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Abstract

We determine, up to multiplicative constants, the number of integers n < x that have a divisor in (y, 2y]
and no prime factor < w. Our estimate is uniform in x, y, w. We apply this to determine the order of the
number of distinct integers in the N X N multiplication table, which are free of prime factors < w, and the
number of distinct fractions of the form (a1a>)/(b1b2) with 1 < a; < by < Nand 1 <ay < by <N.
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1. Introduction

In the paper [5], the author established the order of growth of H(x,y, z), the number of
integers n < x, which have a divisor in the interval (y, z], for all x,y, z. An important
special case is

X

H s 32 =
(0220 = (i5g )P logy Y7

B<y< V), -1

where
1 +log,?2

log?2
(The notation log, x stands for loglog x.) A shorter, more direct proof of the order
of magnitude bounds in the special case (1-1) is given in [6]. More on the history of
estimations of H(x,y, z), further applications and references may be found in [5].

A number of recent applications have required similar bounds, but where the
underlying set of integers n is restricted to a special set, for example, the set of shifted
primes ([5, Theorem 6,7], [9]) or the values of a polynomial [1, 4, 7, 12, 13]. More
generally, we define

H(x,y,z7A)={n< x,ne A:d|nforsomed e (y,z]}|.

E=1- =0.086071332....
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18 K. Ford 2]

Another natural set to consider is R,,, the set of integers with no prime factor p < w;
called w-rough numbers by some authors. Here we determine the exact order of
growth of H(x,y,2y;R,) for all x,y, w; the more general quantity H(x,y, z; R,,) can
be estimated by similar methods, although there are many cases depending on the
relative size of the parameters w, x, y, 2.

Tueorem 1.1. Suppose that 4 <y < Vx, 4 <w < y/8 and write § = log, w/log, y.
(i) Whenl-1/logd<d6<1,

X
log® w

H(X,y, 2y’RW) - H(-x/zay’ zyvﬂw) >> > H(X,y, 2y’RW)

(i)) When0<¢6<1-1/log4,

H(x,y,2y;R,) — H(x/2,y,2y;R,,) > x6B(w, y)(log y) &*+{loet=on/log 2
> H(x,y,2y; Rw),

where
B(w,y) = min(1, (log, ) "/*((1 - §) log4 - 1)™").

ReEmark 1.2. Some special cases are worth noting. From Theorem 1.1 we have, for
each fixed € > 0,

x6B(w, y)(log y)~&+((1-0)/log2)

xlog, w -8 -
Xlog,w_ | +((log(1-6))/10g 2) (5 <1- - )
Gog, 7 08 gt~
xlog, w
) (log, w < y/log, y).

(log y)é(log w)!/22(log, y)3/?

Remark 1.3. When y > +/x, one can obtain similar results by using the duality
dln & (n/d)|n. Thatis, if x/2 < n < x, then d | n with y < d < 2y is equivalent to
d' | nwithd" < x/y.

We illustrate the utility of Theorem 1.1 with two applications. The first is related to
the well-known multiplication table problem of Erds [2, 3], which asks for estimates
on the number, M(N), of distinct integers in an N X N multiplication table. In [5] the
author proved, using (1-1), that

NZ
" (log N)é(log, N)3/2

M(N) (1-2)

More generally, consider the restricted multiplication table problem of bounding

M(N; A), the number of distinct entries in an N X N multiplication table that belong

to the set A. For example, when A # 0 is fixed and A = {p + A : p prime}, the order of

M(N; A) was determined in [5, Theorem 6] (upper bound) and [9] (lower bound).
Observe that M(N;R,,) = 1 whenw > N.
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[3] Rough integers with a divisor in a given interval 19

CoroLLARY 1.4. Uniformly for 4 < w < N/2 and logw > (log N)!~(/loe%)

NZ

M(N;R,) < ——,
log”w

and when logw = (log y)’ with 6 < 1 — (1/log4),
M(N;R,,) < N*6B(w, N)(log N) &+ ((oe(1=00/log )

Proor. If VYN < w < N/2, then M(N;R,,) counts entries in the multiplication table,
which are primes in (w, N] or the product of two such primes. The desired bounds
follow. If 4 < w < VN, we use the inequalities

N2 N N
H( :

N> N N )
474?25 .

Ro) < MOV:R,) < " H( S5 300 505 R
k=0
The proof is easy: consider ab € R,,a< N and b<N. If N/4<a<N/2 and
ab < N*/4, then b < N and this proves the lower bound. The upper bound comes
from taking N/2K! < a < N/2F for some nonnegative integer k. The desired bound
for M(N; R,,) now follow from Theorem 1.1, since we have H(x, y,2y; R,,) < xf(y, w)
where f(u,w) < f(y,w) for logu < logy. O

Next, we consider the ‘Farey fraction multiplication table’. Let ¥y of Farey
fractions of order N, that is,

a

?N:{Zlgagng’(a’b)zl}

In private conversation, Igor Shparlinski asked the author about the size of the
product set FyFy (in general, for sets A, B C Z, APB denotes the product set
{ab:ae A,be B}).

CoROLLARY 1.5. We have
M(N)* < [FyFul < M(NY.
Consequently, by (1-2),

NZ

TNINI= Gog N)Eog, NP2

Proor. The upper bound is trivial, and thus the real work is on the lower bound. We
achieve this by placing restrictions on the fractions, firstly by putting them in dyadic
intervals and secondly by removing those elements divisible by small primes. To this
end, define

Av={n:N/2<n<N), AV =AyNR,.
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20 K. Ford [4]

Let w be a large, fixed constant. A simple inclusion—exclusion argument yields (here
p denotes a prime in the sums)

aay
[FNFnl > {blb rap,an € ﬂN/z,bl,bz e AV (araz, biby) = 1}'
|ﬂ(A;V/)zﬂ(Wﬂ' mngﬂg\?' - Z 'ﬂ%’zﬂ%l |ﬂ(W)ﬂgy/)ﬂ
w<p<N/2
> AGLAY | AAYA = > AN Al - KA A -
w<p<N/2
It is clear that for M < N,
|AnAp|l < HIMN, M/2, M)
and we deduce from (1-1) that
N4
[An2An2p| - ANAN | <
w;mz ’ ! ,,Z P2(log(N/ ) (logy(N/p))?
M (N)?
wlogw’

We also have the lower bound
(A AW > HMN, M/2, M;R,) — HMN/2, M/2, M;R,,).

It follows that

|FnTFNl = ( (%ggﬂ)—H(%gg )
2
(e 5 om ) - (T 5N
4
O( (log N)Zg(log N)2(wlog w) ) (1-3)

Inserting Theorem 1.1 into the estimate (1-3), and taking w to be a sufficiently large
constant, we obtain the lower bound in Corollary 1.5. O

1.1. Notation. Let 7(n) be the number of positive divisors of n, and 7(n; y, z) denotes
the number of divisors of n within the interval (y, z]. Let w(n) be the number of distinct
prime divisors of n. Let P*(n) be the largest prime factor of n and let P~(n) be the
smallest prime factor of n. Adopt the notational conventions P*(1) = 0 and P~(1) = o

Constants implied by O, < and = are absolute. The notation f < g means f <« g and
g < f. The symbol p will always denote a prime. Lastly, log, x denotes log log x.

1.2. Heuristics. Here we give a short heuristic argument to justify the formulas in
Theorem 1.1. This is similar to the heuristics givin in [5, 6].
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[5] Rough integers with a divisor in a given interval 21

Write n = n’'n”’, where n’ is composed only of primes in (w, 2y] and n” is composed
only of primes >2y. For simplicity, assume n’ is squarefree and n’ < y!°°. Assume for
the moment that the set D(n’) = {logd : d | n’} is approximately uniformly distributed
in [0,logn’]. If n’ has k prime factors, then 7(n’) = 2% and we thus expect that
7(n’,y,2y) > 1 with probability about

2k
min(l, —)
logy

This expression changes behavior at k = kg := |log, y/log2]. The number of n < x
with n’ € R,, and w(n’) = k is of size

x (logyy —log, w)k
logy k! ’

and we obtain a heuristic estimate for H(x, y, 2y; R,,) of order

X (2log, y — 2log, w)* (log, y — log, w)*
— D] 2 o 2+ (logy) ) —= o 270 .
log y k<ko . k>ko ’
The first sum always dominates, since the second sum is dominated by the first

summand (ko is always much larger than log, y — log, w). The behavior of the
first sum over k depends on the relative sizes of ky and 2log, y — 2log, w. If

ko > 21og,y — 2log, w, that is, logw > (log y)!~!/1°¢4 the first contains the ‘peak’ and
H(x,y, 255 R,) x —o—elomy2lomw
log®y log® w

For smaller w, we are summing the left tail of the Poisson distribution and standard
bounds (see, for example, Lemma 2.4 below) yield

H(x,y,2y;R,,) = xB(y, w)(log y)~&*(leeti=o0/loe2),

This latter expression is too large by a factor 1/, and this stems from the uniformity
assumption about D(n’), which turns out to be false for all but a proportion ¢ of these
integers. Fluctuations in the distribution of the prime factors of n’ lead to clustering
of the divisors; more details can be found in [5, 6]. As in [5, 6], we really should be
considering those n’, which have nicely distributed divisors, and a useful measure of
how nicely distributed the divisors are is the function

L(a) = meas L(a), ZL(a)= U[—log 2 +logd,logd).
dla

Adjusting our heuristic, we see that the probability that 7(n’,y,2y) > 1 should be about
L(n")/logy, which is >1/log y on a set of n’ of density ¢.
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2. Preliminaries
Lemma 2.1 [6, Lemma 3.1].
(i) L(a) < min(t(a)log?2,log?2 + loga);
(ii) if(a,b) = 1, then L(ab) < 7(b)L(a);
(iil) if p1 <--- < px, then
L(p1 -+ pr) < min 2" /(log(p, -+ p)) + log2).

<J
Let H(a, b) be the set of all squarefree positive integers composed only of primes
in (a, b]. We adopt the convention that 1 € &(a, b) for any a, b.

Lemma 2.2.

(@) Fortzw>z2andk >0,

1 - (log, t — log, w + O(1))¥

ac P (w,t) a k!
w(a)=k
(b) Fortzw>z22andk>1,
1 log, t —1 + O(1))k1
Z 084 o (1+ log(t/w))( o8 (;ngv: , @)
ac P(w,1) (k- D!
w(a)=k

(c) For2<w<s<t,

La) _(logt)? L(a)
2 e <logs) 2 Ta

a€ P(w,t) ac P (w,s)
Proor. Item (a) is immediate from
1 1 ( Z 1)k
—_ < J— —_
ac P (w,t) a k! w<p<t p

w(a)=k
and Mertens’ estimates. For item (b),
loga 1 log p 1
= — 1 < -.
2 D, glers< ) =5 ) g

ac P (w,t) a aceP(w,t) pla w<p<t ac P (w,t)
w(a)=k w(a)=k w(a)=k—1

The desired inequality follows from part (a) and Mertens’ estimates. For part (c),
we factor each a € Z(w, ) uniquely as a = aja, with a; € P (w, s) and a; € L (s, 1).
Then, using Lemma 2.1(ii) we deduce that

Z La) Z L(a)) Z T(aa;)

ac€ P(w,t) a ajeP(w,s) a1 aEP(s,t)

:l—l(1+%) Z Lizl).

s<p<t ae P (w,s)

The desired inequality follows from Mertens’ estimates. O
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The following is a standard sieve bound, see, for example, [8].

Lemma 2.3. (@)  Uniformly for x > 2z > 4,
x/2<n<x: P (n)> 2l > —.
log

Uniformly for x > 7 > 2,

in<x:P(n)>z) < ——.
logz

Finally, we quote standard bounds on the Poisson distribution, see, for example, the
results in [11, Section 4].

Lemma 2.4. Uniformly for h < m < x,

xk m
Z —xmin(\/)_c, al ,m—h+1)x—.
k! xX—m

m!
h<k<m

3. Local-to-global estimates

Following a kind of local-to-global principle first utilized in [5], we bound
H(x,y,2y;R,) in terms of the function L(a). This justifies the heuristic presented
in Section 1.2.

Lemma 3.1. If w < /1% and y < +/x, then

X L(a)
H(xy, 233 Ry) = H(x/2,3, 20 R) > —5— > ——.
IOg yaeg‘(w,y)

Ifw<y< Vxand w <y then

X L(a)
Hxy2mR) < —5= ) ==
IOg y ac P (w,y)

Proor. We begin with the lower bound. We may assume without loss of generality
that y > yo, where yy is a sufficiently large constant, because in the case y < yy, for any
prime p € (y,2y] (such p exists by Bertrand’s postulate) and we see that

H(x,y,2y;Ry) — H(x/2,y,2y; Ry) > x/p >y, x.

Consider integers n = ap p2b € (x/2, x] with P~(a) > w, p; and p, prime, satisfying
the inequalities
a<y'®<pi<p <y <P (b

and with log(y/p1p2) € -Z(a). The last condition implies that

T(ap1p2,y,2y) > 1,
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24 K. Ford (8]
and we also have that P~(n) > w. Since y*° < y/a < pi1p> < 2y, we have x/app,> >
x/(2y%3) > %y“/ 5. Thus, by Lemma 2.3, for each triple (a, py, p>), the number of
possible b is >x/(ap; p> logy). Now £ (a) is the disjoint union of intervals of length
> log 2 contained in [-log2,loga]. For each such interval [u,v), Mertens’ estimate

implies that
1 1 1 v—u
> — — > .
Z pP1p2 Z 25 Pl Z P2 logy

u<log(y/p1p2)<v 8y!S<pi<y ye~'/p1<pa<ye™/pi

yl/5<P1<P2<%y4/5

Here we made use of the estimate v < loga < % logy, which implies that ye™/p; >
y*> > py. Thus, with a fixed, the sum of 1/(p; p>) is >(L(a))/log y and

X L(a)
H(x,y. 25 R,) = H(x/2.3. 21 R) > —— > ==,
log y a<yl/5
P (a)>w
We replace the sum over a with an unbounded set, which is multiplicatively more
convenient, starting with

L(a) L(a) L(a) loga
Z ™ 7 Z ™ ° Z a (1 - log(y1/5))'

a<y!s a<y!s ae P (wy'15)
P~ (a)>w ac P(w,y'/1%)

Break this into two sums, the first being what we want and the second involving

L(a) loga _ Z ? Zlogp

ae P(wyl15) a ae P(wyl/13) pla
- logp L(pb)
w<p<y!/1s p be 2(wy''%)
ptb

Using the trivial relation L(pb) < 2L(b), which comes from Lemma 2.1(ii), and
Mertens’ estimate,
1/15
Z L(a) S Z L(a)(1 ~ 2log(y ') + 0(1))
log(y'%)

a
a<y's ac P (wy'/13)
P (a)>w

ace P(wyl13)
An application of Lemma 2.2(c) concludes the proof of the lower bound.
For the upper bound, we first relate H(x,y,2y; R,,) to H*(x,y, 2y; R,,), the number
of squarefree integers n < x with P~(n) > wand 7(n,y, z) > 1. Write n = n’n”’, where n’
is squarefree, n” is squarefull and (n/,n”’) = 1. The number of n < x with n”” > log'®y

is
1 X

<X Z 7<< 5

n log’y
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[9] Rough integers with a divisor in a given interval 25

Ifn” < log10 v, then for some f | n”, n’ has a divisor in (y/ f, 2y/ f], hence

HoymRa < Y S H (5L 2R, ) o

- b s b 9
n’
n’<log'y fln” I r
P~ (n)>w

. 3-1
10g5y) 3-1)

Let wy be a sufficiently large absolute constant. It suffices to prove the upper bound
for w > wy, for the case w < wq follows from the case w = wy. In the sum,
y/f <y<(x/n”)*1log’ y < (x/n”)*"°

for large enough wy. We will show that for wy < y; < x?/ %,

L(a
H*(x1,y1,2y1; Ry) < x| max ( )'

(3-2)
2y log? t

ac P(w,t)
It follows from (3-2) and (3-1) that
) X 1 L(a)
H(x,y,2y; Ry) < Z P Z t>gl}/23.c))(3/4 Z —

2
n"’<log!y Sfln” log ! ac P(w,t)
P~ (n)>w

camax —- Y KOs 0D

>y log* t n’”

ae P (w,t) a n”’<log'y

P~ (n)>w
The lemma follows by noting that the inner sum over squarefull n”” is O(1), using the
relative estimate in Lemma 2.2(c) with s = y*/3, and finally noting that 22 (w, y*/3) C
Pw,y).

It remains to prove (3-2). The right side is >x;/log’y; since L(1) = log2, and
hence it suffices to count those n € (x; /logzyl, x1]. We will count separately those
n € (x;/2™", x;/2"] for some integer r, 0 < r < 5 log, y1. Let o7 be the set of squarefree
integers n € (x;/2"*', x;/2"] with a divisor in (y;, 2y;]. Put z; = 2y, y» = x1/(2"*2y)),
22 =x1/Q"y1). If n € &, then n = mymy with y; <m; < z; (i = 1,2). For some j € {1,2}
we have p = P*(m;) < P*(mj3_;); in particular, p is not the largest prime factor of
n. Fixing j, we may write n = abp, where P*(a) < p < P~(b) and b > p. Since
t(ap,yj,z;) 2 1, we have y;/a < p < z;. By Lemma 2.3 and the fact that b > p, given
a and p, the number of choices for b is

X1

K —
2'aplog p
X1

< .
2"ap log max(P*(a),y;/a)
Now a has a divisor in (y;/p, z;/p], and thus

log(y;/p) € Z(a) or log(2y;/p)e€ L (a).
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Since Z(a) is the disjoint union of intervals of length > log 2 with total measure L(a),
by repeated use of Mertens’ estimate

1 . L(a)
log max(P*(a),y;/a)

— (c=1,2).
log(ey;Ipe@ P

PP @
Since y; >y} /22 > 4,

X1 L(Cl)
H(x,y,2y; R,) < — .
(x, 3, 2y ) Z or Z Z alogz(P+(a)+t

0<r<51log, yi te{dy; 4y, } ac P(w,r)

We have 4y; > y;l/5 /2" > y?/4 for any j and any r. Also, by [10, Lemma 2.2],

L(a) 1 L(a)
Z . — < — ==,
acFwd) alog(t/(4a) + P*(a)) log~ ¢ ac P )

Summing over r, we deduce (3-2). O

4. Proof of Theorem 1.1: lower bounds

We first deal with simple cases. Let wy be a sufficiently large constant and & > 0
a sufficiently small constant. Firstly, if y < wy, then Bertrand’s postulate implies that
there is a prime p € (y, 2y] and therefore

H(x,y,2y;Ry) — H(x/2,y,2y;Ry) 2 #{x/2 <n< x:p|n}>x.
Also, if w < wy <yand w < y/8, then
H(x,y,2y; Ry) — H(x/2,y,2y; Ry) = H(x,y,2y; Ryy) — H(x/2,y,2y; Ryy,)

and the desired bound follows from the case w = wy. Thirdly, when y > wy and
y® < w < y/8, we consider two cases: (a) y < Vx/8 and (b) Vx/8 <y < +/x. In case (a),
consider n = pm where y < p < 2y < P~(m). Since x/p > 4y for all such p, Lemma 2.3
implies

HOw 20 R = HE20, 2R > . #=s<n< P> 2)
y<p<2y 2p p

X
> > .
2
y;Z},PIOg)’ log”w
In the case (b) Vx/8 <y < +/x, consider n = pm where y < p <2y and P~ (m) >
/8. Such n have at most three prime factors larger than y, hence at most three
representations in this form. Since x/p > 2y/8, Lemma 2.3 similarly implies that

1
HO 320 R,) = HE/2,0, 20 R0 > 5 D #{ﬁ <n< 1{ P> 3

y<p<ly

Z x x
0 > ——.
yepeay P1O8Y log“w
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[11] Rough integers with a divisor in a given interval 27

From now on, we assume
wo <w <)y’ 4-1)

We begin with the local-to-global estimate for H(x,y, 2y; R,,) given in Lemma 3.1,
and relate L(a) to counts of pairs of divisors, which are close together. Evidently,

L(a) > (log2)#{d | a : 7(a,d,2d) = 0} > (log 2)(t(a) — W*(a)), 4-2)

where
W*a)=#{d|a,d |a:d<d <2d}.

We will apply (4-2) with integers whose prime factors are localized. As in [6],
partition the primes into sets Dy, D,, ..., where each D; consists of the primes in an
interval (1;_1, 4;], with 4; = /l?_l. More precisely, let 4o = 1.9 and define inductively
Aj for j > 1 as the largest prime so that

1 o2, 4-3)
Ajo1<p<d;
For example, 4 = 2 and A, = 7. By Mertens’ bounds,
log, A; —log, 4,1 =log2 + O(1/logAd;_),
and it follows that for some absolute constant K,
277K <loga; < 27K (j=0). (4-4)

For a vector b = (by, ..., b;) of nonnegative integers, let 27 (b) be the set of squarefree
integers a composed of exactly b; prime factors from D for each j.

Lemma 4.1. Assume b = (b1, ..., by,), with b; = 0 for j < Jy. Then

* J:
W*(a) - (21og 2)bn++bn ZZ o +by +tb)
ac (b) by!t--by! =

Proor. Identical to the proof of [6, Lemma 2.3], except that we remove the terms
corresponding tod = d’. O

We will only consider those intervals D; C (w, y], that is, only J; < j < J,, where

Jy=min{j: A1 >w}, Jry:=max{j:4; <y} 4-5)
By (4-4),
’Jl—lfog;;‘sl{u, JZ_ll(z)ggzzy <K+1. (4-6)
Put . log, o w“n
200 °

which is a sufficiently large constant because wy is. Recalling (4-1) and (4-5), we may
choose ¢ such that
J1 = 100M, J,—J, = 100M. (4-8)
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Let %y be the set of vectors (by,, ..., b;,) which satisfy the following:
(a) b./] -+ bjz - k9
(b) Zj ’ 2= j+bj]+ +b; <2 M
©) by+iz SM+23G=1);
() b SM+2G> 1),

[12]

Item (b) ensures that the sum on a in Lemma 4.1 is small, provided that wy is
sufficiently large. From the definition of J,, whenever b € %, and a € 7 (b), we have

a€ Pw,y).
By Lemma 4.1, for any k and any b € %,
W@ _ 1 _(log 4k
a 10by!---by!

ac (b)

(4-9)

By (4-4), the fact that J; is sufficiently large, and b; < (j + 1 - J1)? + M, for any k

and b € %, we have by (4-3)

a€(b) j=di meD, PU pen, P? py.€D Db,
p2#pI P PP 1)
J )
1 b; \bi log 4)
>2kl_[_(10g2__f) 2&_
) b;! Ajo 2by - by,

Combining Lemma 3.1, (4-2), (4-9), and (4-10), we arrive at

Y YT

g’y ki <k<ks beZB; by,

H(x,y,2y;Ry) — H(x/2,y,2y; Ry) > o

for any k| < k;. We bound the sum on b using techniques from [5].
Following our heuristic, take

1
ky, = {min(—Ingzy, 2(log, y — log, w)) - ZMJ.
o)

By (4-1), k» > 100M and by (4-6),

ky = min(J,, (log4)(J, — J1)) - 2M + 6, 0] < (log4)(2K + 3).

We will choose k; to satisfy
10M < ky < ks.

Also define
v=JLh-J1+1, s=J1-2-M.

Setting g; = by, 4i—1 fori > 1,

Z 2—i+g1+~~+gi — 2]1—lf(b) < 2s+1.

i=1
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By (c) and (d) in the definition of %y, gi < M + i* and g,,1_; < M + i* forevery i > 1.
Applying the argument on the top of [5, page 419], it follows that for k1 < k < ks

log 4)¢
> % > Vol (Y, (s, v)), (4-15)
be%’k R

where Y (s, v) is the set of £ = (£1, ..., &) € RF satisfying the following:

1 0<é<--<&<
(i) For 1 <i< Vk—=M,&yvp > if/vand &y <1 —10/v;
(i) X5, 277 <28,
We now invoke a result from [5] concerning the volume of Y;(s, v).

Lemva 4.2 [5, Lemma 4.9]. The following is true for all sufficiently large M.
Uniformly forv=1, 10M <k<100v—-1), s> M/2+1and0<k—-v<s—M/3-1.

Then
k—-v+1

k+ D"

If wy is large enough (implying that M is sufficiently large) and ¢ is sufficiently
small, then (4-5), (4-7), (4-12), (4-13), and (4-14) together imply that

Vol(Yi(s,v)) >

v=J,—J1+1210,
10M < ki < ky < (log4)(J2 = J1) = (log4)(v = 1),
szlog,w—-M>M/2+1,
<

ky —v—s<(Jr=2M)—(Jo—1-M)=1-M< -M/3 - 1.

Thus, we see that the hypotheses of Lemma 4.2 are satisfied. Therefore, gathering
(4-11), (4-15) and invoking Lemma 4.2, we conclude that

ko k
X (vlog4) (k—v+1)
H(x,y,2y;R,) — H(x/2,y,2y; R,) > . 4-16
(6, 3, 2y;Ry) — H(x/2,y, 2y; Ry) 10g2yk-§kl ] 1 (4-16)

Consider three cases: . 6 > 1 — 1/log4,II. - <6< 1—-1/log4, IMI.0 <6 < %.

o
Case 1. We have log, w > (1 — 1/log4)log, y and thus, by (4-12) and (4-5),
ky = |2(log, y — log, w) — 2M |.

For an appropriate choice of parameters &, M, wy (subject to (4-7)), we have by (4-8)
the bound
vliogd > k> J, —J; > 100M.

Now set k; = k,/10, so that (4-13) is satisfied. With these choices and (4-14),

k—-v+1
— =1 (kg <k<hk).
1 (k1 2)
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Thus, apply Lemma 2.4 to the sum in (4-16),

H(x,y,2y; Rw) — H(x/2,y,2y; Ry) > Lze"k’g4 > xz ,
log”y log”w

as required in this case.

Case II. By (4-12),

log, y
k ={ —2MJ,
2 log2
and take L
ky = 52
In this case, we have J, < log, y < J, — Ji, and thus by (4-14),
k—v+1
— x<x1x6 (ki <k<hk).
1 (ky 2)
Hence, applying Lemma 2.4 with & = k;,m = kp, x = vlog4, we compute
) . vlog4
mm(xl/z, P m,m —h+ 1) > mln((log2 y)l/z, m)
1
> min((log2 w2, ——— + 0(1/log, y))

> 6(log, )'*B(w. y).
Recalling the definition of &, by Stirling’s formula,

(V IOg 4)k2 S (é(l _ 6))k2 B (IOg y)2—8+(log(1—(5))/(log2)

ka! ylog, y ylog, y

Invoking Lemma 2.4 we see that the sum in (4-16) is

> 5B(w, y)(log y)>-E+(ee(1-0)/(log2)
and this gives the required lower bound in Theorem 1.1.

Case III. When 6 < 3, also

1
fo=| 2 - om|,
log2

but in this case,
ki =k,

as we are in the range where the summation in (4-16) is dominated by single summand.
Here
k—v+1 log,w

kh-v+1x<J, = = 4.
27 POk r 1 Togyy
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Applying Lemma 2.4 to the sum in (4-16),

ox (vlog 4)’{2

H(x,y,2y;Ry) — H(x/2,,2y; Ryy) > ——
logy k!

Applying Stirling’s formula as in Case II and observing that B(w,y) = 1 in this case,
we conclude the desired upper bound.

This completes the proof of the lower bound in Theorem 1.1.

5. Proof of Theorem 1.1: upper bounds

In this section, we prove the upper bound in Theorem 1.1. We begin with simple
cases. If wy is fixed and w < wy, then H(x,y,2y; R,) < H(x,y,2y) and the required
bound follows from (1-1). Next, if log, w > (1 — 1/log4) log, y, then by Lemma 2.3,

H(xy 2y R) <y Hm < x/d: P(m) > wi
y<d<2y
P (d)>w

X
< Z dlogw

y<d<2y
P~ (d)>w
X

log2 w

<

as required.
From now on, we assume that

logw < (log y)'~'/1°8*, (5-1)

that is, 6 < 1 — 1/log4. We apply Lemma 3.1 and use upper bounds for L(a) from
Lemma 2.1. As in [5], the sums involving L(a) are bounded in terms of multivariate
integrals, which were estimated accurately in [5, 6].

5.1. Casel. 1—10 <6< 1-1/log4. This caseis very easy, as we expect no clustering
of divisors. Let

_ Fogz J J (5-2)

log2 I

Beginning with Lemma 3.1, we apply Lemma 2.1(i) to bound L(a) and then apply
Lemma 2.2 parts (a) and (b)

1
H(x,y,2y; Ry) < 10x2 [Z Z _+Z Z oga]

8 Yli<ky acPwy) foko ae P (w.y)
w(a)=k w(a)=k
(2log, y — 2log, w)¥ (log, y — log, w)*
< Z 2 y 2 La Ogy)z 2 - 2
10g Y ie<ko ) k=ko
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Since ky > 1.4(log, y — log, w), the second sum on the right side is dominated by the
single term k = kg and thus, by Stirling’s formula,

Z (log, y — log, w)k < (log, y — log, w)ko
k! ko!
_ ((elog2)(1 - 9))°

(log, )/
(log y)!~&+(log(1-6))/log 2)

(log, »)'/?

k>ko

We have k < 2log, y — 2log, w in the first sum, for which we invoke Lemma 2.4 and
obtain, with @ = log, y — log, w the bound

Z (2log, y - 2log, w)*
k!

k<ko
ko
< Qa) min(al/z, L)
0- a — k()
< (2e(log 2)(1 — &))" min(1, (log, y)/*((1 — 6) log4 — D7)
< (log y)—8+(log(l—6)/log Z)B(W, y)’

as required for Theorem 1.1.

5.2. Case Il 6 < 1—10. This case is more delicate, because we expect that typically

there will be clustering of the divisors of a, and we must bound the probability of
nonclustering.
We cut up the sum in Lemma 3.1 according to w(a). Let

ac P (w,y)
w(a)=k

We bound T}, in terms of a multivariate integral, in a manner similar to that in [6].

LemmA 5.1. Suppose w is large, (5-1) holds, let

_{logzy—log2wJ _{IOgZWJ
Y log2 v log?2

and assume that 1 < k < 10v. Then
T; < (2log, y — 2log, wUi(v, u),
where

Ur(v,u) = f . f min 27/ (2" 4 .. 4 29T 1 ) dE.

0<j<k
0<&1<<&<1
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Proor. The proof is the same as the [6, proof of Lemma 3.5], except that we make
use of the fact that P™(a) > w. Recall the definition of the sets D; from Section 4. By
(4-4), any prime divisor of a lies in D; withu — K —=2 < j<v +u + K + 3. Following
the proof of [6, Lemma 3.5], in particular using Lemma 2.1(iii),

21og 2)¥
T, « 210220 f F(t)dt, (5-3)
k! [u—K-2v+u+K+4]k
where, letting s < sp < - -+ < s¢ be the increasing rearrangement of 71, ..., #,

F(t) = min 277(2% + .- +2% + 1),

0<j<k

Observe that F(t) is symmetric in #y, . . ., ;. Making the change of variables
L=u—-K-2+Ww+2K+6); (1<i<k)

we see that 0 < &; < 1 for each i. Utilizing the symmetry of F(t), we find that the

multiple integral on the right side of (5-3) equals

(v + 2K + 6)°k! f <o | min 27 (UK Ly pURZKROEG Uy 1y g

0<j<k
0<é < <<l

We conclude that
Ti(y) < ((210g 2)(v + 2K + 6)) Up(v, u).

Lastly, (v + 2K + 6)F < V¥ since k < 10v, and the lemma follows. O

To bound Uy (u, v) we invoke the following estimate from [5, 6].

Lemma 5.2 ([5, Lemma 13.2], [6, Lemma 4.4]). Define

T kv, y) = EeR0<E << <,
2 4 4 2% > 2T (1€ j< k).

Suppose k,v,y € Zwith1 <k < 10vandy > 0. Set b =k —v. Then

Vol(T (k,v,7)) <

227 (k+ 1!’
where
b ifb>vy+5,
T\ +5-b2y+1) ifb<y+5.

Lemma 5.3. Suppose k, u, v are integers satisfying 1 < k < 10vand u > 1. Then

u(l +k—v—uP)
(k+ DIk + 1)

Uv,u) <

Notice that the bound in Lemma 5.3 undergoes a change of behavior at k = v + u.
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Proor. Put b = k — v. For integers m > 0, consider £ satisfying

2—m < gninkz—j(z\/fl+u 4ot 2v§j+u + 1) < 21—m.
<<

For1 < j<k,
2—j(2v§] oy 2v§,-+u) > max(2’j, m—u _ z—j—u) > Z—m—u—l’
and thus £ € 7 (k,v,m + u + 1). Invoking Lemma 5.2,

Up(v, u) < Z 2 NOW( T (k, v, m + u + 1))

m=>0
1 2my,
< (k+ 1)‘ Z 22b—m—u—l ’
" m=0
, b ifm+u<bh-6,
" lm+u+6-bPm+u+2) ifm+u>b-6.

Dividing the sum according to the two cases yields

27"Y b
Z St S Z Syt

m>0 0Osm<b—-u-5
(m+u+6->b)>m+u+2)
+ Z om :

m>max(0,b—u-5)

The proof is completed by noting that if b > 6 + u, each sum on the right side is
< b2"7b and if b < 5 + u, the first sum is empty and the second is < (6 + u — b)> <
1+ (b-u’ m]

Finally, we complete the upper bound in Theorem 1.1. Let

{logzy - log, wJ {log2 WJ
vV=| —/—m@3M3m383 u=|—
log2 log2

and define ky by (5-2). Note that ky = v + u + O(1). We now combine Lemmas 5.1
and 5.3. Since ky > 1.4(log, y — log, w),

u(l + (k — ko)?)

kT D (2log,y —2log, w)k

T, <«
ko<k<10ko ko<k<10ko
1+
ki
< u2™ Z m(l()gzy - 10g2 w
>0
(2log, y — 21og, w)k

(ko + 1)!

)k0+€

< (log, w)
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Similarly, since ky < 0.9(2log, y — 21og, w),

ko — k)*(21 -21 k
Z Ty<1+ Z ko — k)( k"gzly' 0g, W)
0<k<ky 1<k<ky ( + ) .

ko—1 _
<liw OZ: ut?(2log, y — 2 log, wyko=t

(ko +1-20)!

=1
(2log, y — 2log, w)ke
(ko + D!

< (log, w)

For the large values of k we use the crude bound L(a) < 7(a) from Lemma 2.1(i),
followed by an application of Lemma 2.2(a). This gives

k _ k
Z T, < Z 2 10g2< Z (2log,y —2log, w + O(1))
. a k!
k>10ko k=10ky ae 2 (w,y) k=10kq
w(a)=k
- (2log,y — 2log, w + O(1))!%
(10kp)!
(2log, y - 2log, w)*
(ko + 1)!

Combining these three bounds for sums of 7 with Lemma 3.1, Lemma 2.4, and
Stirling’s formula, we conclude that

(2log, y — 21og, w)k
(ko + 1)!

H(x,y,25;R,) < —o—(log, w)
log”y

xlog, w

(log y)—8+((10g( 1-6))/log2) .
(log; y)¥/2

The proof of the upper bound in Theorem 1.1 is complete.

(1
(2]

(3]
(4]
(3]
(6]
(7
(8]
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