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Abstract. Let R be a Mori domain with complete integral closure R̂, nonzero con-
ductor f= (R : R̂), and suppose that both v-class groups Cv(R) and Cv(R̂) are finite. If R/f
is finite, then the elasticity of R is either rational or infinite. If R/f is artinian, then unions
of sets of lengths of R are almost arithmetical progressions with the same difference and
global bound. We derive our results in the setting of v-noetherian monoids.
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1. Introduction. By a v-noetherian monoid (or a Mori monoid), we mean a com-
mutative cancellative semigroup which has an identity element and which satisfies the
ascending chain condition on v-ideals (equivalently, divisorial ideals). Thus, a domain is a
Mori domain if and only if its multiplicative monoid of nonzero elements is a Mori monoid.
Let H be a v-noetherian monoid. Then every non-unit a ∈ H has a factorization as a finite
product of atoms (irreducible elements). If a = u1 . . . uk , where k ∈ N and u1, . . . , uk are
atoms of H , then k is called the length of the factorization, and the set L(a)⊂ N of all
possible factorization lengths is called the set of lengths of a. Then L(H)= {L(a) | a ∈ H}
denotes the system of sets of lengths of H (with the convention that L(a)= {0} if a ∈ H
is invertible). The v-noetherian property implies that all L ∈L(H) are finite. If there is an
element a ∈ H with |L(a)|> 1, then |L(an)|> n for every n ∈ N. The structure of sets of
lengths is described by a variety of invariants (see a recent survey [10] and proceedings
[5, 8]). In the present paper, we study two of these invariants, namely unions of sets of
lengths and elasticities, and we establish our results in the setting of v-noetherian monoids
with suitable algebraic finiteness conditions (see Theorem 1.1 and Section 2.4).

To recall the concept of unions of sets of lengths, let k ∈ N be given and to avoid trivial
cases suppose that H is not a group. Then

Uk(H)=
⋃

k∈L,L∈L(H)
L denotes the union of sets of lengths containing k.

We say that H satisfies the Structure Theorem for Unions if there are d ∈ N and M ∈ N0

such that Uk(H) is an almost arithmetical progression (AAP); see (2.1) with difference
d and bound M for all sufficiently large k ∈ N. The Structure Theorem for Unions has
attracted much attention in the last decade. In order to establish it in our setting, we build
on a recent result by Tringali [23] and for that we need information on the growth behavior
of the elasticities.

For every k ∈ N, ρk(H)= sup Uk(H) is called the k-elasticity of H and

ρ(H)= sup
{ρk(H)

k
| k ∈ N

}
= lim

k→∞
ρk(H)

k
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is the elasticity of H . The study of the elasticities has found wide attention in the literature
since the early days of factorization theory. Of course, the canonical questions are whether
or not the ρk(H)s and ρ(H) are finite, whether or not ρ(H) is rational, or even accepted
(i.e., the supremum in the above definition is even a maximum), and to derive precise values
for the kth elasticities. We refer to [2] (a survey from the late 1990s), to [19] (offering a
characterization of the finiteness of the elasticity of finitely generated domains), to [22]
(offering a survey on precise values of kth elasticities of Krull monoids), and to [15, 17, 24]
for recent progress.

Before we formulate our main result, recall that if H is a v-noetherian monoid with
nonempty conductor (H : Ĥ), where Ĥ is the complete integral closure of H , then Ĥ is
Krull whence Ĥ and Ĥ red have a divisor theory.

THEOREM 1.1. Let H be a v-noetherian monoid such that the conductor (H : Ĥ) �= ∅
and the class group C(Ĥ) of Ĥ is a torsion group. Let F = Ĥ× ×F(P) such that Ĥ red ↪→
F(P) is a divisor theory, and let E = {p ∈ P | there exists n ∈ N such that pn ∈ HĤ×}.

(1) If H ⊂ F is not simple, then ρk(H)= ∞ for all sufficiently large k ∈ N and H
satisfies the Structure Theorem for Unions.

(2) If H ⊂ F is simple and the class semigroup CE(H, F) is finite, then ρ(H) is rational
and H satisfies the Structure Theorem for Unions.

In special cases, the results of Theorem 1.1 are already known. To begin with, sup-
pose that H is a Krull monoid with finite class group. Then H = Ĥ = (H : Ĥ), E = P,
and C(H)∼= C(H, F), and it is well known that the elasticity of H is rational and H sat-
isfies the Structure Theorem for Unions. However, even in this special case, the statements
may fail without the finiteness assumption on the class group. Indeed, D. D. Anderson and
D. F. Anderson showed that for every real number r, there is a Dedekind domain with
torsion class group and elasticity equal to r [1]. Furthermore, there exist locally tame
Krull monoids with finite set of distances that do not satisfy the Structure Theorem for
Unions [7, Theorem 4.2]. Thus, even in the case of Krull monoids, finiteness assumptions
on class groups are indispensable for obtaining arithmetical finiteness results. The interest-
ing cases of Theorem 1.1, where the results are new, are those where H is not completely
integrally closed. In Section 2.4, after having introduced more terminology, we provide a
list of monoids and domains fulfilling the abstract assumptions above. Here we formulate
one corollary.

COROLLARY 1.2. Let R be a Mori domain with nonzero conductor f= (R : R̂) such that
the v-class groups Cv(R̂) and Cv(R) are both finite. If the factor ring S−1R̂/S−1f is quasi-
artinian (where S is the monoid of regular elements of R), then R satisfies the Structure
Theorem for Unions.

2. Preliminaries. We denote by N the set of positive integers and denote N0 =
N ∪ {0}. For real numbers a, b ∈ R, we denote by [a, b] = {x ∈ Z | a ≤ x ≤ b} the discrete
interval between a and b. Let A, B ⊂ Z be subsets. Then A + B = {a + b | a ∈ A, b ∈ B}
denotes their sumset and �(A) denotes the set of distances of A, that is, the set of all
d ∈ N for which there exists l ∈ A such that A ∩ [l, l + d] = {l, l + d}. If ∅ �= A ⊂ N, then
ρ(A)= sup{a/b | a, b ∈ A} ∈ Q≥1 ∪ {∞} denotes the elasticity of A, and we set ρ({0})= 1.
A subset L ⊂ Z is called an AAP with difference d ∈ N and bound M ∈ N0 if

L = y + (L′ ∪ L∗ ∪ L′′)⊂ y + dZ, (2.1)

https://doi.org/10.1017/S0017089519000132 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089519000132


ON THE ARITHMETIC OF MORI MONOIDS AND DOMAINS 315

where L∗ is a non-empty arithmetical progression with difference d such that min L∗ = 0,
L′ ⊂ [−M,−1], L′′ ⊂ sup L∗ + [1,M] (with the convention that L′′ = ∅ if L∗ is infinite),
and y ∈ Z.

2.1. Monoids and domains. By a monoid, we mean a commutative cancellative
semigroup with identity element. Thus, if R is a domain, then its multiplicative semigroup
of nonzero elements is a monoid. All ideal theoretic and arithmetic concepts are introduced
in the monoid setting but will be used for monoids and domains.

Let H be a monoid. We denote by A(H) the set of atoms of H , by H× the group of
invertible elements of H , by Hred = H/H× the associated reduced monoid of H , by q(H)
the quotient group of H , and by

Ĥ = {x ∈ q(H) | there exists c ∈ H such that cxn ∈ H for all n ∈ N}
the complete integral closure of H . For subsets X , Y ⊂ q(H), we set

(X : Y )= {a ∈ q(H) | aY ⊂ X } and Xv = (
H : (H : X )

)
.

The subset X is called a v-ideal (or a divisorial ideal) of H if X ⊂ H and Xv = X . The
monoid H is called a v-noetherian monoid (or a Mori monoid) if H satisfies the ascending
chain condition on v-ideals.

If an element a ∈ H has a factorization into k atoms, say a = u1 . . . uk with k ∈ N and
u1, . . . , uk ∈A(H), then k is called a factorization length of a and

L(a)= {
k ∈ N

∣∣ k is a factorization length of a
} ⊂ N0 is the set of lengths of a.

For a ∈ H×, we set L(a)= {0}. Then

L(H)= {L(a) | a ∈ H} resp. �(H)=
⋃

L∈L(H)
�(L)

denotes the system of sets of lengths resp. the set of distances of H . If H is v-noetherian,
then all sets of lengths are finite and nonempty [12, Theorem 2.2.9], and if there is a set of
lengths that is not a singleton, then there are arbitrarily large sets of lengths. We say that H
satisfies the Structure Theorem for Unions if there are d ∈ N and M ∈ N0 such that Uk(H)
is an AAP with difference d and bound M for all sufficiently large k ∈ N. If�(H) is finite,
ρk(H) <∞ for all k ∈ N, and the Structure Theorem for Unions holds with difference d
and some bound, then, by [7, Corollary 2.3], d = min�(H) and

lim
k→∞

|Uk(H)|
k

= 1

min�(H)

(
ρ(H)− 1

ρ(H)

)
.

Let F = F× ×F(P) be a factorial monoid, where F(P) the free abelian monoid with basis
P, and let a ∈ F. Then a has a unique representation of the form

a = ε
∏
p∈P

pvp(a) with ε ∈ F× and vp(a) ∈ N0 and vp(a)= 0 for almost all p ∈ P.

We call |a| = |a|F(P) = ∑
p∈P vp(a) ∈ N0 the length of a and suppP(a)= supp(a)= {p ∈ P |

vp(a) �= 0} ⊂ P the support of a.

2.2. Krull monoids. A monoid H is a Krull monoid if it satisfies one of the
following equivalent conditions [12, Theorem 2.4.8] :
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(a) H is completely integrally closed and v-noetherian.
(b) H has a divisor theory.
(c) There is a divisor homomorphism from H to a factorial monoid.

Let H be a Krull monoid. Then there is a factorial monoid F = H× ×F(P) such that the
inclusions H ↪→ F and Hred ↪→ F are divisor theories. The group C(H)= q(F)/q(Hred) is
the (divisor) class group of H , and it is isomorphic to the v-class group Cv(H) of H . If H
is v-noetherian with (H : Ĥ) �= ∅, then Ĥ is Krull and H× = Ĥ

× ∩ H [12, Theorem 2.3.5].
Note that a domain is a Mori domain (a Krull domain, or completely integrally closed) if
and only if its multiplicative monoid of nonzero elements has the respective property. We
refer to [4] for a survey on Mori domains and to the monographs [18, 12] for an exposition
of Krull monoids and domains.

2.3. Class semigroups. Class semigroups were introduced in [11], and we follow
the notation of [12, Chapter 2]. Let F = F× ×F(P) be a factorial monoid and H ⊂ F
a submonoid with H× = F× ∩ H . We say two elements x, y ∈ F are (H, F)-equivalent if
x−1H ∩ F = y−1H ∩ F. Then (H, F)-equivalence is a congruence relation on F. For every
x ∈ F, we denote by [y]F

H the (H, F)-equivalence class of x. For a subset E ⊂ F, we define
CE(H, F)= {[x]F

H | x ∈ E}. The semigroups

C(H, F)= CF(H, F) resp. C∗(H, F)= C(F\F×})∪{1}(H, F)

are called the class semigroup of H in F resp. the reduced class semigroup of H in F.
A subset E ⊂ P is called H-essential if E = suppP(x) for some x ∈ H \ H×, and H is called
simple in F if every minimal H-essential subset of P is a singleton.

2.4. Monoids and domains satisfying the assumptions of Theorem 1.1. A sub-
monoid H of a factorial monoid F with H× = F× ∩ H is called a C-monoid if the reduced
class semigroup C∗(H, F) is finite. A domain is said to be a C-domain if its monoid of
nonzero elements is a C-monoid. Since every C-monoid H is v-noetherian with nonempty
conductor (H : Ĥ) and finite class group C(Ĥ), every C-monoid satisfies the assumptions
made in Theorem 1.1. Thus the elasticity of a C-monoid is rational whenever it is finite.
For certain classes of weakly Krull C-monoids (including orders in number fields), the
elasticity is even accepted whenever it is finite [15, Theorem 4.4], but this is not true for
C-monoids in general (see [3], [12, page 226], and the literature therein).

We refer to [12, Chapter 2] for the basics on C-monoids and to [6, 16, 21] for recent
progress and new classes of examples. Here we just mention the most significant example
from ring theory. Let R be a Mori domain with nonzero conductor f= (R : R̂) and finite
class group C(R̂) (note that every C-domain is such a domain). If the factor ring R̂/f is
finite, then R is a C-domain by [12, Theorem 2.11.9].

In general, the assumption on the finiteness of R̂/f cannot be omitted (indeed, for
some classes of domains, it is equivalent for a domain to be a C-domain). In [13] and [20],
weakly C-monoids were studied and this concept allows to derive arithmetical finiteness
results for Mori domains with nonzero conductor f= (R : R̂) and finite class group C(R̂),
but without the finiteness assumption on the factor ring R̂/f. Weakly C-monoids provide
further examples where Theorem 1.1 can be applied. However, we do not introduce this
concept here, but we demonstrate its consequences for the large class of Mori domains
addressed in Corollary 1.2. Here is its short proof (based on Theorem 1.1).
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Proof of Corollary 1.2. Suppose that the given factor ring is quasi-artinian. We use
Theorems 5.5, 6.2, and 7.2 of [20]. If R has finite tame degree t(R), then R satisfies the
Structure Theorem for Unions by [9, Theorems 3.5 and 4.2]. Suppose the tame degree
is infinite. Then the elasticity ρ(R) is infinite and the monoid R \ {0} is not simple in a
(suitable) factorial monoid F. Thus Theorem 1.1.1 implies that R satisfies the Structure
Theorem for Unions.

3. Proof of Theorem 1.1. We begin with the following proposition.

PROPOSITION 3.1. Let H be a v-noetherian monoid with (H : Ĥ) �= ∅. Let F = Ĥ× ×
F(P) such that Ĥ red ↪→F(P) is a divisor theory, let F̃ = Ĥ×/H× ×F(P̃) with P̃ = {[p]F

H |
p ∈ P}, and let β : q(F)→ q(F̃) be the unique homomorphism satisfying β(p)= [p]F

H for
all p ∈ P and β(u)= uH× for all u ∈ Ĥ×.

(1) β(H) is a reduced submonoid of F̃, β(H)∩ F̃ = {1}, β−1(β(H))= H, and L(H)=
L(β(H)).

(2) β(q(H))= q(β(H)) and β(H) is v-noetherian.

(3) ̂β(H)= β(Ĥ) and (β(H) : ̂β(H)) �= ∅.

(4) ̂β(H)× = Ĥ×/H× and ̂β(H)red ↪→F(P̃) is a divisor theory.
(5)

{[p]F
H | p ∈ P and there exists n ∈ N and u ∈ Ĥ×/H× such that uβ(p)n ∈ β(H)}

= {[p]F
H | p ∈ P and there exists n ∈ N and u ∈ Ĥ× such that upn ∈ H}.

Proof. 1. This follows from [12, Theorem 3.2.8 and Proposition 3.2.3.5].
2. β(q(H))= q(β(H)) is clear. Let E ⊂ β(H). Then there exists E′ ⊂ H such that

β(E′)= E. Since H is v-noetherian, it follows by [12, Proposition 2.1.10.1] that there exists
a finite subset E0 ⊂ E′ such that (H : E′)= (H : E0). Thus

(β(H) : E)= β((H : E′))= β((H : E0))= (β(H) : β(E0)).

It follows by [12, Proposition 2.1.10.1] again that β(H) is v-noetherian.
3. Let x ∈ β(Ĥ). Then there exists y ∈ Ĥ such that x = β(y) ∈ β(q(H))= q(β(H)).

Since y ∈ Ĥ , there exists c ∈ H such that cyn ∈ H for all n ∈ N. Therefore, β(c) ∈ β(H) and
β(c)β(y)n ∈ β(H) for all n ∈ N. It follows that x = β(y) ∈ ̂β(H).

Let x ∈ ̂β(H). Then there exists c′ ∈ β(H) such that c′xn ∈ β(H) for all n ∈ N. Since
there exist y ∈ q(H) and c ∈ H such that β(y)= x and β(c)= c′, we have β(cyn) ∈ β(H)
for all n ∈ N. Therefore, cyn ∈ β−1(β(cyn))⊂ β−1(β(H))= H for all n ∈ N. It follows that
y ∈ Ĥ and x = β(y) ∈ β(Ĥ).

Therefore, ̂β(H)= β(Ĥ) and (β(H) : ̂β(H))= (β(H) : β(Ĥ))= β((H : Ĥ)) �= ∅.
4. Note that β(Ĥ×)⊂ β(Ĥ)⊂ F̃. Then β(Ĥ×)⊂ β(Ĥ)× ⊂ F̃× = Ĥ×/H× = β(Ĥ×),

which implies that β(Ĥ)× = β(Ĥ×).
By [12, Theorem 2.4.8.2], we obtain Ĥ ∼= Ĥ× × Ĥ red and β(Ĥ)∼= β(Ĥ)× × β(Ĥ)red.

Therefore, β(Ĥ)× × β(Ĥ)red
∼= β(Ĥ×)× β(Ĥ red), and hence β(Ĥ)red

∼= β(Ĥ red). Since
Ĥ red ↪→F(P) is a divisor theory, we obtain that β(Ĥ)red

∼= β(Ĥ red) ↪→ β(F(P))=F(P̃)
is a divisor theory.

5. Let p ∈ P, n ∈ N, and u ∈ Ĥ×. Since β−1(β(H))= H , we have upn ∈ H if and only
if β(u)β(p)n ∈ β(H). The assertion follows immediately.
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Let H be a monoid and let S ⊂ Hred \ {1Hred} be a generating set of Hred. The monoid
ZS(H)=F(

S
)

is called the factorization monoid of H with respect to S, and the unique
homomorphism

πS : ZS(H)→ Hred satisfying πS(u)= u for each u ∈ S

is the factorization homomorphism of H with respect to S. If S =A(Hred), then we set
Z(H) := ZS(H), πS = π, and we observe that L(a)= {|z| | z ∈ Z(H) with π(z)= aH×}.

Proof of Theorem 1.1. To recall the notations of Theorem 1.1, let H be a v-noetherian
monoid with (H : Ĥ) �= ∅ and suppose that C(Ĥ) is a torsion group. Let F = Ĥ× ×
F(P) such that Ĥ red ↪→F(P) is a divisor theory, and let E = {p ∈ P | there exists n ∈
N such that pn ∈ HĤ×}.

1. Suppose H ⊂ F is not simple. We proceed in two steps. First we show that ρk(H)=
∞ for all sufficiently large k ∈ N. In the second step, we show that the sets of distances
�(Uk(H)) of all Uk(H) are finite for all sufficiently large k ∈ N. These two results imply,
by [23, Theorem 2.20], that H satisfies the Structure Theorem for Unions (note that the
fact ρk(H)= ∞ for all sufficiently large k ∈ N implies that for any fixed � ∈ N, the interval
[ρk−�, ρk] is empty for all sufficient large k ∈ N).

1(a). Since H ⊂ F is not simple, there exists a ∈A(H) such that | suppP(a)| ≥ 2 and
suppP(a) is a minimal H-essential subset. Since [12, Proposition 2.4.5 and Theorem 2.4.7]
implies that q(F)/q(Ĥ)= Cv(Ĥ) is a torsion group, it follows that for every p ∈ suppP(a),
there is an αp ∈ N such that pαp q(Ĥ)= q(Ĥ), and hence pαp ∈ Ĥ .

Set α = ∏
p∈suppP(a)

αp and suppose a = u
∏

p∈suppP(a)
pvp(a), where u ∈ Ĥ×. By the def-

inition of complete integral closure, for every p ∈ suppP(a), there exists ap ∈ H such that

ap(pαvp(a))n ∈ H holds for all n ∈ N. Fix p0 ∈ suppP(a). Since uαp
αvp0 (a)
0 ∈ Ĥ , there exists

b0 ∈ H such that b0(unαp
αvp0 (a)
0 )n ∈ H holds for all n ∈ H . It follows that for every n ∈ N,

Wn = b0unαp
nαvp0 (a)
0 ·

∏
p∈suppP(a)\{p0}

appnαvp(a)

=
⎛
⎝unα

∏
p∈suppP(a)

pnαvp(a)

⎞
⎠ ·

⎛
⎝b0

∏
p∈suppP(a)\{p0}

ap

⎞
⎠

= anα ·
⎛
⎝b0

∏
p∈suppP(a)\{p0}

ap

⎞
⎠ ∈ H .

Since | suppP(a)| ≥ 2 and suppP(a) is a minimal H-essential subset, we obtain

min L
(

b0unαp
nαvp0 (a)
0

)
≤|b0|F and min L(appnαvp(a))≤|ap|F for every p ∈ suppP(a) \ {p0}.

Therefore, min L(Wn)≤ |b0|F + ∑
p∈suppP(a)\{p0} |ap|F , while max L(Wn)≥ nα. Let k ≥

N0 = |b0|F + ∑
p∈suppP(a)\{p0} |ap|F . We infer that

ρk(H)≥ ρN0(H)≥ ρmin L(Wn)(H)≥ nα for all n ∈ N,

whence ρk(H)= ∞ and ρ(H)= ∞.

1(b). Since Wn+1 = aαWn for all n ∈ N, we obtain that

{min L(Wi)+ (n − i)α | i ∈ [1, n]} ⊂ L(Wn) for all n ∈ N.
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Let k ≥ N0 and let N1 = min L(b0
∏

p∈suppP(a)\{p0} ap). Since k ∈ k − min L(Wn)+ L(Wn)⊂
L(ak−min L(Wn)Wn) and N1 + nα ∈ L(Wn) for all n ∈ N, we infer that

cn := k − min L(Wn)+ N1 + nα ∈ k − min L(Wn)+ L(Wn)⊂ Uk(H)

for all n ∈ N. Let n0 be the maximal integer such that k−(min L(W1)+(n0 − 1)α)≥ 0. Then
k ∈ k − (min L(W1)+ (n0 − 1)α)+ L(Wn0)⊂ L(ak−(min L(W1)+(n0−1)α)Wn0), which implies
that

di := k − (i − 1)α + min L(Wi)− min L(W1) ∈ Uk(H) for all i ∈ [1, n0].

It follows that

max�(Uk(H))≤ max
{
dn0 ,max{di−di+1 | i ∈ [1, n0−1]}, c1−d1,max{dn+1−dn | n ∈ N}}

≤ max {α + N0, α + N0,− min L(W1)+ N1 + α,N0 + α}
≤ N0 + N1 + α.

Thus the sets �(Uk(H)) are finite for all k ≥ N0.
2. Suppose that H ⊂ F is simple, Cv(Ĥ) is a torsion group, and CE(H, F) is finite.

Again we proceed in two steps. First we show that ρ(H) ∈ Q. In the second step, we show
that there is a constant M such that

ρk+1(H)− ρk(H)≤ M and λk(H)− λk+1(H)≤ M .

These two results imply, by [23, Theorem 1.1], that H satisfies the Structure Theorem for
Unions.

To fix notation, let F̃ = Ĥ×/H× ×F(P̃) with P̃ = {[p]F
H | p ∈ P} and let β : q(F)→

q(F̃) be the unique homomorphism satisfying β(p)= [p]F
H for all p ∈ P and β(u)= uH×

for all u ∈ Ĥ×. By Proposition 3.1, it suffices to prove the assertions for β(H). Since
CE(H, F) is finite, to simplify the notation, we may show the assertions for H with E being
finite.

2(a). We define that

φ : F = F× ×F(P)→F(E)
a = w

∏
p∈P

pvp(a) �→ φ(a)=
∏
p∈E

pvp(a).

Then φ(H) is a submonoid of F(E) and φ(A(H))⊂ φ(H) \ {1} is a generating set of
φ(H).

Since H is v-noetherian with (H : Ĥ) �= ∅ and E is finite, it follows by [13, Theorem
4.2.2] and [14, Lemma 5.4.1] that sup{vp(u) | p ∈ E and u ∈A(H)}<∞, which implies
that S = φ(A(H)) is a finite set. Then ZS(φ(H))× ZS(φ(H)) is a finitely generated
monoid. Let

H0 = {(x, y) ∈ ZS(φ(H))× ZS(φ(H)) | πS(x)= πS(y)}.

Then H0 ↪→ ZS(φ(H))× ZS(φ(H)) is a divisor homomorphism. It follows by [12,
Proposition 2.7.5] that H0 is a finitely generated monoid. For each (x, y) ∈ H0 \ {1H0}, we

https://doi.org/10.1017/S0017089519000132 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089519000132


320 QINGHAI ZHONG

have both |x|ZS(φ(H)) �= 0 and |y|ZS(φ(H)) �= 0. Therefore,

sup

{ |y|ZS(φ(H))

|x|ZS(φ(H))
| (x, y) ∈ H0 \ {1H0}

}
= sup

{ |y|ZS(φ(H))

|x|ZS(φ(H))
| (x, y) ∈A(H0)

}

= max

{ |y|ZS(φ(H))

|x|ZS(φ(H))
| (x, y) ∈A(H0)

}
.

Let (x0, y0) ∈A(H0) such that
|y0|ZS (φ(H))

|x0|ZS (φ(H))
= sup

{ |y|ZS (φ(H))

|x|ZS (φ(H))
| (x, y) ∈ H0 \ {1H0}

}
. We define

that

ψ : Z(H)→ ZS(φ(H))

z =
n∏

i=1

ui →ψ(z)=
n∏

i=1

φ(ui).

Thus for any z ∈ Z(H), the definition of E implies that |z|Z(H) = |ψ(z)|ZS(φ(H)). It follows
that

ρ(H)= sup

{ |z2|Z(H)
|z1|Z(H) | (z1, z2) ∈ Z(H)× Z(H) \ {1Z(H)×Z(H)} with π(z1)= π(z2)

}

= sup

{ |ψ(z2)|ZS(φ(H))

|ψ(z1)|ZS(φ(H))
| (z1, z2) ∈ Z(H)×Z(H) \ {1Z(H)×Z(H)} with π(z1)= π(z2)

}

≤ sup

{ |y|ZS(φ(H))

|x|ZS(φ(H))
| (x, y) ∈ H0 \ {1H0}

}
= |y0|ZS(φ(H))

|x0|ZS(φ(H))
.

Let a, b ∈ H such that there exist z1, z2 ∈ Z(H) satisfying that π(z1)= aH×, π(z2)= bH×,
and (ψ(z1), ψ(z2))= (x0, y0). Suppose

E0 = (
suppP(a)∪ suppP(b)

) \ E = {q1, . . . , qt} ⊂ P,

a = w1φ(a)q
�1
1 . . . q

�t
t ,

b = w2φ(b)q
k1
1 . . . q

kt
t ,

where �1, . . . , �t, k1, . . . , kt ∈ N0 and w1,w2 ∈ Ĥ×.

Since [12, Proposition 2.4.5 and Theorem 2.4.7] implies that q(F)/q(Ĥ)= Cv(Ĥ) is a tor-
sion group, it follows that for every i ∈ [1, t], there is an αi ∈ N such that qαi

i q(Ĥ)= q(Ĥ),
and hence qαi

i ∈ Ĥ . Set α= ∏
i∈[1,t] αi. By the definition of complete integral closure,

for every i ∈ [2, t], there exists ai ∈ H such that aiqnα
i ∈ H for all n ∈ N and there exist

b1, b2 ∈ H such that b1(wα1 qα�1
1 )n ∈ H and b2(wα2 qαk1

1 )n ∈ H for all n ∈ N.
Therefore, for every n ∈ N, we have

Wn =anα · b1 · b2wnα
2 qnαk1

1 ·
t∏

i=2

aiq
nαki
i

=b1b2

t∏
i=2

ai · wnα
1 wnα

2 φ(a)
nα

t∏
i=1

qnα(�i+ki)
i

=bnα · b2 · b1wnα
1 qnα�1

1 ·
t∏

i=2

aiq
nα�i
i ∈ H .
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Since max L(b1 · b2wnα
2 qnαk1

1 · ∏t
i=2 aiq

nαki
i )≤ |b1|F + |b2|F + ∑t

i=2 |ai|F , we have

|y0|ZS(φ(H))

|x0|ZS(φ(H))
≥ limn→∞ ρ(L(Wn))≥ limn→∞

nα|y0|ZS (φ(H))

nα|x0|ZS (φ(H))+|b1|F+|b2|F+∑t
i=2 |ai|F

= |y0|ZS (φ(H))

|x0|ZS (φ(H))
.

It follows that ρ(H)= |y0|ZS (φ(H))

|x0|ZS (φ(H))
is rational.

2(b). Set k0 = |b1|F + |b2|F + ∑t
i=2 |ai|F and M = α|y0|ZS(φ(H)) + 2k0

|y0|ZS (φ(H))

|x0|ZS (φ(H))
. For

every k ∈ N with k ≥ α|x0|ZS(φ(H)) + k0, choose nk ∈ N such that

{k, k + 1} ⊂ [nkα|x0|ZS(φ(H)) + k0, (nk + 1)α|x0|ZS(φ(H)) + k0].
Since ρnkα|x0|ZS (φ(H))+k0(H)≥ max L(Wnk )≥ nkα|y0|ZS(φ(H)), we have

ρk+1(H)− ρk(H)≤ ρ(nk+1)α|x0|ZS (φ(H))+k0(H)− ρnkα|x0|ZS (φ(H))+k0(H)

≤ ((nk + 1)α|x0|ZS(φ(H)) + k0)|y0|ZS(φ(H))/|x0|ZS(φ(H)) − nkα|y0|ZS(φ(H))

= α|y0|ZS(φ(H)) + k0|y0|ZS(φ(H))/|x0|ZS(φ(H))

≤ M .

Fix n0 ∈ N such that n0α|y0|ZS(φ(H)) > k0. Since max L(b2 · b1wnα
1 qnα�1

1 · ∏t
i=2 aiq

nα�i
i )≤ k0,

there is a tn ∈ [0, k0] such that nn0α|y0|ZS(φ(H)) + tn ∈ L(Wnn0) for every n ∈ N. For each
k ∈ N with k ≥ n0α|y0|ZS(φ(H)) + k0, choose nk ∈ N such that

{k, k + 1} ⊂ [
nkn0α|y0|ZS(φ(H)) + tnk , (nk + 1)n0α|y0|ZS(φ(H)) + tnk+1

]
.

Then

λk(H)≤ λnk n0α|y0|ZS (φ(H))+tnk
(H)+ (k − nkn0α|y0|ZS(φ(H)) − tnk ).

λk+1(H)≥ λ(nk+1)n0α|y0|ZS (φ(H))+tnk +1(H)− ((nk + 1)n0α|y0|ZS(φ(H)) + tnk+1 − (k + 1)).

Since λnkn0α|y0|ZS (φ(H))+tnk
(H)≤ min L(Wnk n0)≤ nkn0α|x0|ZS(φ(H)) + k0, we have

λk(H)− λk+1(H)

≤λnk n0α|y0|ZS (φ(H))+tnk
(H)− λ(nk+1)n0α|y0|ZS (φ(H))+tnk +1(H)+ n0α|y0|ZS(φ(H))+tnk+1 − tnk − 1

≤nkn0α|x0|ZS(φ(H)) + k0 − ((nk + 1)n0α|y0|ZS(φ(H)) + tnk+1)|x0|ZS(φ(H))/|y0|ZS(φ(H))+k0

= 2k0 − n0α|x0|ZS(φ(H)) − tnk+1|x0|ZS(φ(H))/|y0|ZS(φ(H))

≤ 2k0

≤ M .
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