on the ball,} (3.27)

Bry(e) = {€ € B'(22), ||éllp1 (o) < Role)}

via Uy_(t,7)67 = &, (t), where u(t) is a solution of (3.3) which exists due to corol-
lary 3.6. Moreover, these families, obviously, satisfy the following translation iden-
tity:

Us. (t+s,7+s)= Ur, 4. (t,7), (3.28)
for every ¢. € H(fe), t,7,8 € R and t > 7, where the shift operator is defined
in (2.11). We also note that the limit case € = 0 corresponds to the autonomous
equation (3.1), whose solutions exist globally for every 7 € E'(2). Consequently,
this equation generates a semigroup {S;,t > 0} in the whole phase space E*(£2):

Si& = Up(t,0)¢, VE€ E'(2) and S;0S8, = Sypn, VLhERL.  (3.29)
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The rest of this section is devoted to the study of the analytic properties of opera-
tors (3.27). We start with the standard result on the differentiability with respect
to the initial data £7.

PROPOSITION 3.7. Let the assumptions of corollary 3.6 hold. Then, for every ™ €
Bry(e), the function 7 — Uy, (t,7)7 is Frechet differentiable and its derivative
D¢-Ugy (t,7) can be computed as follows: [De-Ug_ (t,7)E710 := &y, (t), where § €
EY(£2) is an arbitrary vector and wy(t) is a solution of the following equation of

variations:
2wp + YOywe — Aywy + Nowg + Oy (u(t), t)wy = 0,} (3.30)
Swglt=r = 0, u(t) := Uy, (t,7)E"
Moreover, this derivative satisfies the following estimates:
1D Us. (t,7)l| cr, 1y < C™0E7T, (3.31)

where the constants C' and K depend on ||£7||g1, but are independent of ¢, t, T
and ¢ and, for every &7 and & belonging to Br (., we have

|DerUs, (£, 7)(&7) = DerUs, (8, 7)(€3)| o1 1) < Ce* U] = €5 || (2, (3:32)
where the constants C' and K are also independent of t, T, € and ¢..

Indeed, proposition 3.7 is a standard corollary of estimate (A 2) with s = 1, esti-
mate (3.21) and assumption (2.1) on the nonlinearity f (since all of these estimates
are uniform with respect to €, (3.31) and (3.32) will also be uniform with respect
to €), so we leave its rigorous proof to the reader.

We now establish the convergence of operators (3.27) to the limit semigroup S
as e — 0.

PROPOSITION 3.8. Let the assumptions of corollary 3.6 hold. Then the operators
Uy (t,7) tend to Si—r as € — 0 in the following sense:

1Us. (t,7)(ET) = Si—r (€| m1(02) + | Der Ug, (£, 7)(E7)
— Der S (67| £mr,m1) < Cre™ " Tac, ()%, (3.33)

where the constants Cr and K depend on R (we recall that |[£7 || g1(0) < R < Ro(e))
but are independent of t, T, € and ¢., and the positive constant 8 and the monotonic
function ag(g) are the same as in theorem 3.2.

Proof. Estimate (3.33) can be easily deduced from the implicit function theorem
(to this end, we need only to verify that function (3.9) is differentiable with respect
to £2), but we prefer to give an independent proof of this fact. We restrict ourselves
to considering only the case ¢. = f. and 7 = 0 (the general case is analogous, due
to lemma 2.3). Let us first verify estimate (3.33) for the first term on the left-hand
side. Indeed, let u.(t) := Uy_(t,0)€° and u(t) := S:£° be solutions of equations (3.3)
and (3.1), respectively, and let we(t) := uc(¢t) — @(t). Then, this function satisfies
equation (3.5). Let us now introduce a new function 6(t) as a solution of the fol-
lowing auxiliary equation:

070 4+ 7010 — Ny + Nob = [fo(uc(t),t) — F(ue(t)] == hu (t), &(0) =0. (3.34)
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Estimates (2.1), (2.15) and (3.21) imply that

Jacee

for every t € Ry, 7 € [0, 1], where the constant Cr depends only on R, and the
function ap is the same as in (2.15). Thus, due to estimates (A 2), (A4) and the
interpolation inequality, we have (see the proof of lemma 3.3)

< Cracy(e) and hy, (Ol < Cp,  (3.35)
L2(0)

10()l| 52 (2) < Cracy(e)?, t€Ry, (3.36)

where the constants C'; and Cg depend only on R, and the positive constant § and
the function «p are the same as in theorem 3.1.
Now let v.(t) := w.(t) — (t). This function then satisfies

07 ve +90rve = Agve+ Aove = [f(a(t)) — f(@(t) +ve(t) +0(8))] == ho(t),  €u.(0) =0.

(3.37)
Now using estimates (2.1), (3.2), (3.21) and the fact that the space H?({2) is an
algebra (we recall that n = 3), we deduce in a standard way that

Ihe (W)l 12y < CR (lve ()l mr2(02) + 10) | 12(02)) (3.38)

where C%/ depends only on R. Applying estimate (A 2) to equation (3.37) and using
estimates (3.36), (3.38) and Gronwall inequality, we finally obtain

[0=(8) || B1(2) < Cre® ey (g)”. (3.39)

Thus, the first term on the right-hand side of (3.33) is estimated. The second term
can be estimated analogously: we should consider the difference between the non-
averaged (see (3.30)) and averaged equation of variations and use estimate (3.16)
instead of (3.15). Proposition 3.8 is proven. O

REMARK 3.9. We now discuss some generalizations of the results obtained. We first
note that the almost-periodicity of functions f. with respect to t is necessary only
for the proof of estimate (2.9) in lemma 2.1. Thus, all the results of this section
remain true if, instead of the almost-periodicity, we postulate the existence of a
function f(u) that satisfies estimates (2.9).

We also note that, although we consider only the spatially homogeneous nonlin-
earities fc(u,t), this assumption is not crucial for our method and the results remain
true for more general nonlinearities f.(u,¢,2) (under some smoothness assumptions
on f. with respect to x).

To conclude, we observe that the Neumann boundary condition is also not essen-
tial for our technique. The only difference (e.g. with the case of Dirichlet boundary
conditions) is that the analogue of estimate (A 2) with s > % requires the boundary
condition h(t)|gn = 0 (in fact, we do not know whether or not estimate (A 2) holds
without this assumption). Thus, in the case of Dirichlet boundary conditions, we
need to assume, in addition, that

f:(0,) =0, VieR. (3.40)
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4. The attractors and their averaging

In this section, we start to study the long-time behaviour of solutions of (3.3) in the
case where ¢ > 0 is sufficiently small. We recall that, in contrast to the case ¢ = 0,
for positive e, we have the global existence of a solution for the initial data belonging
to the ball Br (. of radius Ro(e) in E'(£2) only (see §§6 and 7 for a discussion of
the case where the initial data do not belong to this ball). Therefore, it is natural
to consider this ball as the phase space for problem (3.3) and, thus, to construct
the attractors for the solutions whose initial data belong to Bg,( only. We also
note that the main estimate (3.21) is not strong enough for us to conclude that
the solution operators (3.27) map Bg, () to itself, for every ¢ > 7. Nevertheless, it
follows from (3.21) that there exists Tp = Tp(e), which is independent of ¢, 7 and ¢.
such that

Ug. (t,7) : BRry(e) = Bro(e)> forallt,7 e R, t — 7 > Tp, ¢ € H(f.), (4.1)

which is quite enough for the attractors theory.

It is worth recalling here that, in contrast to the limit equation (3.1), equa-
tions (3.3) are non-autonomous. Thus, operators (4.1) do not generate a semigroup
in the phase space Bp,() and the standard concept of a global attractor is not
directly applicable here. Until now, two major possibilities of generalizing the con-
cept of a global attractor to non-autonomous equations have been known. The
first is to reduce the non-autonomous dynamical system to the autonomous system
defined on the properly extended phase space. This approach naturally leads to
the concept of the so-called uniform attractor (see [11,19] and the explanations
below). The alternative approach is the so-called pull-back attractor, which treats
the attractor of the non-autonomous equation as a non-autonomous set as well and,
therefore, does not require the reduction to the autonomous system (see [12,22]).

We start our exposition by the uniform attractor (and the pull-back attractor
will be discussed at the end of the section). To this end (following the standard
scheme; see, for example, [11]), we define the extended phase space for dynamical
system (4.1) as

@5 = BR()(E) X H(fs) (42)

(where the hull H(f.) is endowed by the topology of Cj(Ry,C3 (R))) and define

loc
the extended semigroup Sf associated with problems (3.3) on @, via

S§(§O7¢E) = (Uti)z (tﬂo)goaTt(bE)a 50 S BR()(E)? ¢8 S H(ff) (43)

It is well known that (4.3) indeed generates a semigroup in @.. Therefore, we may
consider its global attractor.

DEFINITION 4.1. The set A, C &, is a (global) attractor of semigroup (4.3) if
(i) the set A, is compact in P;
(ii) this set is strictly invariant, i.e. SSA, = A;

(iii) this set attracts all (bounded) subsets of @., i.e. for every B C @, and every
neighbourhood O(A.) of the attractor A, in @., there exists T = T(B,O)
such that

S;B C O(A,), foreveryt>T. (4.4)
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If the set A. is the global attractor of the extended semigroup (4.3), then, by
definition, the uniform attractor A, of the family (4.1) is a projection of A, to the
first component of the Cartesian product ®. = Br, ) x H(f:):

A = I A, (4.5)
(see [11] for details).

The following theorem establishes the existence of the uniform attractor A, for
the family (4.1) associated with non-autonomous hyperbolic equations (3.3).

THEOREM 4.2. Let the assumptions of corollary 3.6 hold. Then, semigroup (4.3)
possesses a global attractor A and, consequently, each dynamical processes (4.1)
possesses a uniform attractor A.. Moreover, these attractors are uniformly (with
respect to €) bounded in the space E*(£2), i.e.

| Al 22y < R, for every e € [0, &0 (4.6)
and possess the following description:
A= |J M=K, (4.7)
P EH(Se)

where Ky, is a union of all solutions u(t) of equation (3.8) (with the fized nonlin-
earity ¢. € H(f:)) that are defined for every t € R and satisfy ||&u(t)l|z1(2) < R,
for every t € R (ICy. is a kernel of equation (3.3) in the terminology of [11]).

Proof. According to the existence theorem for the global and uniform attractors
(see [11,29]), we need to verify the following conditions:

(i) operators (4.3) are continuous in @, for every fixed ¢;
(ii) there exists a compact attracting set B. C Bg x H(f:) of this semigroup.

Moreover, the first condition of this theorem is obvious (see proposition 3.7), so it
remains only to construct the compact attracting set B.. To this end, we first note
that, due to estimate (3.21), the set

B. := Bp % ’H(fg), (4.8)

where By is the R ball of the space E'(£2), will be an absorbing set for semi-
group (4.3) if R is sufficiently large (but which is, however, not compact in @.).
In order to construct the compact analogue of (4.8), we split an arbitrary solu-
tion w of (3.3) with the initial data belonging to By as a sum of three functions:
u(t) = G 4 v(t) + w(t), where G solves the linear elliptic problem

—A,G+ NG =g, 0nGlan =0, (4.9)
the function v(t) solves the linear homogeneous hyperbolic problem
v+ 70w — Agv + XAov =0, &limr = &ulimr (4.10)
and the remainder w(t) is a solution of

02w + 0w — Agw + Aow = hy(t) = —de(u(t), ), Ewlier = 0. (4.11)
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Then, obviously G € H?(f2) and, consequently, (¢ := (G,0) € E*(£2) and, due to
proposition A.1, we have

160 ()| 1 () < Ce™*D[€u(0) 510 (4.12)

for some positive a. Moreover, due to estimates (2.1), (3.27), lemma 2.3 and the
fact that &,(7) € B, we have

1P (8)|| 122y < C, (4.13)

where C is independent of ¢, £,(7), t and ¢.. Thus, applying proposition A.1 to
equation (4.11), we derive that

1€w ()l p1+(2) < R, (4.14)

where 0 < § < % and the constant R; is independent of &, ¢, 7 and ¢.. Esti-
mates (4.12) and (4.14) show that the set

Bp, 5(G) =& +{£ € B'°(02), ||€|gr+s(o) < Ra} (4.15)

is a uniform (with respect to t, 7 and ¢.) attracting set for the family of pro-
cesses (4.1). Thus, taking into account the fact that the hull H(f:) is compact in
Cp(R,C2 (R)) (due to the almost-periodicity of f.; see definition 2.2), we finally
derive that the set B. := By, ;5(G) x H(f:) is a compact attracting set for semi-
group (4.3) in &..

Therefore, all the assumptions of the attractor existence theorem are verified for
the semigroup (4.3) and, consequently, this semigroup indeed possesses the global
attractor A, C B.. It remains to note that estimate (4.6) is an immediate corollary
of this embedding and our construction of the set B., and description (4.7) is a
standard corollary of the abstract attractors’ existence theorem mentioned above
(see [11]). Theorem 4.2 is proven. O

REMARK 4.3. There exists an intrinsic definition of the uniform attractor A, that
does not use the extended semigroup Si; namely, the set A. is a uniform attractor
for equation (1.1) if the following conditions are satisfied:

(i) A is compact in E1(£2);

(ii) Ag is a uniform (with respect to 7 € R) attracting set of (4.1), i.e. for every
(bounded) B C Bp,(c), we have

lim sup dist g1 (o) (Uy. (7 +t,7)B, A:) =0,

=00 rcR

where disty (X,Y) denotes the non-symmetric Hausdorfl distance between
sets X and Y in a metric space V;

(iii) the set A, is a minimal compact set that satisfies properties (i) and (ii).
The equivalence of this definition and definition 4.1 is proved in [11].

We now recall, that in the limit case ¢ = 0, we have the autonomous equation (3.1)
which generates semigroup (3.29) on the whole space E'(§2) and, consequently, has
a global attractor Ag. The next result shows that, in a sense, this attractor can be
interpreted as the average of attractors A..
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COROLLARY 4.4. Let the assumptions of theorem 4.2 hold. Then the family A,
e €[0,¢0], is upper semi-continuous at € = 0, i.e. for every neighbourhood O(Ay)
in EY(£2), there exists ¢’ = &'(O) such that

A. CO(Ay) ife<é. (4.16)

Indeed, due to proposition 3.8, family (4.1) of the dynamical processes associated
with equation (3.3) tends uniformly (with respect to ¢. € H(f.)) as € — 0 to the
limit semigroup (3.29) associated with the limit autonomous equation (3.1). Thus,
semi-continuity (4.16) is an immediate corollary of estimate (4.6) and the abstract
theorem on the upper semi-continuity of the global (uniform) attractors (see, for
example, [3,11] and also the proof of corollary 4.5, below).

We now discuss the rate of convergence of the non-averaged attractors A. to the
averaged one Ap (in the sense of upper semi-continuity) as e — 0. We recall that
this rate of convergence essentially depends on the rate of attraction to the limit
attractor Ag and, since this rate of attraction can be arbitrarily slow in general,
we cannot obtain the estimates of the rate of convergence of A, — Ag without the
additional assumptions on the limit attractor Ag. One of the most natural additional
assumptions is that the limit global attractor A is exponential (see [3,13,14]). The
latter means that there exists a positive constant a > 0 and a monotonic function @
such that, for every bounded subset B C E'(§2), we have

diStEl(Q)(StB,AO) < Q(”B”El(g))@iat. (417)

Here and below, the symbol disty (X, Y') denotes the non-symmetric Hausdorff semi-
distance between sets X and Y in a metric space V.

COROLLARY 4.5. Let the assumptions of theorem 4.2 hold and, in addition, let
estimate (4.17) be satisfied. The following estimate then holds:

dist g1 (@) (As, Ao) < Cacy,(€)", (4.18)

where the positive constants C and k are independent of €, R is the same as in
theorem 4.2, and the function acy,(€) is the same as in (3.33).

Proof. Indeed, let ¢ > 0 be sufficiently small and £ € A, be an arbitrary point.
Then, due to description (4.7), there exist ¢. € H(f:) and a solution u.(¢), t € R,
of equation (3.3) such that &, € Ky, and &, (0) = £. Now fix an arbitrary T > 0
and consider a solution u(t), ¢t > —T, such that &, (—=T) = &(—=T). Then, on the
one hand, due to proposition 3.8 and estimate (4.6), we have

1€ = €a(0) || 21 (2) < Cre™Tac,(e)? (4.19)
and, on the other hand, due to (4.17), we have
diStEl(Q) (&a,Ag) < CRe_aT. (4.20)

Combining (4.19) and (4.20) and taking into account the fact that £ € A, is arbi-
trary, we derive

dist g1()(Az, Ao) < Crle™ T +e"ac, ()7). (4.21)
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Optimizing the right-hand side of (4.21) with respect to T (i.e. fixing T' = T'(¢) as
a solution of e™*T = eXTac, (¢)?), we derive estimate (4.18) and finish the proof
of corollary 4.5. O

We now recall that assumption (4.17) is satisfied for generic external forces g €
L?(£2) (for which all of the equilibria of equation (3.1) are hyperbolic [3]). In this
case, the limit attractor Ay has a specific structure (the so-called regular attractor
in the terminology of [3]; see also § 6, below) which allows us to prove, for instance,
that the family of attractors A. is also lower semi-continuous as ¢ = 0 and to
obtain the analogue of (4.18) for the symmetric Hausdorff distance. However, in
order to study the non-autonomous perturbations of regular attractors, it is more
convenient to use the alternative concept of the pull-back attractor.

DEFINITION 4.6. Let {U(t,7),7 € R,t > 7} be a dynamical process in a metric
space ¥ that satisfies the co-cycle property

Ut,m)oU(r,s) =Ults), t=s=>T (4.22)

The set-valued function ¢ — A(t) is then a pull-back attractor of this process if the
following conditions hold:

(i) the sets A(t) C ¥ are compact for every ¢ € R;
(i) the sets A(t) are strictly invariant, i.e. U(t, 7)A(T) = A(t);

(iii) the pull-back attraction property is satisfied, i.e. for every bounded subset
B C ¥ and every t € R, we have
lim diStEl(Q)(U(t, t—T)B, At)) =0. (4.23)
T—+oc0
COROLLARY 4.7. Let the assumptions of theorem 4.2 hold. Then, for every e < &g

and every ¢. € H(f.), dynamical process (4.1) possesses the pull-back attractor
Ay, (t) which has the following structure:

A¢5 (T) = Ht:TIC¢E
where the sets Ky_ are defined in theorem 4.2.

Indeed, according to the general theory (see [11]), the existence of the uniform
attractor A. implies the existence of the pull-back attractors Ag_(t) for every
dynamical process Uy, (t,7), ¢ € H(f:), and relation (4.7).

REMARK 4.8. In general, the convergence in (4.23) is not uniform with respect
to t € R and (consequently) the sets Uy, (¢t + T, t)B are not necessarily convergent
to Ag.(t +T) as T — +oo. Nevertheless, in contrast to what generally happens, we
prove in § 6, below, that we have this convergence (which will be even exponential)
in the case where the limit attractor Ag is regular and ¢ > 0 is sufficiently small.

We also mention the following obvious, but useful, relation between the uniform
and pull-back attractors:

A= |J 40, (4.24)
p€H(fe)

which is an immediate corollary of (4.7) and (4.7).
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5. Averaging near the hyperbolic equilibrium

In this section, we investigate the behaviour of solutions of the non-averaged sys-
tem (3.3) in a small neighbourhood of the hyperbolic equilibrium of the averaged
system (3.1) if ¢ > 0 is sufficiently small. In particular, we construct here the
non-autonomous unstable manifold associated with this equilibrium, which is nec-
essary for studying (in the next section) the non-autonomous perturbations of the
averaged regular attractor Ag. Since all the results of this section are more or less
standard corollaries of propositions 3.7 and 3.8 and the implicit function theorem,
we give below only the necessary definitions and statements and indicate the main
ideas of their proofs, leaving the details to the reader (see also [14,18]).

We assume from now on that &, := (20, 0), z0 = 20(z), is a hyperbolic equilibrium
of equation (3.1), i.e.

—Ay20 + oo + f(20) = 9, 20lon =0, (5.1)
and the spectrum of the linearization of (5.1) near &,, does not contain zero:
0¢ a(—Az+ o+ f'(20), L*(£2)). (5.2)

Then, according to proposition 3.7, the Frechet derivative D¢oS;(€;,) of the semi-
group S; generated by the averaged equation (3.1) at £, satisfies the linear equation

Ofvyg + YOwe — Ay + Aovg + f'(20)ve =0,  Euylimo =0 (5.3)

where § € E'(2) and vg := [Dg0 Sy (£2,)]6. Moreover, hyperbolicity assumption (5.2)
implies the existence of an exponential dichotomy for equation (5.3), i.e. there exist
two subspaces FE+ of E'(§2) such that

E'Q)=E,0E_, DeoSi(€:)Ex = Ex, dimEy =ind" () < oo (5.4)
and there exist positive constants C' and « such that, for every ¢ > 0,

< Ce O|pra), VOEE_,

(5.5)
> C7 et 0] gra), VO € By

[ DeoSt(20)0|| 1 (02) {

(see, for example, [3]). We denote by IIi : E1(2) — E4 the spectral projectors
associated with decomposition (5.5).

The main task of this section is to obtain the nonlinear and non-autonomous
analogue of decomposition (5.4) for the case of equation (3.3) in a small neighbour-
hood of zy. To this end, we first construct the analogue of the equilibrium zg for
equation (3.3).

THEOREM 5.1. Let the assumptions of theorem 4.2 hold and let &,, be a hyperbolic
equilibrium of equation (3.1). There then exist eg > 0 and a small neighbourhood
V., of the equilibrium &,, in E*(£2) such that, for every e < o and ¢ € H(f:),
equation (3.3) possesses a unique solution ug, 5, (t), t € R such that

ug. -, (1) € Vi, VEER. (5.6)

Moreover, this solution is almost periodic with respect to t (as an E*({2)-valued
function) with the same frequency basis as the nonlinearity f. and tends to &,
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as e — 0:
1€us. ., (1) = & llE1(0) < Cacy(e)’, VEER, (5.7)

where R is the same as in theorem 4.2 the function acé(s)ﬁ is the same as in
proposition 3.8 and the constant C' is independent of €, t and ¢..

Sketch of the proof. Following [14], instead of solving (3.3), we solve the equivalent
difference equation

&n) =Up,(n,n—1)¢(n—1), neZ, (5.8)

in the space L(E') := L*>(Z, E*(£2)) of E'(£2)-valued sequences. To this end, we
introduce an operator

O:L(EY) xRy = L(EY, @& e)(n) :=£&(n) — Uy (n,n—1)én—1). (5.9)

Then, due to propositions 3.7 and 3.8, the operators Uy_(n,n — 1), tend together
with the Frechet derivative, to the solution operator S; of the averaged equa-
tion (3.1) (uniformly with respect to n and ¢.). Thus, ¢(¢,,,0) = 0. Consequently,
in order to apply the implicit function theorem to (5.9), it remains to verify that
the derivative

(De® (€=, 0)9)(n) = ¢h(n) — DeoS1(&z)9(n — 1) (5.10)

is invertible in IL(E'), but this fact is a standard corollary of exponential dichotomy
(5.5). Thus, due to the implicit function theorem, there exists a neighbourhood V.,
of &,, and g¢ > 0 such that, for every € < ¢ and ¢. € H(f:), there exists a unique
sequence £(n) = &4_ 5, (n) that belongs to V., solves (5.8), satisfies (5.7) for ¢ € Z
and depends continuously on ¢. € H(f:) (the detailed derivation of this fact is given
in [14]). Moreover, since &g, », is unique, the translation identity (3.28) implies that

Up. (n+,1)€p. 20(n) = Er16.,2(n), V€ Ry (5.11)
The required continuous solution ug, ., (t) can then be defined via
Uge,zo (t) = UTy¢e,20 (0)7 teR. (512)

Indeed, the fact that (5.12) solves (3.3) follows from (5.11), and the almost-peri-
odicity of (5.12) is an immediate corollary of the fact that the flow T} is almost
periodic on the hull H(f.) (see [24]). Theorem 5.1 is proven. O

We are now ready to define the nonlinear analogue of the space E for equa-
tion (3.3).

DEFINITION 5.2. Let the assumptions of theorem 5.1 hold and let V;, be a suffi-
ciently small neighbourhood of ¢, in E'(£2). Then, for every e < &g, ¢- € H(f:)
and 7 € R, we define the unstable set M;LIZE (t) as follows:
M%) = {€7 € BN(Q), Fu. € Ko, ]

such that &, (1) =¢7 and &,_(t) € V,,, Ve <7} (5.13)

The following theorem shows that sets (5.13) are finite-dimensional manifolds if
¢ is sufficiently small.
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THEOREM 5.3. Let the assumptions of theorem 5.1 hold. There then exists a neigh-
bourhood V., of the equilibrium €., and €}, > 0 such that the sets (5.13) are finite-
dimensional submanifolds of E*(£2), for every e < €, ¢ € H(f-) and T € R. To
be more precise, there exist a neighbourhood W+ C E. of zero in E, (which is
independent of e, 7 and ¢. ), a family of neighbourhoods I/V+ (1) of zero in Ey such
that W+ C WﬂL (1) and a family of C*-maps

M, W, = E- (5.14)
such that
MEYS(7) = g oy (1) + €7+ ME_(€7), € e WS (D)} (5.15)
and
M L ller <C, MY (0) =0, (5.16)

where the constant C is independent of €, T and ¢-. Moreover, for every & €
Mg’loc(T), the corresponding solution &,, € ICy. (which exists due to definition
(5.13)) tends exponentially, as t — —oo, to the almost-periodic solution Euge o’

€0 (8) = Eug o Dl 22(2) < CEDE = by L lmr()s TS, (5.17)
where the positive constants C and « are independent of €, &, ¢ and T.

Sketch of the proof. By definition (5.13), in order to construct the unstable mani-
fold /\/l+ loc( ), it is sufficient to find all the backward solutions of equation (3.3)
defined for t < 7 and belonging to the small neighbourhood VZ0 of ¢,,, and to prove
that the set of all these solutions generates a manifold. Moreover, without loss of
generality, we may assume that 7 = 0. The general case reduces to this particular
one using the obvious translation formula

MP(r) = MERC . (0). (5.18)

£,%0

As in the proof of theorem 5.1, instead of finding the backward solutions of prob-
lem (3.3), it is more convenient to solve the equivalent difference equation (5.8)
on the space of one-sided sequences L~ (E') := L>(Z_, E*(£2)), but, in contrast to
the proof of theorem 5.1, we now need to endow equation (5.1) with the appropri-
ate initial condition at n = 0. To be more precise, we make the change of variables
£(n) :=£&(n) — §uy. -, (n) and we consider, for every {* € E, the following problem
in the space L™ (E'):

E(n) = U, (n,n = 1) (b, ., (n = 1) +&(n = 1))
—Us.(nn = 1)(bu,. ., (n = 1)), I1£0) =Y. (5.19)

As in the proof of theorem 5.1, the uniform convergence of operators Uy_(n,n — 1)
to the limit semigroup .S; established in propositions 3.7 and 3.8 and the exponential
dichotomy (5.5) allow us to prove, using the implicit function theorem, that, for
sufficiently small e < g, equation (5.19) possesses a unique solution &; ok L (n),
n < 0, which belongs to V;, and this solution depends smoothly (C!) on the initial
data E* belonging to some small neighbourhood Wq;t of zero in E* (the detailed
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proof of this is given in [14]). Thus, the desired maps M;E,O(é‘L) can now be defined
via

g€ =1¢, (0), ¢ ew/. (5.20)
Indeed, the representatlon (5.15) is an immediate corollary of the construction of
the solution &, and estimate (5.16) follows from (5.19) and the implicit function
theorem. Thus it only remains to verify (5.17) or (analogously) that the constructed
solution v¢5,§+( n) of equation (5.19) decays exponentially as n — —oo. To this end,
following [14], it is sufficient to consider equation (5.19) in the weighted space
]LE (EY) of sequences decaying exponentially as n — —oo (the norm of this space
is given by HEHL (B1) = sup, <o e ""[€(n)| g2y, B > 0). As shown in [14], the
exponential dlchotomy (5.5) allows us to apply the implicit function theorem to
equation (5.19) not only in the space L™ (E"), but also in L for > 0 sufficiently
small, and obtain a solution fv et € Ls (El) Flnally, the unlqueness part of the
implicit function theorem implies that {5, . =&, .- Therefore, (5.17) is verified
and theorem 5.3 is proven. ¢ e O

REMARK 5.4. According to theorem 5.3,

dlrn/\/l+ 1OC( ) =dim Ey = ind " (20).
Moreover, it follows from the proof of theorem 5.3 that these manifolds are C*-
diffeomorphic to Rind"(20)  We also note that, analogously to theorem 5.3, we may
also construct the local stable manifolds M 105( ), which are diffeomorphic to E_
and consist of all solutions of (3.3) stabilizing to Ug, 5, (t) as t — 400, but these

manifolds are not necessary for the construction of regular attractors and, therefore,
we do not consider them here.

We are now ready to define the global unstable sets ./\/lt ., (7) via

Mt (7)== {fT € EY (), 3,. € K,_ such that
§u. (1) = &7 and t—lir—noo 1§ () = Euy. ., Dl Br(2) = 0}, (5.21)

which consist of values at ¢ = 7 of all solutions §, € Ky, that stabilize to the
‘equilibrium’ ,_ . (t) as t — —oo. Then, obviously, the sets Mt . (7), T ER, are
strictly invariant with respect to Uy, (¢, 7), i.e.

Us. (t, )M (1) =M (1), t=>T (5.22)

Moreover, due to definition 5.2 and theorem 5.3, the global unstable sets can be
expressed in terms of the local sets via

U Us. (7 = n)M % (7 = n) (5.23)

if € is sufficiently small. It is also worth mentioning that, in the limit case ¢ = 0,
we have the autonomous equation (3.1) and, consequently, the limit unstable sets
M}EZO (1) that correspond to equation (3.1) are independent of 7, i.e.

+ + + gt
MP (T)=MF. . VTeER and SM[ =M[ . (5.24)
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REMARK 5.5. We recall that (5.23) and the fact that

hdt
M5 (7) o B0
allows us to endow the set /\/IJr 2, (7) with the structure of a Cl-manifold diffeo-
morphic to Rind" (0) But, in contrast to the local sets, generally these sets may not
be submanifolds of El(Q), since the recurrent motions (e.g. homoclinic orbits to
Ug, 2, (t)) May exist near ug_ -, (t). Nevertheless, in our case, the limit equation (3.1)
possesses a global Lyapunov function, which does not allow the motions mentioned
above to exist if € > 0 is sufficiently small (see lemma 6.4, below). Thus, as proved
for example, in [14] (see also [3,18]), the sets (5.21) are indeed C!-submanifolds
of E*(£2) diffeomorphic to Rd" (20) if ¢ is sufficiently small.

To conclude this section, we formulate the standard fact that every trajectory of
equation (3.3) is exponentially attracted to /\/qus (t) while staying in the neighbour-
hood of &,,. This is the main technical tool in the proof of the exponential rate of
the attraction to the regular attractor (see [3,14]).

THEOREM 5.6. Let the assumptions of theorem 5.1 hold. Then, there exist ej > 0
and a neighbourhood V,, of the equilibrium &, in E*(§2) such that ife < e}, T € R
and ¢ € H(f:) is arbitrary and &,(t), t > T is an arbitrary solution of (3.3) which
satisfies

Eu(t) € Vo, VE €1, 7+ NI, (5.25)

for some N € N (N = +o0 is allowed), then there exists a solution &,+(t) of equa-

tion (3.3) such that &,+(t) € ./\/ll lzz( ), t<7+ N, and

[1€u(t) — Eur (8| B2 () < Ce™ P16 (7) = €u (Tl B2 (), t € [T,7 + N], (5.26)
where positive constants C and ( are independent of €, N, 7, &, and ¢..

The detailed proof of this theorem (which is based on propositions 3.7 and 3.8
and the dichotomy (5.5)) is given in [14] (in fact, in an abstract setting). This
is the reason why we only mention here that the desired solution &,+(t) of (3.3)
or (analogously) its discrete analogue &(n) =&+ (7 +n), n € {0,...,N}, can be
obtained by applying the implicit function theorem to the following problem:

&) =Ur¢.(n,n—1¢n—-1), n=1,...,N,
I (£(0) = &uy, -, (7)) = M (IT4(£(0) = &, ., (7)), (5.27)
II_E(N) = IT_&u(T + N),
and the remaining details are left to the reader.

REMARK 5.7. We note that, in the case N = +o0o in theorem 5.6, we necessarily
have &,+(t) = &u,_ ., (t) (since, due to (5.17), this is the only solution belonging to
the unstable manifold /\/l+ 2 (%), which remains in a small neighbourhood of &,
for all t > 7). Thus, thanks to theorem 5.6, every solution &, (t) of equation (3.3)
which belongs to V, for every ¢ > 7 stabilizes exponentially to ug. - (t) ast — oo.
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6. The regular pull-back attractor and its averaging

This section is devoted to the detailed study of the pull-back attractors Ay, (t) in
the case where € > 0 is sufficiently small and the limit attractor Ag is regular using
the theory of the non-autonomous perturbations of regular attractors developed
in [14] (see also [18]).

We start with the limit case e = 0. In this case, as known, equation (3.1) possesses
a global Lyapunov function of the form

L(&u) = /Q[I(%U(ﬂﬁ)l2 +[Vau(2)|* + Aolu(@)[* + 2F (u()) — 2g(x)u(z)] dz, (6.1)

where F(u) := [ f(v)dv (see, for example, [3]).

The main additional assumption of this section is that all of the equilibria of
equation (3.1) are hyperbolic, i.e. that all the solutions of equation (5.1) satisfy
condition (5.2). In this case, obviously, the set Rg of all the equilibria of (3.1) is

finite:

Ro ={&., 1Y, and z satisfies (5.1) and (5.2). (6.2)
Under the above assumptions, the limit attractor Ag possesses the following descrip-
tion.

THEOREM 6.1. Let the assumptions of theorem 3.1 hold and, in addition, let (6.2)
be satisfied. The global attractor Ag is then a finite collection of the finite-dimen-
sional unstable manifolds M}EZD associated with the equilibria (6.2):

_ + +  mindt(20)
Ao = U '/\/IJF,ZO7 Mf_,zo R e (6'3)
20€Ro

Furthermore, every solution &, € Ky is a heteroclinic orbit between two different
equilibria §zo+ and £ belonging to Ry and every solution &,(t) of equation (3.1)
defined on a semi-interval [1,4+00) tends, as t — oo, to one of the equilibria
&0 € Ro. Moreover, the attractor Ao attracts exponentially all bounded subsets
of EY(£2), i.e. estimate (4.17) is satisfied.

The proof of this theorem can be found in [3]; see also the explanations in the
proof of theorem 6.3 below.

REMARK 6.2. We recall that the hyperbolicity assumption (6.2) is generic in the
sense that it is satisfied for all external forces g(z) belonging to an open and dense
subset of L2(£2) (see [3]).

The main result of this section is the following theorem which gives the analogous
description of the pull-back attractors A, (1) of equations (3.3) for sufficiently
small, but positive € and establish the upper and lower semi-continuity of them
ase — 0.

THEOREM 6.3. Let the assumptions of theorems 4.2 and 6.1 hold. Then, there
exists g > 0 such that, for every e < gg, the following assertions are satisfied.

(i) For every ¢ € H(f:), equation (3.3) possesses exactly N = #Rq different
almost-periodic solutions &,,_ .. (t), @ = 1,...,N, in the ball Bg,(), which
are constructed in theorem 5.1.
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(ii) Ewery complete bounded solution &, € Ky, of equation (8.3) is a heteroclinic
orbit between the two different almost-periodic solutions mentioned above, i.e.
i J6u(t) ~ €y, (D) =0, G €Ro. £z (64)

and every solution &, (t) of (3.3) defined on a semi-interval t € [T, +00) (which

satisfies &,(T) € Bg,(€)) converges ast — oo to one of these almost-periodic
solutions.

(i) The pull-back attractor A,_(T) possesses the description

Ay (1) = U M (1), TER, (6.5)

be 20
20€R0

analogous to (6.3), where the Ct-submanifolds Mt,zo(T) are the (global)
unstable manifolds of the almost-periodic solution wug_ ,,(t) associated with
the equilibrium &,, € Ro (which are constructed in the previous section).

(iv) The pull-back attractors Ay, are uniformly (with respect to T € R and ¢, €
H(f:)) exponential, i.e. there exist a positive constant o and a monotonic
function Q (which is independent of €, T and ¢.) such that, for every (bound-
ed) subset B C Bg, (), we have

diStEl(Q)(U¢E (T —|—t,7’)B,A¢E (T + t)) < Q(||B||E1(Q))eiat. (6.6)

(v) The attractors Ag_(T) tend as e — 0 to the limit attractor Ay in the following
sense:

dist i (Ao, (1), Ao) < Crlacy ()] (6.7)

where the function ag(e) is the same as in proposition 3.8, R is the same as
in theorem 4.2, the positive constants k, Cg and C;? are independent of T,
e, B and ¢., and dist)"™(X,Y) denotes the symmetric Hausdorff distance
between subsets X andY of V.

Sketch of the proof. We give below only an overview of the proof of theorem 6.3,
(the details can be found in [14], see also [3,18]). As usual, this proof is based on the
following lemma which allows us to reduce the analysis of the global behaviour of
solutions of (3.3) to the local analysis of equation (3.3) near the equilibria &, € Ry.

LEMMA 6.4. Let the assumptions of theorem 6.1 hold. The following statements are
then wvalid.

(i) For every neighbourhood V of zero in EY(£2) and every bounded subset B C
EY(02), there exist eg = eo(B,V) and T = T(B,V) > 0 such that every
solution &,(t) of equation (3.8) (with e < g9, T € R, ¢ € H(f:)), such that
&u(T) € B, wisits the V-neighbourhood of the set Ry on every time-interval
of length T, i.e. for every s > T, there exists Ty = Ts(u) € [s,s + T) and
& € Ro such that

gu(TS) e 620 + V
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(i) There exist small neighbourhoods W and W' of zero in E1(2), W' C W, and
positive g such that every solution &,(t), t > T, of equation (3.3) (with e < &g,
T € R and ¢. € H(f.)) satisfies the following condition: if &,(7) € &,y + W'
for some &, € Ro and &,(T) ¢ &,, + W for some T > 7, then this trajectory
never returns to the W’ -neighbourhood of &, :

Eu(t) & + W', VEZT. (6.8)

Sketch of the proof. Assume that the first assertion of the lemma is false. There
then exist a neighbourhood V{, of zero, a sequence T, — oo and a sequence of
solutions &, (t) := Uy, (t,7,)&n of equation (3.3) such that £, — 0 as n — 0 and

&, (t) ¢ Vo +Ro, Vte[mn,mn+Tn] and &, (7) € B. (6.9)

Let us consider a new sequence of solutions &g, (t) := &y, (t + 7 + $T5). Then, (6.9)
and (3.21) imply that these solutions are defined on t € [-1T},, T,] and

€a(t) ¢ Vo + Ro, &a, (Dm0 <C, Vte|-iT,, 1T, (6.10)

Using proposition 3.8 and the fact that the limit equation (3.1) possesses a global
attractor, we can assume without loss of generality that, as n — oo, the sequence
§a, (t) tends to some complete solution §z € K¢ of the limit equation (3.1) (e.g. in
the space L2, (R, E'(£2))). Now, on passing to the limit n — oo in (6.10), we deduce
that £z (t) ¢ Vo + R, for all ¢ € R, which contradicts the fact that (3.1) possesses a
global Lyapunov function (see theorem 6.1). Thus, the first assertion of the lemma
is proven.

Analogously, assuming that the second assertion is wrong, we construct a homo-
clinic structure for the limit equation (3.1) that also contradicts the existence of a

global Lyapunov function (see [14] for the details). Lemma 6.4 is proven. O

We are now ready to finish the proof of theorem 6.3. To this end, we fix a
neighbourhood Vo € W’ (where W' is the same as in lemma 6.4) such that the
assertions of theorems 5.1, 5.3, 5.6 are satisfied for all neighbourhoods &,, + V5,
t=1,...,N. We then fix B = By to be a uniform absorbing set for the processes
Uy, (t,7) in EY(£2) (which exists due to estimate (3.21)). Finally, we assume that
€0 > 0 and T > 0 are such that assertions of theorems 5.1, 5.3, 5.6 and lemma 6.4
hold, for every € < g and every &, € Ro.

Then, the second statement of lemma 6.4 implies that every solution &, (t), t > 7
(such that € <ep and &,(7) € B) can leave the neighbourhood Vj + Ry only a
finite number (N, < N) of times and, consequently, due to the first assumption
of lemma 6.4, there exists £ + € R such that &,(t) € { + + Vi for all sufficiently
large t. Now theorem 5.6 ancf remark 5.7 imply that &,( t% stabilizes exponentially
to §u + (t) as t = 4o0. Analogously, if £, € Ky, is a complete solution of (3.3),
then, “dide to lemma 6.4 and the fact that the number of the equilibria is finite,
we have &,(t) € Vo +§ — for all sufficiently small ¢. Now, theorem 5.3 implies that
&, (t) stabilizes to &, (t) as t — —oo. Thus, theorem 6.3(i) and (ii) are verified.

Description (6.5) i$°48 immediate corollary of stabilization (6.4), definition (5.21)
of the unstable manifolds and formula (4.7).
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The exponential attraction (6.6) is a standard corollary of the following facts:
every trajectory of (3.1) spends only a finite time T<T- #Ro outside the neigh-
bourhood Vh + Ry (due to lemma 6.4); this trajectory is exponentially attracted
to Ag_(t) while staying inside Vj + R (due to theorem 5.6). Moreover, since the
time T and the rate of the attraction in theorem 5.6 are independent of ¢, (6.6) will
also be uniform with respect to ¢ (see [14] for the details).

Finally, estimate (6.7) is a formal corollary of the uniform exponential attrac-
tion (6.6) and proposition 3.8 (and can be obtained exactly as in corollary 4.5; see
also [3,14]). Theorem 6.3 is proven. O

REMARK 6.5. We recall that the constructed uniform (A.) and pull-back (A, (7))
attractors of equation (3.3) attract the solutions u(¢) whose initial data belong to
the large ball Bg,(-) in E'(£2) only (with lim._,o Ro(e) = 00). We note, however,
that, even in the case where we have the global solvability of problem (3.3) for
every ¢7 € E(£2) and the associated family of processes has the attractor in the
whole space E1(£2), it does not necessarily coincide with A. and may even diverge
to infinity as € — 0. We will give the corresponding examples in § 8.

‘We now formulate two corollaries of theorem 6.3.

COROLLARY 6.6. Let the assumptions of theorem 6.3 hold. Then the uniform at-
tractors A. of problems (3.3) are upper and lower semi-continuous as € — 0. More-
over, the following estimate holds:

dlstglr?gl) (.AE, Ao) § CR[O‘C}% (8)}'{, (611)
where the right-hand side of (6.11) is the same as in (6.7).
Indeed, estimate (6.11) is an immediate corollary of (6.7) and (4.24).

COROLLARY 6.7. Let the assumptions of theorem 6.3 and lemma 2.6 hold (e.g. let
fe be periodic with respect to t). Then, estimate (6.7) can be improved as follows:

distSEylH(lg) (Ap. (1), Ag) < CRe", (6.12)

where R and k > 0 are the same as in (6.7) and the positive constant C% is
independent of independent of T, € and ¢..

Indeed, on inserting estimate (2.30) into the right-hand side of (6.7), we may
derive (6.12).

REMARK 6.8. It is worth noting that, under the assumptions of theorem 6.3, we
have a simpler relation between the uniform and pull-back attractors, namely,

A, = [ U Ay, (t)] , for every fixed ¢. € H(f.). (6.13)

teR EY(2)

Indeed, description (6.13) follows from the uniform attraction (6.6) and the alter-
native definition of the uniform attractor (see remark 4.3).

It is also worth noting that, under the assumptions of theorem 6.3, the pull-back
attractors Ag_(t) are almost periodic with respect to ¢ as the set-valued functions
t — Ay (t) for every ¢. € H(f.) (see [14] for details).
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7. The subordinated oscillations

In this section, we study the case of the so-called subordinated oscillations where
we have the global existence of solutions and uniform (with respect to ¢ — 0)
dissipativity of system (3.3) not only for (™ € Bp, () but for every {7 € EY(02)
(and even for every £7 € E(§2)).

We first recall that in the previous sections we imposed the dissipativity and
growth assumptions (see (2.8)) to the averaged function f only, so, if we want to
have the global solvability of problems (3.3) for arbitrary £&™ € E*(£2), we need to
impose some assumptions to the functions ¢.(u,t) for positive €. It seems natural
to require, analogously to the case of autonomous equation (3.1), the nonlinear-
ity fe(u,t) to satisfy conditions (2.8) uniformly with respect to ¢t and . We note,
however, that in the non-autonomous case the sole assumption (2.8) is not sufficient
to obtain the dissipative estimate for the solutions of (3.3) (see, for example, exam-
ple 8.4 below). The standard additional assumption (see, for example, [8,11]), which
guarantees the dissipativity of the non-autonomous equation (3.3), is as follows:

Orde(u,t) < 00e(u,t) -u+Cs, VtueR, (7.1)

where 6 = §(7) is a sufficiently small positive number. We note, however, that the
function ¢.(u,t) contains the rapidly oscillating term t/e, so the derivative 9;¢.
is of order 1/¢ as ¢ — 0 and, consequently, estimate (7.1) cannot be uniform with
respect to £. Thus, using (7.1), we cannot obtain uniform (with respect to £) bounds
for the corresponding attractors.

This is why, instead of (7.1), we use below the following (in a sense, more restric-
tive) assumption that

|[fe(u,t) = f(w)? <6f(u) -u+Cs, ViueR, €>0, (7.2)

where ¢ and Cj are independent of € and ¢, and § = () is sufficiently small. In par-
ticular, (7.2) implies that the leading part of the nonlinearity f.(u,t) is autonomous
(which justifies the title ‘subordinated oscillations’ of this section). We start from
the following theorem, which gives the uniform (with respect to €) dissipative esti-
mate in the space E(§2) for the solutions of (3.3).

THEOREM T7.1. Let the functions f(e,u, z) satisfy the assumptions of lemma 2.1.
Assume, in addition that estimate (7.2) holds, where the average f satisfies assump-
tions (2.8) and that the growth restriction

|82f5(u,t)| <C+ul), VtueR, (7.3)

holds, where C' is independent of €. Then, for everye >0, 7 € R, ¢ € H(f:) and
&™ € E(02), equation (3.3) possesses a unique solution &, (t) € E(§2) for everyt > T,
and the following estimate holds:

I€u®)llm(e) < QUE @)e ™™ + Qlgll2(2)); (7.4)

where the positive constant o and the monotonic function @ are independent of ¢,

T, ¢ € H(f:) and £ € E(12).
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Proof. Although the assertion of the theorem is more or less standard, we give below
the derivation of (7.4), in order to show that it is indeed uniform with respect to .
For simplicity, we consider below only the case ¢. = f. and 7 = 0 (the general
case is analogous due to lemma 2.3). Moreover, we give only the formal derivation
of estimate (7.4), which can be easily justified using, for example, the Galerkin
approximations method (we recall that assumption (7.3) guarantees the uniqueness
of a solution to (3.3) in the three-dimensional case; see [3]). To this end, following
the standard procedure (see, for example, [3,29]), we multiply equation (3.3) by
O:u + Pu, for some positive 3, and integrate over (2. Then, after the integration by
parts, we have

H|§u( Wy + 2I1F @)l @) + Mollu®)l|Z2 (o) + 26(u(t), dru(t))]
+2(v = B)10cu(t) |12 () + 26[ V()220
+ 2Xo[[u(t) (1720 + 26(f (u(t)), u(t))
= 2(g, Opu(t) — Bu(t)) — 2(f-(u(t), 1), du(t) + Buf(t)), (7.5)

:/va(u)du

and fs(u, t) := fo(u,t) — f(u). We recall that dissipativity assumption (2.8)3 implies
that

where

F(v) <f()-v+C, ) v>=Cy—ppl* and F(v) > -Cy— plvl*, (7.6)

where p > 0 can be arbitrarily small and the constants C' and C), are independent
of v € R. Now, using estimates (7.2), (7.6) and the Cauchy—Schwarz inequality, we
find from (7.5) that there exist sufficiently small (but independent of ¢) positive
constants § = (), 6 = () (which is the same as in assumption (7.2)) and o =
a(7) such that

Oulll€(O) 1) + 201F @)l 2) + Aollu@®lZao) + 26(ul?), deult))]
+alléu® By + 21 F ()l @) + Aollu®)|Fz(a) + 26(u(t), dru(t))]
CA+lglZa(a)- (7.7)

By applying the Gronwall inequality to this relation, we derive estimate (7.4), and
theorem 7.1 is proven. O

Thus, under the assumptions of theorem 7.1, equations (3.3) define a family of
dynamical processes which are defined globally on E(f2):

Up.(t,7) : E(2) = E(2), ¢ CH(fe), TER, t>T. (7.8)

The main result of this section is the following theorem, which establishes the
existence of a uniform attractor for (7.8) and verifies that, for small ¢, this attractor
coincides with the one constructed in theorem 4.2 starting from the ball Bg () of
the space E(£2).
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THEOREM 7.2. Let the assumptions of theorem 7.1 hold. Then, for every e > 0,
family (7.8) possesses a uniform attractor Ae that is compact in E(£2) and is uni-
formly bounded with respect to :

| Al B2y < C. (7.9)

Moreover, there exists a small positive €y such that, for every e < &g, the attractors
A- are compact in E*(£2) and

| A g1 (o) < Ch, (7.10)
where the constant Cy is independent of €.

Proof. We first consider the case of small ¢, where we have regularity (7.10) of
the attractor. We also recall that, in the subcritical case, where the growth rate
of f. is strictly less than cubic (see assumptions (2.21)) this regularity can be
obtained using, for example, bootstrap arguments, exactly as in the autonomous
case (see [3]). Therefore, we mainly consider the critical case of a cubic rate of
growth. In this case, the derivation of dissipative estimate (3.2) in the E'(§2)-norm
in the autonomous case (see [3]) essentially uses the so-called dissipation integral
which equals infinity in the non-autonomous case. Therefore, the methods of [3]
cannot be directly applied in order to obtain regularity (7.10). Nevertheless, there is
a possibility to adapt these methods to equation (3.3) with small € > 0. Since we are
mainly interested in the limit & — 0, this is sufficient for our purposes (see [35] for
the case of damped wave equations with general non-autonomous external forces).

We give below the proof only of the E%*({2)-regularity of the attractor A. for
some positive « that is the most difficult part of the derivation of regularity (7.10)
in the critical cubic rate of growth, leaving the proof of E'-regularity to the reader
(since the cubic rate of growth is subcritical with respect to the E*({2)-norm, the
bootstrap arguments work starting with the E*({2)-energy and allow us to deduce
estimate (7.10) exactly as in the autonomous case; see [3,29] for the details). Thus,
due to the standard theorem on the existence of a global attractor (see the proof
of theorem 4.2), we need only to prove the following proposition, which gives the
uniform (with respect to €) attracting set in E*((2).

PROPOSITION 7.3. Let the assumptions of theorem 7.2 hold. There then exist €y >
0, a > 0 and a sufficiently large ball B(E®) of the space E*({2) such that, for every
e € (0,e0] and every bounded subset B C E({2), we have

distp(o)(Us. (t +7.7)B, B(E*)) < Q(IB p(e))e ™", (7.11)

where the positive constant B and the monotonic function Q are independent of t,
T, € and ¢..

Proof. As before, we consider below only the case ¢. = fe and 7 = 0 (the general
case is analogous due to lemma 2.3). Moreover, due to estimate (7.4), we may
prove (7.11) only for the ball B = Bp of a sufficiently large radius R in E((2).

In order to handle the rapid oscillations in time in equation (3.3), it is convenient
to introduce the auxiliary function w(t) = w,(t) which solves the following equation

2w + 70w — Apw 4 Xow = hy(t) := — fo(u(t), 1), Ewli—o = 0. (7.12)
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Then, due to assumptions (7.2) and (7.3), the function f. satisfies condition (2.21)
(with 6 = 1). Consequently, thanks to lemma 2.5, estimate (7.4) and proposi-
tion A.2, we have

I€w(®)|z-1(2) < ale), Vt>0, £ € B, (7.13)

where the monotonic function o tends to zero as € — 0. Moreover, it follows
from (7.2)—(7.4) and the Holder inequality that

IV b ()]l 37200 + 1 (8) [ 3(2) < € (7.14)

Applying the appropriate interpolation inequality to (7.14), we derive that there
exists a positive a, such that

17 ()| 22 (2) < Ch. (7.15)

Applying proposition A.1 to equation (7.12) and using (7.13) together with the
interpolation inequality, we finally derive that

16w ()| Ea(2) < ale), te€Ry, (7.16)

where the monotonic function & is independent of ¢ and £° € By and tends to zero
ase — 0.

We now set v(t) := u(t)—w(t), where u(t) solves (3.3). This function then satisfies
the equation

8311 + 70w — Agv 4+ Agv + fFlv+w(t)) =g, Eli=0 = Euli=o- (7.17)

Thus, instead of equation (3.3), we will prove the existence of an exponentially
attracting set in E*({2) for equation (7.17). To this end, we split (following [3])
the solution v(t) as follows: v(t) = vo(t) + 0(t), where vo(t) is a solution of the
autonomous equation

OFvo + ¥0rvg — Agvg + Avg + f(vo) + Lvg =0, &uplt=0 = Euli=0, (7.18)

where L is a sufficiently large positive number and the remainder 6(¢) satisfies the
equation

8?9+78t9—Aw9+)\09+ [f(0+vo+w)— f(vg)] = g+ Lug(t), &pli=o =0, (7.19)

where we may assume without loss of generality that f(0) = 0. Then, arguing anal-
ogously to the proof of theorem 7.1, we derive that the solution vy (t) decays expo-

nentially if L = L(f) is sufficiently large:

€00 D)l 202y < QUIEO) [ m(e2))e™, >0, (7.20)

where the positive constant 8 and the monotonic function @ is independent of £°
and t (see [3] for details). Thus, in order to finish the proof of proposition 7.3, it
only remains to verify that the solution (¢) is uniformly bounded in E%({2). To this
end, we need the following lemma, which plays the role of a ‘dissipation integral’
in the case of small positive ¢.
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LEMMA 7.4. Let the above assumptions hold. The following estimate is then valid
for the solution v(t) of equation (7.17):

T
/\@wwﬁmwﬂ<0@+naq TeR,, (7.21)
0

where the function & is the same as in (7.16) and the constant C is independent
ofe, €9 € Br and T.

Indeed, estimate (7.21) can be obtained in a standard way by multiplying equa-
tion (7.17) by dyv(t), integrating over [0, T x 2 and using estimates (7.4) and (7.16).
Let us now differentiate equation (7.19) with respect to ¢ and denote W (t) :=
0:0(t). We then have
OEW + 4O W — AW + AW
= —f"(v0)(W + 0w) + (' (vo + 0 + w) — f'(v0))Byu(t) + Ldyvo(t)
1= hi(t) + ha(t) + ha(t), &w(0) = (0, 9). (7.22)
On multiplying equation (7.22) by (—A, + Xo)% *(0:W + W), where a > 0 is the
same as in estimate (7.16) (without loss of generality, we may assume that a < 3)
and ( is a sufficiently small positive number, we derive

OulllEw ()| Tar + 28(0eW (), W (1)) pro-1]
+2(y = D)W () Fra—s + 28 W (#) 71
= 2(ha(t), (=As + X0)§ QW (1) + BW (1))

+2(ha(t), (A + Xo) 3 (BW (1) + SW (1))
+2(ha(t), (= Az + X))y (DI (E) + SW(1))). (7.23)
In order to estimate the right-hand side of (7.23), we need the following standard
inequalities:
[ur - (=B + X)) MuallLs (@) < Clluallgrveual a1, (7.24a)
s - (= A + 20)3 2l o2y < Clus]l e izl o1, (7.241)

which hold for every u; € H*TY(£2), ug € H*"1(2) and uz € H*(£2) and every

0<ac< % (indeed, these estimate can be easily verified using (2.13), Sobolev’s

embedding theorem and the appropriate Holder’s inequality [35]).
Now by applying Holder’s inequality to the first term on the right-hand side
of (7.23) and using estimate (7.24b), we have

[(h1, (—Az + M) 5 (O W + BW))|
< | f (o)l L2 IW + BOww| e ||0:W + BW || gra-1(0)
< Cull F (o))l za o) (1w O [ a—1 + [[€w ()1 Ta)- (7.25)

In order to estimate the second term, we first note that, expressing the term A6
from equation (7.19) and using the elliptic regularity theorem for the Laplacian and
the fact that the F(£2)-norm of & and &,, are uniformly bounded, we derive

16@) | zr1+0 < CollEw (Bl po-1(2) +1)- (7.26)
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By applying the Hélder inequality to the second term on the right-hand side
of (7.23) and using (7.24a), (7.26) and the growth restriction (7.3), we have

[(ha, (—Az + X0)§ (W + BIW))]
< C'(lulls 2y + llvoll o)) 10sull L2 ()10 + wll gri+a [|O:W + BW || gra—1
< C"0wu(t) |l 2co) (1w () 1 a—r + 16w ()| 5e + 1) (7.27)

Inserting estimates (7.25) and (7.27) into the right-hand of (7.23) and using that
the E%norm of £, is uniformly bounded (due to (7.16)), we finally derive

atEw(t) -+ C(t)EW (t) < Cm, (728)

where By (8) = [€w (6) B + 2000l W(O)l3a 1 + 28(0W(£), W(£))sros and the
function ¢(t) has the form

c(t) =0 = C"(|If(wo(t)llz2e) + [Bru(t)ll2(e) (7.29)

for some positive constant vg. It remains only to note that estimates (7.16), (7.20)
and (7.21) imply that there exists a small positive ¢ such that, for every e < e,
we have

T
/ e(t)dt > 37T — Cs, VT € Ry, (7.30)
0

where the constant C'5 is independent of T' and . Thus, applying Gronwall’s inequal-
ity to (7.28) gives
[éw (O)l|pa-1(02) < C1, VEERy (7.31)

and, returning to the variable 6(t) (using (7.26)), we prove that
1€o(t)|Eo(o) < Cs, VEER,, (7.32)

where the constant Cs is independent of ¢ < g, ¢t and £° € Bgr. Estimates (7.16),
(7.20) and (7.32) give (7.11) and finish the proof of proposition 7.3. O

Therefore, we have proven that, for e < g¢, family (7.8) of the dynamical processes
associated with equation (3.3) possesses a uniform attractor A., which is uniformly
(with respect to €) bounded in the space E*(2) for some positive exponent o < 3.
Since the cubical rate of growth of the nonlinearity is subcritical with respect to
the E(£2)-norm, then, starting with this E%({2)-estimate and using the bootstrap
arguments (exactly as in the subcritical case; see, for example, [3]), we obtain the
required estimate (7.10). Thus, the second part of theorem 7.2 is proven.

Let us now consider the case of an arbitrary (not necessarily small) ¢ > 0. In
this case, ‘dissipation integral’ (7.21) is not necessarily small and we cannot obtain
estimate (7.30). Therefore, instead of estimate (7.32), we have only that

1€0(t)]| pa (o) < CeX?, (7.33)

for some positive constant K. Although estimate (7.33) is not strong enough in
order to construct a bounded attracting set in E®({2) for positive «, it obviously
(since E({2) CC E“({2)) implies that

Kp(a)(Us. (t +7,7)B) < Ce™ ™, (7.34)
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where Ky (X) is a Kuratowski measure of non-compactness of the set X in the
space V (i.e. the infimum over all g > 0 for which the set X possesses the finite
covering by p-balls of V') and the positive constants C' and [ are independent of ¢.,
t and 7. This estimate implies the analogous estimate for the extended semigroup
S¢ on E(2) x H(f:) associated with family (7.8):

Ke(a)xu(s.) (St (B x H(f.))) < Ce™™, (7.35)

which is sufficient in order to conclude that this semigroup possesses a global attrac-
tor in E(£2) x H(f:) (see, for example, [19]). Thus, theorem 7.2 is proven. O

REMARK 7.5. Arguing as in the proof of theorem 7.2, we may prove that, in the
case € < g9, equation (3.3) possesses a global solution &,(t) € E1(£2), for every
&7 € EY(£2) that satisfies the dissipative estimate

I€a(®)]l 2 2) < QUIE B (2))e ™ + Qllgll z2(@2))5 (7.36)
where the positive constant o and the monotonic function @ are independent of ¢.

COROLLARY 7.6. Let the assumptions of theorem 7.1 hold. There then exists an
gy > 0 such that, for any e € (0,¢€(), the uniform attractor of the processes (4.1)
(defined on the phase space B,y C EY(02)), which is constructed in theorem 4.2,
coincides with the uniform attractor of processes (7.8) (defined on E(S2)), which
exists due to theorem 7.2. In particular, if, in addition, assumptions of theorem 6.3
are satisfied, then the pull-back attractors Ag_(T) of processes (7.8) are regular
(i.e. they satisfy the properties formulated in theorem 6.5).

REMARK 7.7. We note that the assertion of corollary 7.6 may be false if the condi-
tions of theorem 7.1 are violated, even in the case where equation (3.3) has globally
defined and bounded solutions, for every £7 € E({2), and the corresponding uniform
attractor is bounded in E'({2), for every fixed ¢ > 0. We give the corresponding
example in the next section.

REMARK 7.8. To conclude, we recall that, according to corollary 7.6 and theo-
rem 6.1, the pull-back attractors A,_(7) attract subsets exponentially only bounded
in E1(£2) (see estimate (6.6)). Nevertheless, it is not difficult to deduce from (6.6)
and (7.11), using the so-called transitivity of the exponential attraction (see [15]),
that every bounded in F({2) subsets are also attracted exponentially to these attrac-
tors, i.e. for every bounded B C F({2), we have

dist (o) (Us. (t + 7,7)B, Ay (t + 7)) < QU Bl p(e2) )™, (7.37)
where the constant a > 0 and the monotonic function ) are independent of € < g,
¢ € H(f:), T€Rand t > 0.
8. Examples and concluding remarks

In this concluding section, we illustrate the results obtained above by several con-
crete examples of equations of the form (1.1). We start with the most natural
example of the subordinated oscillations.
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EXAMPLE 8.1. Let us consider the following semilinear hyperbolic problem in a
bounded smooth domain 2 C R3:

t
02u 4+ yopu — Agu + u? —a<€>u=g, Eult=r = €7, Onulon =0, (8.1)

where a(z) is an almost-periodic (in the sense of Bohr) real-valued function. Then,
the averaged equation for (8.1) obviously has the form

Xt + oy — Ayu + u® — au = g, Calimr = €7, 0Ont|on =0, (8.2)

where @ := M(a) is the average of the almost-periodic function a(z).

It is not difficult to verify that equation (8.1) satisfies all of the assumptions of
theorem 7.2 and, consequently, for every € > 0, equation (8.1) possesses a uniform
attractor A, in the whole phase space E({2) which is uniformly (with respect to ¢)
bounded in it. Furthermore, according to the second part of theorem 7.2, these
attractors A. are uniformly bounded in E'(£2) if ¢ < g is sufficiently small (we
recall that the nonlinearity in equation (8.1) has a critical cubic growth where the
higher regularity of the attractors is a rather delicate problem, especially in the
non-autonomous case in absence of the dissipation integral and, to the best of the
author’s knowledge, the E'(§2)-regularity of the attractors of equation (8.1) (even
for small positive €) has not previously been known).

Moreover, due to theorem 4.2 and corollary 7.6, as € — 0, the uniform attractors
A. tend to the global attractor Ay in the space E'(f2) (in the sense of the upper
semi-continuity). Finally, under the additional generic assumption that all of the
equilibria of the averaged problem (8.2) are hyperbolic, we (due to theorem 6.3)
also have the lower semi-continuity of these uniform attractors as € — 0 and the
associated pull-back attractor Ay (7) is regular (and satisfies assertions (i)—(v) of
theorem 6.3) if € < g is sufficiently small.

In the next example we apply the results of previous sections to the autonomous
equation with supercritical nonlinearity.

EXAMPLE 8.2. Let us consider the following semilinear hyperbolic problem in a
bounded domain £2 C R3:

O2u + Yo — Agu + eululP +u —au =g, im0 = £, Onu)on =0, (8.3)

where a € R is an arbitrary and the exponent p > 2. In this case the nonlinearity
has the supercritical rate of growth and, a priori, we only have the global existence
(without uniqueness) of weak energy solutions of equation (8.3). Nevertheless, since
the nonlinearity of equation (8.3) satisfies the assumptions of §3, due to corol-
lary 3.6, this equation possesses a (unique) global strong solution &,(t) € E1(£2)
if ¢ < g and the initial E*(£2)-energy is not very large, i.e. [|€°] g1 () < Ro(e),
where the monotonic function Ry(e) tends to +o0o as € — 0. Moreover, the semi-
group Sy generated by this equation on the ball Bg, () of the space E(£2) possesses
(due to theorem 4.2) a global attractor A, which is uniformly bounded in E'(£2)
and tends as ¢ — 0 to the global attractor Ay of the ‘averaged’ equation (8.2).
Finally, under the generic assumption that all the equilibria of equation (8.2) are
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hyperbolic, the global attractor A, is regular if ¢ < g¢ (due to theorem 6.3) and
tends to the limit attractor Ay as € — 0 in the following sense:

distiEyf‘(‘};) (Ag, Ag) < Ce", (8.4)

for some positive C' and k (we recall that the considered nonlinearity obviously
satisfies assumptions (2.28) and (2.29) and, thus, (8.4) follows from corollary 6.7).

REMARK 8.3. The uniqueness problems with equation (8.3) can be partly overcome
using the so-called trajectory approach (see [8,11,28,32]). We recall that, under this
approach, instead of the classical way of constructing a dynamical system in a phase
space E(£2) associated with equation (8.3) (which can be defined as a semigroup of
multi-valued maps only), one considers the so-called trajectory dynamical system

T KF = K, (Tfu)(t) :=u(t+h), h>0, (8.5)

where the trajectory phase space KI' C L™ (R4, E(£2)) is the set of all (properly
defined) weak energy solutions of problem (8.3) endowed by the appropriate topol-
ogy (see [11,34]). Then, the global attractor A of shift semigroup (8.5) is called
the trajectory attractor associated with problem (8.3). It is also worth emphasizing
that, in the case where we have the uniqueness, the trajectory dynamical system is
usually equivalent to the classical system (see [11,34] for the details).

The existence of trajectory attractors AY for equations (8.3) and their weak
convergence to the attractor Af of the limit equation (8.2) (which is equivalent
to the global attractor Ap, since we have uniqueness for (8.2)) was established
in [8,9]. Moreover, as proved in [34], every complete bounded weak solution &, (t),
t € R, of equation (8.3) belonging to the attractor A becomes regular as t — —oo
(€u(t) € EL(R) if t is sufficiently small) and tends to the set R. of the equilibria
of equation (8.3) (in fact, this result holds for every € > 0). Since the set R, is
uniformly bounded in E'(f2) as € — 0, we have the following result. For every
complete weak solution &,(t) of equation (8.3), there exists a time 7' = T, such
that

& Ollzrey < VE<T, (56)

where the constant C is independent of &, and € < gp. Combining this result
with corollary 3.6 and arguing as in [34], we then establish that &,(t) € E'(£2) for
every t € R if € > 0 is sufficiently small (i.e. such that Ro(¢) > C). Therefore, we
proved that, in this case,

AT C L= (R4, EY(02)) (8.7)

and is uniformly bounded (with respect to € — 0) in this space. Thus, the tra-
jectory attractor A that describes the long-time behaviour of weak solutions of
equation (8.3) with £° € E(£2) coincides with the attractor A. constructed in the-
orem 4.2; more precisely, we have the relation

Ag = A2r|t:(), 3 é £0- (88)

Therefore, every weak energy solution &,(t), t = 0 of equation (8.3) with arbitrary
initial data £° € E(£2) (and not necessarily £ € Bp,(.)) is attracted as t — +o0 by
the global attractor A, constructed in theorem 4.2.
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The next example shows that (3.3) may have additional complete bounded solu-
tions outside of the ball Bg ) for every € > 0.

EXAMPLE 8.4. Let us consider the following semilinear hyperbolic equation in a
smooth bounded domain 2 C R3:

2t
3fu +~v0u — Agu+ u? (1 + ycos(g)) —au =0, Eult=r = &7, Onpulon =0,

(8.9)
where @ € R and v > 0 is a small parameter. The averaged equation for (8.9) is,
obviously, has the form of (8.2) with g = 0.

Then, thanks to corollary 3.6 and theorem 4.2, for every {7 € Bp, (), equa-
tion (8.9) possesses a unique global bounded solution &, (t), t > 7, and the dynam-
ical processes generated by this equation on the ball Br, () possess the uniform
attractors A, which are uniformly (with respect to e — 0) bounded in E'(£2) and
tend to the global attractor Ag of the averaged equation (8.2) in the sense of the
upper semi-continuity in E1(£2).

Moreover, under the additional generic assumption that all the equilibria of (8.2)
are hyperbolic, the corresponding pull-back attractors Ag_(7) are regular (due to
theorem 6.3) and we have estimate (8.4) for the symmetric distance between A,
and Ap (due to corollary 6.7 and lemma 2.6).

Nevertheless, as shown in the next lemma, equation (8.9) possesses additional
complete bounded solutions outside the ball Bg () which tend to infinity as e — 0.

LEMMA 8.5. For all sufficiently small v > 0, ¢ > 0 and ¢ < v, equation (8.9)
possesses at least one spatially homogeneous time-periodic solution u,.(t) (of period
27e) which satisfies the following estimates:

Cre™ < Nun. (Ol = €. Ollp () < Cos™?, (8.10)
where the positive constants C1 and Cy are independent of € and v.

Proof. Making the change of variables z = t/¢ and v(z) = eu(t/c) in equation (8.9),
we have
0?v + e70,v — 2 Ayv + v (1 + v cos(22)) — e2av = 0. (8.11)

Recall that we seek for the spatially homogeneous solutions of (8.11) only, so we
may forget about the Laplacian and obtain the second-order ordinary differential
equation

V"(2) + V3(2)(1 + vcos(22)) + eyV'(2) — e2aV(z) = 0. (8.12)

Moreover, since u(t) = e~1V(t/¢), to prove the lemma, it is sufficient to construct
the 27-periodic solution of (8.12) of order O(1) as £ — 0. In order to do so, we first
construct a 2m-periodic solution V,,(z) of the equation

V/'(2) + V2(2)(1 4+ vcos(2z2)) = 0, (8.13)

which corresponds to the case ¢ = 0 in (8.12). Then, if the constructed solution
is non-degenerate (e.g. hyperbolic), it is preserved under small perturbations of
equation (8.13) and, in particular, (8.12) possesses a limit cycle close to V,(z)
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if e < v is sufficiently small. Thus, it only remains to find a hyperbolic 27-periodic
solution of equation (8.13) for small positive v.

It is worth recalling now that equation (8.13) is a Hamiltonian system with %
degrees of freedom (see, for example, [1,2,7,25] and the references therein). In
particular, it is known that the desired periodic solution V,,(z) can be computed in
the form of a power series with respect to the parameter v:

Vi (2) = Vo(2) + vVi(2) + 2 Va(2) + - - -, (8.14)

where the V;(z) are the appropriate 2m-periodic functions that can be found by
standard recursive procedure. In particular, V5(z) should satisfy the conservative
Hamiltonian equation (8.13) with v = 0:

Vi'(2) +Vi(2) = 0. (8.15)

Thus, we first need to find the 27-periodic solution Vj(z) of equation (8.15). To this
end, we endow equation (8.15) with the initial conditions Vj ,(0) = L and Vj ; (0) =
0, where L > 0 is a parameter, and denote the obtained unique solution of equa-
tion (8.15) by Vo, (z). It is then not difficult, using the explicit integral formula for
the solutions of (8.15), to verify that Vp 1 (2) is T-periodic, where

T=T(L)=CL™" (8.16)

and the constant C' > 0 is independent of L. In particular, fixing L = Lo := C/(27),
we obtain the desired 2m-periodic solution Vy(z) = Vp, 1, (2) of equation (8.15). We
recall that, in a fact, we have the one-parametric family {Vy(z + h)}rer of 27-
periodic solutions of equation (8.15), consequently, following the general procedure,
in order to determine h, we should consider the so-called Poincaré integral, which
has the form
2m 27
P(h) =— Vo(t+h)3 cos(22)Vy(z+h)dz = 2 Vo(z +h)*sin(22)dz (8.17)
0 0

(see [25]). We claim that P(0) = 0. Indeed, the function z — Vy(2)* is even with
respect to z and z — sin(2z) is odd. Consequently, the function Vi!(2)sin(2z) is
odd and its mean is equal to zero. The analogous arguments show that

2 2
P'(0)=38 Vo(2)3Vy(2) sin(22) dz = 4 Vo(2)* cos(22) dz > 0. (8.18)
0 0
Indeed, due to the symmetries Vp(z) — —Vi(2) and Vo(z) — Vo(—=2) of equa-
tion (8.15) and our assumption for the initial data, we see that the function [Vp(z)]*
1

is m-periodic, has a unique zero on the interval [0, 7] at z = 57 and is symmetric

with respect to z — m — z. This allows us to rewrite (8.18) as

P'(0) = 16/0

Since Vp(z) is monotonically decreasing on [0, 37, [Vo(2)]* — [Vo(537 — 2)]* > 0 for
z € [0, $7), which confirms that P’(0) > 0.

Thus, according to the general theory (see, for example, [25, ch. 6, §6]), the
power series (8.14) indeed defines a unique 27-periodic solution of equation (8.13)

/2 m/4
[Vo(2)]* cos(22) dz = 16/ (Vo(2)]* = [Vo(3m — 2)]*) cos(22) d=.

0
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(for small v) that tends to Vp(z) as v — 0. Thus, the desired solution V,(z) of
equation (8.13) is constructed and it only remains to verify that this solution is
non-degenerate. To this end, we use the standard expansions of the multipliers A\;
and g of this solution:

M= a2+ 0(®), Ao = —aq2 4 O(v), (8.19)
where .
1 dT .

ol = WP/(O) and K =-nL; (dL(LO)> (8.20)

and the function T'= T'(L) is defined by (8.16) (see [25, ch. 6, §7]).

In our case, we obviously have K > 0 and, consequently, a? > 0 and «a; € R.
Thus, due to (8.19), the limit cycle V,,(z) is indeed hyperbolic for small v > 0 and
thus equation (8.12) possesses a limit cycle close to V,(z) if ¢ < v is sufficiently
small. Lemma 8.5 is proven. O

Hence, due to lemma 8.5, we have the time-periodic solution u, .(t) of equation
(8.9) outside the ball Bg () if v > 0 and ¢ < v are sufficiently small. Moreover,
estimates (8.10) show that this solution tends to infinity as € — 0.

REMARK 8.6. The existence of the solution v, .(z) in the last example is closely
related with the so-called nonlinear parametric resonance phenomena which is typ-
ical for the hyperbolic equations (see [7,30] and the references therein) and which is
usually not observed in reaction—diffusion equations. Indeed, according to lemma 8.5
the solution u, . (t) is close (for small € and v) to the solution vy (t) := (1/e)Vy(t/e)
of the conservative equation

Ofvg + vy =0, (8.21)

and the period 7e of the parametrical exciting of system (8.9) differs by a factor
two from the period 27me of the internal oscillations in conservative system (8.21)
(solution wg(t)), which is typical for the parametric resonance phenomena.

We also note that, in contrast to the linear equation, the period of oscillations
in (8.21) depends on its energy E and decays as E — oo (Tiny = CE~'/?) and this
is the main reason why the solution u, (t) — oo as ¢ — 0. Indeed, in order to com-
pensate for the energy decay provided by the dissipation term yd,u by the energy
income provided by the parametrical resonance, we need to have Ty ~ Tpar = e
and, consequently, F ~ ¢~2 in complete agreement with (8.10).

It is worth noting here that example 8.4 has an essential drawback, namely, we
cannot construct the uniform attractor in the whole space E'(£2) for positive &
(in fact, we do not know whether or not every solution equation remains bounded
as t — 00). In order to overcome this drawback, we conclude our exposition by the
following modification of example 8.4.

EXAMPLE 8.7. Let us consider the following semilinear hyperbolic problem in the
bounded two-dimensional domain 2 C R?:

2t
8t2u + yOu — Agu + 3u® + u (1 + v cos (E>) —au=0, &li=r=¢&". (8.22)
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Since the two-dimensional case can be considered as a particular case of the three-
dimensional one, as in example 8.4, we have the global solvability of (8.22) for all
§7 € BRy(c), the existence of uniform attractors A. for the dynamical processes
generated by this equation on the ball Bg() and their convergence as ¢ — 0 to
the global attractor of the limit equation (8.2) (with g = 0) in the space E*(£2).
Moreover, the change of variables described in lemma 8.5 in equation (8.22) gives
the following equation:

020 + ey0pv — 2 Agv + v3(1 + cos(22)) + ev® — 2av = 0, (8.23)

which is also close (for small ¢) to equation (8.13). Therefore, the assertion of
lemma 8.5 also remains valid for equation (8.22).

On the other hand, the nonlinearity in equation (8.22) obviously satisfies esti-
mate (7.1) (where the constant Cjs is non-uniform with respect to €). Conse-
quently, since every polynomial rate of growth is subcritical in the two-dimensional
case [3,29], by arguing in a standard way we can verify that equation (8.22) is
dissipative for all {7 € E(§2) for every fixed € > 0 and the corresponding dynamical
process possesses a uniform attractor A., which is a compact set of E(£2). Nev-
ertheless, due to the existence of a solution u, .(z) constructed in lemma 8.5, this
attractor does not coincide with A.:

A A A, Vel (8.24)

Thus, in contrast to the previous results on averaging of global and uniform attrac-
tors (see [14,21] and references therein), we now see that, roughly speaking, the
uniform attractor A. consists of two basically different parts for small . The first
part (A.) is regular, has a large basin of attraction (which contains at least the ball
Bpy(e) with Ro(g) — oo as € — 0) and tends to the attractor Ay of the averaged
equation as € — 0. In contrast to this, the irregular part which is provided by the
parametric resonance phenomena (it is not empty, due to lemma 8.5) tends to infin-
ity as € — 0. We believe that this picture is typical for the averaging of hyperbolic
equations of the form (1.1) where the leading part of the nonlinearity contains the
terms rapidly oscillating in time.

REMARK 8.8. We note that it is not difficult to deduce from equation (8.11) and
formula (8.19) for the multipliers that the instability index of the time periodic
orbit u, .(t) tends to infinity as ¢ — 0. Consequently, the fractal dimension of the
attractor A, of equation (8.22) also tends to infinity as e — 0:

lim dim; A, = oo. (8.25)
e—0

Moreover, it is also well known that, generically, equation (8.13) contains the so-
called stochastic layers and chaotic hyperbolic sets inside them (see, for example,
[2]). Since any hyperbolic set is preserved under the small perturbations, we may
also construct the chaotic hyperbolic set for equation (8.22). Thus, in contrast to
the regular part of the attractor A. (the dynamic which is close to the gradient
dynamics of the averaged system; see theorem 6.3), the dynamics on the irregular
part of A, are usually chaotic.
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Appendix A. Auxiliary estimates for the linear wave equation
We formulate and prove some auxiliary results on the regularity of solutions of linear

non-homogeneous wave equations that are essential for our study of averaging of
the nonlinear equations. We start with the following standard result.

PROPOSITION A.1l. Let u(t) be a solution of
81‘/2/“ + 70 — Azu + Agu = h(t)a €u(0> =0, anu|6(l =0, (A 1)

in a smooth bounded domain §2 with positive constants v and A\g. Assume also that
the right-hand side h belongs to the space L*([0,T], H*(£2)) for some 0 < s < 3 and
s # %. Then, the solution &, € L*([0,T], E*(£2)) and the following estimate holds:

t
) ressioy + 10O e <C [ I gy (A2)
for some positive constants C' and «.

Proof. Indeed, in the case s = 0, (A2) is a well-known energy estimate (see, for
example, [29]) and the general case s # 0 can easily be reduced to this particular
one by applying the operator (—Aw)}q\{2 to both parts of equation (A1) (which
may be done since D((—Aw)%z) = H*(2) for 0 < s < 2 and s # 1; see [31]) and
proposition A.1 is proven. O

The next result, which gives the analogue of estimate (A 2) for the case where
only the norm of h in H=*([0,T], H*(£2)) is known, is a basic technical tool in our
averaging of semilinear hyperbolic equations.

PROPOSITION A.2. Let u(t) be a solution of equation (A1) and let the external
force h satisfy the condition

H / " h)a:

where the exponent s is the same as in proposition A.1. Then, the following estimate
holds:

<M, Vtt+71€]0,T], 7€]0,1], (A3)
Hs(82)

) By + 100u(1) 2y g < O, (A4)
where the constant C' is independent of u, t and h.
Proof. Let us introduce a new unknown function w(t) as follows:
w(r) = / e~ y(t)dt, e duw(t) + aw(t) = ut), w(0)=0, (A5)
0
where « is some fixed positive number. Then, by multiplying equation (A1) by

e~ ("= and then integrating over [0, 7] and by parts and using the fact that &,(0) =
0, we derive that this new function satisfies

02w 4+ YOw — Agw + ow = H(t), £,(0) =0, (A6)
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where

H(t) ::/0 e U=y (r) dr.

We now note that equation (A 6) has the form of (A 1). Consequently, due to propo-
sition A.1, we have the following estimate:

1w ()| Be(2) < C'NH || Low (0,77, 15 (02)) < C"' M. (AT)

Moreover, expressing 97w from equation (A 6) and by using (A7), we derive that

||8t2w(t)||H;(1(Q) < CiM. (A8)
Since u(t) = dw(t) + aw(t) and dyu(t) = d?w(t) + adyw(t), estimates (A7) and
(A 8) imply (A 4) and complete the proof of proposition A.2. O
Acknowledgments

This research is partly supported by INTAS Project no. 00-899, CRDF Grant
no. RM1-2343-MO-02 and the Alexander von Humboldt Foundation. The author
is also grateful to A. Ilyin and A. Liapin for stimulating discussions.

References

1 V. 1. Arnold. Geometrical methods in the theory of ordinary differential equations.
Grundlehren der mathematischen Wissenschaften, vol. 1 (Springer, 1988).

2 V. Arnold and A. Avez. Ergodic problems of classical mechanics (New York: W. A. Ben-
jamin, 1968).

3 A. V. Babin and M. I. Vishik. Attractors of evolutionary equations (Amsterdam: North-
Holland, 1992).

4 A. Bensoussan, J.-L. Lions and G. Papanicolaou. Asymptotic analysis for periodic struc-
tures (Amsterdam: North-Holland, 1978).

5 N. N. Bogolubov. On some statistical methods in mathematical physics (Kiev: Izdatelstvo
Akademiia Nauk Ukrainskoj SSR, 1945).

6 A. Bourgeat and L. Pankratov. Homogenization of semilinear parabolic equations in
domains with spherical traps. Applic. Analysis 64 (1997), 303-317.

7 M. Cartmell. Introduction to linear, parametric and nonlinear vibrations (London: Chap-
man and Hall, 1990).

8 V. V. Chepyzhov and M. 1. Vishik. Evolution equations and their trajectory attractors. J.
Math. Pures Appl. 76 (1997), 913-964.

9 V. V. Chepyzhov and M. I. Vishik. Perturbation of trajectory attractors for dissipative
hyperbolic equations. In Proc. Rostock Conf. on Functional Analysis, Partial Differential
Equations and Applications 1998, The Maz’ya Anniversary Collection, vol. 2, pp. 33-54
(Birkh&user, 1999).

10 V. V. Chepyzhov and M. I. Vishik. Averaging of trajectory attractors of evolution equations
with rapidly oscillating terms. Sb. Math. 192 (2001), 11-47.

11 V. V. Chepyzhov and M. 1. Vishik. Attractors for equations of mathematical physics (Prov-
idence, RI: American Mathematical Society, 2002).

12 H. Crauel and Flandoli. Attractors for random dynamical systems. Prob. Theory Relat.
Fields 100 (1994), 1095-1113.

13 M. Efendiev and S. Zelik. Attractors of the reaction-diffusion systems with rapidly oscillat-
ing coefficients and their homogenization. Annls Inst. H. Poincaré 19 (2002), 961-989.

14 M. Efendiev and S. Zelik. The regular attractor for the reaction—diffusion system with a
nonlinearity rapidly oscillating in time and its averaging. Adv. Diff. Eqns 8 (2003), 673-732.

https://doi.org/10.1017/50308210500004881 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500004881

16

17

18

19

20
21

22

23
24

25

26

27

28

29

30

31

32

33

34

35

36

Global averaging and parametric resonances 1097

P. Fabrie, C. Galushinski, A. Miranville and S. Zelik. Uniform exponential attractors for
a singular perturbed damped wave equation. Discrete Contin. Dynam. Syst. 10 (2004),
211-238.

B. Fiedler and M. Vishik. Quantitative homogenization of analytic semigroups and reac-
tion—diffusion equations with Diophantine spatial frequencies. Adv. Diff. Fqns 6 (2001),
1377-1408.

B. Fiedler and M. Vishik. Quantative averaging of global attractors of hyperbolic wave
equations with rapidly oscillating coefficients. Russ. Math. Surv. 57 (2002), 75-94. (In
Russian.)

Yu. Goritski and M. I. Vishik. Integral manifolds for non-autonomous equations. Rendic.
Acad. Nazion. Sc. XL 115 (1997), 106-146.

J. Hale. Asymptotic behaviour of dissipative systems. Mathematical Surveys and Mono-
graphs, vol. 25 (Providence, RI: American Mathematical Society, 1987).

A. Haraux. Systémes dynamiques dissipatifs et applications (Paris: Masson, 1991).

A. Ilyin. Averaging for dissipative dynamical systems with rapidly oscillating right-hand
sides. Mat. Sb. 187 (1996), 15-58.

P. Kloeden and B. Schmalfuss. Nonautonomous systems, cocycle attractors and variable
time-step discretization. Num. Algorithms 14 (1997), 141-152.

B. Levitan. Almost-periodic functions (Moscow: Gostekhizdat, 1953).

B. Levitan and V. Zhikov. Almost periodic Functions and differential equations (Moscow
University Press, 1978).

1. G. Malkin. Some problems of the theory of nonlinear oscillations (Moscow: Gostechizdat,
1956). (In Russian.)

Yu. Mitroploskii. The averaging method in nonlinear mechanics (Kiev: Naukova Dumka,
1971).

L. Pankratov and I. Chueshov. Homogenization of attractors of non-linear hyperbolic equa-
tions with asymptotically degenerate coefficients. Sb. Math. 190 (1999), 1325-1352.

G. Sell. Global attractors for the three-dimensional Navier—Stokes equations. J. Dynam.
Diff. Eqns 1 (1996), 1-33.

R. Temam. Infinite dimensional dynamical systems in mechanics and physics (Springer,
1988).

A. Tondl, T. Ruijgrok, F. Verhulst and R. Nabergoj. Autoparametric resonance in mechan-
ical systems (Cambridge University Press, 2000).

H. Triebel. Interpolation theory, function spaces, differential operators (Amsterdam: North-
Holland, 1978).

M. Vishik and S. Zelik. The trajectory attractor for a nonlinear elliptic system in an un-
bounded domain. Mat. Sb. 187 (1996), 21-56.

S. Zelik. The dynamics of fast nonautonomous travelling waves and homogenization. In Non
Linear Partial Differential Equations: Applications to Fluid Mechanics and Meteorology,
Proc. Conf. in Honor of Roger Temam, 7-10 March 2000, pp. 131-142 (Poitou-Charentes:
Atlantique Editions de I’Actualite Scientifique, 2001).

S. Zelik. Asymptotic regularity of solutions of singularly perturbed damped wave equations
with supercritical nonlinearities. Discrete Contin. Dynam. Syst. A 11 (2004), 351-392.

S. Zelik. Asymptotic regularity of solutions of a nonautonomous damped wave equation
with a critical growth exponent. Commun. Pure Appl. Analysis 3 (2004), 921-934.

V. Zhikov, S. Kozlov and O. Oleinik. Homogenization of differential operators and integral
functionals (Springer, 1994).

(Issued 6 October 2006)

https://doi.org/10.1017/50308210500004881 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500004881

https://doi.org/1 1.101 7/50308210500004881 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500004881

