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Abstract  Let cpy € WHo°(Q,C) for all k,l € {1,...,d}; and Q C R? be open with uniformly C? bound-
ary. We consider the divergence form operator A, = — Zz,zzl Oy (ck10k) in Lp() when the coefficient

matrix satisfies (C(x)&,€) € Zg for all x € Q and & € C?, where ©y be the sector with vertex 0 and
semi-angle 6 in the complex plane. We show that a sectorial estimate holds for A, for all p in a suit-
able range. We then apply these estimates to prove that the closure of —A; generates a holomorphic
semigroup under further assumptions on the coefficients. The contractivity and consistency properties of
these holomorphic semigroups are also considered.
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1. Introduction

In his book, Kato [11] showed that an m-sectorial operator in a Hilbert space generates
a (quasi-)contraction holomorphic semigroup. One can generalize the notion of secto-
rial operators to L,-spaces as follows (cf. [10, Definition 1.5.8, 11, Subsection V.3.10, 2,
Definition 1]).

Definition 1.1. Let d € N, Q C R? be open and p € (1,00). Let A4, be an operator in
L,(£2). Then A, is said to be sectorial if there exists a K > 0 such that

Im (A,u, |u|p_2u]l[u¢0])| < KRe (4,u, |u|p_2u]l[u¢0}) (1)
for all uw € D(A,).

There are certain interests in showing that an operator is sectorial in this generalized
sense. The significance of these estimates lies in the fact that they are useful in showing
that the operators under consideration satisfy a necessary condition to generate holomor-
phic contraction semigroups. In particular, the estimate (1) can be established for certain
second-order differential operators in divergence form. In the proof of [16, Theorem 7.3.6],
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Pazy showed that (1) holds when the operator is strongly elliptic with symmetric real-
valued C'-coefficients, with an explicit constant K which depends on the coefficients, the
ellipticity constant and p. Okazawa improved Pazy’s result and showed that the estimate
also holds for degenerate elliptic operators with symmetric real-valued C'-coefficients,
with K = (|p — 2|/2y/p — 1) (cf. [14]). Ouhabaz in [15, Theorem 3.9] proved that (1)
is true for generators of sub-Markovian semigroups. It is interesting to note that [15,
Theorem 3.9] gives the same constant K in (1) as in [14].

In this paper, we will prove the sectorial estimate (1) for degenerate elliptic second-
order differential operators with bounded complex-valued coefficients. The results are
generalizations of [14]. In comparison to [15, Theorem 3.9], we note that the operators we
consider here are, in general, no longer generators of sub-Markovian semigroups. We will
then apply the estimate to show that degenerate elliptic operators with smooth enough
coefficients generate contraction holomorphic semigroups.

In order to formulate the main theorem, we need to introduce some notation. Let d € N,
Q2 C R? be open with uniformly C? boundary and 6 € [0,7/2). Let ¢y € W (Q, C) for
all k,l S {]., .. ,d} Define C' = (Ckl)lgk,lgd and

Yo = {re’® .+ >0 and |g] < 6}. (2)

Assume that
(C(@)&,€) € o (3)

for all € Q and ¢ € C?. For convenience, we will usually refer to (3) as C takes values
in the sector Xg.
Let p € (1, 00). Consider the operator A, in L,(€2) defined by

d

Apu = — Z 8l(ck18ku)
k=1
on the domain
D(4,) = W*P(Q) n Wy ().
If p = 2 then
[Im (Asu, u)| < (tan0)Re (Agu, u) (4)
for all u € D(As). This follows immediately from integration by parts. If p # 2, the situ-
ation is quite different. Write C' = R + iB, where R and B are real matrices. Let R, and
B, be the anti-symmetric parts of R and B, respectively, that is, R, = (R — RT)/2 and
B, = (B - BT)/2.
The main result of this paper is as follows.

Theorem 1.2. Let p € (1,00), 6 € [0,7/2), ciy € WH(Q,C) for all k,1 € {1,...,d}
and C' = (ck1)1<k,i<a take values in the sector ¥g. Suppose |1 —2/p| < cos@ and B, = 0.
Then

‘Im (Apua |u‘p72un[u#0])‘ < KRe (Apua |u‘p72un[u7&0])
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for all w € D(Ap), where

tan(g—qsw) ifR, =0,

K= (2/sin¢—1)tan€+cotgb (5)

if
1 — (tan @) cot ¢ if B 70

and ¢ = arccos |1 — 2/p|.

Note that when the coefficient matrix C' consists of real entries and is symmetric, then
one can choose # = 0 and (5) gives

lp — 2|

T
K = tan (2—¢> =cot ¢ = ﬁﬁ’

which is the constant obtained by Okazawa in [14].

Remark 1.3. The conditions, conclusion and some implications can be rephrased in
the recently introduced terminology of Carbonaro and Dragicevié [1]. For every p € (1, 00)
and bounded d x d matrix valued function M : Q — C?*¢ define

A, (M) :=essinfyeq min Re (M(:C)E,;Z;f), (6)
¢cecd
lgll=1

where J, : C¢ — C? is defined by

2\ _
jp§—£+(1p)£. (7)
Suppose merely ¢, € Loo(2,C) for all k,1 € {1,...,d}. Then C takes values in the sector
Y if and only if Ay(eF¥C) >0 for all o € [0,7/2 — 6). Also, |1 —2/p| < cos@ if and
only if A,(e?T) > 0 (cf. [1, (5.18)]).

Now ¢ > 0 by assumption and

(6”0(1‘)6,5) S Eg+|7| C E¢

forallz € Q, £ € C? and v € R with |y| < ¢ — 6.
If both B, =0 and R, = 0, then [1, Proposition 5.18 (3 = 1)] implies that

A, <eﬂ<¢—">0) > 0. (8)

On the other hand, if Ay(C) > 0 (the operator is strongly elliptic) then [1, Theorem
1.3 (a = Db)] together with the Lumer—Phillips theorem establishes that (8) implies (1),
where K = tan(m/2 — ¢ + ) which coincides with (5) if R, = B, = 0.

If R, = B, =0 then one has equivalence in [1, Proposition 5.18 (3 < 1)] and in the
strongly elliptic case one also has equivalence in [1, Theorem 1.3 (a < b)]. Hence, the angle
of the sector of contractivity in L, (), that is 7/2 — arctan K, is optimal. Consequently,
also K is optimal if R, = B, = 0.
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In Theorem 1.2, we do not require that R, = 0 nor strong ellipticity, but we require
Lipschitz continuity of the cg;.

It is not difficult to see that A, is closable. Let A, be the closure of A,. Under the
current conditions imposed on the coefficient matrix €' and the domain €2, we do not
know whether —A4,, is a generator of a Cp-semigroup. If @ = R¢ and C consists of twice

differentiable entries, then we prove the following generation result for —A, based on
Theorem 1.2.

Theorem 1.4. Let p € (1,00), 6 € [0,7/2), cxy € W3(R?,C) for all k,1 € {1,...,d}
and C = (cx1)1<k,1<d take values in the sector ¥g. Suppose |1 —2/p| < cos@ and B, = 0.
Set ¢ = arccos |1 — 2/p|. Then the closure —A, generates a holomorphic semigroup on
L,(R%) with angle ¢ given by

¢ — 0, if R, =0,

v=Anr (2/sin¢ — 1) tan 6 + cot ¢ , (9)
— — arctan ( 1— (tan0) cot & ), if Ry # 0.
Note that
o (2/sin¢ — 1) tan 6 + cot ¢
¥1 .—2—arctan< 1 — (tan @) cot ¢ >§¢_9
since
by = 1 — (tand)cot ¢ - 1 — (tan @) cot ¢ — tan(e — 0). (10)

(2/sing — 1) tan# + cot ¢ ~  tan6 + cot ¢

It is also interesting that in the case when R, = 0, Theorem 1.4 provides better angles
of holomorphy compared with those of Stein’s interpolations [15, Proposition 3.12] and
[18, Theorem 1]. In the one-dimensional case, these better angles were also obtained in
[5, Corollary 1.3].

Along the same line as our results, [8] considered a type of second-order degenerate
elliptic operator in divergence form whose coefficients of the principle part need not satisfy
the sectorial condition (3). Other results about angles of holomorphy were considered in
[19, Theorem 1, 9, Theorem 1.1, 3, Theorem 1.4.2, 17, Theorem X.55, 12, 15, Theorems
3.12 and 3.13].

The holomorphic semigroup generated by —A, in Theorem 1.4 also possesses nice
contractivity and consistency properties.

Theorem 1.5. Adopt the assumptions and notation as in Theorem 1.4. Let S(®) be
the semigroup generated by —A, and S the semigroup generated by —A,. Then the
following hold.

(i) S®) is contractive on %.,, where

" if R, =0,

v= wAsup{QE [O,g) :(tan@)tan,6’<;)} if Ry # 0. (11)

(ii) S®) is consistent with S on %,
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Recently, there is a lot of interest in differential operators with complex coeffi-
cients which are accretive on L, (€2) with p # 2 and then are the minus generator of a
Co-semigroup on Ly, (£2). Strongly elliptic operators with mixed boundary conditions are
considered in [6, 7]. All results in [1] for Cy-semigroups are for strongly elliptic operators.
The main emphasis in this paper is to consider degenerate elliptic operators. In [8], the
operator is allowed to be degenerate elliptic, but the coefficient matrix cannot degenerate
on a set with positive measure. For W1 >-coefficients in one dimension, the coefficient
function cannot vanish at any point in [8]. In contrast, our operators may degenerate on
a set with positive measure. The domain of the operator is delicate for proving the range
condition for the Cy-semigroup and this is even more delicate for degenerate operators.

The outline of subsequent sections is as follows. In §2, we provide some estimates on the
coefficient matrix C'. These estimates are used to prove Theorem 1.2 in §3. Theorems 1.4
and 1.5 are proved in §4, in the proof of which we use a density result [4, Proposition 4.9]
that is valid if Q = R?. This explains why we require 2 = R? in Theorems 1.4 and 1.5.

2. Estimates on coefficients

Let €2, 8 and C' be as in §1. In this section, we provide some preliminary estimates on the
coefficient matrix C for later use.
Define
c+C and ImC’:C__C ,
21
where C* is the conjugate transpose of C. Then (Re C)(z) and (Im C)(z) are self-adjoint
for all x € Q2 and

ReC =

C=ReC+ilmC. (12)

It is important to keep in mind that ReC' and Im C' defined in this manner are not
necessarily real-valued.
We will also decompose the coefficient matrix C' into

C=R+iB, (13)

where R and B are matrices with real entries. Write R = Rs + R,, where Rg =
(R + RT)/2 is the symmetric part of R and R, = (R — RT)/2 is the anti-symmetric part
of R. Similarly B = B; + B,, where B; = (B + BT)/2 and B, = (B — BT)/2. 1t follows
from (12) and (13) that

ReC=R,+iB, and ImC = B, —iR,.

Lemma 2.1. We have

((R&.6) + (Bam.m)

N | =

[(Rs€,m)| <
for all £,m € R

Proof. By hypothesis, C' takes values in Xg. This implies ((Re C)§,€) > 0 for all € €
C?. We deduce that (R.&,€) > 0 for all ¢ € RZ. Finally, we use polarization to obtain the
lemma. O
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Lemma 2.2. We have

(Bugm)| < 5 (tan 0) ((Ro&.€) + (Rm,m))

DO | =

for all £,n € RY.

Proof. Since C takes values in 3y, we have

[(ImC),€)| < (tan0)((Re C)E,€) (14)
for all £ € C?. Tt follows that

[(Bs€,§)| < (tan 0)(R.&, €)

for all £ € R?. Finally, we use polarization to obtain

[(Bugm)| < (tan O)(R.&. &)/ 2(Ron,m)!* < S (tam ) ((R.6,€) + (Ronm.) )

DO =

for all £, € R? as required. O
Lemma 2.3. We have
[(BL£.) + (Ben.m) = 2(Ra€,m)]| < (tan0) ((Rot. ) + (Rem,m) + 2(Ba&,m))
for all £,n € R%.
Proof. Let &, € RZ. Then
(I C) (& + i), & +1in) = (B, €) + (Bsn,m) — 2(Ra&,n)

and

(ReC)(& +in), & +1in) = (Rs&, &) + (Rsn, 1) + 2(Bak,n).-
The claim is now immediate from (14). O

Lemma 2.4. Suppose B, = 0. Then

|(Ra&om)| < (tam ) ((2.,€) + (Ron.m))
for all £, € R<.
Proof. Since B, = 0, Lemma 2.3 gives
|(Bo&,€) + (Bon,m) — 2(Ram)| < (tan 0) ((R&,€) + (Rom,m) )
The result now follows from the triangle inequality and Lemma 2.2. O

Lemma 2.5. Let QQ be a positive matrix and U a complex d x d matrix. Then

(QUE, UE) < tr (U*QU)|I¢|1?
for all € € C?.
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Proof. Since Q is a positive matrix, we have (QUE,UE) > 0 for all £ € CY. Tt follows
that U*QU > 0. Hence U*QU < tr (U*QU)I, where I denotes the identity matrix. This
justifies the claim. O

Lemma 2.6. We have the following.

(a) (Rs&,€) >0 for all ¢ € CY.

(b) (((tan@)R, £ B,)E, &) > 0 for all £ € C.

(c) Suppose B, = 0. Then ((2(tan@)Rs +iR,)&,€) > 0 for all ¢ € CY.

Proof. Let £ € C?. Write € = & +i&y, where &1, & € RY. We note that

(Rsf;g) = (nghgl) + (Rs§27£2)

and
(Bs§, &) = (Bs&1,61) + (Bsé2,62).
Also,
(Ra&,€) = —2i(Ra&1,&2)-
The claim now follows from Lemmas 2.1, 2.2 and 2.4. O

Next, let a € (=7/2 + 0, 7/2 — 0) and write C,, = ¢*“C. In a similar manner as above,
we define Re (Cy,), Im (Cy), Ra, Bas Rs,as Ra,a, Bs.o and By . Note that we also have

Re(Cy) = Rs,o + 1By, and Im(C,) = Bs o — iR a-

Lemma 2.7. Let j € {1,...,d}. Suppose U is a complex d x d matrix with UT = U.
Then

ltr ((9;C)U)|? < Mtr (UR, ,U),
where

M = 32d(1 + tan(6 + @) 07C o
Proof. It follows from [4, Corollary 2.6] that
Itr ((9;Ca)U)|> < 32d(1 + tan(d + ) || 07 (€ C)||ootr (U Ry o U)
< 32d(1 + tan(d + @))*|97C | sotr (URs,oU)
as required. O
Lemma 2.8. Suppose B, = 0. Then the following hold.
(i) Re(Cy) = Rscosa — Bgsina + iR, sin a.

(ii) Im (Cy) = Rssina + By cosa — iR, cos a.
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(iii) Ry = Rscosa+ R, cosa — Bgsina, Ry o = Rscosa — Bgsina, Ry o = Rq cosa.
(iv) Bq = Rssina+ Rysina + Bscosa, Bs o = Rssina + Bscosa, By o = Ry sina.

Proof. These identities follow directly from the definition of C' and C,,. (|

3. Sectorial property

Let p € (1,00). Let Q, 6, C and A, be as in §1. In this section, we prove Theorem 1.2.
A convenient tool that we will use repeatedly is the formula of integration by parts in
Sobolev spaces given in the next theorem. The theorem is immediate from the proof
of [13, Proposition 3.5]. We emphasize that we do not require C' = C7 in this theorem
(cf. [13, Theorem 3.1] for the same result but with extra assumption that C = C7T).

Theorem 3.1. Let u € D(A,). Then

/ (Apu)|ulP~u = / lu|P~2(C'VT, V)
fuzt0] fus£0]

+(p-2) /[ (€T (), Re (u7)

—i(p— 2)/ [u[P~*(CRe (uVa), Im (uV7)). (15)
[u0]

An immediate remark is in order.

Remark 3.2. Recently, [1] introduced the concept of p-ellipticity. Let A, and J, be
given by (6) and (7). A matrix C is said to be p-elliptic if

Ap(C) > 0. (16)

Using the operator 7, the formula of integration by parts (15) can be rephrased as
/ (Apu)|ulP~?u = 123/ [P~ (CuVE, J,(uVa)).
[u#0] [u#0]
Following this, the sectorial condition (1) can be rewritten as
<|U|p_4CuVﬂ7 jp (ﬂvu)]l[u;éo] >L2(Q) € Yarctan K »
and hence can be viewed as a degenerate case of (16).

Using Theorem 3.1, we obtain the following proposition, the first part of which is along
the same line as [1, Proposition 7.6 and (5.7)]. Nevertheless, in general, the domain for
the accretivity (dissipativity) in [1, Proposition 7.6] on L,(£2) has no relation with our
domain D(A,). Moreover, [1, Proposition 7.6] is only valid for p > 2.

For the sake of clarity, we present here a proof that holds for all p € (1, 00) under our
current setting.
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Proposition 3.3. Let u € D(A,). Write uVu = £ + in, where &,m € R%. Then

Re (Ay [ *utiuo) = |l (0 = (R8O + (Ron)

#0]
+ (p — 2)(Bs&,m) + p(Baé, 77))

and

Im (Apuv |u|p_2’U/1[u;£O]) = / |u|p—4(<p - 1)(BS£7€> + (Bs77ﬂ7>

[u7£0]
— (p = 2)(Rs&,m) — p(RAE, n))-

Proof. We will prove the first inequality only. The second is similar.
Consider (15). We have

lul?(CVT, Va) = (CuVa,uVa) = (C(& +in), & + i)
—i((Rn, &) — (RE,n) + (BE,€) + (Bn,n)).

Therefore,
Re (Ju*(CVE, Va)) = (R, €) + (Rn,n) + (BE,n) — (Bn,€)
= (Rs&, &) + (Rsm,m) + 2(Ba&,m).
Also,
Re (CRe (uVa), Re (uVa)) = Re (C¢, €) = (RE,€) = (R, ).
Similarly

Re (i(CRe (uVa), Im (uVa))) = Re (i(C&,n)) = —(BE,n) = —(Bs&,n) — (Ba&,n).
Hence taking the real parts on both sides of (15) yields the result.
The following lemma is essential in the proof of Theorem 1.2.

Lemma 3.4. Suppose |1 —2/p| < cosf. Let ¢ = arccos|1 — 2/p|. Then

(tan (;T - qS) + tan 9) ((R&,€) + (R, 1))

< tan (g —o+ 0) ((Rsfag) + (Rsn,m) + b (Bs&??))

Vi1
for all £,n € R?,

Proof. First, note that

tan (5~ 0) (anO) (R6.€) + (Ron) + =2 (B
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lp — 2|
N

—tan (G o) ((and) (R.6.6) + (Rom) - 2(BEn]) 20 (1)

> tan <72T - ¢>> (tan0) (Rs&,€) + (Rem,m)) — [(Bs&,m)|

as tan(m/2 — ¢) = cot(¢) = |p — 2|/2/p — 1 and we used Lemma 2.2 in the last step. We
also deduce from the hypotheses that tan(w/2 — ¢ + 6) > 0. Therefore,

(tan (727 - ¢> + tan 9) ((Rs&,€) + (Rsm,m))

< (tan (;T - gb) + tan 9) ((Rs&,€) + (Rsn.m))

wtan (§ - 0+0) (an (§ - o) Cand) (166 + (Ranw) + T (B.6.m)

p—2
\/ﬁ(Bsfﬂ?)),

where we used (17) in the first step. O

= tan <72T — ¢+ 9) ((Rsf,f) + (Rsn,m) +

Next, we prove Theorem 1.2.

Proof of Theorem 1.2. Let u € D(A,). Write uVu = £ + in, where ¢, n € RY. By
Proposition 3.3, it suffices to show that

[(p = 1)(Bs&,€) + (Bsn,n) — (p— 2)(Rs&,m) — p(Ra,m)|
< K((p = D(R&€) + (Ron,n) + (p = 2)(Bs&,m)), (18)
where K is defined by (5). Set £’ = /p — 1€. Then (18) is equivalent to

Y - p—2 /
|(BL,€) + (Bann) = 7o (R ) = \/ﬁ(R o€ i)
Y p—2
K (R, €) + (o) + o= (B,€ ). (19)
Note that by Lemma 2.1, we have
L2 || < o (5 - 0) (&€ + (Ranm) (20)

as tan(w/2 — @) = cot(@) = |p — 2|/2y/p — 1.

Now we consider two cases.

Case 3.5. Suppose R, = 0. Using Lemma 2.2 again, we obtain
[(Bs&',€') + (Ben,m)| < (tan 0) (R, €') + (Ren,m)). (21)
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It follows that

(B£.€)+ (Bann) = L= (Reg' ) — — L (')
= |8+ (Bann) = T )

< (tan (5 = 6) +1an0) (R.€.€) + (Ronw)

p—2
vp—1
where we used R, = 0 in the first step, (21) and (20) in the second step and Lemma 3.4

in the last step.
Hence, (19) is valid and the result follows in this case. O

< tan (g —o+ 0) ((R&,€') + (Rem,m) + (Bs€',m)),

Case 3.6. Suppose R, # 0. We rewrite the left-hand side of (19) as

Li=|((Bug &) + (Bonm) = 2Ra€'sm)) - j}%msg'm)

(i —2) )],

1

(Note that p/y/p—12> 2 for all p € (1,00).) Since B, =0, it follows from Lemma 2.3
that

[(Bs&', &) + (Bsn,m) — 2(Ra&’ )| < (tan0) ((Rs&',€') + (Ren.m)). (22)

Next, we deduce from Lemma 2.4 that

p / 2 Y
(A= -2) I < (g —2) CanO) (R €) 4 (Renm) (29

as sin ¢ = 2y/p — 1/p. Now it follows from (20), (22) and (23) that

L< (( 2¢ - 1) tan 6 + tan (g — qﬁ)) ((Rs€',€") + (R, m))

sin
7 (2/sing — 1) tan 6 + tan (7/2 — @) 0 .
— tand 1 tan (12— 9) <tan9+tan (2 - ¢>) (Rs&',€') + (Rsm,m))
(2/sing — 1) tan 6 + tan (7/2 — @) 7r
= tand + tan (7/2 — ¢) tan (2 _¢+6)

X <(RS£/35/) + (Rsn,m) + 5;721(335/,77)>

(2/sin¢ — 1) tan § 4 tan (7/2 — ¢)

1l p—2 ,
- 1— (tan 9) tan (7T/2 — ¢) ((Rsf 3 ) + (Rsﬂ, 77) + \/Iﬁ(Béf 777))3

where we used Lemma 3.4 in the second step.
Hence, (19) is also valid in this case.
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4. Generation of contraction holomorphic semigroup

Let Q=R? and 6 € [0,7/2). We assume cy; € W2>(R4,C) for all k,l € {1,...,d}.
Assume further that (C(x),€) € 3y for all z € R? and € € C4, where C' = (ck1)1<k.i<d
and Yy is defined by (2).

Let p € (1,00). We will prove in Proposition 4.1 that A, is closable. Let Tp be the

closure of A,. We will show in this section that —A, generates a holomorphic semigroup
on L,(R?) which is contractive on a sector. This is the content of Theorems 1.4 and 1.5.
First, we introduce some more definitions. Let ¢ be such that 1/p + 1/¢ = 1. Define

d

Hyu=— Y 0n(Emiom) (24)
k=1
on the domain
D(H,) = CZ°(RY).
Define
XP = (Hq)*7
which is the dual of H,. Then X, is closed by [11, Theorem III.5.29]. Also note that
W2P(RY) ¢ D(X,) and
d

Xpu = — Z 8l(ck18ku)

k=1
for all u € W2P(R%).

Proposition 4.1. The operator A, is closable.
Proof. Since A, C X, and X, are closed, the operator A, is closable. O

It turns out that X, = A, under certain conditions, as shown in the following
proposition.

__ Proposition 4.2. Suppose |1 —2/p| < cosf and B, = 0. Then A, = X,,. Moreover,
A, is m-accretive.

Proof. By [4, Proposition 4.9] the operator X,, is m-accretive and the space C2°(R%)
of test functions is a core for X,,. It follows that A, = X, and A, is m-accretive as
claimed. 0

Using Theorem 1.2, we are now able to prove the generation result in Theorem 1.4.
Proof of Theorem 1.4. It follows from Theorem 1.2 that
|Tm (Tpu, |u\p_2u]1[u¢0])\ < KRe (Tpu, |u\”_2u]1[u7go])

for all uw € D(A,), where K is defined by (5). Therefore, the interior X° C

m—arctan(K)

p(—A,) by [16, Theorem 1.3.9] and Proposition 4.2, where p(—A,) denotes the resolvent
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set of —A,. Moreover,

—_ 1
A+A) Hpop £ ———— 25
0+ b < 55 (25)
for all A € X7 ian(x), Where S(—A,) is the numerical range of —A, defined by

S(—pr) = { — (fpu, \u|p_2u]1[u¢0]) Tu € D(/Tp) and ||ul|, = 1}.

Let € € (0,7 — arctan(K')). Then dist (A, S(—A4,)) > (sine)|A| for all A € Y —arctan(K)—e-
Therefore, (25) implies

— 1
A+ A) Yy < ———
||( + P) HP P — (sin€)|)\|
for all X\ € ¥;_rctan(k)—e- Hence we deduce from [16, Theorem 2.5.2(c)] that —A,
generates a holomorphic semigroup on L,(R?) with angle ¢ = 7/2 — arctan(K). a

Our next aim is to show Theorem 1.5. We will do this by first showing that —X,,
generates a holomorphic semigroup which is contractive on a sector. This together with
Proposition 4.2 implies the theorem. We first obtain some preliminary results.

In what follows we let X, , = ¢"*X,, for all a € (—7/2+6,7/2 —0) and adopt the
notation used in Lemmas 2.7 and 2.8. We aim to show that X, , is an m-accretive
operator for all « in a suitable range. Following [4, 20], we need two crucial inequalities
for X,  in order to do this which are given in Propositions 4.3 and 4.5, respectively.

The first inequality is as follows.

Proposition 4.3. Suppose B, = 0. Let p € (1,00) be such that |1 — 2/p| < cosf. Let
a € (=1, ), where v is given by (9). Then

Re (X, 0u, |u|p72u]1[u750]) >0
for all u € W2P(RY).

Proof. Let u € W2P(R%). It follows from Theorem 3.1 that

(Xp.att, [ulP P ulljyz0)) = /[ » lu[P=2(C VT, V)
u#0

+(p—2) /[ I [ulP~*(CaRe (uVa), Re (uVa))

—i(p—2) / |u|P~* (CaRe (uVE),Im (uVa)). (26)
[u0]

Write uVa = & + in, where £, 1 € R%. Then
[ (CoaVa, V) = (CouVau, uVa) = (Cu(€ +in), & + in)
= (Ra&, &) + (Ram,m) + (Ba&,m) — (Ban,§)
+i((Ran, &) = (Ra&,m) + (Ba&, €) + (Ban,m))-
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Therefore,

Re ([uf*(CaVa, V) = (Ra&, &) + (Ran,n) + (Ba&,n) — (Ban, €)
- (Rs,a§7 5) + (Rs,anv 77) + 2(Ba,a£7 77)

We also have
Re (CaRe (uVﬂ), Re (UVE)) = Re (Caf, 5) = (Ra§7€) = (Rs,afa 5)
Similarly

Re (i(CoRe (uVa), Im (uVa))) = Re (i(Ca,n)) = —(Ba&,n)
- _(Bs,a§777) - (Ba,a£777)'

Hence taking the real parts on both sides of (26) yields
Re (Xpwaua |u‘p72un[u;ﬁ0])

— [l (0= DReab O + Bt t) + p(Baa) + (0~ D(Benkon)
[u0]

= P (Real's€) + (Roam, L
L (e )+ (uamn + —

where £ = /p — 1£. Set

-2
b (Bs,a§/7 77)~

P = Rsalal Rsaa

(Ba,aglv 77) +

p
vp—1
We will show that P > 0. We consider 2 cases.

Case 4.4. Suppose R, = 0. Note that cot ¢ = |p — 2|/2+/p — 1. We have

|(sina) ((Bs€',€") + (Bsn,m))| < sin(|a])(tan 8) ((Rs€',€) + (Rsn,m))

and

=
p—1
by Lemma 2.2. Also,

(cosa)(B.g',n)| < (cot §)(cosa)(tan ) ((Ro&',€') + (R, ).

=

T (s a) (Bt )| < (cotg)sinflal) (RE'€) + (Rom, )
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by Lemma 2.1. Since R, = 0, Lemma 2.8(iv) gives By o = (sina)R, = 0. It follows from
Lemma 2.8, (28)—(31) that

p—2

P = (Rs,aglvgl) + (Rs,oﬂ?vn) + W<Bs7a€/>n)
= (cosa) ((Rs&', &) + (Ryn, n)) - (sina)((Bsfﬁﬁ’) + (Bsn,m))

(cosa)(Bs¢',m)

p—2
+ \/ﬁ(sma)(R £m) + \/7

> (cosa — sin(|al) tan 8 — (cot ¢) sin(|er|) — (cot ¢)(cos ) tan 0) ((Rs&',€') + (Rsm, 1))
0,

Y

where we used the fact that o € (—1,4) in the last step. Hence, we deduce from (27)
that Re (X, qu, [u[P~?ul,q) > 0 in this case.

Case 4.5. Suppose R, # 0. Expanding (28) using Lemma 2.8 gives

;oer p ’ p—2 /
P = Rsa ) Rsaa Ba(x ) Bsa )
(Rs,a’,€) + ( JH?HW( ,£n)+\/lﬁ( o&'m)

= (cos @) ((Rs',€") + (Ram,m)) — (sin oz)((BSE',S’) + (Bsn,m))

p . ’ p—2 p—2 /

= (cos a) ((ngla 6/) + (R, 77)) (Sln a) ((Bsgla 6/) + (Bsn, 77) - 2(Ra§/7 77))

+ (\/]% - 2) (sina)(R.&'\m) + \I/)%(Sin a)(Rs€',m)
p—2 /
+ \/ﬁ(cos a)(Bs&',n), (32)

where we used Lemma 2.8(iii) and (iv) in the second step. Next, we estimate the terms
in (32). By Lemma 2.3, we have

+

(i) ((Bo&,€) + (Ban, 1) — 2(Rag’n))| < sin(lal)(tan ) ((Ro€€) + (Ron, ) (33)

since B, = 0 by hypothesis. Using Lemma 2.4 and the fact that sin ¢ = L;’;_l, we deduce
that

2
’( pp_ T~ 2) (sina)(Rag’,n)‘ < <sin¢> - 2) sin(|al)(tan 0) (Rs&', ') + (Rsn,n)).
(34)
Next note that cot ¢ = |p — 2|/2y/p — 1. Therefore,

p—2 1ot
L2 na)(Ra€ )| < (cor)sina) (€ €) 4 (Ram)  (35)

https://doi.org/10.1017/5S0013091521000456 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091521000456

704 T. D. Do

by Lemma 2.1. It follows from Lemma 2.2 that

T2 cosa)(B 77)‘ (cot ) (cos ) (tan ) (Ro', €) + (Ram ). (36)

Next, (32)—(36) together imply

( (1 — (tan ) cot ¢) cos v — ((sj(b —1) tan9+cot¢> sin(|a)>
x ((Bs€',€) + (Ram,m))
0

Y

(37)

where we used that fact that o € (—,%) and Lemma 2.1 in the last step. Combining
(27) and (37) yields Re (X, qu, [u|P~?ul},q)) > 0 in this case.

Next, we prove the second inequality for X, o. We need the following density result.

Proposition 4.4. Let a € (—,1), where 1) is given by (9). Then the space C2°(R9)
is dense in (D(Xpo) NWP(RY), || - | px, .))-

Proof. The claim follows from [4, Proposition 4.7]. O

The second inequality is as follows (see [20, proposition 6.1] for the case when o =0
and X, has real symmetric coefficients as well as [4, Proposition 4.8] for the case when
a =0 and X, has complex coefficients).

Proposition 4.5. Suppose B, =0. Let p € (1,00) be such that |1 —2/p| < cos@.
Let o € (—v,7), where vy is given by (11). Then there exists an M > 0 such that

Re (V(Xpot), [VulP 2 Vul(y,z0) > —M|Vull?
for all u € W2P(R%) such that V(X au) € (L,(R%))%.
Proof. We consider two cases. O

Case 4.8. Suppose R, = 0. Then it follows from Lemma 2.8 that B, , = R,sina =
0. Moreover, the condition « € (—,) implies tan(f + |a|) < tan¢. Therefore,
[4, Proposition 4.8] still applies to yield the result.

Case 4.9. Suppose R, #0. If a =0, the claim follows from [4, Proposition 4.8].
Therefore, we may assume that « # 0 for the rest of the proof. Note that o € (—v,7)
implies (tan6)tan(|a|) < § and K tan(|a|) < 1, where K is defined by (5). Let g €
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(0,1 A (p—1)) be such that

(tan 0) tan(|a]) < ;:i (38)
and
P lp —2|
— 1> tan 6 + N tan(|al)

<\/<1e)<p15>

lp — 2|
Sl_@wm2Jﬂ—®@—l—@ (39)

for all € € (0,e¢). Let € € (0,e0) be such that

e< 802 5 : (40)
32d(1 + tan(9 + |Oé|)) Suplglgd ||8l C”oo

Let u € W?P(R%). By Lemma 4.4, we can assume without loss of generality that u has
a compact support. For the rest of the proof, all integrations are over the set {x € R? :

[(Vu)(x)| # 0}. We have

d
(V(Xp.qu), |VulP~2Vu) = Z /<8j81(emcklaku))|Vu\p_28jﬂ

k,l,j=1

d
Z el 8l 8 iCkl (aku> + Ckl(ajakuD) |Vu|l’—28jﬂ

k 1

Lj
d
Z el 81 (0jchi ((’)ku)))|Vu|p‘28jU

k,lj=1

d

+ Z /6 Ckl 8 8ku 61(|Vu|p 28 U)

k,l,j=1

=+

We first consider the real part of (I). We have

— Re Z / i 81 ackl)(c?ku)))WuP 28u

k,l,7=1

S [ @@ @m vup?

k,,j=1
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d
“Re Y / €1°(9;00) (0,0 u) (9;7) Va2

klj=1
= (Ia) + (Ib).
For (Ia), we have
1<
(1) 2 =5 3 lewlwas (90l + 10| Vul?~2 = -2y |Vl
k=1

where My = d? sup{||cxi||wz.= : 1 < k,l < d}. Let U = (8,05u)1<k 1<a- For (Ib), we esti-
mate

d
(1b) = —Re Y / tr ((8;C)U) (8y)| VP~

>~ i [ (o @CamPIvup=? + Loy valr?)
> —5’/tr(URS7aU)|Vu|p_2 — My||Vulb
= —€//tI‘ (URs o U)|VulP™2 — M| Vull?,

where we used Lemma 2.7 in the third step with

&' = 32ed(1+ tan(6 + |a]))” sup [|07C]|w
1<1<d

and My = 1/4e. Note that €’ € (0,¢¢) by (40).
Next, we consider the real part of (IT). Note that

d
Re Z /emckl(ajaku)al(|Vu|p*28jﬂ)

kil j=1

d
= Re Z /eio‘ckl(ajaku)(818]-6)\Vu\p_2

kylj=1
d .
+ Re Z /emckl(ajaku)(ajﬂ)ﬁl(|Vu\p_2)
k,lj=1

= (ITa) + (IIb).

https://doi.org/10.1017/50013091521000456 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091521000456

On sectoriality of degenerate elliptic operators 707

In what follows we let UVa = £ + in, where ¢, 1 € R?. For (Ila), we have
(a) = /tr (URe (Co)U)|VulP~2 = /tr (URs o U)|VulP—2 Jri/tr (UB,.oU)|Vul|P~2.

For (ITb), we have

d
() =re 3 P02 / (900 (9) ((910,0) (057) + (0,7) (9sw) )|Vl

k,li,j=1
— p%z Re ((CaUVE,UVE) + (C.UVE,UVE) ) [Vul
-2 [ ((Rat©) - (Ban.©)) Tup
— 0= 2) [ ((Rea € (Buakn) + (Bunkn)) [Vul? ™,

where &, € R% and UVT = £ + in.
In total, we obtain

Re (V(Xp,au), [VulP7*Vu) > —(M;y + My)||Vul? + (1 - &) /tr (UR, o U)|VulP~2
+i / tr (UBy o U)|Vu|P2

+0-2) [ ((Rea& © = (Buaken) + (Buaken))[Tup~

= —(My + My)|[Vull} + P, (41)

where
P=(1-¢) /tr(URS’aU)WuP’_Z +¢/tr(UBa,aU)|vu|p—2
+0-2) [ (o0& & = Buakn) + (Buaton)) Tup =

Next, we will show that P > 0. First note that (1 —&")(cosa) — (3 — ¢’) sin(|a|) tan 6 > 0
due to (38). It follows that

(1 — eNtr (URs o U)|Vul? + ity (UBa.oU)|Vul?
= (1 =€) (cos)tr (URU)|Vu|? — (1 — ") (sina)tr (UB,U)|Vul?
+i(sin a)tr (UR,U)|Vul?
- ((1 — )eosa— (3 — ') sin(|a]) tan G)tr (UR,U)|Vul?
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N — _ sina 9
+ (1 —¢')sin(|a|)tr <U((tan0)RS sin(|a)BS) U) [Vul

+sin(|o])tr (U(2(tan9)Rs +¢WRG> U) Vul?

sin(Jal)

> ((1 — )(cosa) — (3 — ) sin(|a|) tan 9) (R,UVT, UVT)

+ (1 - &) sin(|al) <((tan9)R5 - SinO‘BS) Uva, UVu)

sin(|a])

+sin(la))( (2(tan0) R, +i—2L R, \UVE, UVa
sin(|a|)

= (1-¢")(cosa)(RsUVu,UVT) — (1 — &')(sina)(BsUVu, UVa)
+i(sina) (R, UVT, UVa)

= (1= )(eos @) ((Ru&,€) + (Ram,m) ) = (1 = )(sina) ((B&,€) + (Ban.))

+ Q(Sin Oé)(Raf, n)a

where we used Lemmas 2.5 and 2.6 in the third step. Hence we obtain

= ((1 —&)(cos @) ((Ru &) + (Renm) ) = (1= &) (sin ) ((BL&,€) + (Bun,m))

+ 2(sin o) (R4&, 77)> | VP~
+0-2) [ ((Rea ) = (Buaen) + (Bunbon)) [Tup~

-/ (( &) ((p - 1 - )RE,6) + (1 — &) Ramy )
~ (sina) (p— 1 — )(Bo&,€) + (1 — ) Bun,m)

T p(sina) (Rut. ) — (p— 2)(sin @) (Ret, 1) — (p — 2) (cos a)(Buks n>) Tt

/<(COSO¢)((RS§’,€’)+(Rs77’ﬂ7')) = (sina)((Bs&',&) + (Bs',n))

P sin «v Ra /, N — p_2 ino Rs /’ !
+\/(1—€’)(p—1—€’)( J(Bals) \/(1—5’)(1)—1—5’)(8 JRE )

- ) (B ) ) T ()

where we used Lemma 2.8(iii) and (iv) in the second step, &' =+/p—1—¢’¢ and o’ =
V1 —¢’n. Finally, using (39), we argue in a similar manner to that used in Case 2 of the
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proof of Proposition 4.3 to derive P > 0. Thus, it follows from (41) that
Re (V(X,,au), |VulP~2Vu) > —(M; + Ma)||Vullb
as claimed. 0

Next, we use the two inequalities obtained in Propositions 4.3 and 4.5 to show that
Xp.a is m-accretive for all o in a suitable range.

Proposition 4.6. Suppose B, = 0. Let p € (1,00) be such that |1 — 2/p| < cosf. Let
a € (—v,7), where v is given by (11). Then X, ,, is m-accretive.

Proof. The result follows from the arguments used in the proof of [4, Proposition 4.9].
Note that [4, Propositions 4.1, 4.7 and 4.8] used in the proof of [4, Proposition 4.9] are
now replaced by Propositions 4.3, 4.4 and 4.5 respectively.

We are now ready to prove Theorem 1.5. (]

Proof of Theorem 1.5. We consider two parts.

(i) Contractivity: Using Proposition 4.6 and [11, Theorem IX.1.23], we deduce that
—X, generates a holomorphic semigroup with angle 1 given by (9) which is
contractive on the sector X, where 7 is given by (11). Note that X, = A, by
Proposition 4.2. Hence S is contractive on .

(ii) Consistency: It suffices to show that S®) is consistent with S. It follows from
[4, Propositions 1.1 and 5.1] that the Cp-semigroup generated by —Bs is consis-
tent with the Cp-semigroup generated by —X,,. Since By = Ay and X, = /Tp by
Proposition 4.2, the semigroup S®) is consistent with S as required. ]
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