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Let F be a family of r-uniform hypergraphs. The chromatic threshold of F is the infimum
of all non-negative reals ¢ such that the subfamily of F comprising hypergraphs H with
minimum degree at least c(”;g”) has bounded chromatic number. This parameter has
a long history for graphs (r =2), and in this paper we begin its systematic study for
hypergraphs.

Luczak and Thomassé recently proved that the chromatic threshold of the so-called near
bipartite graphs is zero, and our main contribution is to generalize this result to r-uniform
hypergraphs. For this class of hypergraphs, we also show that the exact Turan number is
achieved uniquely by the complete (r 4 1)-partite hypergraph with nearly equal part sizes.
This is one of very few infinite families of non-degenerate hypergraphs whose Turan number
is determined exactly. In an attempt to generalize Thomassen’s result that the chromatic
threshold of triangle-free graphs is 1/3, we prove bounds for the chromatic threshold of the
family of 3-uniform hypergraphs not containing {abc, abd, cde}, the so-called generalized
triangle.
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In order to prove upper bounds we introduce the concept of fibre bundles, which can
be thought of as a hypergraph analogue of directed graphs. This leads to the notion
of fibre bundle dimension, a structural property of fibre bundles that is based on the
idea of Vapnik—Chervonenkis dimension in hypergraphs. Our lower bounds follow from
explicit constructions, many of which use a hypergraph analogue of the Kneser graph.
Using methods from extremal set theory, we prove that these Kneser hypergraphs have
unbounded chromatic number. This generalizes a result of Szemerédi for graphs and might
be of independent interest. Many open problems remain.

2010 Mathematics subject classification: Primary 05C35
Secondary 05C65, 05C15, 05D40

1. Introduction

An r-uniform hypergraph on n vertices is a collection of r-subsets of V, where V' is a set
of n elements. If r = 2 then we call it a graph. The r-sets in a hypergraph are called edges,
and the n elements of V' are called vertices. For a hypergraph H, let V(H) denote the
set of vertices. We denote the set of edges by either E(H) or simply H. The chromatic
number of a hypergraph H, denoted y(H), is the least integer k for which there exists a
map f : V(H) — [k] such that if E is an edge in the hypergraph then there exist v,u € E
for which f(v) # f(u). For a vertex v in a hypergraph H we let d(v) denote the number of
edges in H that contain v. We let §(H) = min{d(v) : v € V(H)}, called the minimum degree
of H.

Definition. Let F be a family of r-uniform hypergraphs. The chromatic threshold of F is
the infimum of the values ¢ > 0 such that the subfamily of F consisting of hypergraphs
H with minimum degree at least c(”;(j)') has bounded chromatic number.

We say that F is a subhypergraph of H if there is an injection from V(F) to V(H)
such that every edge in F gets mapped to an edge of H. Notice that if H is r-uniform for
some r then this is only possible if F is also r-uniform. If F is an r-uniform hypergraph,
then the family of F-free hypergraphs is the family of r-uniform hypergraphs that do not
contain F as a (not necessarily induced) subhypergraph.

The study of the chromatic thresholds of graphs was motivated by a question of Erdés
and Simonovits [7]: ‘If G is non-bipartite, what bound on 6(G) forces G to contain a
triangle? This question was answered by Andrasfai, Erdés and Sos [3], who showed
that the answer is 2/5|V(G)|, and sharpness is shown by the graph obtained from Cs by
replacing each edge with a copy of K, s,/s. Andrasfai, Erdés and Sos’s [3] idea, that is,
blowing up a small triangle-free graph to create a new graph with the same chromatic
number and large minimum degree, can be generalized to show that for every k and e
there exists a triangle-free graph G with y(G) > k and 4(G) > (1/3 — €)|V(G)|. This led to
the following conjecture: if 6(G) > (1/3 + €)|V(G)| and G is triangle-free, then y(G) < k.,
where k. is a constant depending only on e.

Note that the conjecture is equivalent to the statement that the family of triangle-free
graphs has chromatic threshold 1/3. The conjecture was proved by Thomassen [37].
Subsequently, there have been three more proofs of the conjecture: one by Luczak [24]
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using the Regularity Lemma, a result of Brandt and Thomassé [5] proving that one
can take k. = 4, and a recent proof by Luczak and Thomassé [25] using the concept of
Vapnik—Chervonenkis dimension (which is defined later in this paper).

For other graphs, Goddard and Lyle [15] proved that the chromatic threshold of
the family of K,-free graphs is (2r — 5)/(2r — 3), while Thomassen [38] showed that the
chromatic threshold of the family of Cy1-free graphs is zero for k > 2. Recently, Luczak
and Thomasse [25] gave another proof that the class of Cy,i-free graphs has chromatic
threshold zero for k > 2, as well as several other results about related families, such as
Petersen graph-free graphs. The main result of Allen, Bottcher, Griffiths, Kohayakawa
and Morris [1] is to determine the chromatic threshold of the family of H-free graphs for
all H.

We finish this section with some definitions.

Definition. For an r-uniform hypergraph H and a set of vertices S < V(H), let H[S]
denote the r-uniform hypergraph consisting of exactly those edges of H that are completely
contained in S. We call this the hypergraph induced by S. A set of vertices S < V(H) is
called independent if H[S] contains no edges and strongly independent if there is no edge
of H containing at least two vertices of S. A hypergraph is s-partite if its vertex set can
be partitioned into s parts, each of which is strongly independent.

If ‘H is a family of r-uniform hypergraphs, then the family of H-free hypergraphs is
the family of r-uniform hypergraphs that contain no member of H as a (not necessarily
induced) subgraph. For an r-uniform hypergraph H and an integer n, let ex(n, H) be the
maximum number of edges an r-uniform hypergraph on n vertices can have while being
H-free, and let

. ,H
2(H) = lim <UD
= ()
We call n(H) the Turdan density of H.
Let T,4(n) be the complete n-vertex, r-uniform, s-partite hypergraph with part sizes as
equal as possible. When s = r, we write T,(n) for T,,(n). Let t,(n) be the number of edges

in T,(n); notice that
rl/n
t,(n) =~ r( )
rr\r

We say that an r-uniform hypergraph H is stable with respect to T,(n) if n(H) =r!/r"
and for any e > 0 there exists some positive 0 depending only on e such that if G is an
n-vertex, H-free, r-uniform hypergraph with at least (1 — d)t.(n) edges, then there is a
partition of V(G) into Uy, U,,..., U, such that all but at most en” edges of G have exactly
one vertex in each part.

Let TK'(s) be the r-uniform hypergraph obtained from the complete graph K; by
enlarging each edge with r — 2 new vertices. The core vertices of TK"(s) are the s vertices
of degree larger than one. For s > r, let 7K' (s) be the family of r-uniform hypergraphs
such that there exists a set S of s vertices where each pair of vertices from S are contained
together in some edge. The set S is called the set of core vertices of the hypergraph.
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For s < r, let TK'(s) be the family of r-uniform hypergraphs such that there exists a set
S of s vertices where, for each pair of vertices x # y € S, there exists an edge E with
E NS ={x,y} (the definition is different when s < r so that a hypergraph consisting of a
single edge is not in 7K'(s)). It is obvious that TK'(s) € 7K'(s).

2. Results

Motivated by the above results, we investigate the chromatic thresholds of the families of
A-free hypergraphs for some r-uniform hypergraphs 4. One of our main results concerns
a generalization of cycles to hypergraphs. A partial matching is a hypergraph whose edges
are pairwise disjoint (note that it can contain vertices that lie in no edge).

Definition. Let H be an r-uniform hypergraph. We say that H is near r-partite if H is
not r-partite and there exists a partition V; U---U V, of V(H) such that all edges of H
either cross the partition (have one vertex in each V;) or are contained entirely in V7, and
in addition H[V7] is a partial matching. We call such a partition a near r-partition if it
witnesses a smallest H[V1]. The edges in H[V;] of a near r-partition are called the special
edges. Say that H is mono near r-partite if in addition in a near r-partition H[V;] contains
exactly one edge.

A hypergraph H is connected if, for every x,y € V(H), there exists a sequence of
hyperedges Eq,...,E; such that x € E|, y € E,and EENE;;  #0for 1 <i<t—1. Let H
be an r-uniform hypergraph and let X,Y be two disjoint sets of vertices of H.

Let Cy,...,C, be the components of H|y, where H|y is the (potentially non-uniform)
hypergraph {ANY : A4 € E(H)} and the components of H|y are the maximal connected
induced subhypergraphs of H|y. The vertex set X is partite-extendible to Y if there exists
a partition of X into r strong independent sets X,..., X, so that, for every 1 <i<t,
there do not exist x; € X; and x, € X, for j # ¢ and two edges E;, E; € E(C;) such that
E U {xi} € E(H) and E; U {x,} € E(H). Informally, each component extends to at most
one part of the partition of X.

Our main theorem claims that for an infinite family of hypergraphs H the chromatic
threshold of the family of H-free hypergraphs is zero. We will demonstrate that this family
of hypergraphs is infinite below, applying this Theorem 2.1 to a type of hypergraph cycle
(see Corollary 2.5).

Theorem 2.1. Let H be an r-uniform, near r-partite hypergraph for which there exists near

r-partition Vy,..., V.. If every component, which may be a single vertex, of H[V1] is partite-
extendible to Vo, U -+ U V,, then the chromatic threshold of the family of H-free hypergraphs
is zero.

One interesting aspect of the chromatic threshold of graphs, proved by Luczak and
Thomassé [25], is that there exist graphs G for which the chromatic threshold of the family
of G-free graphs is zero while the Turan density of G is non-zero. We show that a similar
phenomenon occurs in hypergraphs; for a subfamily of the hypergraphs considered in
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Theorem 2.1 we in fact determine the exact extremal hypergraph (see Theorem 2.2). We
prove that if a mono near r-partite hypergraph H has Turan density !/ and is stable
with respect to T,(n) (an example of such a graph is given in Theorem 2.4), then its
unique extremal hypergraph is the complete r-partite hypergraph. Similar results occur
for graphs; see Simonovits [35], where for critical graphs the Erdds—Stone theorem [9]
was sharpened.

Definition. Let H be an r-uniform hypergraph. We say that H is critical if:

e H is mono near r-partite,

e there exists a near r-partition of H whose special edge has at least » — 2 vertices of
degree one,

e H is stable with respect to T,(n).

Recall that the stability of H implies that n(H) =r!/r".

Theorem 2.2. Let H be an r-uniform critical hypergraph. Then there exists some ny such
that for n > ng, T.(n) is the unique H-free hypergraph with the most edges.

A particularly interesting critical family is one that generalizes cycles to hypergraphs.

Definition. Fix m > 4 and let

r{mJ +r—1 ifmis odd,
n

_ 2
m . .
r— if m is even.
2
Then C], is the r-uniform hypergraph with vertices vy,...,v, and edges Ej,..., E, such

that:

(1) each edge contains r consecutively labelled vertices, modulo m, and in particular
E = {v,...,v,},

(2) edges E; and E; intersect if and only if i and j are consecutive modulo m,

(3)ifiisodd and 1 <i<mthen |[E,_NE;|=r—1and |[E;NE;| =1.

(4)if m is odd then |E; NE,| = 1; if mis even then |E; NE,| =r — 1.

We say that C;, is odd if m is odd, and even otherwise.

Lemma 23. If m=2k+12>5is odd then C}, is not r-partite but is mono near-r-partite
with partition

Vi=E U{vy :1<i<k} and Vj={vypj1:1<i<k+1} for2<j<r.
Also, every component of C; [V1] is partite-extendible to Vo U -+ U V..

Proof. Letm = 2k 4 1 for some integer k. Notice that because m is odd, we have |Ey1 N
E{| = 1. Because each edge contains consecutively indexed vertices (modulo m), it follows
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Figure 1. Hypergraph cycles; E; is indicated in each.

that vy is the common vertex. Then Ey;1; consists of the vertices vy, Upk+2 - - - » Urktr—1, V1.
Suppose f : V — {0,...,r — 1} is an r-colouring of the vertices of C} ., such that each
colour class induces a strongly independent set. Now, |[E; N E;| =1 and |[E;NE3|=r—1
(see Figure 2). It therefore follows that v, is the only vertex in E, \ E; and that v,, is the
only vertex in E3 \ E,. Therefore, f(v.) = f(vy,). Similarly, vertices v;, vy, 03, ..., v all have
the same colour. Finally, v; = E,, \ E;,—1 and vy, = E,;—1 \ Ej,, and so f(vy) = f(vxr). This
shows that Cj, is not r-partite, because f(vx) = f(vr) and vy, v, are in E;. The hypergraph
C; — E; is r-partite via the colouring f(v;) =i (mod r). Also, all vertices of E; can be col-
oured by zero to obtain a colouring where the colour classes form a near r-partition of C;,.
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Figure 2. Odd cycles are not r-partite.

Let V; be the vertices coloured i —1 for 1 <i<r. The components of C; [Vi] are
the edge E; plus the single vertex components {v;} for 2 < i< k. The components of
C) lv,u-uv, (which is a (r — 1)-uniform hypergraph) consists of a matching. One (r — 1)-
edge of this matching is E; N E3, one is E4 N Es, and so forth (see Figure 2). First, E; is
partite-extendible to V, U--- U V,. Indeed, only E, and Ey.y; use vertices of E; and they
use vertices from different components of C;,|y,u--uy,. Also, trivially each single vertex

component {v;} is partite-extendible to ¥, U -+ U V,, finishing the proof. L]

A theorem of Keevash and the last author [20], combined with a theorem of Pikhurko
[29], the supersaturation result of Erdds and Simonovits [8], and the hypergraph removal
lemma of Gowers, Nagle, Rodl and Skokan [17, 28, 31, 32, 36] prove that C5,; and C3,_,
are critical; see Theorem 2.4.

For r larger than four, however, C3; is not critical. A result of Frankl and Fiiredi
[11] can easily be extended to prove that if » > 5 then

1 r!

,
T(Copr) 2 7o >

Using techniques similar to those in Section 6, it can in fact be shown that

6! 5! 11-6! 6!

TE(CZSkJrl) = m > 5 and TE(C26]<+1) = F > 6

Theorem 2.4. The cycles C§k+1 and C§k+1 are critical for every k > 2.

Theorems 2.1, 2.2, and 2.4 together with Lemma 2.3 prove the following corollary,
which extends the results in [38] and [25] that the chromatic threshold of the family of
Cy+1-free graphs is zero.

Corollary 2.5. Forr =3 orr = 4 and every k > 2, there exists some ng such that for n > ng,
the unique n-vertex, r-uniform, C5 _  -free hypergraph with the largest number of edges is
T,(n). For all r,k > 2, the chromatic threshold of the family of C5 _ -free hypergraphs is
zero.
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Note that Luczak and Thomassé [25] proved Theorem 2.1 for graphs, and they
conjectured that the family of H-free graphs has chromatic threshold zero if and only if H
is near acyclic and triangle free. (A graph G is near acyclic if there exists an independent
set S in G such that G — S is a forest and every odd cycle has at least two vertices in S.)
This conjecture was verified by Allen, Bottcher, Griffiths, Kohayakawa and Morris [1].
We pose a similar question for hypergraphs.

Problem 2.6. Characterize the r-uniform hypergraphs H for which the chromatic threshold
of the family of H-free hypergraphs is zero.

Note that two of the authors made some progress [4] toward solving Problem 2.6.
Another way to generalize the triangle to 3-uniform hypergraphs is the hypergraph Fs,
which is the hypergraph with vertex set {a,b,c,d,e} and edges {a,b,c}, {a,b,d}, and
{c,d,e}. Frankl and Fiiredi [10] proved that ex(n, Fs) is achieved by T3(n) for n > 3000
(recently Goldwasser [16] has determined ex(n, Fs) for all n). We prove the following
bounds on the chromatic threshold of the family of Fs-free 3-uniform hypergraphs.

Theorem 2.7. The chromatic threshold of the family of Fs-free 3-uniform hypergraphs is
between 6/49 and (/41 — 5)/8 ~ 7/40.

The rest of the paper is organized as follows. First, in Section 3 we define and motivate
fibre bundles and fibre bundle dimension, the main tools in the proofs of Theorem 2.1
and 2.7. Next, in Section 4 we show the power of fibre bundle dimension by giving a
relatively short proof of Theorem 2.1. We prove our key theorem about fibre bundle
dimension, Theorem 3.1, in Section 5. In Section 6, we prove that C3_, and C3,,, are
critical (Theorem 2.4), and then prove Theorem 2.2. The proof of Theorem 2.7 is given
in Section 7. Section 9 gives lower bounds for several other families of hypergraphs,
along with conjectures and open problems. The lower bounds all follow from specific
constructions, some of which use a generalized Kneser hypergraph; this graph is defined
and discussed in Section 8. We also make a conjecture about the chromatic number of
generalized Kneser hypergraphs; see Conjecture 8.1.

Throughout this paper, we occasionally omit the floor and ceiling signs for the sake of
clarity.

3. Fibre bundles and fibre bundle dimension

The proofs of Theorems 2.1 and 2.7 are based on a method by Luczak and Thomasse [25]
to colour graphs, which itself was based on the Vapnik—Chervonenkis dimension. Let H
be a hypergraph. A subset X of V(H) is shattered by H if, for every Y < X, there exists
an E € H such that ENX =Y. Introduced in [34] and [39], the Vapnik—Chervonenkis
dimension of H (or VC-dimension) is the maximum size of a vertex subset shattered by H.

Definition. A fibre bundle is a tuple (B, 7y, F) such that B is a hypergraph, F is a finite
set, and y : V(B) — 22", That is, y maps vertices of B to collections of subsets of F, which
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we can think of as hypergraphs on vertex set F. The hypergraph B is called the base
hypergraph of the bundle and F is the fibre of the bundle. For a vertex b € V(B), the
hypergraph y(b) is called the fibre over b.

We should think about a fibre bundle as taking a base hypergraph and putting a
hypergraph ‘on top’ of each base vertex. There is one canonical example of a fibre bundle.
Given a hypergraph B, define the neighbourhood bundle of B to be the bundle (B,y, F),
where F = V(B) and y maps b € V(B) to {A = F : AU {b} € E(B)}.

Why define and use the language of fibre bundles? We can consider that in some sense
fibre bundles are a generalization of directed graphs to hypergraphs, where we think
of y(x) as the ‘out-neighbourhood’ of x. In the neighbourhood bundle, y(x) is related
to the neighbours of x, so we can consider the neighbourhood bundle as some sort of
directed analogue of the undirected hypergraph B, where each edge is directed ‘both ways’.
By thinking of the ‘out-neighbourhood’ of x as y(x) and not requiring any dependency
between y(x) and y(y) for x # y, we have no dependency between the neighbourhood of
x and the neighbourhood of y, which is one of the defining differences between directed
and undirected graphs. Note that the definition of a fibre bundle differs from the usual
definition of directed hypergraph used in the literature, which is the reason we use the
term ‘fibre bundle’ instead of ‘directed hypergraph.’

A fibre bundle (B,y, F) is (rg,ry)-uniform if B is an rg-uniform hypergraph and y(b)
is an r,-uniform hypergraph for each b € V(B). Given X < V(B), the section of X is the
hypergraph with vertex set F and edges Nycxy(x). In other words, the section of X is the
collection of subsets of F that appear in the fibre over x for every x € X. Motivated by
a definition of Luczak and Thomasse [25], we define the H-dimension of a fibre bundle.
Let H be a hypergraph and define dimpy(B,y,F) to be the maximum integer d such
that there exist d disjoint edges Ei,...,E; of B (i.e., a matching) such that, for every
x1 € Ey,...,xq € Eg, the section of {xi,...,x;} contains a copy of H. Our definition of
dimension coincides with the definition of paired VC-dimension in [25] when (B,y, F) is
(2,1)-uniform and H = {{x}}, the complete 1-uniform, 1-vertex hypergraph.

Let A be an r-uniform hypergraph. Our method for proving an upper bound on the
chromatic threshold of the family of A-free hypergraphs, used in Theorems 2.1 and 2.7,
is the following. Let G be an A-free r-uniform hypergraph with minimum degree at least
¢("'9"). We now need to show that G has bounded chromatic number, which we do
in two steps. Let (G,y, F) be the neighbourhood bundle of G. First, we show that the
dimension of (G,y, F) is bounded, by showing that if the dimension is large then we
can find A as a subhypergraph. Then, given that dimy(G,y, F) is bounded, we use the
following theorem to bound the chromatic number of G. In most applications, we will let
H be an (r — 1)-uniform, (r — 1)-partite hypergraph.

Theorem 3.1. Let rg >2,r,>1,deZ", 0<e <1, and H be an r,-uniform hypergraph
with zero Turan density. Then there exist constants

Kl =K1(V3,ry,d,6,H), K2:K2(VB,ry,d,€,H)
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such that the following holds. Let (B,v,F) be any (rp,r,)-uniform fibre bundle where
dimy(B,y,F) <d

(b)) > e(F'>.
Vn/

The above theorem is sufficient for our purposes, but our proof of Theorem 3.1 proves
something slightly stronger. The conclusion of the above theorem can be reworded to
say that either F is small, the chromatic number of B is bounded, or dimg(B,y, F) is
large, which means that we can find d hyperedges Ei,..., E; such that every section of
x1 € Ey,...,x4 € E; contains a copy of H. In fact, the proof shows that if F is large and
the chromatic number of B is large, we can guarantee not only one copy of H but at least
Q(|F|") copies of H in each section, where & is the number of vertices in H.

We conjecture a similar statement for all r,-uniform hypergraphs H, instead of just
those hypergraphs with a Turan density of zero.

and, for all b € V(B),

If'|F| = Ky, then y(B) < K.

Conjecture 32. Letrg >2,r,>1,deZ%, 0<e <1, and H be an r,-uniform hypergraph.
Then there exist constants K = K(r,r,,d,e, H) and Ky = K(rp,r,,d, €, H) such that the
following holds. Let (B,7y,F) be any (rp,r;)-uniform fibre bundle where dimy(B,y,F) <d
and, for all b € V(B),

ry

()] > (x(H) + e>('F ').

If |[F| = Ky, then y(B) < K.

The motivation behind defining and using the language of fibre bundles rather than
using the language of hypergraphs is that in the course of the proof of Theorem 3.1 we will
modify B and y and apply induction. As mentioned above, fibre bundles can be thought
of as a directed version of a hypergraph. When applying Theorem 3.1 in Sections 4 and 7,
we start with the neighbourhood bundle, which carries no ‘extra’ information beyond just
the hypergraph B. But if we tried to prove Theorem 3.1 in the language of hypergraphs,
we would run into trouble when we needed to modify y. In the neighbourhood bundle, y is
related to the neighbourhood of a vertex, and if we restricted ourselves to neighbourhood
bundles or just used the language of hypergraphs, modifying y(x) would imply that some
7(y) would change at the same time. The notion of a fibre bundle allows us to change the
‘out-neighbourhood’ of x independently of changing the ‘out-neighbourhood’ of y # x,
and this power is critical in the proof of Theorem 3.1.

4. Chromatic threshold for near r-partite hypergraphs

In this section we show an application of Theorem 3.1 by proving Theorem 2.1. Recall
that H is an r-uniform, near r-partite hypergraph with near r-partition Vi,...,V, such
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that every component of H[V1] is partite-extendible to Vo U---U V,. Fix € > 0 and let G
be an n-vertex, r-uniform, H-free hypergraph with 6(G) > e(rfl). We would like to use
Theorem 3.1 to bound the chromatic number of G, so we need to choose an appropriate
bundle. We will not use the neighbourhood bundle of G, but a closely related bundle.
Once we have defined this bundle, we show it has bounded dimension by proving that if
the dimension is large then we can find a copy of H in G.

Proof of Theorem 2.1. Let H be an r-uniform, near r-partite, h-vertex hypergraph and
let € > 0 be fixed. Let Vi,...,V, be a near r-partition of H and assume every component
of H[V] is partite-extendible to V, U---U V,. Let

d=|"|.

Let G be an n-vertex, H-free hypergraph with 6(G) > €(.",). We need to show that the
chromatic number of G is bounded by a constant depending only on ¢ and H.

First, choose a partition Xji,...,X, of V(G) such that the sizes of Xy,...,X, are as
equal as possible, and for every x € V(G) the number of edges containing x and one
vertex from each X; is at least (1 /2r")e(rfl). (Almost every nearly equitable partition
has this property.) We will show how to bound the chromatic number of G[X;]; the
same argument can be used to bound the chromatic number of each G[X;] and thus the
chromatic number of G.

Define the (r,r — 1)-uniform fibre bundle (B,y, F) as follows. Let B = G[X{], let F =
X, U --UX,, and for x € X define

p(x) ={{x2,....%} S F:x2 € X2,...,%; € X, {X,X2,..., %} € G}.

Then y(x) has size at least (1/2r")e(.",). Let L be the complete (r — 1)-uniform, (r — 1)-
partite hypergraph on (rh(r — 1))""=1 vertices with colour classes of (nearly) equal sizes.
Using that the Turan density of L is zero, we apply Theorem 3.1 to show that there
exist constants Ky = Ky(r,¢e, H) and K, = K»(r, €, H) such that one of the following holds:
either |F| < K, x(B) < K3, or dimy(B,y,F) > d. Since |F| = (1—1/r)|V(G)|, if |F| < K;
then

vion<ki().

Therefore, if either of the first two possibilities occur then the chromatic number of G[X]
is bounded. We may therefore assume that dimp(B,y, F) > d.

We now show that if dimp(B,y, F) > d then G contains a copy of H, which follows from
the definition of near r-partite and partite-extendible. Since dimy (B, 7, F) > d, there are d
edges Ei,..., E; such that, for each x; € Ey,...,x; € E;, we have that y(x;) N - Nyp(xy)
contains a copy of L; see Figure 3. Since h = |V(H)|, from each y(x;)N - - Ny(xy) we
can pick a copy of the complete (r — 1)-uniform, (r — 1)-partite hypergraph on h vertices
in each part, whose colour classes are of nearly equal size so that all these copies are
vertex-disjoint. Assume V; = A; U - -UA, U{asp1} U - U{as}, where Ay,..., A, are the
special edges of H. Because / < /' < d, we can embed a copy of H in G by mapping A4;
to E; for 1 <i </, mapping a; to any vertex in E; for /+ 1 < i </, and mapping the
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Figure 3. The structure guaranteed by dimension d.

components of H|yp,u..uy, to the complete (r — 1)-uniform, (r — 1)-partite hypergraphs as
follows.

Consider some component C in Hly,y..uy,. Any such C is an (r — 1)-uniform, (r — 1)-
partite hypergraph on at most h vertices. Let Dy,..., D, be the components of H[V{];
D; is either one of the special edges Ai,...,4, or D; consists only of the vertex «;
for some /+ 1 <i< /. Since V(D;) is partite-extendible to V,U---UV,, edges in C,
extend to at most one vertex z; € D;. Since vertices in V7 are embedded to vertices in
Ey,...,E4, this means that C must be embedded in y(x;)N---Ny(xy) for some x; € E;.
It is crucial that C does not need to be embedded in y(x)Ny(y) for x # y € E;; this
is what is guaranteed by the definition of partite-extendible. Embedding C is possible
since y(x1) N -+ N y(x4) contains a complete (r — 1)-uniform, (r — 1)-partite hypergraph h
vertices in each part, and h = [V (H)| (so even if more than one component is embedded
in the same y(xy) N - N y(xy), there is enough room for both of them.) U]

5. Colouring hypergraphs with bounded dimension

In this section we will prove Theorem 3.1. To prove Theorem 3.1, given a fibre bundle
(B, y, F) satisfying the conditions of the theorem, we must show how to produce a proper
colouring of B with a bounded number of colours. We do this via a partition refinement
strategy. Below, we give an algorithm to refine a partition of (B,y,F) (a partition is
formally defined below). The algorithm will increase a density measure (also defined
below) by a constant amount and add a constant number of new parts, so the refinement
will halt after a constant number of iterations. Each part of the resulting partition will
either correspond to an independent set in B or to a vertex set X where B[X] has a
maximal matching of bounded size (so B[X] has bounded chromatic number), therefore
producing a proper colouring of B with a bounded number of colours.

Throughout this section, fix rg > 2,r, 2 1,d€ ZT,0<e < %rgd, and H an r,-uniform
hypergraph with zero Turan density.
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Condition 5.1. Let (B,y,F) be an (rg, r,)-uniform fibre bundle for which dimy (B, y, F) < d,
and if b € V(B), then |y(b)| > €(').

Define the following constants:
d+1
S N G N1 f=alt Ko = [rd(rlh+ 2],
1000 \ 4r§+1 ’ 47 ’ B

Next, pick K; sufficiently large that if [F| > K; and S < (F) with [S| > «fe('f)), then S
contains a copy of H. ' '
If (B,y, F) is a fibre bundle, a partition P of (B,y, F) is a family

P ={(X1,51),....(Xp, Sp)}

such that Xj,..., X, is a partition of V(B) and Sy,...,S, is a partition of (f), where we

allow X; = 0 or S; = (. A partition Q is a refinement of a partition P if, for each (X, S) € P,
there exist (Y, T1),..., (Y4, Ty) € Q such that X = UY; and S = UT;. For X = V(B) and
S < 2F, the density of (X,S) is

1 S=0or X =0,

[ Ir(x)NS]
min{ ————— :
{ IS|

d(X,S) =
xeX } otherwise,

and define
d(P) = min{d(X,S) : (X,S) € P}.

A vpartition P is a partial colouring if, for every (X,0) € P, we have that B[X] is
independent. The rank of a partition P is the minimum of |S| over all (X,S) € P with
S =+ 0.

The key lemma in this section is the following.

Lemma 5.2. Let (B,y, F) be a fibre bundle satisfying Condition 5.1 and |F| > K;. Let X <
V(B) and S = (VF) with X # 0, d(X,S) > e, and |S| > ﬁ(‘lp‘) Then there exists a partition
Yi,....Y,,Z ofX and a partition Ty,..., T, of S such that q < r% + 1 and

o |Ti| = olS],

e d(Y,T;) > min{l,n +d(X,S)},

e B[Z] is independent.

This lemma has an easy corollary.

Corollary 5.3. Let (B,7,F) be a fibre bundle satisfying Condition 5.1 and |F| > K;. Let P
be a partial colouring of (B,y,F) where P has rank at least o* (') with k < 1/y. Then there
exists a refinement Q of P such that l

o 10I<(g+2IP],

e (Q is also a partial colouring,
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o the rank of Q is at least of*! (‘f‘)
e d(Q) > min{l,n + d(P)}.

Proof. For each pair (X,S) € P with X # 0 and S # 0, apply Lemma 5.2. Since k < 1/7,

Py Fy Fy

Lemma 5.2 produces Yi,...,Y,,Z and Ti,...,T, with g < r% 4+ 1. We replace the pair
(X,S) with the pairs (Y1, Ty),...,(Yy, Ty),(Z,0). The resulting partition satisfies all the
required properties. U]

We can now easily prove Theorem 3.1.

Proof of Theorem 3.1. By assumption, (B,y, F) satisfies Condition 5.1. Start with the

partition
F= { (V(B)’ (F>> }
ry

and apply Corollary 5.3 repeatedly until the partition satisfies d(P) = 1. Since the value
of d(P) increases by n at each step, the partition is refined at most 1/5 times, and so the
resulting partition P has at most (% + 2)/" parts. Consider a part (X,S) € P. If S =0,
then since P is a partial colouring B[X] must be independent, so y(B[X]) = 1. If S # 0,
then because the partition was refined at most 1/ times we know that |S| > f (‘f '), which
by the choice of  and K forces a copy of H in S. Since d(X,S) = 1 we must have S < y(x)
for every x € X, so that a matching of size d in B[X] witnesses that dimy(B,y,F) > d.
Therefore, the maximum size of a matching in B[X] is d — 1. Since the size of a maximal
matching in B[X] is d — 1, it follows that y(B[X]) < rg(d — 1) 4+ 1. This implies that the
chromatic number of B is at most rgd(r§ + 2)!/1. U]

All that remains is to prove Lemma 5.2. Before proving this lemma, we make some
definitions. If Eq,...,E; € B and S = (rF), then the minimum section density of Ei,...,E;
with respect to S is /

[y(x1) N Np(x) N S|
S|

Notice that if Ey,..., E; are disjoint, d(E1,...,E4 S) > 0, S contains a constant fraction
of (f), and F is large, then Ey,..., E; witness that dimy(B,y, F) > d. Define constants

5(E1,...,E[,S):min{ :x1€E1,...,xt€El}.

P1,...,pq recursively by vy = 1 and y; = %4”’186%- for1 <i<d—1.

Proof of Lemma 5.2.  Start by greedily selecting disjoint edges Ey,..., E; of B[X] such
that 6(Ey,..., E;, S) > ey;. Since for every x € X
ly(x)N S|

>d(X,S) > ,
S| (X,8) > ey
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the greedy algorithm can start with any edge E; in B[X]. Assume the greedy algorithm
has selected Ey,...,E, with 6(Ey,...,E,,S) > ey, but for every other edge E in B[X]
disjoint from Ey,..., E,, we have 6(E1,...,Ey, E,S) < €ppi1.

First, we prove that dimy(B,y,F) > m. Let m' = min{m,d}. Since 6(Ei,...,Euw,S) >
Py = €y, we have that every section of x; € Ey,...,x,y € E,y has size at least eypy|S| >
ealS| > aeﬁ('rf‘). By the choice of Ky, the section of xi,...,x,, contains a copy of H, and
som' < d and m’ = m. Then Ey,..., E, witness that dimg(B,y,F) > m

We make the following definitions.

e Let Ry,...,R; be all r} sections of vy € Ey,...,v, € E,, intersected with S.
e Now remove elements from each R; to form T; via the following steps.

— Start with T; = R; for all 1 <i <

— If there exists some i # j with T; N T; # 0, divide T; N T; into two sets A and B
with size as equal as possible and remove 4 from T; and B from T;. Repeat until
Ty,..., T; are pairwise disjoint.

— Remove elements of T; arbitrarily until |T;| < 2¢|S|. (If T; is already smaller than
2¢|S|, nothing needs to be removed.)

o Let Ty =S\Ti\--\T.
e Forl<i<t+1,define

[y(x) N T

Y=<xeX:
{ | T3

> min{l,n + d(X,S)}}.
If some x appears in more than one Y;, remove it from all but the least-indexed Y.
o JletZ =X\Y1\"'\Yz+1.

By the definition of Y;, d(Y;, T}) > min{l,n + d(X,S)}. Therefore, to finish the proof we
need to check that |T;| > «|S| and B[Z] is independent.

Claim 1. |T| > 2ynsi|S| > ofS| for all 1 <i<¢+ 1.

Proof. Since 6(E4,...,E,,S) > ey, cach R; has size at least ey,,|S|, so initially each T;
has size at least etpm|S\. Now consider how many elements are removed from T; for some
fixed i. For each j # i, half of T; N T; will be removed from T;, so even if T; is contained
inside T, at most half of T; will be removed. To deal with the case when T; N T} is odd
certainly the size of T; is cut down to at most one-fourth. There are t — 1 =% — 1 < ré
of these potential removals, so after making T1,..., T; disjoint,

1 €y
T > IR > S20IS| = 2l
B B

Finally, since y; =1 and m > 1, p,1 < €/4, we have that 2y, {|S| < 2¢|S]|, so if after
making Ty,..., T, disjoint, T; is still larger than 2¢|S|, cutting T; down to size 2¢|S| still
preserves that |T;] = 2ym+1]S]. By the choice of constants, 2y, > o so |T;| > «|S|.

Now consider the size of Tyq. Since each T; with i < t has size at most 2¢|S| and we
assumed that e < ftfl the set T;,; has at least 1|S| 29u+1]S| = ofS| elements. ]
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Claim 2. B[Z] is independent.

Proof. Assume E is an edge in B[Z]. We would like to show that there exists some
x € E and some T, such that

W > min{l,n + d(X, S)}, (5.1)
since this would show that x € Y}, contradicting that x € Z. Assume E intersects some E;
for some 1 <i<m, with x € ENE,. Since x € E; there is a section R; that selects x, by
which we mean that R; was formed by choosing x from E;. Fix some such section R; that
selects x, in which case R; < y(x). Then T; = R; = y(x) and |y(x) N T;|/|T;| = 1, so (5.1)
is satisfied.

Now assume E is disjoint from Ey, ..., E,,. Since the greedy algorithm could not continue,
O(Eq,...,En, E,S) < €ppi1, which implies that there exists some vy € Ey,...,v, € Ejp, X €
E such that

[p@)) OO p(n) N (X)) N S| < e [S].

By the definition of T;, there exists some T; such that T; < y(vy)N---Nyw,) NS.
Therefore,

€
()0 T < epnlS] < 51T

where the last inequality uses

IS| < 5—ITil

2wm+1
from Claim 1. Assume that for every j # i, (5.1) fails. Then

) NSI = HEIN T+ D N T < ST+ Y0+ dX. ST

JFi J#
Dividing through by |y(x) N S|, we obtain
elTi| |S] | T S|
Sy oo~ t+dX, )| 1— o’
28] Iy(x)N S| IST J Iy(x) N S|
Because
S/ NS| < e <
X X X
/ ax,s) Se
we have
1|T;] Ui | T}
1< = - +1 1— . 5.2
2|S|+<e+)< N 62)

Let w = |T;]/|S|. The right-hand side of the above inequality is a weighted average of 1/2
and (1+n/e):

L (1+">(1—w).
2 €
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Since 1/2 < 1+ /e, this will be maximized when w is as small as possible. By Claim 1,
w > o, and we have

1 1 1
—o+ 1-|-E (1—oc)<foc+1+ﬁ—oc<1+ﬁ—foc<1.
2 € 2 € e 2

This implies that for any w > « the inequality in (5.2) is false. This contradiction shows
that there must be some j# i such that |p(x)N T;|/|T;| is at least n +d(X,S), which
contradicts that E is contained in B[Z]. ]

Thus B[Z] is independent and the proof is complete. L]

6. Extremal results for critical hypergraphs

In this section we prove Theorems 2.2 and 2.4. First, by Lemma 2.3, C5,_ | is mono near
r-partite. Thus to complete the proof of Theorem 2.4 we need only prove that Cs,,; and
C3, 41 are stable with respect to T3(n) and Ty(n). One tool we will use is the hypergraph
removal lemma of Gowers, Nagle, Rodl and Skokan [17, 28, 31, 32, 36].

Theorem 6.1. For every integer r > 2, € > 0, and r-uniform hypergraph H, there exists a
& > 0 such that any r-uniform hypergraph with at most dn'V) copies of H can be made
H-free by removing at most en” edges. L]

The second tool we will use is supersaturation, proved by Erdés and Simonovits [§].
There are several equivalent formulations of supersaturation; the one we will use is the
following.

Theorem 6.2 (Corollary 2 of [8]). Let K; , be the complete r-uniform, r-partite hyper-
graph with part sizes ti,...,t,.. Let t = t;. For every € >0, there exists a 0 = d(r,t,€)
such that any r-uniform hypergraph with at least en’ edges contains at least dn' copies
of KI_,. 0

For any hypergraph H, let H(t) denote the hypergraph obtained from H by blowing
up each vertex into an independent set of size t. An easy extension of supersaturation is
the following (see Theorem 2.2 in the survey by Keevash [19]).

Corollary 6.3. For every r,t > 2, € > 0, and r-uniform hypergraph H, there exists an ng
such that if n > ng and G is an n-vertex, r-uniform hypergraph that contains at least en!V )l
copies of H, then G contains a copy of H(t). ]

Next, we will need stability results for Fs and the book B4,, proved by Keevash
and the last author [20] and Pikhurko [29] respectively. Let the book B,,, be the r-
uniform hypergraph with vertices xi,...,X,—1,y1,...,), and hyperedges {xi,...,X,_1, i}
for 1 <i<mand {y,...,y}. Note that Fs = Bs.
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Theorem 6.4 ([20]). Fs is stable with respect to Ts(n). L]

Theorem 6.5 ([29]). Ba, is stable with respect to Ta(n). L]
The last piece of the proof of Theorem 2.4 is the following lemma.

Lemma 6.6. If H is an r-uniform hypergraph that is stable with respect to T,(n) and F is
a non-r-partite subhypergraph of H(t) for some t, then F is also stable with respect to T,(n).

Proof. First, n(F) > r!/r". Indeed, since F is non-r-partite, T,(n) is an F-free hypergraph.
To complete the proof that F is stable with respect to T,(n), it is therefore enough to
prove that, given e > 0, there exists a d > 0 such that if G is an F-free hypergraph with
at least t,(n) — on" edges, then G differs from T,(n) in at most en” edges. This is enough
since this implies that n(F) < r!/r" so n(F) =r!/r".

Let h denote the number of vertices in H and let € > 0 be fixed. We now show how to
define 6. Since H is stable with respect to T,(n), there exists an o < €/2 such that if G’
has at least t,.(n) — 2an" edges and contains no copy of H, then G’ differs from T,(n) in
at most en"/2 edges. By Theorem 6.1, there exists § = f(a) such that if there are at most
pn" copies of H in G, then by deleting at most an” edges of G we can remove all copies
of H. Lastly, choose § < f.

Now, fix some G that contains no copy of F and has at least ,.(n) — on" edges. Because
G contains no copy of F it contains no copy of H(t). Therefore, by Corollary 6.3 there
are at most fn" copies of H in G. By Theorem 6.1, we may therefore delete an” edges in
order to find a subhypergraph G’ of G that contains no copy of H. Notice that G’ has at
least t,.(n) — (6 + o)n” edges, and (0 + o) < 2o, so G differs from T,(n) in at most en"/2
edges. Therefore, G differs from T,(n) in at most (« 4 €/2)n" edges, and o +€/2 <e. []

It is easy to see that C3, ;| is a non-r-partite subhypergraph of B;»(k). Thus Theorem 6.4
combined with Lemma 6.6 shows that C5, ,, is stable with respect to T3(n), and similarly
Theorem 6.5 combined with Lemma 6.6 shows that C3, ,; is stable with respect to T4(n),
which completes the proof of Theorem 2.4.

For r > 5, a result of Frankl and Fiiredi [11] can be used to show that C5,, is not
critical.

Lemma 6.7. For r > 5 and every k > 1,

r!
(Copy) > o

Proof. Let H, be the family of r-uniform hypergraphs H on n vertices that satisfy
|Ey N Ey| < r—2 whenever E; and E; are distinct edges of H. It is easy to check that for
any t > 0 the blow-up H(t) of H is Cj_ ,-free. Therefore, ex(n, C5 | |) = maxyen,, {|H(1)|}.
Frankl and Fiiredi [11] showed that, for r > 7,

n" 1
! -
max UH@ON > 5 () et/
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Thus, forr > 7,

r!
T(Co1) > =l

All that remains is the case » =5 or 6. Let F be an n-vertex, r-uniform hypergraph
where no three edges Ei, Ej, E; satisfy |[E{NE;| =r—1 and E;AE; < E3. Frankl and
Fiiredi [11] proved that if » =5 then, for all such F, we have that |E(F)| < %nS. In
addition, if 11 divides n there exists a hypergraph F achieving equality. They also proved
that if r = 6 then for all such F we have that |E(F)| < %nﬁ; again, if 12 divides n then
there exists a hypergraph F achieving equality.

Notice that if H is the r-uniform hypergraph consisting of three hyperedges E;, E,,
and Ej such that |[E; N E;| =r —1 and E|AE; < E3, then C5 ;| is a subhypergraph of a
blow-up of H. Using supersaturation and an argument similar to that used in the proof
of Lemma 6.6, it follows that

6! 5! 11-6! 6!
n(C25k+1)=m>§andn(C§k+1):T>@’

as claimed. |

Proof of Theorem 2.2. Let H be a critical n-vertex, r-uniform hypergraph. Suppose H
has h vertices and assume that E is the special edge of a near r-partition that exhibits
the fact that H is critical, that is, E has at least r — 2 vertices of degree one. Suppose G
is an H-free, r-uniform, n-vertex hypergraph with |G| > t.(n). We would like to show that
G = T,(n). Partition the vertices of G into parts X1,..., X, such that the number of edges
with one vertex in each X; is maximized. Let e; = (2r) 7", let e; = €;/8¢3, let & = &(r, h, e3)
from Theorem 6.2, and let e < 272" ¢je,0. Organize r-sets of vertices into the following
sets.

e Let M be the set of r-sets with one vertex in each of Xi,..., X, that are not edges of
G (the missing cross-edges).
e Let B be the collection of edges of G that have at least two vertices in some X; (the
bad edges).
e Let G =G — B+ M, so that G’ is a complete r-partite hypergraph.
o letBi={WeB:|WnX=>2}
Since B = U;B;, there is some B; that has size at least %\B|. Assume without loss of
generality that |By| > %|B|. For a € X, make the following definitions.
e B,={WeBj:ac W}
e Let C,; be the edges in B, that have exactly two vertices in X; and exactly one vertex
in each X; with j > 2 and j #i.
o LetD,=B,\Cyua\ "\ Cqyp-
First, |B] < en” because G is stable with respect to T,(n). Also, since |G| > t.(n), the
number of r-sets in M is at most the number of edges in B, so |[M| < |B| < en”.
In the rest of the proof, we will assume that B is non-empty and then count the r-sets in
M in several different ways. Our counting will imply that |[M| > en’, and this contradiction
will force B = 0 and so G = T,(n). We will count r-sets in M by counting embeddings of
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H — E into G’ that also map E to some element of B. Since G is H-free, each embedding
must use at least one edge in M. Let @ be the collection of embeddings ¢ : V(H) — V(G')
of H— E into G', by which we mean that ¢ is an injection and, for all F € H \ E,

¢(F)={¢(x):x € F} €.

We say that ¢ € @ is W-special if ¢(E) = W and a-avoiding if a € V(G) and some degree
one vertex in E is mapped to a. If W € B and ¢ is W-special, then ¢ must use at least
one edge of M. Call one of these edges the missing edge of ¢.

Claim 1. For ¢ € ® and v € V(H), there are at least %n embeddings ¢’ € ®, where
d(x) = ¢'(x) for x # v and ¢(v) # ¢'(v).

Proof. This follows easily because G’ is a complete r-partite hypergraph for which each
class has size about n/r, and ¢(v) can be replaced by any unused vertex in the X; that
contains ¢(v). U]

Fix some W € B, and consider when there exists a W-special embedding of H — E.
Since W € B; for some i, let w; # w, € W N X;. Then there exists an embedding of H — E
where wy and w, are used for the non-degree one vertices in the special edge of H. Since
the other vertices in the special edge have degree zero in H — E, the vertices in the special
edge can then be embedded to W. Thus for any W € B, by Claim 1 there are at least
e n"™" W-special embeddings of H — E, since we can vary any vertex of H not in W.
The situation with a-avoiding is more complicated. If W € C,;, then the only choice of
wy and w, that we are guaranteed to have are the two vertices in W N Xy, one of which
is a. Thus in a W-special embedding, the only way we can guarantee an embedding is
by mapping a vertex whose degree is not one to a. Therefore, only when W € D, can we
guarantee that there exists at least e;n"~" W-special, a-avoiding embeddings of H — E.

Claim 2. For every a € Xy, [D,| < e;n' 1.

Proof. Assume there exists a € X; with |D,| > e;n"~!. We count a-avoiding, W -special
embeddings of H — E into G’ where W € D,. For each W € D,, we argued above that
there are at least e;n"" embeddings. Since |D,| > e;n"~!, the number of a-avoiding
embeddings that are W-special for some W € D, is at least eje;n™™! - n"™ = e1eon” 1.
Fix some L € M. We want to count the number of a-avoiding embeddings that are
W -special for some W € D, and have missing edge L. An upper bound on the number
of such embeddings will be the number of choices for W times the number of choices
for the h — |W U L] vertices of H mapped outside W U L. Since all these embeddings are
a-avoiding, L cannot contain a. For each 0 < / < r, there exists at most (;) choices for
the intersection between L and W, at most n"~*~! choices of W € D, with |[W NL| =/
(here it is crucial that a € W and a ¢ L), and at most n"~2*/ choices for the vertices of
H not in W U L. Thus each L € M is in at most 2'n"~~! potential embeddings. Since
there are at least €;e,n"~! embeddings, M must have size at least 2~"¢;e,n", contradicting
the choice of e. U]
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Claim 3. For every a € X; and every 2 <i <7, |Cyi| < ean" L.

Proof. Assume there exist some a and i with |C,;| > e;n"~!. The proof is similar to the
proof of Claim 2, except now we cannot count a-avoiding embeddings. In the previous
claim, we used the a-avoiding property to imply that the missing edge does not contain
a. In this proof, we will instead guarantee that the missing edge cannot contain a by only
counting embeddings that map all edges incident to ¢~!(a) into G.

Let v be one of the non-degree one vertices in the special edge of H, and define
H,={F € H :veF,F+#E}, that is, all edges of H containing v that are not the special
edge. Let Z, = {F € G\ B :a € F}, that is, all cross-edges of G that contain a. We now
count embeddings ¢ € ® that are W-special for some W € C,;, map v to a, and all edges
of H, are mapped to edges in Z,. For these embeddings, since edges in H, are mapped to
edges in Z, < G, the missing edge cannot contain a.

First, | Z,| > |C,,|, because otherwise we could move a to X; and increase the number of
edges across the partition, and we chose the partition Xj,..., X, to maximize the number
of cross-edges. Let H' = {F —v:F e H,}and Z' = {F —a : F € Z,}. Then H' and Z' are
(r — 1)-uniform, (r — 1)-partite hypergraphs, and Z' has at least |C,;| > e;n" ™! edges. Let
t = |V(H')|. Then Theorem 6.2 shows that Z’ contains at least dn' copies of H', so there
are at least e;n’ ' - on' - eyn" " = e1e,0n"! embeddings of H — E that are W-special
for some W € C,;, map v to a, and the edges in H, are embedded into Z,.

Now fix L € M, and consider how many of these embeddings have L as their missing
edge. The computation is almost the same as in the previous claim. For each /y,/>,
there are ( /'1) choices for L N W, there are (/’2) choices for LN ¢(H,), there are n'~!1="1
choices for W (here we use that L does not contain a), n'~’> choices for ¢(H,), and
nh=2r=t+/1+%2 choices for the other vertices of H. Thus each L is in at most 2% n'——!
potential embeddings. Since there are at least e;e,0n"~! embeddings, M must have size at
least 272" e e,0n", contradicting the choice of e. |

Claims 2 and 3 imply that |B,| < 2re;n’™! for each a. Define

A={ae X :dyla) > 2r262n'_1}.

As in the proofs of the previous two claims, we would like to count embeddings of H — E
to obtain a lower bound on |M|. Once again, the main difficulty is controlling how the
missing edge can intersect W. If there were some W with W N A = (), then there would
be few missing edges intersecting this W, which is how we will overcome this difficulty in
this part of the proof.

Claim 4. There exists some W € By with WNA4 = 0.

Proof. Assume that every W € B; contains an element of 4. Then > ,_, [B4| > |Bi].
Since |B,| < 2resn”~! for every a, we have the following contradiction:

1 1 1 2r2e
r—1 ) > [Bi| > ~[B| > - IM| > - > 21y
2re;n’ Al > |Bi| = |B1| > V|B‘ =z V‘M‘ Z 5 dy(a) > - n Al U

acA acA
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We now complete the proof by counting the W-special embeddings whose missing edge
does not intersect W. There are at least e;n"~" embeddings that are W-special by Claim 1.
If at least half of these have missing edge intersecting W, then W would contain a vertex
in A. Thus there are at least (e;/2)n"™" W-special embeddings where the missing edge
does not intersect W. Each L € M is in at most n"~?" such potential embeddings, so M
has at least (e;/2)n" elements, contradicting the choice of e. U]

7. Chromatic threshold of Fs-free hypergraphs

7.1. An upper bound on the chromatic threshold of Fs-free graphs

In this section we prove the upper bound in Theorem 2.7. As in Section 4, we will give
an upper bound on the chromatic threshold by first proving that large dimension forces
a copy of Fs, and then by applying Theorem 3.1. Let (B,y,F) be an (rg,r,)-uniform
fibre bundle, and make the following definition. A cut in (B,y,F) is a pair (X, S) such
that X < V(B), S < (,F), and if y(x) NS # @, then x € X. In other words, the fibres that
intersect S come exclusively from X. A k-cut is a cut (X, S) with |X| < k. The size of a
k-cut is the size of |S].

We now sketch the proof of the upper bound in Theorem 2.7. Let G be an n-vertex,
3-uniform, Fs-free hypergraph with minimum degree at least c(g) Let (G,y,F) be the
neighbourhood bundle of G, let H = K, for some large constant q (see the definition
of g in the first line of the proof of Lemma 7.2), and assume dimg(G,y, F) is large. We
would like to find a copy of Fs5 in G. We first use the fact that dimy(G,y, F) is large to
find a set U of vertices of G such that G[U] has small strong independence number. We
then argue that because the minimum degree is large, there must be some vertices Xx, y
such that N(x,y) = {z : xyz € G} has large intersection with U. Next, we show that since
N(x,y) has large intersection with U and G[U] has small strong independence number,
there must be an edge E with at least two vertices in N(x,y) N U, which gives a copy of
Fs.

The best upper bound on the chromatic threshold will come from the lowest required
minimum degree needed in the above proof. The minimum degree is used above to prove
that there exists some x,y with N(x,y)N U large. If we can find a large cut (X,S) in
(G,v, F) and we make U large enough, we could remove X from U while still maintaining
all the useful properties of U. Then for all {x, y} € S, we know that N(x,y) N (U — X) = 0.
Since there are now fewer pairs {x,y} in (g) with N(x,y) N (U — X) # 0, we can require
a weaker lower bound on the minimum degree of G to find {x,y} with N(x,y) N U large.
In other words, the larger the cut of (G,y,S) we can find, the better upper bound on
the chromatic threshold we can prove. This is encoded in the following theorem, which
computes the relationship between the minimum degree and the maximum size of a k-cut.

Theorem 7.1. Let 0 < ¢ < 1/5, and fix an integer k and a constant ¢’ > c. Then there
exists a constant L = L(c, ¢, k) such that the following holds. Let G be an n-vertex, Fs-free
hypergraph with 6(G) > ¢ (g) and let (G,y,F) be the neighbourhood bundle of G. Assume
(G,y, F) contains a k-cut of size at least (1 — 56)('2’). Then y(G) < L.
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Note that if ¢ =1/5, then 1 —5¢ =0 and so this theorem directly proves an upper
bound of 1/5 on the chromatic threshold of Fs-free hypergraphs. The first part of the
proof of Theorem 7.1 is to find a set U with small strong independence number.

Lemma 7.2. Let € > 0 be fixed. Then there exists constants d = d(€) and q = q(€) such
that the following holds. Let G be an n-vertex, 3-uniform hypergraph and let (G,v, F) be the
neighbourhood bundle of G. Let H = K, and assume dimy(G,y, F) > d. Then there exists
a vertex set U < V(G) such that |\U| = 5d and any W < U of size at least (1 4 €)d + 100
has the following property. There exist three vertices ay,ay,as in U such that a; forms an
edge of G[U] with two vertices of W\ {ay,az,as}.

Proof. Let d = 1004 100/€> and g = 3d + 2 - 3%. Since dimy(G,y, F) > d, there exists a
matching Ei,...,E; such that for each wy € Ey,...,w; € E; the section of {wy,...,w,}
contains a copy of K,,. (See Figure 3 in Section 4 for a picture of this structure.) Since
g =3d+2- 3¢ from each of these 3¢ copies of K4 we can pick a copy of K» such that
each K, is vertex-disjoint from E;U---UE; and all these 3¢ copies of K, are vertex-
disjoint. Now for 1 < i < d, let y;z; be a randomly chosen copy of K, (with replacement),
where each of the 3¢ copies of K, are equally likely. Let Z = {Vis- s Vd>21,---,24} and
U=ZUE{U- -UE, With probability at most

A1 _1
2)3d 4

some copy of K, is selected more than once. To finish the proof, we just need to show
that with probability at most 1/4, for any sufficiently large subset W of U there are three
edges that each contain at least two vertices of W and each have at least one vertex that
is not shared by either of the other two. Indeed, in this case the union bound shows that
with probability at least 1/2, |[U| = 5d and any subset of size at least (1 + €)d + 100 has
this property.

Let us call a set with the above property a ‘good’ set, and any set not having this
property a ‘bad’ set. Notice that any bad subset W of U contains at most d + 5 vertices
from E; U--- U E;. Otherwise, there are at least three edges, say without loss of generality
Ey, E;, and E;, from the matching that contain at least two vertices of the subset. In
this case, let a; € E;\ W (or, if E;\ W =0, let a; be any vertex in E;) to see that W is
a good set. Similarly, any bad subset W of U contains at most d + 2 vertices from Z.
Therefore, any bad subset of U with at least (1 + €)d + 100 vertices must have at least
ed 4+ 90 vertices in E{ U---U E; and at least ed 4+ 90 vertices in Z. We need to prove that
this occurs with small probability.

Let x € EyU---UE; and 1 <i<d. We say that {y;,z;} is built from x if {y;, z;} is the
copy of K, assigned to a section of W where x € W. That is, say x € E;. Each section
picks one of the three vertices of E; and if the section picks x and {y;,z;} is the edge
chosen from the copy of K,, chosen from this section, then we say that {y;,z;} is built
from x. For x € EyU---UE; and 1 <i<d, let A,; be the following event:

Ay {yi,z} is built from x.
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First, P[Ay;] = 1/3. Indeed, say x € E; and note that there are 34 copies of K, in total
(there are three choices from each of Ey, ..., E; for the section) and there are 3¢~! copies
of K, built from x. Therefore, when randomly picking copies of K, the probability that
{vi, zi} is built from x is exactly 1/3.

Let

S={S<EU---UE;:|S| =ed and S has at most one vertex in each E;}

We claim that the events A,; for x € S are mutually independent for every S € S. Indeed,

fix some Q < S. Then
3d-10| el
P A =57 =(5)

x€Q

since there are 34712 of the copies of K built from x for x € Q and built on any of three
vertices in the edges E; that do not contain a vertex of Q (recall that S has at most one
vertex in each E;). Thus

PlAveoAri] = [ [ PlAw,
xeQ

so that for every S € S the events A,; for x € § are mutually independent. Therefore,
2\ S
PIANAi|=1(3] .
A*]=()
xes

Bs; : no edge of G contains a vertex of S and both y; and z;.

Let Bg; be the event

If Bs; holds, then for every x € § it is the case that the event A,; fails since if A,; holds
then {y;,z;, x} € E(G). Thus

o 2\ S|
P[Bs,l-]@[/\Ax,i} = (3) :

xes

Let X5, be the indicator random variable for the event Bs;. For each T < [d] with
|T| = ed, let Bgr be the event )., Xg; < 2. The events Bg; are mutually independent
for i € T since the copies of K, were selected with replacement, so that

[SI(IT|-2)
P[Bs1] < (i) ('2')'

Let X5 1 be the indicator random variable for the event Bsr and let X be the sum of all
indicator random variables over all S € S and all T < [d] with |T| = ed. We now have
(6‘2) choices for T and 3¢ (:Z) choices for S so that

d 2 2 ed(ed—2) ed e 2 2 ed—2~\ ed €2d2 1
= < 3 = < - = — <.
an-Se (5 () ) 0) )% <

By Markov’s inequality, the probability that X > 1 is at most 1/4, so with probability at
most 1/4, some Bg 7 holds. If W is a bad subset of U with |W| > (1 4 €)d + 100, then
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IWNZ|>ed+90 and |[W N(E{U---UEy)| > ed+ 90. Also, W uses at most one vertex
from all but at most two pairs in Z, so there exists T <= [d] of size en such that forie T
exactly one of y; and z; is in W. Since W uses at most one vertex from all but at most
two edges E;, there exists S € W N(E;U---UE,;) with |[S| =ed and S € S. For such S
and T, the event Bgs r holds since if not, then without loss of generality assume 1,2,3 € T
and X1, Xs2, Xs3 = 1. Then let a; € {y;,z;} \ W to see that W is a good set.

Therefore, the probability that some Bt holds is an upper bound for the probability
that no subset of U of size at least (1 + €)d + 100 is bad. Since the probability that some
Bs r holds is at most 1/4, the proof is complete. L]

We can now prove Theorem 7.1.

Proof of Theorem 7.1. Pick € so that ¢’ = (1 + 2¢)c and let d = d(¢) and g = ¢(¢) be
given by Lemma 7.2, and also assume that d is large enough that S5de > k(1 + 2e).
Suppose that if H =K,, then dimy(G,y,F) <d. Then by Theorem 3.1, there exist
constants K; = Ky(¢,d, H) and K, = K»(¢,d, H) (note that K; and K, depend only on
¢, k) such that either |F| < K; or y(G) < K,. Since |F| = |V(G)|, this implies that
2(G) < max{K;, K»}.

We can therefore assume that dimg(G,y, F) > d. Let U be the set given by Lemma 7.2.
Let (X,S) be a k-cut of size at least (1 —5¢)(5). Let G' be the bipartite graph with
partite sets A= U \ X and B = (V(zG)) \ S, where {u,{v,w}} is an edge in G’ if and only
if {u,v,w} is an edge in G. |4| > 5d — |X|, so G’ contains at least (5d — |X|)d(G) edges.
|B| = (5) — IS|, so there is some x # y such that dg({x,y}) is at least

(54— [XD3(G) _ (54— k)1 +2e)c(y) _ (5d —k)(1 + 2¢) = (14 1 100
5 )

G -Isr Se(5)
This implies that there is some Xx,y with |[N(x,y)NU| > (1+¢€)d+ 100. Then by
Lemma 7.2, there exist three distinct vertices ay, a,, a3 in U such that g; forms an edge E; of
G[U] with two vertices of (N(x, y) N U) \ {ay,az,a3}. There exists i € {1,2, 3} such that a; #
x,y. Then x, y together with E; form a copy of Fs in G. This contradiction completes the
proof. L]

7.2. Finding a large cut in an Fs-free hypergraph
In order to use Theorem 7.1 to prove the upper bound in Theorem 2.7, we now need to
show the existence of a large cut. Note that in Theorem 7.1 the bound on the chromatic
number depends on k but there are no other restrictions on k. Thus to prove an upper
bound on the chromatic threshold of a Fs-free graph G, one can pick any fixed integer
k and ask what is the size of the largest k-cut. In the following lemma, we set k = 5 and
prove that if 6(G) > ¢’ (;) with ¢’ > ¢, then there exist a 5-cut of G of size approximately
4¢*(3). Solving 4¢? = 1 — Sc gives ¢ = (y/41 — 5)/8, the bound in Theorem 2.7.

We suspect that the bound on the chromatic threshold of Fs-free hypergraphs can be
improved by finding a larger cut, perhaps by increasing k. In order to achieve a bound of
¢ = 6/49, we would need to find a cut of size s(3) with s =1 — 5¢ = 539/36¢* ~ 15¢2.
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Lemma 7.3. Let 0 <c < be fixed. There exists a constant ng = ny(c,c’) such that for
all n > ny the following holds. Let G be an n-vertex, 3-uniform, Fs-free hypergraph with
0(G) = ¢ (g) Let (G,y, F) be the neighbourhood bundle of G. Then (G,y,F) has a 5-cut of
size at least 4(“" V).

Combining Theorem 7.1 with Lemma 7.3, we can prove Theorem 2.7.

Proof of Theorem 2.7. Let ¢ = (\/41 —5)/8, let ¢’ > ¢ be fixed, and let G be any n-
vertex, 3-uniform, Fs-free graph with minimum degree at least ¢’ (;) Let (G,y, F) be the
neighbourhood bundle of G. Let b = (¢’ +¢)/2 so that ¢ > b > ¢. Then by Lemma 7.3,
either |V(G)| is bounded or (G, y, F) contains a 5-cut of size at least 4(b(”2_1)). Since b > c,
if n is large enough this is at least 4¢? (). Notice that 4c> = 1 — 5¢, so Theorem 7.1 implies

that the chromatic number of G is bounded. U]
The first step in the proof of Lemma 7.3 is the following lemma.

Lemma 7.4. In a graph G, we call a non-edge uv ¢ E(G) good if Nu) "N N(@w) # 0. If Gis a
triangle-free graph with n vertices and m edges, then G has at least m — n/2 good non-edges.

Proof. We prove this by induction on n. It is obviously true for n = 1 and n = 2. Now
assume n > 2. If some component of G is not regular, then there exist vertices u,v in
that component such that u € N(v) and d(u) < d(v). Then G —u has n— 1 vertices and
m — d(u) edges. By induction, G — u has at least m —d(u) — (n — 1)/2 good non-edges.
For any vertex w € N(v) —u, uw is a good non-edge, so G has at least m — d(u) —
(n—1)/2+d(w)—1>m—n/2 good non-edges. If all components of G are regular, then
pick one component K. Assume K is r-regular, choose a vertex v in K, and let N(v) =
{u : there exists a P3 connecting u and v}. If |[N»(v)| > r, then by the induction hypothesis
G — v has at least m — r — (n — 1)/2 good non-edges, and since for any vertex u € N,(v) it
is the case that uv is a good non-edge, G has at least m —r — (n — 1)/2 4 |N2(v)| > m —n/2
good non-edges. If [N,(v)| < r, then since K is triangle-free and r-regular, K is the complete
bipartite graph K, ,, which has r? edges and r*> — r good non-edges. Now G — K has n — 2r
vertices and m — r? edges, so by induction it has m — 1> — (n — 2r)/2 good non-edges. Then
G has m—r> —(n—2r)/2 +r> —r = m —n/2 good non-edges. O

Proof of Lemma 7.3. We examine the copies of F4 in G, where Fy4 is the hypergraph
with vertex set {1,2,3,4} and edges {1,2,3}, {1,2,4}, and {2,3,4}.

Case 1. There exists a vertex v of G such that v is not contained in any copy of Fj.
Consider L = y(v)[V(G) — v], which is a triangle-free graph with n — 1 vertices and at least
c(’;) edges. By Lemma 7.4, L has at least c(g) — (n—1)/2 good non-edges. Let X = () and
S be the set of these good non-edges. We claim that (X,S) is a cut in (G, 7y, F). Suppose
for contradiction that there exists some x € V(G) and {u,w} € S such that {u,w,x} € G.
Pick a vertex y from Np(u) N Np(w). Then u,v,w, x,y form a copy of Fs in G, which is a
contradiction.
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Case 2. Every vertex of G is contained in some copy of Fs. Pick some U < V(G) such
that G[U] = Fy, let U = {uy,uz,u3,us}, and let G' = U?:l (u;). Consider y(u;) N y(u;) for
i# j. If p(u;) Ny(u;) contains a matching of size two, then G contains a copy of Fs.
Say ab,cd € y(u;) N p(u;) with a,b,c,d distinct. Then since G[U] = F4, there is an edge
E = {uj,uj,w} € G. If w # a and w # b, then a,b, u;,u;,w form a copy of Fs and if w = a
or w = b, then ¢,d, u;, u;,w form a copy of Fs. Thus y(u;) N y(u;) is a star so has at most n
elements. Since each y(x) has size at least ¢’ ('21), G’ has at least

,(n 4 n
4c (2> — (2>n > 4c (2>
edges if n is large enough.

Then G’ has n vertices and at least 40(2) edges, so there exists a vertex v whose degree
in G’ is at least 4c(n — 1). Let N denote the neighbourhood of v in G' and let Ny,..., Ny
be a partition of N such that for every 1 <i < 4 and every vertex w € N;,ow € y(u;). Let
X=Uu{v}and S =", (3, so that [X| =5 and

INI/4Y _ ,(ctn=1)
|S|>4( 5 )_4< 5 >

We claim that (X, S) is a cut in (G, 7, F). Suppose for contradiction that there exists some
z ¢ X such that y(z) NS # 0. Pick {x,y} € y(z) NS, then {x,y} = N; for some 1 <i < 4.
Now v, u;,x,y,z form a copy of Fs, which is a contradiction.

From these two cases we can see that (G,y, F) has a 5-cut of size at least

wn{ ()15 )}

Because G is Fs-free, it follows that ¢ < 2/9 and therefore

N e

7.3. A construction for the lower bound

To prove a lower bound on the chromatic threshold of the family of Fs-free hypergraphs,
we need to construct an infinite sequence of Fs-free hypergraphs with large chromatic
number and large minimum degree. Our construction is inspired by a construction by
Hajnal [7] of a dense triangle-free graph with high chromatic number. Hajnal’s key idea
was to use the Kneser graph to obtain large chromatic number. The Kneser graph KN(n, k)
has vertex set ([Z]), and two vertices Fy, F» form an edge if and only if F; N F, = (). We use
an extension of Kneser graphs to hypergraphs. Alon, Frankl and Lovasz [2] considered
the Kneser hypergraph KN(n, k), which is the r-uniform hypergraph with vertex set (i),
and r vertices Fy,...,F, form an edge if and only if F;NF; =0 for i # j. They gave a
lower bound on the chromatic number of KN"(n, k) as follows.

Theorem 7.5. If'n > (t — 1)(r — 1) +rk, then y(KN'"(n,k)) > t.
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We first show that KN"(n, k) is Fs-free for n < 4k.
Lemma 7.6. If n < 4k, then KN3(n,k) is Fs-free.

Proof. Say {a,b,c}, {a,b,d} and {c,d,e} are edges in KN3(n, k). Then by definition a, b,
¢, and d are four disjoint k-sets in [n], which is impossible because n < 4k. U]

Proof of the lower bound in Theorem 2.7. Fix t >2 and ¢ > 0. Pick k > 2t and n =
3k +2(t — 1) and note that n < 4k. By Theorem 7.5, KN*(n,k) has chromatic number
at least t and by Lemma 7.6 is Fs-free. For integers u, v, and w where n divides u, let
U, V and W be disjoint vertex sets of size u, v, and w respectively. Partition U into
Ui,..., U, such that |U;| =u/n for each i. Let H be the hypergraph with vertex set
V(KN3}(n,k))UU UV UW and the following edges.
For {S1,5,,83} € KN3(n, k), make {51, 82,83} an edge of H.
For S € V(KN3(n,k)), x € U; with 1 <i<n, and y € V, make {S,x,y} an edge of H
ifies.
e ForxeU,yeV,and z € W, make {x,y,z} an edge of H.
Notice that H has chromatic number at least ¢ because KN*(n, k) is a subhypergraph.

Claim 1. H contains no subgraph isomorphic to Fs.

Proof. Suppose {a,b,c},{a,b,d} and {c,d,e} are the hyperedges of a copy of Fs in H.
Notice that the hypergraph induced by U, V, V(KN*(n,k)) U W is 3-partite, apart from
those edges within KN3(n, k). Note that a 3-uniform, 3-partite hypergraph is Fs-free,
therefore any copy of Fs must contain an edge from KN>(n, k). If that edge is {a,b,c}
then d must also be contained in V(KN?(n, k)). But then ¢ and d are both in V(KN3(n, k)),
which means e must be as well. Because KN3(n,k) is Fs-free, this is a contradiction.
Similarly, {a,b,d} C V(KN>(n,k)). Therefore, {c,d,e} = V(KN?*(n,k)), and without loss of
generality b € U and a € V. Because {a,b,c} and {a,b,d} are edges, b must be in both ¢
and d, which contradicts the fact that {c,d, e} is an edge of KN*(n,k). O

Claim 2. The minimum degree of H is at least
6 (IV(H)|
(1 6)49( ) .
if |V (H)| is large enough.

Proof. Vertices in KN*(n, k) have degree at least

kuv

L
n 3k+2t—1)

Since ¢ is fixed, we can choose k large enough that vertices in KN3(n, k) have degree at
least (1 —e/2)uv/3. Vertices in A have degree at least vw, vertices in B have degree at
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least uw, and vertices in C have degree at least uv. Thus the minimum degree of H is at
least

min{(l —e/Z)u;,uw,vw}.

Choose u, v, and w so that (uv)/3 = uw = vw; we obtain that u = v and w = v/3 and the
minimum degree is at least (1 — e/2)u?/3. The number of vertices is

totwt (1) = Zut ("
Uu-+ov-r+w k—3u k

Since u?/3 ~ 6/49 (7“2/ ?), we can choose u sufficiently large that the minimum degree of H

is at least
6 (|V(H)|

We have proved that for every fixed t > 2 and every € > 0, there is a constant Ny such
that for N > Ny there exists an N-vertex, 3-uniform, Fs-free hypergraph with chromatic
number at least t and minimum degree at least

(1 _6)469<|V(2H)|>'

By the definition of chromatic threshold, this implies that the chromatic threshold of the
family of Fs-free hypergraphs is at least 4%. L]

8. Generalized Kneser hypergraphs

In Section 7.3, we used a generalization of the Kneser graph to hypergraphs to give a lower
bound on the chromatic threshold of the family of Fs-free hypergraphs. In Section 9,
we will use similar constructions to give lower bounds on the chromatic threshold of
the family of A-free hypergraphs, for several other hypergraphs 4. For some of these
constructions we will need a more general variant of the Kneser hypergraph, which we
explore in this section.

Sarkaria [33] considered the generalized Kneser hypergraph KN!(n k), that is, the
r-uniform hypergraph with vertex set ([Z]), in which r vertices Fi,...,F, form an edge
if and only if no element of [n] is contained in more than s of them. Note that the
Kneser hypergraph KN"(n,k) is KN{(n, k). Sarkaria [33] and Ziegler [40] gave lower
bounds on the chromatic number of KN (n,k), but Lange and Ziegler [23] showed that
the lower bounds obtained by Sarkaria and Ziegler apply only if one allows the edges of
KNi(n, k) to have repeated vertices. We conjecture that for KN (n, k), a statement similar
to Theorem 7.5 is true.

Conjecture 8.1. There exists T(r,s,t) such that if n > T(r,s,t) + rk/s, then

2(KN{(n, k) > 1. O
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The following much weaker statement is sufficient for our purposes. The proof is similar
to an argument of Szemerédi which appears in a paper of Erdés and Simonovits [7], and
the proof of Claim 1 is motivated by an argument of Kleitman [22].

Theorem 8.2. Let ¢ > 0, then for any integers r,t, there exists Ko = Ko(c,r,t) such that if
k>Ko, s=r—1,and n = (r/s+ c)k, then y(KNi(n,k)) > t.

Before we prove this theorem, we need two definitions. A family F of subsets of [n] is
monotone decreasing if F € F and F' = F imply F’ € F. Similarly, it is monotone increasing
if Fe Fand F = F imply F' € F.

Proof Proof of Theorem 8.2. Fix an integer t. We would like to prove that if k is
large enough then it is impossible to t-colour KNi(n, k). So let k be some integer and
assume KNi(n,k) can be t-coloured. Then the k-subsets of [n] can be divided into ¢
families, Fi,...,F;, such that FyN---NF, #( for all distinct Fy,...,F, € F;,1 <i<t.
For1 <i<t,let

Fi ={A :A < [n],IF € F; such that F < A}.

Then F7i,...,F; are monotone increasing families of subsets of [n]. Let w = s/r; since
s=r—1,w=1—1/r. For a family F of subsets of [n], define the weighted size W [F]
of F by

W[F] = Z wliFl(1 — w)=IFl,

FeF
Claim 1. Forl1 </<t,

/
W[U]—"i*} <1—1/r.

i=1

Proof. We prove this by induction on /. For / = 1, Frankl and Tokushige [12] showed
that for a family F of subsets of [n], if FyN---NF, % @ for all distinct F,...,F, € F,
then W[F] <w =1—1/r. Now assume that the statement is true for 7. Let U = U{:1 F!
and L =F, ;. Then W[U] < 1— 1/r/, U is a monotone increasing family of subsets of
[n], and L is a monotone decreasing family of subsets of [n]. By the FKG inequality,

W[UNL] < W[UIWIL].
Then

/41
w {U f} = WIUNL]+ W[F/,] < WIUIWIL] + W[F,,,]
i=1

SA—=1/rMWILI+WF L ] =1- 1= WF D/
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Since W[F;, ;] <w=1—1/r, we have
L= =W[F D/ <1=1/r",

SO
/+1

W{U ]-“} <1—1/r O
i=1

Now we know that W[Ji_, 7’1 < 1—1/r%, so

t
w [U .7-‘} > 1/r.
i=1

We also know that (Ji_; F; is the family of subsets of [n] whose size is less than
k=n/(r/s+c), so

07l 5 (o

i=1 i<n/(r/s+c)
Since
n - n
W= — > ———
r/s” r/s+c’

by Chernoff’s inequality we have

" 2 2
> (n) wi(l —w)"™" < o) & - it
1

Then if k is large and ¢ is fixed,

t CZS
W |:U ﬁ*:| g e_ 2(r/s+c)rk < 1/;,-[’

i=1
which contradicts Claim 1. This contradiction implies that for any fixed ¢, there is no
choice of Ky such that for all k > Kj it is possible to t-colour KN/(n, k). This completes
the proof. ]

For an r-uniform hypergraph A, we want to construct an infinite sequence of A-free
hypergraphs with KN"(n,k) or KNJ_,(n,k) as a subhypergraph. This will imply that these
A-free hypergraphs have large chromatic number, but we must first show that for any
integer k and for some choice of n = n(k), one of KN'(n, k), KN/_,(n, k) is A-free. We now
show that KN%(n,k) is Ts-free and S(7)-free under some conditions on n and k. Here T’
is a 3-uniform hypergraph with vertices vy, vy, v3, 04,05 and edges

{vi,v2,03},  {v1, 08,05}, {v2,vs,05}, {v3, 04,05},

and S(7) denotes the Fano plane (the S stands for Steiner Triple System.)
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Lemma 83. If n < (3/2+ 1/4)k, then KN3(n,k) is Ts-fiee.

Proof. If n < 3k/2, then KN%(n,k) has no edge and of course is Ts-free. Assume n =
(3/2 + e)k with 0 < e <1/4, and suppose Ts is a subhypergraph of KN%(n,k). Since
{v1,v4,0s}, {v2,v4,05}, {v3,v4,0s} are edges of Ts, the vertices vy, v, and vj all lie in vy Nvs.
Because

U3 M vs| < 2n— 2k = (14 2€)k < 3k/2,

by the pigeonhole principle, v; Nwvy Nv3 # @, which means {vy,v;,v3} is not an edge, a
contradiction. O

Lemma 84. Ifn < (3/24 1/10)k, then KN%(n,k) is S(7)-free.

Proof. Just as in the proof of Lemma 8.3, assume n = (3/2 + €)k with 0 < e < 1/10 and
suppose S(7) is a subhypergraph of KN%(n,k). Let A be a vertex in a copy of S(7) in
KN%(n,k) and let {4,B,C},{4,D,E},{A,F,G} be its incident edges in the copy of S(7).
Then BNC,DNE,FNG < A. Since |A] = (1/2 + e)k,

IBACLIDNE|IFNG| > (1/2— e)k.

Then since 3(1/2 —€) > 2(1/2 + €), the pigeonhole principle implies that BNCNDNEN

F N G+ 0. Now the copy of S(7) cannot have an edge not containing 4, a contradiction.
U

We will use Lemma 8.4 in Section 9.2 to provide a lower bound on the chromatic
threshold of the family of S(7)-free hypergraphs. Similarly, we will use Lemma 8.3 in
Section 9.3 to provide a lower bound on the chromatic threshold of the family of Ts-free
hypergraphs.

9. Open problems and partial results

Many open problems remain; for most 3-uniform hypergraphs A the chromatic threshold
for the family of A-free hypergraphs is unknown. Interesting hypergraphs to study are
those for which we know the extremal number, ex(n,4), and we will examine a few of
those here along with partial results and conjectures. We conjecture that most of the lower
bounds given by the constructions in this section are tight.

9.1. TK"(s)-free hypergraphs
For s > r, recall that 7K' (s) is the family of r-uniform hypergraphs such that there exists
a set S of s vertices where each pair of vertices from S are contained together in some
edge. The set S is called the set of core vertices of the hypergraph. Recall also that
T, s(n) is the complete n-vertex, r-uniform, s-partite hypergraph with part sizes as equal
as possible.

The last author [27] showed that if s > r then

ex(n, TK'(s)) = |Trs—1(n)]  and  ex(n, TK'(s)) = (1 4 o(1))| T,.s(n)|.
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Figure 4. Assorted hypergraphs.

Recently, Pikhurko [30] has shown that for large n and s > r, ex(n, TK'(s)) = | T, 5_1(n)]
and that T,,_(n) is the unique extremal example. Because Fs is a member of TK3(4) it
follows that the chromatic threshold of 7/*(4)-free hypergraphs is at most (\/H —5)/8.
The following simple variation on the construction from Section 7.3 provides a lower
bound of 18/361 for both TK?(4)-free and 7K>(4)-free hypergraphs.

Proposition 9.1. The chromatic threshold of TK>(4)-free hypergraphs is at least 18/361. ]

Proof. The proof is very similar to the proof in Section 7.3, so we only sketch it
here. Choose k,n,u,v,w, U, V, W as in the proof of the lower bound of Theorem 2.7 in
Section 7.3; that is, k,n,u,v,w are integers with n < u,v,w and U, V, W are disjoint sets
of vertices of size u,v,w respectively. Divide U into Uy,..., U, so that |U;| = u/n, and
divide V into Vi,...,V, such that |V;| = v/n. Let H be the hypergraph formed by taking
KN3(n,k) and adding the complete 3-partite hypergraph on U, V, W and the following
edges. For S € V(KN*(n,k)) and x € U; and y € V;, make {S,x,y} an edge if i, j € S. The
minimum degree is maximized when u =v and w = u/9, which gives minimum degree

approximately
18 N
MU/9 ~ m . ( b ) ,

where N = u+v 4w+ (]) is the number of vertices in the hypergraphs.

Let F be any hypergraph in 7K?(4) and assume that F is a subhypergraph of H in
which ¢y, ¢2, ¢3, ¢4 are the four core vertices. Because any 3-partite hypergraph is 7K (4)-
free, it is easy to see that some edge of F must lie in KN3(n,k), and so there must be
at least two core vertices in KN*(n,k). If ¢1,c0 € KN3(n,k) and ¢ € UUV, then c3 is
in either U; or V; for some i. But then i € ¢y N ¢y (recall that vertices in KN3(n,k) are
k-sets), which contradicts the fact that ¢; and ¢, are contained together in some edge of
KN3(n, k). Thus all four core vertices must be in KN*(n, k), which is not possible because
n < 4k. L]

This gives lower bounds on the chromatic thresholds of TK?(4)-free and 7K>(4)-free
hypergraphs and leads to the following questions.
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Question 9.2. What is the chromatic threshold for TK>(4)-free hypergraphs? It is between
18/361 and 2/9. What is the chromatic threshold for TIK>(4)-free hypergraphs? It has the
same lower bound as for TK>(4)-free hypergraphs, and because Fs € TK>(4) the upper bound

is ({41 —5)/8.

A similar construction provides a 7K 3(s)-free hypergraph for any s > 5. We have not
optimized the values.

Lemma 9.3. When s > 5, the chromatic threshold of TK?>(s)-free hypergraphs is at least

(5 = 2)(s = 3)(5 — 4 21_13+0(312>.

(2 —13)2 s

Proof. Fix t > 2, k > 2t, and let n = 3k + 2(t — 1). Notice that n < 4k. By Theorem 7.5,
the chromatic number of KN3(n,k) is therefore at least t. Fix N > (Z)

Partition N vertices into one part of size u and s — 2 parts of size x, for some u that
is divisible by n. Include as an edge each triple that has at most one vertex in each
part. Further partition the part of size u into n sets, Uy,..., U,, each of size u/n. From
the remaining s —2 parts of size x, choose two and designate them Wi, W»; label the
remaining s — 4 parts Vi,..., V4. Let H be the 3-uniform hypergraph formed by taking
the disjoint union of KN3(n,k) and the above complete (s — 1)-partite hypergraph, and
adding the following edges. If S € V(KN3(n,k)), v € V;, and v’ € V; for i # j, add the
edge {S,v,0'}. If S € V(KN*(n,k)) and u € U; and v € V}, then add the edge {S,u,v} if
and only if i € S.

Notice that H has chromatic number at least t, and that V(H) = N + (Z’)

Claim 1. H contains no element of 7K(s) as a subgraph.

Proof. Suppose there is such a subgraph; then at least one core vertex must be contained
in V(KN3(n,k)), because an (s — 1)-partite graph is 7K*(3)-free. In that case, no core vertex
can be in Wy U W, because there is no edge that contains a vertex from W;U W, as
well as a vertex from V(KN?3(n,k)). There must therefore be at least three core vertices
in V(KN?(n, k)), which means that two of them must appear in an edge contained within
V(KN3(n,k)). Suppose they are S, S,. If another core vertex is in U, say u € U;, then
there must be an edge of H containing u and S;, and there must be an edge containing
u and S,. This implies that i € S; N S,, which contradicts the fact that S; and S, appear
together in an edge of KN(n, k).

All core vertices must therefore be in V(KN3(n,k)) U V/, which means that there must
be at least four of them in V(KN?3(n,k)). Because each pair of those four core vertices
must appear together in an edge, and that edge must be in KN?(n, k), those four sets must
be pairwise disjoint. This is impossible because n < 4k. U]
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The minimum degree of this graph is approximately

min{;(s —4)ax + (S ; 4) x2, (S ; 2) x%, (s — 3)ax + (S ; 3) xz}.

Notice that a vertex in Wy U W, has degree strictly less than a vertex in KN3 (n,k), and
so they do not enter into the above computation. This minimum is largest when
3(2s—T7)x
w2
s—4
which implies that

The minimum degree of H is then

(s=2)(s—3) (s —4)? ) 13 1 N?
2 w—p _<1_x+0<s2>)2' -

The construction in Lemma 9.3 has one part of ‘type’ U (which is partitioned into n
sets), s —4 parts of ‘type’ V' (which are not partitioned, and whose vertices appear in
edges that intersect K), and two parts of ‘type’ W (which are not partitioned and have
no vertices that appear in edges intersecting K). Using this strategy, one can generate
similar constructions for TK'(s); the above proof applies whenever there are x parts
of type U, s— (r+ 1) parts of type V, and y parts of type W, where x+y =r and
s —(r+ 1)+ x > r — 1. This last condition is needed for the edges intersecting K.

Question 9.4. What is the chromatic threshold for TK3(s)-free hypergraphs for s > 3?2 It is
between

(s —2)(s —3)(s — 4)? _ 13 1
(& — 13 _1_s+0<s2>

1 2 3 2
(1_3—1)<1_s—1)zl_s—1+(s—1)2'

The upper bound comes from T,s_1(n).

and

9.2. S(7)-free hypergraphs
Next, consider the Fano plane S(7). De Caen and Fiiredi [6] showed that

ex(m, S(7)) = (j + 0(1)) (;’)

The extremal hypergraph for S(7), proved to be extremal by Fiiredi and Simonovits [14]
and also by Keevash and Sudakov [21], is the hypergraph formed by taking two almost
equal vertex sets U and V' and taking all edges that have at least one vertex in each of U
and V. We can modify the hypergraph from Section 7.3 to obtain a lower bound on the
chromatic threshold of S(7)-free hypergraphs.
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Proposition 9.5. The chromatic threshold of S(7)-free hypergraphs is at least 9/17. U]

Proof. Fix t > 2 and 0 <e < 1. Then by Lemma 7.5 there exists k sufficiently large
that if n = (3 + €)k then KN*(n, k) has chromatic number at least t. Fix such a k, and fix

N> ()
Partition N vertices into two sets, U and V, with |[U| =9N/17 and |V|=8N/17.
Further partition U into n parts, Uy,..., U,, each of size |U|/n. Include as an edge each

triple that has at least one vertex in each of U, V. Let H be the hypergraph formed
by taking the disjoint union of this hypergraph and KN3(n,k) and adding the following
edges. For u € U, u' € U;, and X € V(KN?(n,k)) include {X,u,u'} as an edge if i,j € X
(recall that vertices in KN*(n, k) are subsets of [n]). Let K = V(KN?3(n,k)). Notice that H
has chromatic number at least ¢, and that V(H) = N + (Z)

Claim 1. H contains no subhypergraph isomorphic to S(7).

Proof. First notice that KN3(n,k) is S(7)-free because every pair of vertices in S(7) are
in an edge, which would require there to be 7 pairwise-disjoint k-subsets of [n]. Because
n = (3 + €)k, this would be a contradiction. It is easy to see, by considering the partition
U,(KUV), that if H contains a copy of S(7) then it must involve an edge from H[K]
(otherwise the extremal S(7)-free hypergraph also contains a copy of S(7)). Call this edge
{A,B,C}.

There are four vertices in S(7) \ {4, B, C}, and at least one must be outside K. No more
than one can be in V' because there is no edge with one vertex in K and two in V. No
more than one can be in U otherwise one of AN B, ANC, BN C is non-empty, which
contradicts the assumption that {4, B,C} is an edge of H[K]. Therefore, there must be
either five or six vertices of S(7) in K. Suppose v is a vertex of S(7) that is outside K. Then
v appears in three edges that overlap only at v, say {v, S, S2}, {v, S3,S4}, and {v, S5, S¢}. At
least one of these edges must contain two vertices from K, but there is no such edge in

H. U

The minimum degree of H is at least
: |U1/3 |U| WINL_ 92 3
m1n{U||V|+< ) UV + ) UV + ) —34N 34N. U]

Question 9.6. What is the chromatic threshold of S(7)-free hypergraphs? It is at least 9/17
and at most 3/4, where the upper bound is from the extremal hypergraph of S(7).

9.3. Ts-free hypergraphs
Recall that the 3-uniform hypergraph Ts has vertices 4, B,C,D, E and edges
{A,B,C\, {A,D,E}, {B,D,E}, {C,D,E}.

Let B3(n) be the 3-uniform hypergraph with the most edges among all n-vertex 3-graphs
whose vertex set can be partitioned into Xy, X, such that each edge contains exactly one
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vertex from X,. Fiiredi, Pikhurko and Simonovits [13] proved that for n sufficiently large

the extremal Ts-free hypergraph is B3(n). It follows that the chromatic threshold for the
family of Ts-free hypergraphs is at most 4/9.

Proposition 9.7. The chromatic threshold of Ts-free hypergraphs is at least 16/49. L]

Proof. Fixt>2 and 0 < e < 1. Then by Lemma 7.5 there exists k sufficiently large that
if n = (3/2+ €)k then KN3(n k) has chromatic number at least t. Fix such a k, and fix

N> ()
Partition N vertices into two parts, U and V, with |[U| =4N/7 and |V| = 3N /7. Further
partition U into n parts, Uy,..., Uy, each of size |U|/n. Include as an edge any triple with

two vertices in U and one in V. Let H be the hypergraph formed by taking the disjoint
union of this graph and KN%(n,k) and including the following edges. If X € V(KN%(n,k))
andu € U;and v € V, then let {u,0, X} be an edge if i € X (recall that vertices of KN%(n,k)
are subsets of [n]). Let K = V(KN%(n,k)). Notice that H has chromatic number at least
t, and that V(H) = N + (}).

Claim 1. Ts is not a subhypergraph of H.

Proof. Let H’' be the hypergraph obtained from H by deleting all edges contained in K,
and let Xy = K UU and X, = V. It is now easy to see that H’' is a subhypergraph of the
extremal Ts-free hypergraph; if H contains a copy of Ts it must therefore involve an edge
from K. If that edge is {4, D, E} (see the labelling of Ts above), then because {B,D,E}
and {C,D,E} are edges of Ts it must be the case that both of B,C are in K, but by
Lemma 8.3 K does not span a copy of Ts. Similarly, neither {B,D,E} nor {C,D,E} can
be contained in K.

We may therefore assume that {4, B,C} is contained in K. Because {4,D,E} is an
edge, and by Lemma 8.3, at least one of D,E is in U. Suppose that D € U;. Then
because {4,D,E}, {B,D,E}, and {C,D,E} are all edges of Ts it must be the case that
i€ AN BN C. This contradicts the assumption that {4, B,C} is an edge. U

The minimum degree of H is at least

20UV 2
min{ |U3” ‘,|U||V\, <|U|>}—8N2—N. O

2 T 49 7

9.4. Co-chromatic thresholds

There is another possibility when generalizing the definition of chromatic threshold from
graphs to hypergraphs: we can use the co-degree instead of the degree. Recall that if H is
an r-uniform hypergraph and {xi,...,x,_1} = V(H), then the co-degree d(xi,...,x,—1) of
Xiyeeos Xp—1 18 [{z 1 {X1,...,%,2} € H}|. Let F be a family of r-uniform hypergraphs. The
co-chromatic threshold of F is the infimum of the values ¢ > 0 such that the subfamily
of F consisting of hypergraphs H with minimum co-degree at least ¢|V(H)| has bounded
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chromatic number. More generally, the k-degree d(x1,...,xx) of X1,..., X 18

|{{zk+1,...,z,} : {X1,...,Xk,Z/<+1,...,Zr} S H}|

and we define the k-chromatic threshold similarly. Given a hypergraph H and subsets
U, V,W of V(H), we say that an edge {u,v,w} is of type UVW if ue U,v € V and
wew.

The co-chromatic thresholds of Fs-free hypergraphs and TK?(4)-free hypergraphs are
trivially zero because if the minimum co-degree of H is at least 10 then H contains a
copy of TK?(4) and a copy of Fs. For the Fano plane, the last author proved [26] that for
every € > 0 there exists ny such that any 3-uniform hypergraph with n > ng vertices and
minimum co-degree greater than (1/2 + e€)n contains a copy of S(7). In 2009, Keevash
[18] improved this by proving that any 3-uniform hypergraph with minimum co-degree
greater than n/2 contains a copy of S(7) for n sufficiently large. Notice that the lower
bound construction for the chromatic threshold described above has non-zero minimum
co-degree but the co-degree depends on the parameter t. We can modify the construction
to prove a better lower bound on the co-chromatic threshold of S(7)-free hypergraphs.

Proposition 9.8. The co-chromatic threshold of S(7)-free hypergraphs is at least 2/5.  []

Proof. Fixt>2 and 0 < e < 1. Then by Lemma 8.2 there exists k large enough that if
n = (3/2+ e)k then KN3(n, k) has chromatic number at least t. Fix N > (}).

Partition N vertices into two parts, U and V, of size % and % respectively. Include as
an edge any triple with at least one vertex in each part. Further partition U into n sets,
Ui,..., U, each of size |U|/n. Let H be the hypergraph formed by taking the disjoint union
of this hypergraph with KN3(n, k) and including the following edges. Include any edge of
type KUV, where K = V(KN3(n,k)). For any X,Y € K,if [X N Y| < k — 4ek then include
every edge of the form {X,Y,u} where u e U; forsome i€ X UY. If X NY| >k —4ek
then include every edge of the form {X,Y,u} where u € U; for some i € X N'Y. Notice
that H has chromatic number at least t and that V(H) = N + (2)

Claim 1. The above hypergraph contains no subgraph isomorphic to S(7).

Proof. First notice that the complete bipartite 3-uniform hypergraph contains no copy
of S(7). Therefore, by considering the partition U,V UK, we can see that any copy of
S(7) must contain an edge induced by K. Call this edge {4, B, C}. It also follows from
Lemma 8.4 that there is no copy of S(7) completely contained in K.

Claim 1a. Any copy of S(7) intersects U (or V) in at most one vertex.
Proof. Notice that for any edge e in S(7), every other edge intersects e in at exactly one
vertex; therefore for any copy of S(7) in H every edge contains one of 4, B, C. If there

were two vertices of S(7) in U (or in V') then the edge of S(7) joining them would be
unable to intersect 4, B, or C. ]
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Claim 1b. Any copy of S(7) contains no vertex from V.

Proof. Suppose for contradiction that a copy of S(7) contains some vertex from V'; then
by Claim 1la it intersects V' in exactly one vertex. Every vertex of S(7) is contained in
three edges, but because there is at most one vertex from U involved in the copy of S(7),
there can be only one edge that contains the vertex from V. ]

Any copy of S(7) must therefore have exactly six vertices in K and exactly one vertex
in U. Suppose they are A,B,C,D,E,F € K and G € U;. Suppose also that the edges of
S(7) induced by K are

{A,B,C}, {A,E,F}, {C,D,E}, {B,D,F}.
Claim 1c. If {S,S,,S3} is an edge in K then [S; N S;| < k/2 + ek for all i # j.

Proof. This follows from the definition of the hypergraph on K,
k=1S11<n—185N83|=3/24+ ek —|S2NS3], so|SNS;| <k/2+ ek,
and the claim follows through symmetry. L]
Claim 1d. The following intersections all have size at least 2k —4ek: AND,BNE,CNF.
Proof. We will prove that |4 N D| > 2k — 4ek; the rest follow through symmetry. Because
{B,D, F} is an edge,
D= (BNF)UBNF)UBNF).
Also, because {4, B,C} is an edge,
|[ANB| = |A| —|[ANB| < (k/2 + k) — (k/2 — ek) = 2¢k.
Similarly, because {4, E, F} is an edge, |A N F| < 2¢k. Therefore,
IDNA<|ANBNF|+|[ANBNF|+|[ANBNF|<|[ANB|+|ANF| < 4ek,
and so [D N A| > |D| — 4ek = k — 4ek. ]

It follows from Claim 1d that S(7) cannot be a subgraph of H. Otherwise, the edges
{A,D,u}, {B,E,u}, {C,F,u}

would all appear, and by the definition of H, because the intersections mentioned in
Claim 1d are large, it follows that i € (AN D)N (BN E)N(C NF). In that case, however,
ANBNC is not empty and so {4, B,C} is not an edge. O

It remains only to compute the minimum degree of H. Vertices Si, S; € K have co-degree
at least

k — 4¢ek

Ul
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if [S1NS,| >k — 4ek, and at least

k + 4ek
n

U

otherwise. Vertices uj,uy € U have co-degree at least || and vertices vy,v, € V have
co-degree at least |U|. All other pairs of vertices have co-degree at least |U| or |V|. The
minimum co-degree is therefore at least

k(1 — 4e) (2-8¢ 3.3 2
mm{k(3/2+e)|U|’|U’|V|}_{3+26 5N>5N,5N}~

For some choice of e, this is approximately %\V(H ). U]

Question 9.9. What is the co-chromatic threshold of the Fano-free hypergraphs? It is
between 2/5 and 1/2.
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