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Abstract. Let f be a smooth symplectic diffeomorphism of R? admitting a (non-split)
separatrix associated to a hyperbolic fixed point. We prove that if f is a perturbation of
the time-1 map of a symplectic autonomous vector field, this separatrix is accumulated
by a positive measure set of invariant circles. However, we provide examples of smooth
symplectic diffeomorphisms with a Lyapunov unstable non-split separatrix that are not
accumulated by invariant circles.
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1. Introduction
A theorem by Herman,’Herman’s last geometric theorem’, cf. [9, 12], asserts that
if a smooth orientation- and area-preserving diffeomorphism f of the 2-plane R?
(or the 2-cylinder R/Z x R) admits a Kolmogorov—Arnold—Moser (KAM) circle ¥
(by definition, a smooth invariant curve, isotopic in R? \ {0} to a circle centered at the
origin in the case f : R?> — R? or isotopic to R/Z x {0} in the cylinder case, on which
the dynamics of f is conjugated to a Diophantine translation), then this KAM circle is
accumulated by other KAM circles, the union of which has positive two-dimensional
Lebesgue measure in any neighborhood of X. In this paper, we investigate whether such a
phenomenon holds if, instead of being a KAM circle, the invariant set X is a separatrix of
a hyperbolic fixed (or periodic) point of f.

More precisely, we consider the following situation (see Figure 1). Let f : R? — R2,
fi(x,y)—= f(x,y), f(0,0) = (0, 0) be a smooth diffeomorphism which is symplectic
with respect to the usual symplectic form w = dx Ady (f*®w = w). We assume that
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FIGURE 1. A (non-split) separatrix.

o := (0, 0) is a hyperbolic fixed point of f (the matrix Df (o) € SL(2, R) has distinct real
eigenvalues) and that there exists an f-invariant compact connected set X > o such that
2 \ {0} is a non-empty connected one-dimensional manifold included in both the stable
and unstable manifolds W} (0), W} (0) associated to o:

forall (x,vy) € X, lim f"(x,y)=o.
n—+o00

Note that because o is f-hyperbolic, ¥ is homeomorphic to a circle and X \ {o} coincides
with one of the two connected components of W} (0) \ {o} (respectively W} (0) \ {0}). We
shall say that X is a separatrix of f associated to the hyperbolic fixed point o or, without
referring to the hyperbolic fixed point o, that X is a separatrix of f.

Examples of such diffeomorphisms f can be obtained in the following way. Let X be a
smooth autonomous Hamiltonian vector field of the form

0 -1
Xo = JVH, = 1.1
o=JVHy, J <1 0> (L1)

where Hp : R? — R, of the form
Ho(x, y) = Axy + 03(x, y), AeR",

(we can assume without loss of generality A > 0) is a smooth function. The time-1
map fo 1= ¢)1(0 of X is a Hamiltonian (in particular, symplectic) diffeomorphism of R?
admitting o as a hyperbolic fixed point. We assume that it has a separatrix ¥ > o of the
form

Y\ {o} = {¢§(O(p), t € R} forsome p € R? \ {o} such that , lirin ¢§(O(p) =o.
—> 00

We now consider a smooth time-dependent Hamiltonian vector field ¥ : R/Z x R* —
R, (¢, (x, y)) — Y (¢, x, y) which is 1-periodic in ¢, symplectic with respect to (x, y), and
tangent to X \ {o}:

forallr € R/Z, forall (x,y) € ¥, det(Xo(x,y), Y, x,y)) =0.
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One can for example choose Y (¢, x, y) = JVF(t, x, y), where F : R/7Z x R2 > Risa
smooth time-dependent Hamiltonian that satisfies

forallr € R/Z, forall (x,y) € ¥, F(t,x,y) = F(,0,0).

Note that because o is a hyperbolic fixed point of X, one has for all ¢, Y (¢, 0) = 0. For
¢ € R, define the 1-periodic in # symplectic vector field R?> — R? as

XL(x,y) == Xe(t, x, y) = Xo(x, y) + Y (1, x, y). (1.2)
For ¢ small enough, the time-0-to-1 map,
fo =05, (13)

of the symplectic vector field X is a symplectic diffeomorphism of R? admitting o as
a hyperbolic fixed point and still ¥ as a separatrix. (If X (¢, z) is a time dependent vector
field, the time-s-to-f map of X is defined by ¢§f (z(s)) = z(¢) for any z(-) solution of z(¢) =
X (z(t)). When X is time independent, the notation ¢§( stands for d)é}o.) Note that f; is
a Hamiltonian diffeomorphism (for more details on Hamiltonian diffeomorphisms, see
[16]).

Here is the analogue of the aforementioned last geometric theorem of Herman.

THEOREM A. For any r € N*, there exists ¢, > 0 such that, for any € € 1— ¢&,, €[, there
exists a set of fe-invariant C" KAM circles accumulating the separatix X and which covers
a set of positive Lebesgue measure of R? in any neighborhood of X.

Let us clarify some points made in the preceding statement.

By a C” circle,r > 0, we mean a C" non-self-intersecting closed curve (or equivalently,
if » > 1, a non-empty compact connected one-dimensional C” submanifold of R?) which
is isotopic in R2\ {0} to the separatrix X. Such a set I" is invariant by f; if f.(I') =T.

We say that a set G of f-invariant circles accumulates the set ¥ if for any & > 0, the set
of I' € G such that dist(I", ¥) < & is not empty, where dist denotes the Hausdorff distance,

dist(A, B) = max ( sup d(a, B), sup d(b, A))
acA beB
(here d(x, C) = infeec ||lx — cllg2).

The f.-invariant circles obtained in Theorem A are KAM circles: the restrictions of f;
on each of these curves are C” circle diffeomorphisms that are conjugated to Diophantine
translations. A real number « is Diophantine if there exist positive constants «, T such
that, for any (p, q) € Z x N*, @ — (p/q)| = «/q". The constants 7 and « are respectively
called the exponent and the constant of the Diophantine condition. The set of Diophantine
numbers with fixed exponent t > 2 has full Lebesgue measure if the constant is not
specified and positive measure if the constant is also fixed (and small). In our case, the
exponent of the Diophantine condition can be chosen to be independent of ¢ (it depends
only on 1).
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Remark 1.1. However, and this is a difference with the situation of Herman’s last geometric
theorem, the constants of these Diophantine numbers are arbitrarily small. Moreover, as
these circles accumulate the separatrix, their C2-norm must explode.

Remark 1.2. The phase space R? can be replaced by the cylinder R/Z x R in the statement
of the main theorem.

The smallness condition in Theorem A is indeed necessary as shown by the following
theorem.
Let Ay be the bounded connected component of R? \ X.

THEOREM B. There exists a smooth symplectic diffeomorphism f : R*> — R? admitting
a separatrix X which is included in an open set W of ¥ U Ay, that contains no f-invariant
circlein W \ .

The situation described in Theorems A and B is not generic. Indeed, as Poincaré
discovered, in general, the stable and unstable manifolds of a hyperbolic fixed or periodic
point of a symplectic map intersect transversally (one usually refers to this phenomenon
as the splitting of separatrices), a fact that forces the dynamics of f to be ‘quite intricate’.
This was Poincaré’s key argument in his proof of the fact that the Three-body problem
in Celestial Mechanics does not admit a complete set of independent commuting first
integrals. Later, Smale [18] showed that this splitting of separatrices has an even more
striking consequence on the dynamics of f, namely the existence of a horseshoe, that is, a
uniformly hyperbolic f-invariant compact set (locally maximal) with positive topological
entropy and on which the dynamics of f is ‘chaotic’ (isomorphic to a two-sided shift).
By a result of the first author [13], in this situation, positive topological entropy is indeed
equivalent to the existence of a horseshoe. A consequence of the splitting of a separatrix is
thus the existence of a Birkhoff instability zone (open region without invariant circles) in
the vicinity of this split separatrix (see [11] for a detailed exposition on the topic). In some
sense, Theorem A shows that in the perturbative situation of equations (1.2)—(1.3) (¢ small
enough), the splitting of separatrices is essentially the only mechanism responsible for
the creation of instability zones. However, in a ‘non-perturbative’ situation, Theorem B
points in the opposite direction. Figures 4 and 7 illustrate the role that plays the smallness
assumption in Theorem A (or its absence in Theorem B).

1.1.  On the proofs of Theorems A and B.  As suggests Remark 1.1, the invariant circles
of Theorem A cannot be obtained directly via a classical KAM approach. However, the
existence of the (non-split) separatrix X allows to associate to each diffeomorphism
fe a regular diffeomorphism fog, defined on a standard open annulus and preserving a
finite probability measure, to which one can apply Moser’s or Riissmann’s invariant (or
translated) curve theorem [15, 17] (see §6). The thus obtained invariant curves for fog yield
invariant curves for f;. The construction of the diffeomorphism fag is done as follows. We
first make preliminary reductions involving some Birkhoff and symplectic Sternberg-like
normal forms (§2) to have a control on the dynamics in some neighborhood of the
hyperbolic fixed point o (§3). This allows us to define in §4 a first return map fs for fe,
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in a fundamental domain ¥, the boundaries of which can be glued together to obtain an
open abstract cylinder (or annulus). This abstract cylinder can be uniformized to become
a standard annulus and the first return map fg then becomes a regular diffeomorphism
fe of a standard annulus (preserving some probability measure). This is done in §5.
We call normalization (see §5.3) the uniformization operation and we say that f; is the
renormalization of f.. The term renormalization in this paper has the same acceptation as
in the theories of circle diffeomorphisms, holomorphic germs, or quasi-periodic cocycles;
cf. [6, 14, 23, 24]. The dynamics of fs is closely related to that of f; in the sense that the
existence of invariant curves for f, translates into a similar statement for f, (see §7). The
renormalized diffeomorphism f; has a large twist (this is reminiscent of the hyperbolicity
of f¢ at 0) and we are thus led to rescale it to obtain the aforementioned diffeomorphism
fog which is now a small C”-perturbation of an integrable twist map (this is where the
smallness assumption of Theorem A appears) with a controlled twist (see §6). The proof
of Theorem A is completed in §8.

To prove Theorem B (cf. §9), we construct a symplectic diffeomorphism f (named
JSpert in that section) so that the associated renormalized diffeomorphism f has an orbit
accumulating the boundary of the aforementioned annulus: this prevents the existence of
f-invariant curves close to this boundary and therefore of f-invariant curves close to the
separatrix X.

‘We note that the authors of [21] introduce the ‘separatrix map’ constructed by a gluing
construction to investigate the size of the instability zones. Our approach here, which is
focused on a renormalization point of view, is different. The technique we use to prove
Theorem A might be useful to study the dynamics of symplectic twist maps with zero
topological entropy. That is, to which extent are they integrable? Angenent, [1], proves they
are C'-integrable in the sense that, for any rotation number, one can find a C°-invariant
curve with this rotation number. Can one prove C*-integrability? The word ‘integrable’ is
meant in a broad sense. Additionally, the construction of Theorem B might give a hint to
provide examples of smooth twist maps admitting isolated invariant circles with irrational
rotation number (if they exist, these curves bound two instability zones). A modification
of the example of Theorem B yields examples of such isolated invariant curves with
rational rotation numbers. For the existence of curves with irrational rotation number in
low regularity and related results, see [2—5].

2. Normal forms
The main result of this section is the following Sternberg-like symplectic normal form
theorem (Proposition 2.1) that will allow us in §3 to control the long-time dynamics of f;
in a neighborhood of the hyperbolic point 0. This will be useful when we shall define first
return maps for f; in a convenient fundamental domain, see §4.

Let f; be defined by (1.2) and (1.3).

PROPOSITION 2.1. For any k € N* large enough, there exists e > O for which the
Sollowing holds. There exist a smooth family (qex)scr (I > 0 some open interval of R) of
polynomials gk (s) = As + 0(s?) e R[s]and a continuous family (O x)cc1 of symplectic
Ck-diffeomorphism of R* such that B¢k (0) = 0, DO,k (0) = id, and on a neighborhood
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Vi of 0 one has, provided ¢ € 1—¢y, &i[:
on Vi, fek = Opro foo®, 2.4)
defin. ’
=Pivo,, Wwhere Qci(x,y) =qex(xy) (2.5

and

on Vi, (Ogr)«Xo=JVQoyx. (2.6)

Note that o is still a hyperbolic fixed point of f; x and that
Es,k = ®e,k(2)

is still a separatrix for f; .

2.1. Reduction of Theorem A to Theorem 2.1.  After applying Proposition 2.1, we are thus

left with a family (f.x) of C*- symplectic diffeomorphisms, each f;; being conjugated

to f and admitting a separatrix X ;. Because the conclusions of Theorem A are clearly

invariant by conjugation, to prove Theorem A, we just need to prove that if K > r and ¢ is

small enough, each separatrix X, x is accumulated by a set of positive measure of KAM

circles for f; x. This is the content of Theorem 2.1 below that we shall apply to the family

of Ck -diffeomorphisms f; x defined by (1.2), (1.3), and (2.4), but that holds for any family

(that we still denote in what follows by (f;)se; to alleviate the notations) of symplectic

Ck-diffeomorphisms satisfying the following hypothesis.

Let (fs)eer, (I 3 0 open interval of R) be a family of C*-symplectic diffeomorphisms

of R? that satisfies:

(H1) each f; has a (non-split) separatrix X associated to the hyperbolic point o;

(H2) themapl>e— f.—id e Ck(R2, R?) is continuous (the norm on C¥ is the usual
C*-norm);

(H3) on some neighborhood V of o, each f; coincides with the time-1 map of a
symplectic vector field JV Q. (x, y) where Q. (x, y) = g:(xy), s € CH1(R?)

ge(t) =1t + 0%(r), A >0;

(H4) on R?, fo= ¢)1(0’ where Xg = JV Hy is a Hamiltonian vector field that coincides
with JV Qg on V.

Remark 2.1. On 'V, the orbits of f| v = q)}v o, are pieces of hyperbolae {xy = constant}
(condition (H3)).

When e =0, forany z € {xy =c} NV, N € Z such that fON(z) € V, one has fON(z) €
{xy = ¢} NV (condition (H4)).

Remark 2.2. The intersection X, N V is the union
ENV=Wi(@NV)UWE)NV)
and

Wi NV=Rx{ONNV, WiNV=({0}xR)NV.

One then has the following.
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THEOREM 2.1. There exists ko € N for which the following holds. Let k > ko + 2 and
let (fs)eer be a family of CK-symplectic diffeomorphisms of R? satisfying the previous
conditions (HI)—-(H4). Then, there exists €1 > 0 such that, for any ¢ € ]—e1, €1, the
diffeomorphism f. admits a set of positive Lebesgue measure of invariant C*=%0=2_circles
in any neighborhood of the separatrix 2.

Moreover, if k — ko — 2 > ky (k1 depending only on A), these circles are KAM circles.

We shall give the proof of Theorem 2.1 in §8.

The proof of Proposition 2.1 occupies the rest of this section. It will be based on a
first reduction obtained by performing some steps of Birkhoff normal forms (Proposition
2.3) and then the application of various Sternberg-like normal forms (Corollary 2.4 and
Proposition 2.5).

2.2. Birkhoff normal form for the time-periodic vector field X.. A preliminary step
in Sternberg’s classical linearization theorem is to first conjugate the considered system
(diffeomorphism or vector field) defined in the neighborhood of the hyperbolic fixed point
o0 to a system which is tangent to an integrable model to some high enough order. This
is what we do in this subsection and in a symplectic framework (see Proposition 2.3) by
using Birkhoff normal form techniques.

2.2.1. Periodically forced vector fields. Let X : R x R2 > (t,x) — X'(z) := X(t,z2) €
R? be a smooth time-dependent symplectic vector field: for each 7, the 1-form i X, @ 1S
closed (and hence locally exact). For ¢, s € R, we denote by ¢3f the flow of X between
times s and ¢ when it is defined (see page 3 for the definition of qb;f). Ift—~ g'()isa
one-parameter family of symplectic diffeomorphisms, one has

ghody o8 = 9%, 2.7)
where X : (7, z) — X'(z) := X(z, z) is the smooth time-dependent symplectic vector field
X'=09g" 0 (g™ + (gX". 2.8)

Conversely, if (2.8) is satisfied, then so is (2.7). Note that if g’ depends 1-periodically on
t, then (2.7) yields the more classical conjugation equation

1,0 -1 1,0
8o ¢X g = ¢)~( s

where g = g¥ = g' (g’ is 1-periodic in 7).
Assume now that X’ depends 1-periodically in ¢ and, in a smooth way, on a small
parameter ¢ € R; we furthermore assume that it is of the form

XL(z) = JVH.(2), (2.9

where (z = (z1, z2) € R?)

HI(2) = he(D)z122 + 03(2), / Ae(@®)dt >0, A(t)=xreRE, (2.10)
T
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Hy :R/ZxR? > R, Hy : (t,2) — H(t,2) := H!(z) being a smooth function. Assume
also that, for some j € N*,

8 =¢lye @ =id+ 0/(), GLx)=0T"(),

where G : I x R/Z x (R%,0) 5 (e, 1,2) — Gg(t,2) := G (z) € R is a smooth function.
Then, one has

dglo (g™ =JIVyGL+ 0/ (2),
(8 X' = JVH! o (¢")"' = JVH' + JV{G., H'} + 0/ (2),

(here {A, B} denotes the Poisson bracket {A, B} = (VA, JVB)) so that f(é defined by
(2.8) is of the form

X, =JVH], @2.11)

with
A! = H' + G +(G., H} + 072(2) 2.12)
= H! +8,G. + (G, H},,} + 0/ (2), (2.13)

where we have denoted Hj (21, 22) = Ae(1)z122.
If in the preceding equation, one chooses G = G , with G, ,(z) = a¢0()z122, where
ag o is the 1-periodic function defined by

t
ago(t) = —f (AS(S)—/ Ae(u) du) ds,
0 T

H!(z) = Xez122 + 0°(2),

one has

where A, = fT Ag(t) dt. In other words, performing a change of coordinates (2.8) on X/
with gé = gé )= ¢;VG, , we can assume that in (2.10), A, () does not depend on ¢:
> &2

H!(2) = hez1z2+ 0%(2), %e € RY (2.14)
(we write A, in place of )_»g).

2.2.2. Birkhoff normal form. Having put H! under the form (2.14), we now eliminate
by successive conjugations (2.8) non-diagonal higher-order terms in z from H! (note that
they depend on ).

The following lemma describes this elimination procedure.

LEMMA 2.2. Let j € N, j > 2. Assume that, for some polynomials q¢(s) = s + O(s?) €
R[s] of degree < [j/2] depending smoothly on ¢,

H!(2) = q:(z122) + 07T (2).

Then, there exist a smooth family (q¢)e of polynomials G.(s) = As + 0(s?) € R[s] of
degree < [(j + 1)/2] and a smooth family of smooth maps G : R/Z x (R2,0) > (t, ) —
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Ge(t,2) = GL(z) € R? such that on a neighborhood of o,

Gl(z) = 0/t1(z),

t t t t ~ j+2 (2.15)
H;(2) + 0, G, (2) +{Gg, H}(2) = g=(z122) + O/7°(2).

Moreover, if for ¢ =0, Hé does not depend on t, one can choose G6 to be independent

of't.
Proof. See Appendix A. [

Let now X’ be the family of vector fields of (1.2).

PROPOSITION 2.3. For any N > 1 there exist an open neighborhood Vy of o, a smooth
two-parameters family (bé)ge 11eRyz (I some open interval containing 0) of smooth sym-
plectic diffeomorphisms b, : (R?, 0) © satisfying b'.(0) = o, Db’(0) = id and a smooth
Jamily of polynomials q. n(s) = As + O(s?) of degree < [(N + 1)/2], such that, for any
eel, teR/Z, (x,y) € Vy one has

X = (@bh) o BT + (BL) X,
defin.
= JVQen + OV (x,y)  with Qe n(x,y) = gen (xy),
and for e = 0, b6 is independent of t.

Proof. Applying the preceding Lemma 2.2 and relations (2.8)—(2.12) inductively (starting
from (2.14)), we thus construct polynomials g, ; of degree < [j/2] (j > 2) and functions
Gé,j = 0/11(z) such that if one defines

bi=glyo-ogly=id+0*), gl =0)ye =id+0/(),
&,J
one has

X! =9, o (B1)7" + (B))4 X!
= JVQ:n + 0V (2) with Q. n(2) = gen(2122),

all depending on ¢ being smooth. Moreover, if X{) is independent of 7, the diffeomorphism
b}, is independent of . O

Remark 2.3. Note that because b(’) = by is independent of ¢, the vector field
1
X" = (bo)+Xo
is autonomous.

2.3. Symplectic Sternberg theorem for the autonomous vector field X(()l). We shall need
a symplectic version of the famous theorem by S. Sternberg (on smooth linearization of
hyperbolic germs of smooth vector fields, see [19]), as proved in [7] or [8] (see also [20]).
We follow here the exposition of [7].
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Let Z;,i = 1, 2, be two symplectic smooth autonomous vector fields such that, for some
A €R*and N € N, one has

0 0
Zi(x,y) = —Ax— +Ay— + 0%(x,y) (i=1,2),
ox dy

Zi(x,y) — Zo(x, y) = ONFl(x, y).

(2.16)

THEOREM 2.2. [7, Theorem 1.2] There exist positive constants A, B for which the
Sollowing holds. Let m € N* large enough and N = [(m + B)/A]+ 1 > 1. If (2.16) is
satisfied, then there exists a C™ symplectic change of coordinatesSy : (R?, 0) © such that
on a neighborhood of o,

{(So)*zl = 7», 2.17)

So(o) =0, DSp(o) =id.

We apply the preceding theorem to the case Z; = X(()l) and Z = JVQonN (X(l),
Qo given by Proposition 2.3 when ¢ = 0). In view of Proposition 2.3, the condition
(2.16) is satisfied and we hence get a symplectic diffeomorphism Sy satisfying Sp(0) = 0,
D So(0) = id, and such that on a neighborhood of o,

(S0« XS = JVQon.

For each value of ¢+ € R/Z and ¢ € I, the diffeomorphism (Sp o b.) fixes the origin
and its derivative at the origin is the identity. It can thus be extended as a symplectic
C™-diffeomorphism R’ of R? (cf. Lemma B.1). Note that the dependence of R’ with
respect to ¢ is smooth and 1-periodic (r € R/Z). We now define on R/Z x R? the
time-periodic vector field Xéz) c(t, (x,y) € (R/Z) x R? - R2? by

X = (3R o (R~ + (RDXL, (2.18)
defin.
and we observe that on a neighborhood of o,
2
(R))«Xo = X§” = IV Qon.
Because the conjugacy relation (2.18) is equivalent to (see §2.2.1)

t t,s sy—1 _ 1.8
forallz,s, Roo¢y o(R)™ = ¢X§2)’

we get by taking r = 1, s = 0, and setting R, := R; = RQ, the following corollary.
COROLLARY 2.4. If m € N* is large enough and N = [(m + B)/A] + 1, there exists

a smooth family (Ry) of C™ symplectic diffeomorphisms of R? such that R.(0) = o,
DR (o) = id, and on a neighborhood of o,

f&: = Reofeo(R)™ 2.19)
=)o, + OV, y). (2.20)

Moreover,
(Ro)«Xo = JVQon. (2.21)
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Note that the last equation shows that
1
£3) = brvony- (2.22)

2.4. Symplectic Sternberg normal form for the diffeomorphism fs(l). Theorem 2.2 has
a version for smooth germs of symplectic diffeomorphisms which are hyperbolic at the
origin. This is theorem 1.1 of [7]. In our paper, we shall need a parametric version of that
result, which is not explicitly stated in [7] but that can be checked after close examination
of the proof.

PROPOSITION 2.5. There exist constants Ay, By depending on A € R* such that the
following holds. Let m € N* large enough and N = [m /2] — 3. If (81.¢)cer and (g2.¢)ccr
(I > 0 some open interval of R) are two continuous (with respect to ¢ € I) families of C™
symplectic diffeomorphisms(R?, 0) © such that

foralle, g1.(0) = g2.(0) = o,
Dg10(0) = diag(a, A_l) (is hyperbolic),
gre(x, y) = g.(x, y) + ONTl(x, y),
81,0 = 82,0,

(2.23)

then, there exists a continuous family (Sél) )e (with respect to ¢ € I small enough) of
C* symplectic diffeomorphisms such that Sél)(o) =o, DSE(I)(O) =id with k =[NA| —
Bi]— 1, and
1 Dy —
S o gie o (S8 = g,
s§V =id.

2.5. Proof of Proposition 2.1. It will be a consequence of Corollary 2.4 and
Proposition 2.5.

We first choose N so that k =[NA; — B1] — 1 and we define m by N = [(m +
B)/A]+ 1. If k is large enough, m will satisfy the assumption of Corollary 2.4. We then
apply Proposition 2.5 to g1, = f‘8 , 826 = ¢ JVOun? which satisfies (2.23) (note that
(2.20) is satisfied). This provides us with a continuous family (Ssl))‘9 of C* symplectlc
diffeomorphisms defined in a fixed neighborhood of o such that S 1)(0) =o0, DS 1)(0)
id, and on a neighborhood of o,

(1 (1) (Dy—1 1
e o fe o(Se’) =¢jVQ N’
& 2.24
isg“ =id. 229

We can extend these Sél) as symplectic C* diffeomorphisms Séz) of R? which depend
continuously on ¢ (cf. Lemma B.1). We then define

Ok = S o R,

and we observe that on a neighborhood of o,

Ocko fr 0Oy =lvp, s
(®o)+Xo = JVQonN:
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indeed, the first equality comes from (2.19 and the first equation of (2.24), while the second
is a consequence of (2.21) and the second equation of (2.24).
To conclude the proof, we rename g. v, Q¢ N aS Ge k> Qe k-

Note: From now on, and until the end of §8, we shall work in the setting of Theorem 2.1
with a family of C* symplectic diffeomorphisms satisfying conditions (H1)—(H4).

3. Dynamics in a neighborhood of the origin
The purpose of this section is to estimate the time spent by the orbits of the flow <I>INQ6
in the neighborhood V of the hyperbolic point o.
To do that, we perform one more change of coordinates.
Let us define the following diffeomorphisms E1, E»
forall (x,y) € RY xR, Ei(x,y) = (nx,xy), (3.25)
forall (x,y) € RxR*, Ey(x,y)=(—Iny,xy). ’
Because d(Inx) Ad(xy) =d(—Iny) Ad(xy) =dx Ady, we see that E;, i = 1, 2, are
symplectic.
Let 11, I C R be some open intervals such that /; x {0} and {0} x I are both
contained in V.

LEMMA 3.1. Let (x4, y«) € (I1 x RYN'V and 1, (xy, ys) = inf{r > 0: qb’JVQE (X4, y5) €
(R x I) N V}. Then the following hold.

(1)  There exists c(I1, Ip) > 1 such that if 0 < x.y« <10 1, one has

etty, i N <7 (v = ey, i 2L g
(2) For any (x,y) in a neighborhood of (x«, y«) and any t in a neighborhood of
11 (X, Y3,
Exodhyg, 0 Bl 1, v) = (u+Ti(v), ), (3.27)
with
Tl (v) = tq.(v) —Inv. (3.28)

Proof. (1) We evaluate 77, (x, y). Because
¢tJVQ£ (x5 Yi) = (e—tqs(x*y*)x*’ equ(X*y*)y*)’

we have ¢! y_ € I, if and only if

. ]ln«x*y*)—l X Xy min 1) In((xy:) " X x4 max Ip) [
QQ(x*y*) ' q‘é(x*Y*) .
Hence for x,y, small enough,
[In (s v < max(|In(x, min 12)|, [In(x, max Ip)[)
qé(x*y*) a qg(x*y*) ’

t_Iz (.X*, )’*) -
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Because for 0 < x, v, < 1 one has q; (x4xys) < A, there exists c¢(/1, I2) such that if x,y,

small enough (how small depends on I, I, 1), the inequality (3.26) is satisfied.
(2) We write

| t —_—

= ! =2l g, 087 1o g 2l 2,087 0!
u20¢JVQSOu1 =Eyo0E| oulogb]ngou] = &0 & O¢JVQ5’

with Qs(u, v) = (Q¢ 0 El_l)(u, v) = g¢(v). Because ¢tJVQ (u,v) = — tqé(v), v) and
B> 0 &) (1, v) = (u — Inv, v), we get (3.28). O
4. Fundamental domains and first return maps

We construct in this section adapted fundamental domains ¥ ,, for the maps (f).

satisfying conditions (H1)—(H4) of Theorem 2.1 and define their first return maps f; in
Feyu-

4.1. Fundamental domains. Let V be the domain of Theorem 2.1. One can choose
X5 > 0 such that, for any ¢ small enough,
(x,0) €V and  f'(x,,0) ¢ V.
For y, > 0 small enough, we define the vertical segment
Ly, .y, i ={(xs, tys), 0 <t < 1}
and the domain
Fe oy

as the interior of the contour defined by (see Figure 2)

(@)  the segment [ f; (%, 0), (xs, 0)];

(b) the transversal Ly, y,;

(c) the piece of hyperbola joining (x, y«) to fe (x4, y«) (cf. Remark 2.1);
(d) thecurve fo(Ly,y,)-

We shall often drop the index x, in the notations of Ly, y, , e x,.y, and simply set

LY* = LX*’)’* and 7_-&}’* = %,x*,y*-
If y, is small enough, one has ¥ ,,, L_y* C V. We set

7‘_8’),* = ﬁ,y* ULy,.

4.2. First return maps. Our aim in this subsection is to define the first return map of f;
in g y,.
Because X; is a separatrix for f;, we can define (see Remark 2.2)

N(e) = min{n & N*, £ (A fe (x:), x4]) C V3.

efin.
We note that if ¢ is small enough, N(¢) is independent of &, so we shall denote it by N.
Moreover, if ¢ and y, are small enough,

N = min{n € N*, £7"(%.,.) C V}. (4.29)
defin.
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FIGURE 2. Fundamental domain %y, for f, and the first return map fe.

LEMMA 4.1. There exists a constant 0 < ¢ < 1 such that, for (x, y) € Fec,y.

ie(x, y) = min{j € N*, £/ (x, y) € fiN(Fey,)) < 0. (4.30)

enn.

One has
ng(x, y) < In(xy)/A. (4.31)

Proof. Note that the domain fg_N(ﬁ,y*) C Vs the interior of the contour defined by:
(@) the segment [fi V7V (xy, 0), £ N (x4, 0)] C W4 (0) NV C {0} x R;
(b) the curve fg_N(L_y*);

(¢) acurvejoining fi ™ (xy, y4) to fi
(d) the curve fg_(N_l)(L_y*),

and

(N_l)(x*’ Vi)

[N Fen) = [TV Feyd U FNL).
Note that the lines fE_N(L_y*), fg_(N_l)(L_y*) are transversal to the segment [ fg_(N_l)
(X 0), fi ™ (x5 O)].
Now let (x, y) € F%,y,. We denote by H ,, the hyperbola

Wx,y = {(x/’ y/), x/y/ = xy},
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and if z, 2 € Hy y, by Hy y(z, 2'), the arc of hyperbola of H, , between z and z’ which is
open in z and closed in 2. If y > 0 is small enough, H, , intersects fg_N(ﬁ}g,y*) C Vin
an arc of hyperbola of the form H, ,(p, f{] (p)) with p € fg_(N_l)(Ly*) and f;l (p) €
fg_N(Ly*). The sets f{j(‘Hx,y(p, fs_l(p)), j >0 form a partition of the semi-arc of
parabola UnZO Hy(p, f;k"(p)) which contains (x, y). In particular, there exists j > 0

(in fact j > 1) such that (x, y) € fg_j (Hyy(p, f;l(p)) or equivalently

J(x, y) € Hey(p, £ () € £V (Fey)-

This proves (4.30).

To prove (4.31), we note that there exists an interval /> not containing 0 and depending
only on x,, y, such that fg_N (ﬁ,y*) C R x I>. We then use Lemma 3.1 and the fact that
|t (x, y) —iie(x, )| < L. O

We now define
nge = N + fig. (4.32)
By (4.31), one has
ng(x, y) < In(xy)/A. (4.33)
The map f; : i},c*y* — ﬁ,y*, defined by
fe= 1, (4.34)

is the first return map of f; in ﬁ'g,y* (for points starting in i},c* y,)- Note that fe is not C*
on the whole domain %, y, .

4.3. Estimates on first return maps. We denote fora € R
T, : (u,v) — (u +a,v)

and we recall the definition (3.25) of the symplectic diffeomorphisms Ei, Es.
We observe that there exist open sets W; C Ri NR, W C R x R*+ such that, for any
¢ and y, > 0 small enough,

Feye CW1CV, [y N Fey) CWaCV.
LEMMA 4.2. There exists a Ckfunction ooN € C*(R* , R) such that on Er(W>), one has
E1o fy 0By = oy (4.35)
Proof. From condition (H4), one can write on R?

1
fO = ¢JVH0

and hence

N N
fo =¢jVH0 where Hy |v = Qo.
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If (u, v) € Xo(W) and (&1, v) = El(fON(E;] (u, v))), one then has
Qo(Sf (1, 0)) = Qo(fy ("_l(u v))) = Qo("_l(u v))
and hence

qo(V) = gqo(v)

and thus v = v. Because the map (u, v) — (i, v) is symplectic, this forces u = u +
oo,n(v) for some C* function oo,n; this function can be extended as a C* function
OQ,N R — R. [

Recall the definition (4.34) of f;

LEMMA 4.3. There exists a continuous family (1]¢)e of ck symplettlc diffeomorphisms
defined on R? and a neighborhood W of f;~ 1(775 ) U 775 e Y fe (Tg ,vs) such that

limg—g [ —idllx =0,

(4.36)
e(W N (R x {0}) C R x {0}
and on a neighborhood of ?’}’C* y,» one has
Eio fro & =feoTy, (4.37)
where
I:(v) = oo.N (V) + Ae(u, V)gL (V) —Inv  with iy = 7i; 0 E] . (4.38)
Proof. We write (we use (4.34), (4.32), (H3)):
fo = pNH
= 1 0¥}y,
=neo fy 0o,
with
ne = fNof " (4.39)
As a consequence, if we set
e =B1on. 08" and A, =h,08", (4.40)
we have, using (4.35),
EiofroB ' =f0(Biof, 08 )o (uzo¢jan8 08, o (808"
=1 0 Ty ¢I;FVO(HQ'80H EEY
= fle 0 Ty © Tqé 0T Inv

=Te0 TO’() N+Agql—Invs

which is (4.37) together with (4.38).
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Note that by (4.39), (4.40), Remark 2.2, and the fact that R 5 ¢ — f, € CK(Vi, R?) is
continuous, one has

lim, ”ﬁs - ld”Ck =0,
e (W N R x {0}) C R x {0}. O

5. Renormalization

We define in this section a renormalization f, of the map f.. The first return map fg of
fe in the fundamental domain ¥ ,, that we have constructed in §4 is not differentiable
at every point (see (4.37), (4.38), and the fact that the integer valued function 7, has, in
general, discontinuity points). However, if one glues the ‘vertical’ boundaries of Tg s DY
fe, we obtain an abstract open annulus Fs s/ e (see §8§5.1 and 5.2) and the map fg 1S now
C* on it. We can uniformize this abstract annulus so that it becomes the standard (with
the usual topology) open annulus R/Z x ]0, ¢[ (some ¢ > 0), see §5.3, and the map fg in
these new coordinates turns into a C* diffeomorphism f, defined on (part of) this standard
annulus. This is the (one should say ‘a’ instead of ‘the’ since the uniformizing/normalizing
procedure is not unique) renormalized diffeomorphism associated to f,. Uniformizing the
annulus is equivalent to conjugating f; to (x, y) — (x + 1, ¥) on a domain containing
Fe.y,- This procedure is, in a different context, the one described in [24]. We shall
often call the uniformization operation normalization in reference to the corresponding
renormalization procedure defined for quasi-periodic cocycles, cf. [6, 14].

5.1. Gluing. Let ¥ be an open set of R?, L a one-dimensional submanifold of R? and

f an orientation preserving smooth diffeomorphism from a neighborhood of FU L to a

neighborhood of f (¥ U L). We assume that:

1) fFULYN(FUL)=

(2) FUL is a two-dimensional submanifold of R? with boundary and this boundary
is 9(FU L) = L; in particular, for any point p € L, there exists an open set Up,
pelU,C RR2, and a smooth diffeomorphism op:Up = ¢p(Up) C R? such that
wp(UpNL)=¢,(Up)N (R x {0}) and epUp NF) = epUp) N (R x R% )

(3) forany pe FULand Up,onehas U, N f(FUL) = ¥;

(4) forany p € L one has f_l(f(Up) NF) = gp;l (¢p(Up) N (R x R*)), for any of the
previous chart (U, ¢p) at p.

We define the fopological space (U L, T) as being the set ¥ U L endowed with the
following topology 7 a subset S of U L is an element of 7 (that is an open set) if for
every p € S, there exists an open set V C R? (contained in a neighborhood of #U L where
fisdefined) suchthat VN f(FUL)=Wand pe (VU f(V)N(FUL) CS.

We can then define the following differentiable structure on (U L,T) as follows:
(a) if p € ¥, we define the local chart Cj, := (W, id), where W, is an open set of R?
such that p € W, C ¥; and (b) if p € L, we define the local chart Cj, := (W), ¥,,) where
W), is the open set of FU L (see condition (3)), W, = (FUL)N (U, U f(Up)) (here
(Up, @p) is the local chart for p € L as defined in (2)), and where ¥, is defined by
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Fs7y*

Yx

[, fo(24)] x {0}

FIGURE 3. Gluing: (F¢.y, U Ly,)/fe.

(we use condition (4))

{wp=%,onmwu¢um=¢;«wa4wwmewx
Yp=gpo f1 on fU)NF=fop, ((9,(Up) N R xR)).

We denote by A the collection of all these local charts C,, and we set (FU L)/f = (FU
L,T,A.

Remark 5.1. If we assume in addition that f preserves the standard symplectic form
dx A dy on R?, we can endow (F U L)/f with a symplectic form w.

Remark 5.2. 1f g : ¥ — g(F) is a smooth diffeomorphism defined in a neighborhood of
¥, it induces a smooth diffeomorphism (that we still denote g) g : (FUL)/f — (g(F) U
g(L)/(go fog™h.

Remark 5.3. If ¥ =1[0,1[ x]10,1[, L=10,1[ and f=T;: (x,y) — (x + 1, y), one
sees that (FU L)/T; is (diffeomorphic to) the standard open annulus (R/Z x ]0, 1[,
canonical) endowed with its canonical differentiable structure.

5.2. The space (Fe,y, U Ly,)/fe. If € and y, are small enough, item (1) is satisfied and
we can find charts (p, Up) such that items (2)—(4) are satisfied. See Figure 3. We can then
define the manifold (¥%,y, U Ly,)/fe. We shall see that it is an annulus without boundary,
cf. Lemma 5.3.

Note that if 0 < ¢, < 1, the smaller set ﬁ,c*y* = Fecoye U Lc,y, is an open subset
of (Fe,y, ULy,)/fe (which means that it belongs to 7) and it can be endowed with
the topology and differentiable structure induced by the inclusion. We denote (F¢.c,y, U
L.,y,)/f. the thus obtained submanifold of (¥ y, U Ly,)/fe. The following lemma is then
tautological.

LEMMA 5.1. The map fg induces a C* map %,C*y* /fe — Nfe,y* /fe.

We shall need in §6 the following lemma.
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LEMMA 5.2. There exists a probability measure with positive denszty 718 Ly On 7’8 sl fe
which is fg invariant: for any measurable set A € F, s/ fe such that fs (A) e Fe el fer
one has 1.y, (A) = ns,y*(fg 1(A)).

Proof. We shall in fact construct this measure 7., on the bigger set ﬁ,y* /fes
Fey. = Fey, Uo (Fe,p,)s

where ¢ : R?> — R? is the reflection (x, y) — (x, —y) (it commutes with f, in V, see
condition (H3)). From Remark 5.1, there exists a symplectic form w, on ¥y, /f.. Note
that the first return map f; is not defined on the whole set ¥ . / f. but nevertheless

(ﬁ?)*ws = Weg

whenever this formula makes sense. The probability measure 7, ,, defined by

ﬂa,y*(A):/ |a)8|// | |
A 7:9»."*

is fe invariant. O

5.3. Normalization of f.. 'We now uniformize the abstract annulus 7?5,),* /fe. To do that,
it is enough to normalize f; in the sense of item 2 of the following lemma.

LEMMA 5.3. (Normalization Lemma) There exists a continuous family (hg)e of (not
necessarily symplectic) C-diffeomorphisms defined on a neighborhood of Fe.y, such that
for some ¢ > 0:

(1)  hg sends ?—'g,y* /fe to the standard open annulus (R/Z) x 10, c[, canonical),
() heofeoh ' =Ti:(x,y) > (x+1,y);
(3)  he([xs, fe(xn] x {0} = [0, 1] x {0}

Proof. Using condition (H3) and the change of coordinates (3.25) of §3, we see that on a
neighborhood of ¥y, , one has (we use the notation (x, y) for (u, v))

Erofoo By =Tyt (x,y) = (x +4L(3), ).

If g, is the (not necessarily symplectic) smooth diffeomorphism

8e: (x,y) > (ﬁ y>, (5.41)

one has
g 0810 froB log ' =T (5.42)
The setmm of the form
(8 0 BN (Fey) = {(x, 1), y €10,¢l, 7:(0) < x < ve(0) + 1},

where ¢ >0, y.:[0,c] > R4 is ck, y:(0) =0, and the map R>er> y, €
ck([o, ¢], R) is continuous. This indeed follows from the definition of %, in §4.1,
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the definition of E; (3.25), and (5.41), (5.42). As a consequence, if we denote
Je 1 (. y) > (x = ve(¥), ¥), (5.43)
we have
JjeoTi =T o jg,
Je((ge 0 Z1)(Fe,y,)) =10, 1[ x 10, [, (5.44)
Je((ge 0 Z1)(Ly,)) = {0} x 10, c[.
By Remarks 5.2 and 5.3, the map
he = joo0gs0 & (5.45)

is a diffeomorphism that sends ﬁ,y* /fe to the standard annulus ([0, I[ x ]0, c[)/T1 =
(R/Z) x 10, c[ and such that

hgofgoh;1 =T.

To conclude the proof, we notice (2) is an immediate consequence of the definition
(5.45) of he. O

Remark 5.4. Note that if T, (x, y) = (x + a(y), y), one has
(heo 7)o Tyo (he o BTN =Tz a(y) = a(y) /().
5.4. The renormalization f, of f.. There exists § € 10, ¢[ such that the map
fe = heo feohT! 1 R/Z % 10,8 — R/Z x 10, c[ (5.46)
is well defined and is a C* diffeomorphism onto its image.

PROPOSITION 5.4. One has

fe=1McoT,, (5.47)
where 7, is a C* diffeomorphism defined on R/Z x 10, 8[ and I, € C*(10, c[, R/Z); they
satisfy

1
le(y) = UO’,N(y ) _ 2 mod z, (5.48)
() 4 (y)
lim ||, —id| ok =0, (5.49)
e—0
Ne : (x,¥) > (x +ag(x, y), y + ybe(x, y)), (5.50)

where a, € C¥, b, € C*=1 are functions defined on R/Z x (0, 8).
Moreover, the map f, preserves a probability measure Te,y, With positive density
defined on R/Z x 10, c[.

Proof. By (4.37) and Remark 5.4 after Lemma 5.3,
fo=(heo BN ohcoheo &) o(heoB)oT; o(heoBTH™!

27_7807}5,
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where
e = (heo BN ofeo(hs 0 BTN and  L(y) = (1/qLON (). (5.51)

Because 7, := (he o E]l_l) ongo (hgo El_l)_l and f_‘E are CK, the function I, : 10, ¢[ —
R/Z is also C* and

L(y) = (1/g, (") ().

By (4.38) (remember that 71, takes its value in Z),

oon(y) . Iny
le(y) = ——— +n(x,y) —
) a0 al(y)
1
_oon®) Iny Z.

@ gy
which is (5.48).
Equation (5.49) is a consequence of the definition of 7, cf. (5.51), the first equation of
(4.36), and of the fact that R > ¢ — h, € CF is continuous (Lemma 5.3).
We now claim that if 7, (x, y) = (x + ag(x, y), y + be(x, v)), one has for any y,

be(x,0) = 0. (5.52)
Indeed, because
e := (he 0 ;Do fls 0 (he 0 E7H) 7,
equality (5.52) is a consequence of the second equation of (4.36), of item (3) of Lemma

5.3, and of the fact that 1 (R% x {0}) = R} x {0}.
To prove (5.50), we thus notice that equality (5.52) gives us for b, a decomposition

be(x,y) = ybe(x, y),
b, € Ck 1,

Finally, to conclude the proof of the proposition, we observe that because the map
fe: i},c*y* /fe — 7?8’),* /fe preserves the probability measure 7, y,, cf. Lemma 5.2, the
diffeomorphism f; : R/Z x 10, 8[ — R/Z x 10, ¢[ preserves the probability measure
Te,y, = (he)sTs,y, defined on R/Z x 10, c[ (in the sense that if A C R/Z x 10, c[is a
Borelian set such that £,1(A) C R/Z x 10, c[, one has 7, y, (A) = ey, (f, 1(A)). O

6. Applying the translated curve theorem
We apply in this section Riissmann’s (or Moser’s) translated curve theorem to some
rescaled version f; , of the renormalization f; of f; defined in §5.4.

6.1. The translated curve theorem. Let ¥ : R/7Z x le=L 1 — R/Z xR (Ine = 1) be
a Ck diffeomorphism defined on the annulus (or cylinder) R/Z x le~!, 1[. We say that the
graph Gry, := {(x, y(x)) : x € R/Z} of a continuous map y : R/Z — R/Z x le~ !, 1[is
translated by  if for some t € R,

¥ (Gry) = Gryy, (6.53)
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and invariant if t = 0. If Gr,, satisfies (6.53), there exists an orientation preserving home-
omorphism of the circle g : R/Z — R/Z such that ¥ (x, y(x)) = ¥ (g(x), t + y(g(x)).
If = 0 (respectively ¢ # 0), we define (respectively with a clear abuse of language) the
rotation number of (¢ on) the invariant (respectively translated) graph Gr,, as the rotation
number of the circle diffeomorphism g. We say that ¢ has the intersection property if
for any continuous y : R/Z — R/Z x e~ !, 1[, the curve Gr, :={(x,y(x)) : x e R/Z}
intersects its image v (Gr, ). Note the following important fact: If  has the intersection
property, any translated graph by  is invariant.

We state the translated curve theorem by Riissmann [17] (which implies the invariant
curve theorem by Moser [15]):

THEOREM 6.1. (Riissmann, [17]) There exists ko € N for which the following holds. Let
k>kop C,u>0,andl :R/Z — Ra ck map satisfying the twist condition,

min [3y/(y)| > u >0 and ||k < C, (6.54)
y

and define
Yo 1 (x, y) = (x +1(y), y).
There exists eg = £o(C, &) > 0 such that for any C* diffeomorphism
v:R/Zxle ' 1] > R/ZxR

satisfying
¥ = Yollcro < €0, (6.55)

the diffeomorphism  admits a set of positive Lebesgue measure of C¥=% translated
graphs contained in (R/Z) x le=3/4,
Diophantine rotation numbers (they are in a fixed Diophantine class DC (k, t) (the
exponent is T and the constant k) that can be prescribed in advance once | is fixed (ko
then depends on t and &y on k and t)).

e~ V4. Moreover, all these translated graphs have

6.2. The rescaled diffeomorphism fsn Let f. be the renormalized map defined in §5.4
and define u,, v, by

fe,y) = (@ +ue(x, y), y +ve(x, ).
Because f_g = 1g o T}, (cf. (5.47)), one has using (5.50):
ug(x,y) = le(y) + as(x +1(y), ),
Ve (X, ¥) = ybe(x +1e(¥), ¥).
Now, let n € N* large enough so that
le= "D e 0, 81 (6.56)

(the 8 of (5.46)) and introduce the rescaled C¥ diffeomorphism fos,n defined on the annulus
R/Z x le~ ', 1[ by

fo 2 Nero oo Al (6.57)
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F-(R/Z x [e7" e7])

0 1 R/Z
FIGURE 4. The diffeomorphism f; on R/Z x [e~"*D, ¢="].
where Agn : (x,y) — (x, e"y). Let us denote

fen(x, ) = (¢ + e n(x, ¥), ¥ + ven(x, ¥)).

A computation shows that:

{umu, M) =lea() +a:(x +len(y) e"y), 658
Ven (X, y) = ybe(x +1len(y), e™"y),
where

Len(y) =le(e™"y). (6.59)

We can now state the following important proposition the proof of which occupies the
next subsection.

PROPOSITION 6.1. Assume that k > ko + 2 (k is the regularity in conditions (H1)—(H4)
and ky is the one of Theorem 6.1). There exists €1 > 0 such that the following holds. If |e| <

grandn > 1, fog,,, admits a set of positive Lebesgue measure of invariant C*~%0=2_graphs
inR/Z x 1e” !, 1[.

6.3. Proof of Proposition 6.1.
6.3.1. Twist condition for I, ,.

LEMMA 6.2. There exist C, it > 0 such that, for any ¢ small enough and any n > 1, the
map lg , satisfies the twist condition (6.54) provided k > ko + 1.

Proof. Using (5.48), (6.59), we have

len(y) =1c(e™y)
__oon(e™"y) n Iny
qie™y)  qile™y) qile"y)
ooNnO) +n Iny

==~ 5 0%l mod Z,

mod Z
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where

”96,11 ”Ck—] ([e=1,1) = 0(67”);

this last inequality is a consequence of the fact that g.(s) = As + O (s2) is continuous with
respect to € (cf. condition H2) and of the fact that o y is C k (cf. Lemma 4.2). In particular,
for some Cy > 0 (depending on A),

llenllce—1 < Ci
and because 3yl ,(y) = —1/(Ay) + 940 ,(y) and y € le= ! 11,

[0ylen(P)] = 1/(21).

Hence (6.54) holds uniformly in ¢, n with C = Cy, 41 and u = 1/(2A) as soon as n is large
enough. O

6.3.2. fog,n is close to a twist. 'We observe that from (5.49), (5.50), (6.58), and Lemma
6.2, one has uniformly in n,

lim max(|luen — lenllck-2, Ivenllce-2) = 0. (6.60)
e—0

In particular, if » is large enough, inequality (6.55) is satisfied if k > ko + 2 with ¢ = fs,n
and Yo : (x, y) = (x +1ea(y), ).
We see from §§6.3.1 and 6.3.2 that, if

lel <e1 = e0(Ciyt1, 1/(22))
defin.

and n > 1, the assumptions of Theorem 6.1 are then satisfied by fs,n with k — 2 in place
of k. Under these conditions, there thus exists a set ée,n of Ck—ko=2 feg,n -translated graphs,
the union of which covers a set of positive Lebesgue measure in (R/T) x ]6‘_3/ 4 eV 4[.
We just have to check that these translated graphs are indeed invariant.

6.3.3. fg,n-translated graphs are invariant. Let p C (R/T) x Je=3/*, ¢ 1/4[ be a
fs,n—translated graph: fg,n (¥) =y + (0, ¢) for some t € R. We shall prove that r = 0.
We can without loss of generality assume that # > 0 (the case r < 0 is treated in a similar
way).

Formula (6.60) shows that if n >> 1, one has fg,n()?) Cc (R/T) x le~ !, 1[. From the
conjugation relation (6.57), we see that (cf. (6.56))

7= AL () € R/Z) x Je 34 e~V (R/Z) x 10, 8]

e

is a f,-translated graph such that
fe@) =740, C R/Z) x 1™ "V, e7"[C R/Z) x 10, 3.

Let A be the open domain of (R/Z) x ]0, c[ between (R/Z) x {0} and y. Because ¢ > 0,
onehas A C f,(A) C (R/Z) x 10, cl.

Assume by contradiction that ¢ > 0; then the set f,(A) \ A contains a non-empty open
set. We have seen (cf. Proposition 5.4) that f, preserves a probability measure ey,
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with positive density defined on (R/Z) x 10, c[, so 7y, ( f:(A)\ A) > 0. However, this
contradicts the invariance of 7 ,, by fe.
The proof of Proposition 6.1 is complete. O

6.4. Invariant curves for f.. We can now state the following.

THEOREM 6.2. Let k > ko+ 2 and |e¢| < e1. There exists v € 10,8[ such that, for
any v € 10, v[, there exists a set G, , of Ck=%0=2 " f,_invariant graphs contained in
(R/Z) x le~ v, v[ such that

Proof. We choose n so that

le= D e 0, v] (6.61)
and we observe that when v — 0, one has n — o00. Define

fon=Aen o foo AL

By Proposition 6.1, there exists v; > 0 such that if v € ]0, v{[ (n satisfying (6.61) is then
large enough), the diffeomorphism f;,, admits C¥—%0~2_invariant curves in T x Je~!, 1[
covering a set of positive Lebesgue measure; hence, f: ; has C¥~%0~2invariant curves in
T x Je~ v, v[ covering a set of positive Lebesgue measure. O

We shall denote
g e = U G &,

ve 10, [

Remark 6.1. For all y € Qw, the rotation number of the circle diffeomorphism f; |7 is
Diophantine in a fixed Diophantine class DC (k, t) (see the comment at the end of the
statement of Theorem 6.1).

7. Invariant curves for fe
We define

r=k—k()—2

and assume that |g| < ¢;.

Let 7 C (R/Z) x 10, 8[, 7 € G, be a C” invariant graph for f. : (R/Z) x 10, 8] —
(R/Z) x 10, c[. Note that there exists §; > 0 such that y € (R/Z) x 161, 8[.

We can view y as an invariant graph sitting in ([0, 1[ x ]0, ¢[)/ T (recall T} (x, y) =
(x + 1, )). In particular, one can find a C", 1-periodic function

Z:R— ([0, 1[ x ]0, 8D/ Th
such that, for all ¢, (d/dt)z(t) # 0 and
y =z([0, 1D, z(0) € {0} x ]O, c[, tgrlni z2(1) = Th(z(0)) € {1} x 10, c[.
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Let
y=h'@),
where 4, was defined in Lemma 5.3. Because f, = h; o fs o h;] (cf. (5.46)), we see that
P Ch (R/Z) x 181, 8D C Fecay,

is a C" compact, connected, one-dimensional submanifold (without boundary) of
Fe.cuye/fe, which is invariant by f; : Fe ey, /fe — Fe.y,./fe. Moreover, the function

= hiloZiR— Focy/fo
dehn

isa C", 1-periodic function and
y =z(0, 1D, Zz(0) € Ly,, tEIPf z2(t) = fe(2(0) € fe(Ly,).
The main result of this section is the following proposition.

PROPOSITION 7.1. The set

f=U "(7) C R

is an invariant C" curve for fe: it is a compact, connected, one-dimensional C”
submanifold of R? which is invariant by f.

We give the proof of this proposition in §7.2.

7.1. Preliminary results. We define the function Z:R—> R?
forallr e R, Z(t) = £ —[1])
([] denotes the integer part of ¢ that is the unique integer such that [¢] <t < [t] + ).

LEMMA 7.2. The function Z : R — R2 is C".

Proof. Note that, for ¢ € [0, 1], VA (t) = Z(¢). Also, the very definition of i—"g}* / fe .k shows
that the function Z is C” ona neighborhood of ¢ = 1. It is hence C” on [0, 2[ and because
for j € Z, Z(t + j) = f{(Z(1t)),itis C" on R. O
Let us set
T = inf{r > 1, Z(t) € Fr.p, ).
defin.

Note that

2 <t <o00. (7.62)

Indeed, the left-hand side inequality is a consequence of the fact that 7—} e N fe (F ) =0
For the right-hand side, we observe that because 7 0) =2(0) € ?}C*y*, one has (see

(4.34)), Z(nG(0))) = £ (2(0)) € Fr.y,.. hence T < 1. (3(0)) < oo.

LEMMA 7.3. The map Z:00, [ — R?is injective.
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Proof. Assume by contradiction that Z 110, t[ — R2 is not injective; then, there exists
m; € N,0<s; <1,

O<mi+si<t, i=12 Z(s1+my) = Z(sr +m2). (7.63)

Hence, f:'' (P) N fo'2(P) # @ and if m := my —my > 0, f™(y) Ny # @. In particular,
there exists ¢ € [m, m + 1[ such that 7 (1) € 7-'8,y* and then ¢ > t. As a consequence,
m > 1 — 1 and because 0 <m < t (m1, my are both in the interval [0, t[), one has
m = [t], and hence my = m = [t] and m; = 0. We then have from (7.63), Z(S2 +[7]) =
7 (s1) € ﬁ .. (because s1 € [0, 1[) and hence by the definition of 7, s + [t] > 7, which
contradicts my + 55 < T. L]

LEMMA 7.4. If, for somet > 1, Z(@t) € ?’},y*, then Z(t) € 7.

Proof. Indeed, writing t =s +n, s € [0, 1[, n € N*, one has Z(t) = fE(Z(s)). The
integer n > 1 is thus a m™ return time of 2(s) in Feper Z(t) = fI'(Z(s)), and because y
is invariant by f;, it is readily seen by induction on m that f(Z(s)) € . O

LEMMA 7.5. One has Z(t) = 3(0).

Proof. From the definition of t and Lemma 7.4, we have Z (1) € closure(y) N
closure(L,, U f¢(Ly,)) and hence 2(‘[) € {2(0), f+(z(0))}. To conclude, we observe that
one cannot have 2(1) = f¢(z(0)) because otherwise, one would have 7 (t—1)=2z0) ¢
ﬁ,y*, which contradicts the definition of T (from (7.62) t — 1 > 1). ]

LEMMA 7.6. The derivative of Z at T is transverse to Ly,.

Proof. (1) If there exists a sequence t, € R, lim ¢, = t, such that Z(z,) € 7~7€,y*, then
from Lemma 7.4, one has Z(f,) € 7 and consequently (dZ/dt)(z) is tangent to 7, thus
transverse to Ly, .

(2) Otherwise, there exists an open interval I/ C R, I > t, such that, for all # € I \ {t},
z(t) ¢ ﬁ,y* and fE(Z(t)) € F%,y,. From Lemma 7.4, one then has for all # € I\ {r},
Z(t+ 1) = f.(Z(1)) € § (see item (2) of §5.1), and hence Df.(f:(Z(v))) - (dZ/dt)(t)
is tangent to y and in particular transverse to f (Ly,). This implies that (d2 /dt)(T) is
transverse to L, . ]

LEMMA 7.7. One has Z([t, t + 1[) = Z([0, 1]).

Proof. We define s, = sup{s > 0: forallr € [7, T + 5], Z(t) € Fe,y,}. From Lemmata
74 and 7.6, one has: (a) s, > 0; (b) for any 7 € [, T + s«[, 2(t) €y; and (¢)
Z(T +54) € fe(Ly,) N closure() = f:(2(0)) = Z(1). In particular, Z(T 4+ s, — 1) =
fo 1(Z 1) = Z 0) € 7"5 .v. and by the definition of 7, this implies s, > 1. Now we notice
that one cannot have s, > 1 because otherwise T + 1 € [7, T + s4[ and by definition of s,
Z(t + 1) € Fr.y,; however, Z(t + 1) = f.(Z(t)) and because Z(r) = £(0) (Lemma 7.5),
one has Z T+ 1) = fe(2(0)) ¢ Fe.y.- We have thus proven that s, = 1. This implies that
Z([r, T + 1D = Z([0, 1]). m
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7.2. Proof of Proposition 7.1. We first observe that
P=J o) =2m® = 7« +1D). (7.64)

nez nez
Next we note the following.
(1) Onehas Z([0, T + 1[) = Z([0, 7]).
(2) The set 7 ([0, T 4+ 1[) is fe-invariant.
Item (1) is a consequence of
Z(0, T+ 1) = Z([0, Th U Z([z, T + 1D
= Z([0,t) U Z([0, 1) (Lemma 7.7)
=2(00,7) (1=0).
Item (2) follows from item (1) and
fe(Z([0, T+ 1D) = fe(Z([0, T])
=Z(l, T+ 1))
Z(1L, thU Z(z, T+ 1])
Z([1,T) U Z([0,1]) (Lemma 7.7)
(0,zh A =1)
= Z([0, T + 1.

Il
N>

Item (2) and (7.64) yield
= 2(10, T + 1D.

This last identity shows that [ is a connected, compact (cf. item (1)) subset of R? which is
fe-invariant.

Let us prove that [ is a one-dimensional submanifold of R2. Because Z () = 7 )
(Lemma 7.5), one has

Z(00, 7+ 1D = 20, t + 1)) = 210, tD U Z(r — 1, T + 1]).

From Lemmata 7.2 and 7.3, the set VA (10, t]) is a one-dimensional submanifold of R? as
well as the set Z(Jt — 1, T + 1D (note that ZQr =Lt +1D = f.(Z(t =2, D). The
intersection of these two sets is Z (It, T + 1]) and from Lemma 7.7, it is equal to 7 o, 1D
which is a one-dimensional submanifold of R2. As a consequence, the union 7 10, tH U
VA (Jt — 1, T + 1]) is one-dimensional submanifold of RZ,

This concludes the proof of Proposition 7.1 O

8. Proof of Theorem 2.1 (and hence of Theorem A)
As we have mentioned in §2.5, Theorem A follows from Theorem 2.1; we describe the
proof of this latter result in this section.

Let r =k —ko—2, |¢|] <e€1, and v <vy. Theorem 6.2 yields a set Qe,v of C",
fe-invariant graphs contained in (R/Z) x le~'v, v[, the union of which covers a set of
positive Lebesgue measure.
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In the previous section (cf. Proposition 7.1), for all v € ]0, v{[, we have associated to
each fg-invariant graph y € G, , an fe-invariant C"-curve:

[= U fI(p) where p = h; (7). (8.65)
nez

We denote by Qw the set of all such curves I'.
To prove Theorem 2.1, we just have to prove that, for all v € ]0, vy,

(Positive measure) Lesz< U f‘) >0 (8.66)
I'eGey
and
(Accumulation) gin sup dist(f‘, Y.) =0. (8.67)
I'eGe,

8.1. Proof of (8.66) (positive measure). This is a consequence of the inclusion (cf.
(8.65))

h81< U ;7>c U r
7€Ge FeG..,

and of the fact that Lebz(U)7 G., y) > 0 (this is the content of Theorem 6.2).

8.2. Proof of (8.67) (accumulation). Let y € Qa,w y C (R/Z) x 10, v[. From the
definition (5.45) of the diffeomorphism /., we see that, for some positive constant Cj
depending on A (cf. condition (H3)),

P =h;'(7) C{(x,y) € Fey,, xy € 10, Covl).
However,
r=J e = ( U #on V) v J o
nez nez nez
roev
From condition (H3), one has
U Fornvevnie,y, xyelo, Gl
nez

and hence, using Remark 2.2,

dist( U o)ynv, N V> =0,(1) (uniformin ). (8.68)

nez

Now, recalling the definition (4.29) of the integer N of §4.2, one has

N
U #morcl 7o,
nez n=1
fe@ev
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and using the fact that dist(y, X, N [(x4, 0), fe(xs, 0)[) = 0, (1), one can see that (N is

fixed)
N
dist( U #onzenl 7100 00, filx, 0>[>>) =0,(1), (8.69)
taras =

where the previous limit is uniform in .
Equations (8.68) and (8.69) give

dist(f', =) = 0,(1).

8.3. KAM circles for f.. Let I" be a C” invariant curve for fe of the form (8.65) and

gy the restriction of f; to [. The map g can be identified with a circle diffeomorphism.

Similarly, the restriction of f to the invariant curve y yields a circle diffeomorphism g;.
Let @ and & be the rotation numbers of g and g;.

LEMMA 8.1. One has {1/a} = & (here {-} denotes the fractional part).

Pmof We refer to the renormalization procedure defined in §§4 and 5. Let J be the arc
Tg e D ['. The restriction on J of f,;, the first return map of f; in (FE s> defines a C”
diffeomorphism of the abstract circle J /fe. Classical arguments show that the rotation
number of this circle diffeomorphism is equal to {1/&}. However, after normalization
of f. by h, (cf. formula (5.46)), [ is transported to y and the C” diffeomorphism
fg : f/fg — f/fs to the circle diffeomorphism f; : J/ Ty — J/Ti, where J = hg(f) -
7 is a fundamental domain of f | 7. The rotation numbers of fs J /fe — J /fe and
fe : J/T1 — J/ T are hence equal. However, the rotation number of f, : J/T; — J/ T
is (same argument as before) equal to {1/a}. O

Because & can be chosen in a fixed Diophantine class DC(k, t) (see Remark 6.1),
the rotation number & is Diophantine with the same exponent t. By the Herman—Yoccoz
theorem on linearization of C”-circle diffeomorphisms [10, 22], this implies that if r is
large enough (depending on t which is fixed), the diffeomorphism gy, is linearizable; in
other words, [ is a KAM curve. However, one has a priori no control on the Diophantine
constant of &.

This concludes the proof of Theorem 2.1, whence of Theorem A. O

9. Proof of Theorem B

We construct in §9.1 a symplectic diffeomorphism fpe;y admitting a separatrix X (see
Figure 5) and depending on a (‘large’) parameter M. We renormalize fpert like in §§4 and
5 to get a diffeomorphism fpert of an open annulus R/Z x ]0, c[. We prove in Proposition
9.3 of §9.2 that this renormalized diffeomorphism fpert sends some graphs projecting
on a fixed interval Jy (see (9.81) on graphs which project on the whole circle and
which are below the initial graphs we have started from, see Figure 6. We then iterate
this procedure in §9.3 to find an orbit of fpert accumulating the boundary R/Z x {0}
of the aforementioned annulus: this prevents the existence of fpen—invariant curves close
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]:y* f71<fy*) II

Jpert (2)

AN ¢
2 \\ | _ //
22 -

FIGURE 5. The perturbed map fpert.

e—(n+1)

.]Fpert (’VJM ,y)

~1 Jm 0 R/Z

FIGURE 6. The image of the graph y;,,., by the diffeomorphism fpert.

to this boundary and therefore of fpert-invariant curves close to the separatrix X. The
diffeomorphism fpert is the searched for example of Theorem B.

9.1. Construction of the example. We start with a smooth autonomous symplectic vector
field of the form X¢ = JV Hy, where Hy : R? — R satisfies on some neighborhood V of
o= (0,0)

Ho(x,y)=xy onV

and has the property that ¥ = H, ! (Hp(0, 0)) is compact and connected. The set X is a
separatrix of

_ 1
T adin, #1910

associated to the hyperbolic fixed point o.
Fixing x, > 0 small enough, we can define like in §4, for y, > O small enough, a
fundamental domain ¥, = ¥, U Ly, C V, where ¥,, is defined by (a) — (d) (§4.1) with

¢}v Ho in place of f,. We can even assume that ng_é Ho (~Ty*) Cc V, j =1,2. There exists
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¢y« > 0 such that the first return map,
I Feaye = Fyus

is well defined. We can renormalize f = q)}v Ho like in §5 by first normalizing f
(cf. Lemma 5.3):

hofoh ' =T, (9.70)
where
h:Fy, — [0,1[ x]0, c[ (9.71)
is symplectic (see (5.45), (5.41), and the fact that we choose ¢ (s) = s) and then setting (cf.
(5.46)):
fd;n‘ hofoh™ :R/Zx10,8[ — R/Z x 10, c. 9.72)

By (5.48) of Proposition 5.4, we have
f=T I»M=0() ~Iny (9.73)

for some smooth function o.

We can assume that h(ﬁ;-"y*) = [0, 1[ x 10, c[ and that T~/ ([0, 1[ x 0, ¢[) C hl V),
j=12.

We now construct a symplectic perturbation fpert : R? — R? of f which admits ¥ as a
separatrix. We shall need first the following lemma.

LEMMA 9.1. There exist b € (0, 1) and a non-empty compact interval I C]0, 1] such that,
for any M > O, there exists a smooth function ¢y : R — R satisfying:

(D omlr =—bM;
@ b'M/) = =@y 1= (M/|1);
(3) themap sy : R — R, defined by

t
spm(t) =/ MW gy
0

is an increasing smooth diffeomorphism of R that coincides with the identity on
R\ [0, 1].

Proof. See Appendix C. O

Let x :R— R be a smooth function equal to 1 on [—c/2,c/2] and to O on
R\ [—(3/4)c, (3/4)c], and define

Sux, y) = sy (X)) x (¥) +xy(1 = x (). 9.74)
The canonical (hence symplectic) mapping gas associated to Sy:
oSm .
X = W(X, »)s
~ M.
y=—=1(y),
ox

https://doi.org/10.1017/etds.2021.118 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.118

On invariant circles accumulating separatrices 1089

is equal to the identity on (R \ [0, 1]) x [—c, c] and satisfies for (x, y) € [0, 1[ x ]O, ¢/2[

- I
=, 9.76)
y=sy 05, (X)y.

The following symplectic perturbation of f:
foert: = h™lo(gmoT)oh
defin.
=hoguohyof
(recall h satisfies (9.70)) is thus defined on R? and coincides with f outside f~! (9;'}*).
Moreover, because g (R x {0}) =R x {0},
X is a separatrix for fper.

Now, because 7~—'y* is a fundamental domain for fpere (fpere coincide with f on ﬁ—“y*), for
some cpere > 0 small enough, the first return map

Frert  Footdepenrs) = Fren )5
is well defined and satisfies
fren=(f o f™) 0 fren.
In particular, on
[—1,0[ x 10, ¢/2[,

one has (cf. (9.72), (9.73))

Fpert = ho foertoh™ = foT_1ogyoT 9.77)

=Ti—10ogmoT (9.78)
and
foert : R x 10, ¢/2[ — R x 10, c[ satisfies fper0 Tt = T1 © fpert;

in particular, it defines a smooth map (R/Z) x 10, ¢/2[ — (R/Z) x 10, c[.

Note that because g is the identity outside [0, 1] x [—c, c], it admits a T} -periodization
gm R x[—c,c] > R x [—c, c] (which means that gy, and gjs coincide on [0, 1] x
[—c, c] and gps commutes with 7). This gas is defined by the same formula (9.75) as
gm, where now the new function 5y, involved in (9.74) is the Z-periodization of sj;. To
simplify the notation, we shall continue to denote gy and 537 by gy and syy.

Let

ti=1(x) =5y (x + ). (9.79)

LEMMA 9.2. For (x,y) € [—1, 0[ x 10, c/2[, the point (x, y) := f_pert(x, y) satisfies with
the notation (9.79)

¥=t—1+0(s)(t) xy) —In(s, () —Iny,

_ (9.80)
Iny =In(s), () +1In y.
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Proof. Let (x,y) € [—1, 0] x ]0, ¢/2[; with the notation (x1, y1) = (gm0 T1)(x,y) =
gm(x + 1, y), one has from (9.78), (x, y) = T;—1(x1, y1) and from (9.76), (9.73),

x1=sy(x+1), and x=x;—1+0o(y)—1Iny,
yi=sh 05, (x+1)xy, 5=y,
and hence (9.80). L]

9.2. Image of a piece of graph by fpm. We take M > 0 (from Lemma 9.1) large enough
and we define

Ju=syI)—1C[-1,0[ (9.81)

where [ is the interval introduced in Lemma 9.1.
If y:J — R, x — y(x) is a differentiable function, we denote by y; , its graph:

voy ={(x, y(x)), x € J} C [-1,0[ x ]0, ¢/2[.

PROPOSITION 9.3. There exists a constant Ypert > 0 for which the following holds. Assume
thaty : Jyy =10, ypertl, x = y(x) is a differentiable function such that

dlny

forall x € Jy, ‘
X

+1‘ <1)2.

Then, fpm(yJM,y) + (Z,0) contains the graph y _y o ; of a differentiable function y :
[—1,0[ — R (see Figure 6)

vi-1ory = {(x, y(x)), x € [-1,0[},

such that
- dlny
forall x € [—1,0[, e + 1| <1/2 (9.82)
X
sup Iny(x) < sup Iny(x) —bM. (9.83)
xe[-1,0 xeldy

Moreover, for some interval J,%,I C Juy, one has

Y—1.005 = Fpert(Vryp)- (9.84)

We prove this proposition in §9.2.2.

9.2.1. Preliminary results. If we introduce the variable
@ = In(s), (1)) = In s}, o s;,ll (x+1) (recallt = s,‘_/ll (x + 1)),
we can write (9.80) as

t—=1+0( xyx)—¢—1Inyx),

= (9.85)
Iny =¢+In y(x).

(X, ) = fpen(x, y(x)) <=
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Note that themaps I 31— ¢ =Ins), (1) e p(I)and Jyy 3 x > ¢ =In s}, os;,ll(x +1)
€ gy (1) are smooth diffeomorphisms. In particular, the maps @y (I) > ¢ — x and
om(I) 29— Iny, ep(I) > ¢ — Iny are well defined and smooth.

LEMMA 9.4. For any ¢ such thatt € I, one has

< /M < 1/4.

dt
@
Proof. This follows from the identity (recall ¢ = In(s}, (1)), sj, = e#™)

d. 1 1

de — de/dt ~ ¢} (0)
and the estimates given by the second item of Lemma 9.1 (M is assumed to be large
enough). O

LEMMA 9.5. One has

dx
— +1

sup <1/4, (9.86)
om (1)
dlny
ny_ 1‘ < 1/4. (9.87)
om (1) 2
Proof. Indeed, from (9.85),
dx dt d dl
—x=—+e“’0/(e‘p><y)—y—1— ny
dp dg do do
dt dl dl
= — +ye?o’(e? x y) ny oy
dy do dy
=—1+A
with
dt dlny dlny
A=— Yo’ (e — .
d¢+y€ o'(e¥ X y) o do

Note that (recall x = sy (1) — 1, 53, = e¥™)

dlny dlnydx dt dlnywdt
— =0 e

dp  dx dtde  dx = dyo
so, by Lemma 9.4,
_ _ dIn
IMSGHMD+@e“de+Ue“WHMO‘My
and if M is large enough,
|A| < 1/4. (9.88)
In a similar way,
dlny dnydx dt dl dt
SR DT S e R
do dx dtdy dx do
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with
|B| <2¢7"M x (1/4) < 1/4 (M > 1). (9.89)

O
9.2.2. Proof of Proposition 9.3. From (9.86) of Lemma 9.5, we see that the map
ou(I) > ¢ — X € R is a diffeomorphism onto its image Jy; C R, and hence the maps
Judxm—>xeJyand I >t +> x € Jy are diffeomorphisms. Note that from (9.86), one
has

|Tml = G/Dlem D)
and from item (2) of Lemma 9.1, one has
|ml = G/HM/|1) x || > 2; (9.90)

there thus exists an interval JI%,I C Jy such that the map JI%,I Sxt—>xen—+[—1,0[
(for some n € Z) is a differentiable homeomorphism. Replacing y(x) by y(x + n) shows
(9.84).

We now prove (9.82): for x € [—1, O],

‘dlny

1
d)?+

<1/2. (9.91)

Indeed, let I} C I be the image of [0, 1[ by Jy > %+t €I; from Lemma 9.5, for any
¢ € oy (11), one has for some A, B € [0, 1/4]
dx dlny
_x = _1 + A7 . y
do d

dlny diny [dx 1+ B
riy—i-l = ny jax + 1| = + +1
dx dy do —14+A

The preceding discussion shows that the map y : [—1,0[ > X — y(x) is a well-defined
differentiable function, that its graph is included in fpert(¥y,,,y) + (Z, 0), and that (9.82)
holds.

There remains to prove (9.83). By the second equality of (9.85), if (x, y(x)) =
fpert(xa ), one has

=1+B,

so that

<1/2.

Iny(x) <lnyx)—»bM < sup Iny — bM

xeJy

and as a consequence, because the map Jy; D J]%/I > x — x € [—1, 0[ is a bijection, (9.83)
holds. =

9.3. End of the proof of Theorem B. We shall prove that if M is large enough, the
diffeomorphism fpet constructed in §9.1 provides the searched for example of Theorem B.
Let M be large enough and yg € ]0, ypert[; we define the function

X

yo:[-1,0[ - R, x> ype .
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Using inductively Proposition 9.3, we construct differentiable functions
o [-1,0[ = R

such that, for every n € N*,

dlny,
forall x € Jy, I + 1| <1/2, (9.92)
X
V=10Lya C Soert Vipgyn_t) + (Z, 0), (9.93)
sup Iny,(x) < sup Iny,_1(x) —bM. (9.94)
xe[—1,0[ xeldy

Inclusion (9.93) implies the existence of a decreasing sequence of non-empty compact
intervals K,, C Js such that

Vi-3/4=1/410 = Sper(VK,.30) mod (Z,0).
In particular, if xoo C [),cn+ Kn. One has
for all n € N*, f[;’ert((xoo, Y0)) € V[=3/4,—1/4],y, C V[=1,0[y, Mmod (Z,0).  (9.95)
From (9.94),

sup  yu(x) < e "My,
xe[—1,0[

and hence, using (9.95), we see that f_ffert((xoo’ yo0)) accumulates R x {0}:
Frei (oo, ¥0)) € [=1,00 x 10, e~ ""Myo[ mod (Z, 0). (9.96)
As a consequence of (9.77) and of the fact that, for some constant C > 0
forallv e 10,¢[, h~'([—1,0[ x 10,v[) C fp_erlt(é:Cv)

(this is owing to the fact that the diffeomorphism /4 given by (9.71) is indeed defined on a
neighborhood of ¥, ), one has

f[;/lert(h71 (XOO9 yO)) € fpz::t (%Ce—nbMyO).

Because fpert is the first return map of fpert in fp_erlt(ﬁ%y*), there exists a sequence (py)neN €
NN, limy 00 pn = oo such that

SR (Ko, Y0)) € foah(Fomnni yy)- (9.97)

However, this last fact prevents the existence of invariant circles in Ay accumulating
the separatrix X of fpert. More precisely, let W be a neighborhood of ¥ in £ U Ay (we
recall that Ay, is the bounded connected component of R? \ ¥), such that

B (xoo, y0) & W.

We claim that W \ ¥ does not contain any fpe-invariant circle I'. Indeed, if this were
not the case, the topological annulus A C W having ¥ and I for boundaries would be
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S N\ A\

Frert(R/Z x [e=+1) &)

0 1 R/Z

FIGURE 7. The diffeomorphism j:'pm on R/Z x [e=tD) e Compare with Figures 4 and 6.

Spert-invariant (by topological degree theory). However, this is impossible because one
would have at the same time

h (X0, yo) ¢ A and  flr (B! (xoo, Y0)) € A

for some large p,, (see (9.97)).

Remark 9.1. If we define the renormalization fpert of fpert by considering the first return
map of fpert in Fy, instead of fpert (Fy,), as we have done to construct fper[, the dynamics

of fpen looks more like the one pictured in Figure 7. The comparison of this picture and
that of Figure 4 illustrates the effect of the perturbative assumption in Theorem A.
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AAP project from CY Cergy Paris Université.

A. Appendix. Proof of Lemma 2.2
We write for j > 2

. -
HIG@) =heniza+ Y. aei x @2+ Y. heii(02)25 + 072 (2),
2=<i<[j/2] i1,in€N X
ii+ia=j+

where a.; € R and the h;, ;,(-) are smooth 1-periodic functions. We define
Hy2(2) = Aez122.
We first observe that if G2 is a solution of

{Gf@ = 0/tl(z),

t t t t (A.98)
H;(2) + 0:G,(2) +{Gy, H ,}(2) = gs(z122),
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for some G (u) = hou + szif[(j+l)]/2 dei X ut, de; € R, then GL solves (2.15). We
then have to solve (A.98) for some g, and some Gg of the form

Gew) =heu+ Y Gexu
2<i<[(j+1)]/2
Gl = )Y gin®'zz=0"(),
i1 +ia=j+1
where the g.;,,(-) are 1-periodic. This amounts to finding 1-periodic solutions to the
equations

Reivin (1) + 0:8eiyin () — e (i1 — 12)8eiy iy 1) =0 it iy # io, (A.99)
heii(t) +0:8eii(t) =ae; ifiy=ir=1, (A.100)

for each couple (i1, i2) € N? such that i] 4 i, = j + 1. Note that in (A.100), this last
equality occurs only if j + 1 is even and i = (j + 1)/2. Equation (A.100) is then easily
solved by setting

t
A i =/ heii(t) dt,  geii(t) = — / (heii(s) — ae;) ds.
R/Z 0
Equation (A.99) always admits unique 1-periodic solutions of the form

Qe in (1) = ee1=lc ;i fé eU=9%ei=iDp ;i (s) ds,
where e, = (X172 — )71 fol eU=keli=iDp . o (s) ds.

In the preceding solutions, the dependence on ¢ is smooth and if, for ¢ = 0, the functions
ho,i, i» do not depend on 7, we see that go, 1, is a constant.
This concludes the proof of Lemma 2.2. O

B. Appendix. Extension of symplectic diffeomorphisms

LEMMA B.1. Let (O¢)¢e |—sp.e0] be a smooth (or continuous) family of C* symplectic
diffeomorphisms C'-close to the identity, defined on some open disk D(o, 8) of R?, and
such that ©,(0) = o. Then, there exists (@g)ge I—¢0,60[> @ SMooth (or continuous) family of
C* symplectic diffeomorphisms of R* such that on D(o, 8/2), one has ©, = ©,.

Proof. We use the notation O, (x, y) = (¥, y). Because ®, is symplectic, the 1-form
ydx — ydx is closed and defined on a disk D(o, 45/5) of center o and radius 45/5 (we
assume O, C'-close to the identity so that we can use the implicit function theorem).
It is hence locally exact and there exists a function S;(y, y) such that ydx — ydx = d ;.
Now the function Fg(x, y) = —S.(y, y) + (X — x)y is defined on D(0, 35/4) and satisfies
(y — y)dx + (X — x)dy = dF; or equivalently,

X =ux+05F(x,y),

i g (B.101)
y=y+oFe(x,y).

®a(xv)’)=(i,y) — {

Note that we can choose (F;), as a Ck-family of Ck*+!_functions such that F.(0) = 0,
DF.(0o) =0.
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We can then choose x : R? — R as a smooth function which is equal to 1 on D (o, 28/3)
and 0 outside D (o, 36/4), set

FaZXXFs»

and define ©, by (B.101) with F, replaced by F,. The family of diffeomorphisms (®,); is
a smooth (or continuous) family of exact symplectic C¥-diffeomorphisms. O

C. Appendix. Proof of Lemma 9.1

Let x : R — [0, 1] be a smooth even function with support in [—1/2, 1/2] such that
x(0) = 1 and which is increasing on [—1/2, 0]. There exists & € ]0, 1/4[ such that, for all
x € 1—2a, 2af, one has x(x) > 1/2 and

. / /
in = min > 0, ax .= max > 0.
Bmin e X Bmax 2R o] X

We define for p € 10, 1/12] and Cy; > O,
x—1/3 x—2/3
om(x) =a(p, Cu)x —Cux . ,

1/12

where a(p, Cpr) > 0 is chosen so that

1
/ ePMW gy — 1.
0

Let I = (2/3) + ]—2ap, —apl. For x € I, one has
om(x) < —Cpy /2 = —CpyaBmin/ (2aBmin),
@y (x) < —(Cy/p)Bmin = —(CpretBmin) /(@p) = —CpratBmin/ |11,
(/);1/[()() > —(Cpm/p)Bmax = —(CyoPmax)/(@p) = —(Bmax/Bmin) CarPmin/|1].
Fixing p (for example p = 1/12) and taking
b~ = max <'8max, Zaﬂmm>, Cy = M

min - aBmin '

provides the first two items of Lemma 9.1.

Let us check the third item is satisfied. From the definition of sj7, one has s),(x) =
e =1 for x ¢ [0, 1]. Because sy (0) = 0, one has sy (x) = x for x < 0. Similarly,
because

1
sy (1) =/ ePMW gy =1,
0

we have sy (x) = x forx > 1.
Because in any case s'(x) > 0, this concludes the proof of Lemma 9.1. U
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