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ABSTRACT

We discuss some properties of a class of multivariate mixed Erlang distributions
with different scale parameters and describes various distributional properties
related to applications in insurance risk theory. Some representations involv-
ing scale mixtures, generalized Esscher transformations, higher-order equilib-
rium distributions, and residual lifetime distributions are derived. These results
allows for the study of stop-loss moments, premium calculation, and the risk
allocation problem. Finally, some results concerning minimum and maximum
variables are derived and applied to pricing joint life and last survivor policies.
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1. INTRODUCTION

In recent years there has been a great deal of study in the actuarial literature
on multivariate models in a variety of insurance related contexts. Applications
in ruin and surplus analysis, survival modelling, and insurance loss analysis
have capitalized on the ready availability of computational resources. In partic-
ular, the aggregation of risks associated with dependent portfolios of insurance
in group insurance or lines of business have received much attention. Various
classes of distributions or copulas (e.g. Joe, 1997) have been employed both for
loss and premium deficiency testing in aggregate for an entire line of business as
well as for determination of regulatory risk capital requirements. Applications
in other modelling situations such as competing risks involving simultaneous
failure events, as in death to organ failure have also been studied.

In insurance applications, quantities of interest in connection with capital
allocation to dependent risks include risk measures such as Tail Value-at-Risk
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(TVaR), which have been widely discussed in both the actuarial and finance ar-
eas. See Denault (2001), Denuit et al. (2005), Dhaene et al. (2008), Barges et al.
(2009) and Cossette et al. (2012) for a detailed discussion of the use and impor-
tance of dependency in insurance applications. Also see Artzner et al. (1999)
and Goovaerts et al. (2010) for further details on risk measures.

For analysis of problems such as those described above, various multivariate
distributions for the insurance losses have been utilized. Examples include mul-
tivariate normal distributions by Panjer (2002), multivariate Tweedie distribu-
tions by Furman and Landsman (2008, 2010), multivariate Pareto distributions
by Chiragiev and Landsman (2007) as well Asimit e al. (2010). Multivariate
gamma distributions are also of interest (e.g. Mathai and Moschopoulos (1991),
Furman and Landsman (2005) and Kotz et al. (2000, Chapter 48)).

In recent years multivariate distributions with mixed Erlang marginals have
been the subject of much research. For example, Cossette et al. (2013) utilized
such a model under the Farlie-Gumble-Morgenstern (FGM) copula assump-
tion. A systematic study of mathematical and statistical properties of multivari-
ate mixed Erlang distributions with applications in insurance has been provided
by Lee and Lin (2012). Such models share with multivariate phase-type distribu-
tions (MPH) (e.g. Assaf et al. (1984), Kulkarni (1989), and Cai and Li (2005a,b))
a semiparametric nature, as well as denseness in the set of all distributions on
[0, 00)". The use of multivariate mixed Erlang distributions is particularly con-
venient by virtue of the fact that a wide variety of attractive analytic properties
enjoyed by univariate mixed Erlang distributions (e.g. Willmot and Lin (2011),
Willmot and Woo (2007), and references therein) may be extended to a mul-
tivariate setting. The combination of analytic and computational tractability,
together with the inherent flexibility of shape, bodes extremely well for the use
of these models in a wide variety of insurance related modelling situations.

One of the features of the Lee and Lin (2012) model is the use a common
scale parameter for all of the mixed Erlang components. This may be viewed
to be a somewhat unnatural and/or inconvenient assumption in some insurance
applications involving various lines of business. In particular, different scale pa-
rameters allow us to incorporate dependence structures across the company as
well as to allow for distinct claims experience on different types of insurance.

In this paper we consider an extension of the model of Lee and Lin (2012)
which involves different scale parameters. We first demonstrate that the use of
different scale parameters is in principle only slightly more general than that
involving the same scale parameter. That is, it may be assumed without loss of
generality that the scale parameters are the same, but the support of the mixing
weights must be assumed to be countable rather than simply finite. Indeed, this
is a small and not inconvenient assumption which suggests that the model of
Lee and Lin (2012) is actually extremely versatile, and perhaps more so than
has previously been thought.

By virtue of the similarity of our model to that of Lee and Lin (2012), many
of the analytic properties derived under the same scale parameter assumption
extend without modification to the case with different scale parameters. As such,
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a second goal of the present paper is to study other useful analytic properties
enjoyed by this very rich and important class of multivariate mixed Erlang dis-
tributions. These include analysis with scale mixtures which allows for incor-
poration of parameter uncertainty, generalized Esscher-type transforms, and
higher-order equilibrium distributions. In addition, we study mean excess (or
residual lifetime) distributions which are particularly important both for loss
modelling in the presence of deductibles and for modelling future lifetimes, given
attainment of fixed ages. These results allow for analysis of stop-loss moments,
premium calculation, and risk allocation.

By judicious choice of the multivariate mixing weights, the present model
is seen to include the joint distribution of arbitrary independent but not neces-
sarily identically distributed mixed Erlang random variables. In this context,
it is useful to study the distribution of the minimum and maximum of the
jointly distributed random variables in the multivariate mixed Erlang model.
We demonstrate that the minimum and maximum in our multivariate mixed
Erlang model is again of mixed Erlang form, regardless of the nature of any
dependency assumptions. This property, in conjunction with the multivariate
mean excess results which we derive, allows for a direct application to joint-life
and last-survivor insurance under a dependent mixed Erlang setting.

This paper is organized as follows: in the following section, we first intro-
duce the multivariate mixed Erlang distribution with different scale parameters
and derive some distributional properties which show that this class of distri-
butions preserves its form under different types of transformations such as a
scale mixture, a generalized Esscher transformation, conditional distribution,
and residual lifetime distribution. In Section 3, these results derived in the pre-
vious section have useful applications in an actuarial context including in par-
ticular calculation of risk capital allocation based on the risk contribution of
the individual loss or business line involving TVaR and covariance. Finally, in
Section 4, distributions of the minimum and the maximum variables are derived.

2. DISTRIBUTIONAL PROPERTIES

We begin by introducing the form of multivariate mixed Erlang distribution.
First, let 7; g(y) be the Erang-j density given by

B(By) ~te=Pr

Tip(y) = . , (1)
J.8Y (=11
and its k-th moment is B~%(k + j — 1)!/(j — 1)!. Then consider the random
vector Y = (Y, b, ..., %) having multivariate mixed Erlang distribution with

probability density function (pdf) (e.g. Lee and Lin (2012))

k

hY) =hn o= ) wm{ Hfm,-,ﬂ(yi)}a 2)
mp=1 my=1

i=1

where ¢y, is a joint probability function (pf) defined as ¢m = @, m, With

,,,,,
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Yom—1 " 2om—1¥m = 1. The Laplace transform (LT) of (2) which can be ob-

m|y=

tained by the characteristic function in Lee and Lin (2012), is given by

00 00 k m
B L B B B
Zz(pml}<m> —“’<ﬁ+s1’ﬂ+sz""’ﬁ+sk)’ 3)

00 00 k
V(z) =Wz, 2, ..., 20) = ZZ%‘(HZ:”> 4

mi=1 my=1 i=1

Now we consider different rate parameters in (2), i.e. T, g (i) instead of
T, 8(¥1). In the following proposition, we can show that the corresponding LT
is still of the form (3). In this case, the marginal loss random variable (rv) Y; is
spread out differently.

Proposition 1. The multivariate mixed Erlang distribution defined by (2 ) with dif-
ferent scale parameters can be re-expressed as

Sy = Z me{l—['fm,ﬁ(%} (5)

my=1 my=1
where

m my ﬂi n; ,Bi m;—n;
m=2 Z“’"H(n —1)(?) (I_F) O

m=1l  m=1l i=1

andy"0 -3 0 _ Pm = 1 (see Willmot and Woo (2007 ) for univariate case).

Proof. Assuming that 8; < B for the multivariate mixed Erlang with different
scale parameters, we first have

Bi B
Bty Op./p (ﬂ+si)’
where
04(z2) = ¢z/{1 — (1 — @)z} (7

(e.g. Willmot and Woo (2007)). Hence, for the more general than (3) LT, we have
for any 8 = sup; i,

- = £ " Bi B2 Br
Z B Z l_[ <,31+Sz> =Y (ﬂ1+S1’ Botsy’ T ,3k+Sk>

m=1 my=1 i=1
=\P*< p , p ey p ), ®)
B+s1 B+s2 B+sk

where W¥*(z) = W{Qﬁl/ﬂ(zl), Qﬁz/ﬁ(22)7"'Q}3k/,3(Zk)}’ Thus, the result
follows. O
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From now on, the random vector Y follows a multivariate mixed Erlang
distribution with different scale parameters. Its tail distribution F(y) =
Pr(Y] > »,..., Yi > ) is given by (e.g. Lee and Lin (2012)),

F(y) — e By Z Z {l—[ By)™ }

m;=0 my=0

0 [e3) k
=gy - 7-111{ [1 Tmi,ﬁ(yi)}, 9
1

mi=1 my=

where
o o0
Tm = ?ml ,,,,, m, — Z T Z Pns (10)
ny=m+1 np=my+1
and Pp_y = ?mrl,...,mrl' Also, the failure rate (or hazard rate or force of mor-
tality) is given by

ko (B
o BT Y Pui {l_L T }
)\,(y) =A(y1, yZ,-..vyk) = 7 = o JU— ko (B
O Sy T Pa | [T 2]

where pmi+1 = Pm+1....m+1. Thus, one finds A(0) = B*py where 0 = (0, ..., 0)
and p1 = p1._.1.

Furthermore, a joint pdf proportional to a product of mixed Erlang pdfs can
be written as

00 00 k
g(Y) &8 l_[{ Z qm; Tm;, /S(yl } = Z Z Qm{ l_[Tm,-,ﬁ(yi)}’

m;=1 my=1 my=1 i=1

which is a form of the multivariate mixed Erlang in (2).

Throughout the paper, we consider the multivariate mixed Erlang distribu-
tion with different scale parameters but its joint pdf given in (5) is re-expressed
in the form (2), which was considered in Lee and Lin (2012). Therefore, the
results obtained therein also hold for this case. For example, the marginal dis-
tribution of ¥; obtained from the multivariate distribution with the LT in (8) is
a mixed Erlang with a scale parameter 8, and also the marginal distribution of
Y+ % + -+ Y is again a univariate mixed Erlang with parameter 8. Also,
direct applications for several measurements for bivariate dependency such as
correlation coefficient, Spearman’s rho and Kendall’s tau are available.
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2.1. Scale mixtures

Now, we consider the mixture of (8) over a scale parameter 8, with the Laplace
transform given by

" B B B
* dU
/0 v <ﬂ+sl’ﬁ+sZ’ ,3+Sk) )

:P*< I g I )
pwHsi w+s’ w+sg)’

where P*(zi,z2,....20) = [o W {Qpu(z1), Op/u(22), ..., Opu(zi)}dU(B)
and Q,(z) is given by (7). This is still of the form in (4). To see this, we iden-
tify a joint probability function py = py ., Where P*(z1,z2,...,2) =

Dol o (T, ). Note that from (5)

00 00 k
W Q4(21), Op(22), -, Oz} = D - Y p ]'[{Q¢<z, . (D

mp=1 my=1

. . . — s
and {Q¢ (Z)}ml =z { 1—(1¢—¢)Z }ml = th?:m, (nn—m,)(pml (1 ¢)n' iz ’ with the
usual notational convention that (j) = x° = 1 for x € (—o0, 00). Thus,

k
[TtQsGy™

i=1
k
o e 1)
ny=m; ng=my * i=1 ! i=1

In turn, (11) can be rewritten as

Y 0y(z1), Op(22), ..., Qp(zi)}

00 00 00 00
I’ll’—l
=YY S T
. ni—m
mp=1 my=1n1=m np=my i=1

k
% ¢Zf:1”1f(1 d,)zl L (1 m)(l_[ZZ >

i=1
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Finally, replacing ¢ by B/u and integrating over 8 followed by equating coeffi-
cients of z|'Z5' - - - z}* results in

INY g B\Z-m g\ Ehitem)
-2 Z”m{ﬂ(n-m)}/o(;) (-5

my=1 my=1
(12)
and the integral is easy to evaluate if U(-) is a rescaled beta distribution.

Example 1. With a beta mixing distribution U'(B) = MIEEZ;}b()b)(g)“*l(l - 5)}%1

fora,b > 0and0 < B < u, the integral in (12) becomes a mixed binomial with
a beta mixing distribution obtained as

L Y mi i (i—my)
R
0 2 2

L(a+b)T (a+Y ) m;)T (b+Zf-;1 =30 m[)
T'(a)T ()T <a+b+zl o ) '

Therefore (12) becomes

ey W]

mll mkl

F(a+b)F(a+Z, lmz) (b+ZfC 1”1"25{:1’”1')
D@T BT (a+b+Y " n;) '

O
2.2. Generalized Esscher transformation
Let us consider a generalized Esscher transform of (5), which we define as
n; .
= ylle My[f(y19y27"‘7yk)
Sy ) = IT... . (13)

f fO ( i=1 ’nle Ml’) f(ll’tz""’tk)dll"'dlk

wheren; =0,1,2,...and u > —B.Ifn; =0fori =1,2,...,k, (13) reduces
to the Esscher transform of the multivariate mixed Erlang in (5). This result is
relevant for premium calculation, as is discussed in a later section.

It can be shown that (13) may be expressed in the form (5) as

Sy ) = Z qu{l_[tm,+n,ﬂ+ﬁ(yl} (14)

my=1 my=1
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where the Erlang density t(p) is given by (1), and the mixing weights are given

by
k i i i_l
i mllic (,}%ﬁ) (mtj )
9m = dmy,....om = - 8\ frn—1y\
Zl’[:l...zrk lprl_[ (M+/3) (In,'[ )

which is proportional to py, and the Pascal distribution (a special case of nega-
tive binomial with an integer-valued shape parameter).

In particular, when n; = 0 fori = 1,2, ..., k, the above result simplifies to
the Esscher transform of (5), which is the multivariate mixed Erlang with the
scale parameter shifted by  with the joint pdf given by

fE(ylv Voo Vi) = Z Z qm{l_[Trn, u+/3(yt } (15)

mi=1 my=1
where
k g\
gF = i U e N (16)
m 00 00 k B i
Zm:l'“an 1pﬂl—[ (lH‘ﬂ)

From (9), its tail distribution is fE(yl, Voo ) = Dl el
—E k mi ( i —E
Qm—l{l_[[ 1 - I,::gf;} 1 where Q le—l ,,,,, me—1 = Zf:nn T ZZ?:mk an
2.3. Conditional distributions and moments
Assume that n variables X; for i = 1,2,...,n are jointly distributed
with pdf (5). Let the conditional pdf of k random variables given the
other n — k random variable be given by g, (X1, X2, .« oy Xp| X1y - v Xp) =

f(x1,x, ..., xn)/{fooo ) ..fooo f(x1, %, ..., %)dx|...dx;}, and the (n — k)-
variate marginal in the denominator is a (n — k)-variate mixed Erlang (Lee and
Lin (2012)), i.e.

Z;Olzl e ano,;l Pm{ [T Tmf,ﬂ(xi)}

—k(-x]7x27"‘7xk|xk+17"'7xl’l): .
22:1 T Z;Z,:l Pm{ H?:k+1 Tm,-,ﬂ(xi)}
Hence, with X_x = (Xt1, Xka2, - - ., Xy), it can still be expressed in the form (5)
as
(X1, X2y + ooy Xk X1 - X)) = Z Z Pmy (X k){]_[tm, () } 7)

my=1 mi=1
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where the mixing probability function is

Z:;i“:l T Z;ﬁ:l Pm: H?=k+1 Tmi»ﬁ(xi)}

pmk (X—k) = me ..... mk(xk+1, ceey xn) =

Z;O:l T Z:?=1 Pr{ l_[?:kﬂ T, 5 (%) }
Then, the r-th conditional moment of (X7, X3, ..., Xi) given the n — k variables
is simply

E[(X1 X2 s Xk)r|Xk+1 = X1y + v v Xn = Xn]

o) 00 k
=3 pmk(x_k){ [167 0m+r— 1)<")},

my=1 my=1 i=1

where the notation (m; +r — 1) = (m; +r — 1)---m; is used for the r-th
descending factorial of (m; +r — 1).

For the bivariate case having the joint pdf given in (5), the conditional
pdf of Xj|X> (i.e. when n = 2 and &k = 1) is from (17) gi(x1|x) =
Z:Z:] Pm (x2)fm1,ﬁ(-xl)7 where Pmy (XZ) = Z:Z:] pml,mzfmz,ﬁ()@) { Zyolle 222;1

pnl,nzr,,zﬁ(xz)}_l, and the conditional r-th moment of Y} is obtained as
E[X| Xy = x2] = B~ X o0 —y P (2) (1 1 = D).

2.4. The higher-order equilibrium distribution

In connection with the analysis of the multivariate stop-loss moments, it is use-
ful to study the r-th equilibrium distribution (e.g. Willmot et al. (2005)) of the
aggregate loss Sy = Z,]il X; where the individual losses (X, ..., Xi) follow
the multivariate mixed Erlang distribution with the joint LT in (8) and N is a
discrete rv having pf p, = Pr(N = n). Since the mixed Erlang distribution may
be viewed as a compound random sum of exponential rvs, the aggregate loss can
be rewritten as Sy = ZZMZIIJF My E; where E; is an exponential rv with mean
1/8, and M;s are discrete rvs with the joint pf p,, given by (6).

From Theorem 5.1 in Lee and Lin (2012), when the joint pdf of the X;s is
assumed to be given by (2), it follows that the distribution of S (i.e. the sum of
Xis)is a univariate Erlang mixture with mixing weights givenby >, . ., _ ¢m
fori =1, 2,.... Instead, we consider the distribution of Sy (i.e. the compound
sum of X;s) which is a univariate Erlang mixture with mixing weights given by
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D mtoimy—i Pm fori =1,2, ..., then it is convenient mathematically to utilize
the Laplace-Stieltjes transform (LST), given as
fg‘(s)=iqn( A ) (18)
p— B+s

where the mixing weights are given by

Z 04 Pr(Mi + -+ M; = n)
N
2

{ > pm}, n=12,..., (19)

my+---+m;=n

where pg; = pi/(1 — po). Then, the pdf of Sy is the mixed Erlang pdf

o0

g(x) = ZC]nTn,ﬁ(J/), (20)

n=1

where ¢, and 1, g() are given by (19) and (1) respectively.

Assume that the tail distribution of Sy is G(y) = 1 — G(») where G(») is the
distribution function (df) of Sy, and define the equilibrium distribution func-
tion for Sy as G1(y) = foy G(t)dt] E[Sy], then from (9), its pdf g, () = G (y)is
() = G/, Gndt) = Y72, q5tjp(»), where g7 = Q;_1/{3 2 nqn}
with éj = Y i+1 9k Then, using the result in Example 2.1 of Willmot
et al. (2005), the r-th equilibrium df of Sy recursively defined as G,(y) =
[§ G.—1(ndt/ [;° G,_1(t)dt can be obtained as

o B oo . ( )n o0
Gr(y)Ze 5)}2 an ’By Z ron— lfnﬁ(y) r = 1a25"'7 (21)
n=0 n=1
where O, = Y520 (/) anr i1 /1520 () gj1). Also, its tail is easily
obtained as
| —px « (Bx)/
/X Gy =p e S , £ 22)

j=0
where @f = Yt Ornet = 22; Opu As discussed in Willmot and

Lin (2011), asymptotic results (e.g. Embrechts et al. (1985), Grandell (1997),
Willmot (1989)) may be used to yield asymptotic estimates for (21) and (22).
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Furthermore, the multivariate equilibrium or integrated tail distribution of
(Y, b, ..., X;) with a tail df given in (9) is

0

fo Fdyr--dye =

=1

where

?m—l
Z;T:l “'szzl Pry

again the multivariate mixed Erlang distribution but with different mixing
weights, and then its tail F,(y) = f e - Je(X)dxi - - - dox is given by

e

Im = ; (24)

= ﬁik Z . Z {Hfm, ﬂ(yl } (25)

4 o0 o
where O, = Zm:m1+l T an:mkﬂ -

2.5. The residual lifetime distribution

Assume that there are “deductibles” given by x = (xy, x2, ..., x;) for the indi-
vidual losses X = (X1, X3, ..., Xj) with a joint pdf given in (5). We are inter-
ested in the multivariate excess loss (or residual life time), i.e. Yy = X—x|X > x.
Its pdf is given by (e.g. Theorem 5.3 in Lee and Lin (2012)),

Sy +x)

Ky = W where x = (x1,..., X).

Using 7 p(x + y) = B! Z{zl Ti,8(X)Tj—i+1,8(») and (5), it follows that

=

fx(y) =

2_: : 1_[ Z Tn;, /S(yl)fmw,ﬂ ﬁ(xl)}

i=1n;=1

PH18 ’11|‘
M8 I M8

pn<x>{ H Tn,.p (1) } (26)

i=1

=
Il
—_
X

=
Il
—_
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where

Z Z Pm{HTm—n,Hﬁ(xz }

mp=ni Mp=nj

Z Z DPm+n— l{ l_[ Ty p(Xi) } 27)

mp=1 my=1

(X)) = F x)

F (x)

and F(-) is given by (9), i.e. again a multivariate mixed Erlang pdf as in (2) but
with different mixing weights.
In addition, the mean residual lifetime E[Y]denoted asr (x) can be obtained

by calculating [ -- ~f0°°(]_[/,’-‘:1 ) KWdyy -+ dyy, e

I Sy SO+ X1 e+ x)dyy - dy
F(x)
Jo o [ Fydy ---dw

L _ 28
F(x) ’ (28)

r(x) =

the last equality resulting from the integration by parts on the previous k inte-
grals on yi, ..., yx. From (26), one finds

00 o) k
r<x>=ﬁ—"2---zpn<x>{]‘[ni}, 29)
ni=1 ni=1 i=1
where p,(X) is given by (27), and it implies that when x; = x = --- = x;, = 0,
r(0) = E[X] = "Z an{l‘[ ,»} =Y ) Pma
n=l1 ni=1 i=1 my=1 my=1

due to py(0) = p, from (27). Alternatively, we first find the failure rate of the
multivariate equilibrium distribution using (23) and (25),

feX) F(x) _ 1
Fe(x) f,iof;OF(y)dyldyk V(X)’

Ae(X) =

which is the same as the reciprocal of the mean residual lifetime in (28) as in
the univariate case which is well known. Hence, from (9) with (23) and (25) one
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finds
_ e k
B+ 2221 e 2221 Om1 {Hi:l Tm,-,ﬂ(xi)}
r(x) = — mrT—r R
Fx)/{B Zmlzl U ka:l Pr1}
ﬂizk (o) oo o0 o0
= = Z Z ZPn I{Hfm,ﬁ(xl}
F(x) = my=1 ni=m ng=my
where O, | = Yommmy " Domeem, 45 and g is given by (24). Because,
0o k
Z ZP =Z ZZ an+m I—Z an+m 1{1_[”[},
I=m Li=my; =1 Le=1n1=1, ni=Iy ni=l1 ni=1 i=1

it gives the same expression as (29) with (27).

3. APPLICATIONS

3.1. Stop-loss moments

In the previous section, the pdf of the aggregate loss Sy = Zfi ; X; where
(X1, X3, ..., Xi) has the multivariate mixed Erlang pdf given in (5) was ob-
tained as (20) and its LST is given in (18). Hence, using (e.g. Willmot (2007))
gx+1) =B X0 Y0 41T, 5 (0 Thy1 5 (1), where g, is given by (19),
the stop loss moment of any positive order can be obtained as (e.g. Willmot and
Woo (2007, p. 106), Willmot and Lin (2011, p. 8)),

E{(Sy — 0"} / (y—x)"dG(y) = e P~ Z ajr ('B;C) ) (30)

j=0

where x; = max(x,0) and a;, = B~ > e, q‘,»+kr(k(’;—ﬁ;‘!). Certainly, when r = 0
the tail distribution of S can be obtained, and when r = 1, (30) results in
the stop-loss premium with a;; = B! 2 kg = B! >.2;q; where
Gy = Yoppii Gm- In particular, when N = k (i.e. pox = 1fori = kin
(19) and then ¢, = Z,,,I+...+m‘.:n Pm ), it reduces to the stop-loss premium re-
sult by Lee and Lin (2012, p.167) in the presence of a deductible level d as

E{(Si—d)y} = Ble P2, (07, 7)) L9

3.2. Premium calculations

In this section, we calculate several types of premiums previously considered
in the literature when the multivariate loss variables have a joint pdf with the
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form (5) (e.g. see Kijima (2006) for multivariate extension of equilibrium pricing
transform).

First, consider the Esscher premium defined as E[ Xe**]/ E[¢**] in the uni-
variate case (e.g. Biihimann (1980), Gerber (1980)). For multivariate mixed Er-
lang losses, this premium can be easily obtained from (15) by

where ¢ is given by (16).

Second, the joint size-biased distribution of order n; for each rv ¥; is defined
as (13) with u = 0, e.g. see Patil and Ord (1976) for the univariate case. Then
from (14) its pdfis still a multivariate mixed Erlang with the same scale parame-
ter B, but with new shape parameters shifted by n; and new mixing weights. The
weighted premium defined as E[ X'+¢]/ E[ X“] where ¢ € (0, 1] for the univariate
loss, is also calculated in this case assuming n; € (0, 1]fori = 1,2, ..., kinstead
of ¢. It is a simply the expectation of the multivariate random vectors with (14)
when p = 0 (i.e. multivariate mixed gamma), that is,

> Sl 17

i=1

Similar to what Furman and Zitikis (2008) pointed out, this premium converges
to the net premium as n; — 0 for all i, and to the modified variance premium
(e.g. Heilmann (1989)) as n; — 1 for all 5.

Lastly, as first studied in Furman and Landsman (2006), here we calculate
the tail variance premium for multivariate mixed Erlang losses. In the univari-
ate case, this premium is defined with two risk measures including the condi-
tional tail expectation (CTE) and conditional tail variance (TV) as CTE [ X] +
aTV,[X] where o > 0 and p € (0, 1). In this case, from (5) one finds

Kk
I = [ Gre w0

i=1
o0 o0 ; 1'
=3 X {nﬁn("+7_l),>f,,,+n,g<y,>}

and calculate ¢ = Pr(X; > F)}ll (p)y..., Xy > F *l(p)) with the quantile

Fy '(p) for each X; where F Y, 1s a margmal cumulative distribution function
(cdf) for X; fori = 1,2,..., k Then, the first term of the formula for the tail
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variance premium in this multivariate case is given by

! o0 oo
q- {/ / hl(xl,--.,xk)dxl"-dxk},
Fy!(p) Fy!(p)

and similarly the second term is also found using /,, when n = 2. Since its
evaluation is straightforward using the tail of the Erlang distribution in (1), it is
omitted here.

3.3. Risk capital allocation

In this section, we study the capital allocation problem based on the risk con-
tribution of the individual loss or business line X; to the total risk S = Y*_, X;
where the joint LT of these losses (or line of business) is given by (8). Here we use
two different rules (based on TVaR and covariance) as in Cossette et al. (2013).
They studied capital allocation problems when the multivariate distribution of
X;s are defined via the FGM copula with mixed Erlang marginals and the total
risk is a sum of these X;s.

3.3.1. Tail Value-at-Risk (TVaR). To begin, let us define the Value-at-Risk
(VaR) for X at level ¢ € (0, 1) by VaR x(¢) =inf{x: Fy(x) >}, and the TVaR at
level ¢ for the continuous distribution as

1
TVaR x(¢) = E[X] X > VaRx(8)] = l;t/ VaR y(u)du.
- t

Let v, be the VaR g(¢) of the total loss S at level ¢, then from the tail df of S, it is
the solution of the equation (e.g. Corollary 5.1 of Lee and Lin (2011)),

e e}

P Z@n S AL (31)

where 0, = Z(/’-ozn +19; with g, given by (19) when po; = 1 fori = k and
poi = 0fori # k, and 7, 4(y) is given by (1). Then, its TVaR at level ¢ is
obtained as TVaR (1) = v, + E[S — v|S > v/] = v; + r(v,;) where r(v,) is the
mean residual lifetime of S,, = S — v;|S > v;. Then using (23)—(25) with Q,
instead of P,, it follows

>0 o O Ll ﬁ— (Bu)”
r(v) = 8 Zooo g Gur = Z <Z Qn) g

n=049n+1"nt m 0 “n=m

since g¢ 1 = 0,/ Y52 Q-1 = Qu/ Y32, jq; in this case, and the denominator
is simplified using (31).

Given the total risk capital at level ¢, let us define the risk capital C;(¢)
allocated for the individual loss i or business line i based on its TVaR, as
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Ci(t) = TVaRy,s(t) = E[X;|S > v]. Then the sum of all individual risks
equal to the total risk, i.e.

k
TVaRs() = ) Gi(n). (32)
i=1
and the amount of capital requirement for risk i fori = 1, 2, ..., k, given (32)

1s obtained as

1 o0
Gi(n) = E[Xi|S > v] = :/ E[X;|S = ylg(y)dy

. 1
T l—t

o pry
/ /Oxfxi,s(x,y)dxdy, (33)

where g(y) is a pdf of S given by (20) when N = k. Then, the expression for
C;(t) can be found in the following theorem.

Theorem 1. Assuming that the individual losses (X1, ..., X;) follow the multi-
variate mixed Erlang distribution with the joint pdf in (5), the risk capital re-
quired for loss X; fori =1, 2, ..., kin (33) can be found as

Ci(t) = % Z s Z am /vvoo Tm+1,[3(y)dy

my=1 my=1
1 = " e Pu(Bu)”
=T e
my=1 mi=1 n=0 :

-1 (— l)mﬁ'*lfjm(mfﬂrl)

— B
m = : , —. (34)
m= Pm JX_; (m_i—j—1)!jlm — j)
Proof. To obtain C;(¢), it is necessary to evaluate
y ¥
/ xfx,s(x, y)dX=/ Xfx,, s-x,(x, y — x)dx. (3%5)
0 0
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LetS, =S—-Xi=Xi+---+ Xi_1 + Xiy1 +--- + X, and since X; and S_;
are dependent, the joint pdf of (X;, S_;) is obtained as

fx.s,(x, y—Xx)
k—1

: k-1
X LY ey j=1,ji X
:/ / / SUXt, o Xist, X, Xig1ye ooy Y—X— § i Xj
0 0 0

j=lj#i
X dx1 cee dxi,ldxlurl s dxkfl,
and note that from (5) the above integral involves a convolution of independent
(k — 1) Erlang rvs with each shape parameter m; for j =1,2,..., kand j # i,

and a common scale parameter 8, i.e. univariate Erlang with a shape parameter
m_; =my+---+mj_1+m;1+- - -+my. Thus, it follows that

00 00
fX[,S,,- (X, Y= X) = Z e Z pmtm;,ﬁ(x)fm,,-,ﬂ(y - X)

m1=1 mk=l

' i :e—ﬂxxm,-—lﬂmi }{e—ﬁ(y—x)(y _ x)m,[—lﬂm,,- }
P =D (m_ — D)

ol

my=1

s e Py ymi—1gm
P> p“‘{(m,- —Dlm; — 1)!}

E
I

ol

m=1 my=1
mi—1
m_ — 1 : R
x{Z( _ )yf(—x)”L' f}, 0<x<y, (36)
— J
]_
where m = m; + m_; = Z_’l‘le m ;. Substitution of (36) into (35) results in

}7
/ xfx, s(x, y)dx
0

mp=1 my=1

~

m_;—1 _ﬂyﬂm (_ l)m_i_l_j L 1 . y .
¢ M- J wn-i=lg )}
JkamMij)Wﬁ *

j=0

00 00 m—1 —1/_ 17
ZZ“Z%D: pDTr o .me (37
my=1 m=1

3

= (m; =D —j—D!jlm — j)

In turn, the result follows. O

3.3.2. Covariance. According to Hesselager and Andersson (2002), the co-
variance principle can also be used for the capital allocation problem in a
risk sharing scheme for a multi-line of an insurance company. If we apply the
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covariance-based rule to calculate the capital allocation amount C;(¢) given
(32), for each individual i, we can obtain

Ci(t) = E[X;] + M(TVaRS(z) — E[S], i=1,2...,k
Var(S)

Since E[X;] and VaR(S) are immediately available using the marginal distri-
bution of X; and the distribution of S provided previously, and TVaRs(?) is
given in previous section, we conclude this section with the expression for
E[X; S] required for covariance calculation. From (36), we have fy, s(x,y) =
fx.s.,(x, y— x) for x < y, and then using (37), one finds

00 00 00 00 00 1
XS = 30 Yam [ ymmaidy =3 o am(%)

mi=1 my=1 mp=1 mi=1

where ay, is given by (34) and m = Zf.;l m;.

4. MINIMUM AND MAXIMUM IN MULTIPLE LIVES

In this section, we derive distributions of the minimum and the maximum vari-
ables where the joint distribution of k variables is assumed to be (5). Mixed
Erlang models for human lifetimes are potentially very useful because these dis-
tribution can accurately approximate any positive distributions (e.g. Lee and Lin
(2012)), even those as complicated as human survival distributions. Utilizing the
distribution of the minimum and maximum random variables, we study the pric-
ing of the joint and the last survivor statuses of several lifetimes. Some classes of
multivariate distributions have nice properties which provide well-defined forms
of joint distributions of the minimum and the maximum (even order statistics)
such as a MPH distribution (e.g. Cai and Li (2005b)), a multivariate normal
distribution (e.g. Gupta and Gupta (2001)), and a generalized exponential dis-
tributions (e.g. Franco and Vivo (2009)).

First, let p, in (6) be a joint probability mass function (pmf) of
(N], Nz, ey Nk), 1.€.

P =Pr(Ni =m, Ny =my, ..., Ne=my) = Pf(ﬂfll (N =my}),
and let its tail df in (10) be,
P =Pr(M = mi+1, Ny = my+1,..., Ne = m+1) = Pr (0L (N = my+1)).

Note that for j = 1, 2, ..., one has

d
_d_y T;8(y) = Bltp(») — Tj—1.8(M)},
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where we define 79 4() 0. Then, the tail df of the minimum ¥,
min(Y, ..., ¥) is obtained as Pr(¥yy, > y) = F(y,..., ), and from (9) and
the product rule the pdf of ¥{;, denoted by fi1)(p) is

d_ oo o
—d—yF(y,..., :Z Z r (N (N = my))
e T )
X D (s = o) [ 22520 68)
j=1 i=1,i#]

Because

Z Pr (N {N: = m})T,—1,5(0)

m;=1

o0
=Y Pr(N;=mj+ 1, 0y o (N = mu)) T, 5 (0)

Wl/:

3

= S Pr(N; =m0 (N = m) T ()

Wl/':1

(due to 19 g(y) = 0 in the last line), it follows that

oo

> Pr (N AN = ) (T, 5 () = Tt D) = D G T (D),
m;=1

m;=1

whereq; ,, = Pr (Nj =myj, ﬁﬁ‘:h,# {N; > m;}). Thus (38) may be expressed as

—din(y, =ZZ Z M

e, (39)

Also, note that in combinatorial notation (, " )= nl,nz, o » it follows that
k iy mi—k

1_[1‘=1 Ty (V) i (ml—l,mzl—l ..... my—1

pr! O kXLimi—ktL {TZf:I"’f‘k“’kﬂ(y)}’

and so (39) can be expressed in mixed Erlang form as

a S e
NS TIEES 35 SHD s L BT
j=1m=1 my=1 =

(40)

https://doi.org/10.1017/asb.2014.23 Published online by Cambridge University Press


https://doi.org/10.1017/asb.2014.23

170 G. E. WILLMOT AND J.-K. WOO

Finally, from (40)
S =Y wituis(y),
n=1

where

i n—1

=k 7

qu (ml—lmz 1,...,mk—1)

/=1 Ank
and

k
domi=n+k—1,m> lforalli}. (41)
i=1

A}’l,k = :(m17m25 amk)

Next, to find the pdf of the maximum Yy, = max(Y,..., X), recall that
y 00
/ T p()dx = 1 _/ Tup()dx=1—eP Z (,By) — o By Z (,By) 7
0 y m=0 m=n
and thus

Ay Tn,ﬁ(X)dx = Z Tm%zﬂ(y) — Z Tm,;;(y).

m=n m=n+1

Then, from (5), using the above result yields the joint df of (Y}, Y3, ..., Y;) as

F(y1,yz,--.,yk)—2 an{]_[/ T, 5(xl)dxz}

ni=l1 ni=1

o oo my—1 me—1 k '
:Z...ZZ...anl_['fmi,ﬁ(yl)’
my=2 mg=2 n;=1 ne=1 i=1 :8
ie.
LY s ()
F(J/I,yz,...,yk) = Z Z Pr(méle {ZV[ Sml})l_[ n1i+léﬁ i .
I171=1 mk=l i=1

Therefore, the pdf of the maximum Y, is, as in (38),

d o9} (9]
LFO =2 Z (i (N < mi))
my=1 =1

k
xZ{rm,,ﬁ(w—rm,H,ﬂ(y)} I1 r’"%f(” 42)
j=1 i=1,i#j
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o0

Z Pr ( ﬂle {]Vl =< ml})rm,-,ﬂ(y)

m,»=l
= Z Pr (]V/ =mj;+ 1, 05;1,1;4_/ (N < ml})fn1,-+1,ﬂ(y)
m;=0

it follows (noting that N; > 1) that

D P (0 (N < m) (T, () = Tis1 gD} = ) @jmTi1.6 (),

mj=1 m]-:O

where ¢jm = Pr(N; =m; + 1, ﬂf‘zu#j {N; < my}). Thus, because N; > 1 for
all j, (42) may be expressed as in (39), namely,

d R =t T 1,8(2)
d—yF(y,..., :ZZ;Z:: 2:: lﬂT
k oo 0
SIS SRSELE

and the rest is the same as the minimum case. Essentially, the pdf of the maxi-
mum is given by

S =D witu (),

where

k
n—1
*:k—n . _
wy, qu]’m 1(m1 —1,m2—1,...,mk_1)

j=1 A i

and, asin (41), 4, = {(m1, ma, ..., m)| Y4 mi = n+k—1, m; > 1for alli}.

Lastly, we remark that the joint life and last survivor statuses are easily dealt
with using the residual lifetime result obtained from (26), which is still of the
form in (5) but with new mixing weights. Also, as mentioned, the use of the
lifetime model can be justified by the denseness of the multivariate mixed Erlang
as shown by Lee an Lin (2012).
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