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We analyze the onset of superconductivity, in a type II superconductor adjacent to a normal
material, via a generalized Ginzburg-Landau energy functional, which models the effects of
superconducting electron pairs diffusing into the normal part. We consider a superconductor
and a normal material, each filling a half-space, in the presence of a constant magnetic field
parallel to their interface. Among other results, we show that if the normal state conductivity
of the superconductor is less than or equal to the conductivity of the normal material,
then normal states are the only global minimizers down to the second critical field H.,.
Hence, we analytically confirm experimental predictions that surface superconductivity may
be suppressed by coating a superconductor with a normal metal.

1 Introduction

Experimental [5, 6] and theoretical [13, 10] investigations presented in the physics liter-
ature argue that when a superconductor is in contact with a normal metal the surface
superconducting sheath, usually observed in type II superconductors, may be absent. The
determining factor appears to be the relation between the normal state conductivities
of the two materials; with the suppression happening if the normal state conductiv-
ity of the superconductor, g, is less than or equal to the conductivity of the normal
metal, o,.

For a type II superconductor placed in a vacuum one can define three critical fields,
commonly denoted by H., H, and H., with H.4 < H. < H.. Above H., the sample
is in the so-called normal state, in which no superconductivity is present; as the applied
field is decreased superconductivity starts to nucleate at the boundary in the form of a
superconducting sheath. The superconductor remains in a surface superconducting state
down to H,,, where superconductivity starts appearing in the bulk of the material. Below
H,.; the material is almost a perfect superconductor [9].

The papers mentioned above suggest that when the superconductor is adjacent to
a metal, the nucleation field (which we will denote by H; to distinguish it from
the one in a vacuum) depends on the specific materials used, with H;| = H], (as/on).
Coating the sample with a normal metal for which ¢, < ¢, should block surface nuc-
leation, and bring the upper critical field down to H,,, that is H, = H.. While if
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o5 > oy, then H,, < H], (as / an) < H,, and the classical surface superconductivity should
be observed; with H! (oy/0,) — H., when ¢,/6, — 1%, and H (0/0,) — H., for
0s/0 — 0.

We are interested in rigorously analysing the phenomenon in the setting of the
Ginzburg—Landau theory. Classically, the presence of a normal material is modelled
via the so-called de Gennes boundary condition: a Robin-type boundary condition de-
pending on the so-called extrapolation length parameter, d > 0. This boundary condition
maintains the gauge invariance of the model and the physical intuition that the super-
current flows tangentially at the boundary of the superconductor (i.e. with zero normal
component) [9]. The limiting case, d = oo corresponds to the Neumann boundary con-
dition and represents the case of a vacuum or insulator. The other limiting case d = 0
corresponds to the Dirichlet boundary condition, that is to the physical assumption that
the density of the superelectrons is zero at the boundary of the superconductor. Therefore,
the Dirichlet boundary condition gives zero supercurrent at the boundary rather than
just zero normal component, this might have unexpected mathematical consequences as
illustrated, for example, by the very interesting Theorem 4 in Lu & Pan [14]. Motivated
by the work of Chapman et al. [8] and Hurault [13] (see also Giorgi [11]), and the results
of Chapman [7], rather than using the de Gennes boundary condition, we start from
a physically-sound generalization of the Ginzburg-Landau free energy density, which
models the effects of superconducting electron pairs diffusing into the normal material.
Present in the model, see Section 2, there are two parameters m, and my; whose ratio
m,/mg 1s equal to a,/0,,.

Following the physics literature (see for example [16]), to study the onset of super-
conductivity we consider a semi-infinite superconductor filling the half-space x < 0 in
contact with a normal material, which in turn fills the half-space x > 0, and a constant
applied magnetic field parallel to the surface, i.e. parallel to the z axis. This situation can
be analyzed using a one-dimensional version of the generalized Ginzburg-Landau energy
functional [13, 10].

Nucleation of superconductivity for the classical one-dimensional Ginzburg-Landau
energy has been studied rigorously in the fundamental works of Bolley & Helffer [4, 3]
for a superconductor in a vacuum, i.e d = oo, and formally by Chapman [7] for the
more general case of the de Gennes boundary condition. Bolley and Helffer, among other
results, obtain a precise picture of the stability of normal states, and estimates on the
value of H.,,.

Chapman [7] shows that the upper critical field H;! indeed depends on d, that is
the presence of a normal material influences its value. According to Chapman surface
nucleation occurs for all d > 0, with the upper critical field increasing and approaching
H.; as d increases, and decreasing to H, as d goes to zero. Thus, the de Gennes boundary
condition does not account for the situation oy < o, and the parameter d, appears to be in
the correspondence d — 0%, ¢,/0, — 1 and d — o0, 04/, — c0. Deutscher & de Gennes
[10, pg 1028-1029] note that the influence of the normal material in high fields can be
modelled by this boundary condition if the extrapolation length is field-independent, an
assumption that can be made “only if the normal-state conductivity of S is much larger
than that of N”. The model we use is based on the one presented by Hurault [13], which
includes the effects of the applied magnetic field on the superconducting order parameter
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on the normal part, and should be more appropriate to describe the situation oy < g, as
mentioned by Deutscher & de Gennes [10, pg 1031].

We recover the experimental and theoretical results presented by others [5, 6, 13, 10].
We have rigorous results analogous to the picture described by Chapman for type II
superconductors and normal materials which satisfy m,/m; > 1, see Theorems 3.3 and
5.1, and Lemma 5.6. For m,/m; < 1, we obtain that normal states are the only global
minimizers down to H,,, see Theorem 3.3, and that for fields close to but less than H,,,
there are normal states which are not local minimizers (Theorem 5.1) ie. H! = H.,,.
To connect our results to the situation of a vacuum, we prove that as m,/m; — oo any
normal state is a local minimizer down to H,,, see Theorem 5.7. Finally, Lemma 5.6 and
Theorem 5.1 imply the other limiting behaviour ie. H!, — H,, for m,/m; — 17.

The paper is organized as follows. In §2, we introduce the energy in a non-dimensional
form, and present the one-dimensional set-up. In §3, we show that in the range of fields
of interest the energy is bounded below, and we look at existence of global minimizers
(Theorem 3.1 and Theorem 3.3). In §4, we study under which condition a fixed normal
state is a local minimizer. In particular, this leads to the analysis of an eigenvalue problem
(Remark 4.4 and Theorem 4.2). In §5 we show the existence of a transition field above
which every normal state is a local minimizer, and below which some normal states are
not local minimizers. We prove that this transition field is exactly H. if m,/m; < 1
(Theorem 5.1, and Remarks 5.2 and 5.8). To conclude, we study the behaviour of normal
state solutions when m, /m; — oo (Theorem 5.7).

2 Energy derivation

The Ginzburg-Landau theory describes the state of a superconducting body via a free
energy density involving a complex valued order parameter v, defined in the supercon-
ducting body and a vector field A, the magnetic potential, defined in the whole space.
To model the normal part together with the superconductor, we consider the following
non-dimensionalized Ginzburg-Landau free energy density [8, 13, 11]:

. ag|? 1 ,
FAM) = S P Dl VA v
2 2 2 ‘as|2 ap 2
4+ |H|” — 2K H-Ha}xgs—i- b {97,,+m\1p\ (2.1)
N S
+ 2V +A) p P+ B HE - 2B 2 H,) g,
my Hs Hs

where yg, and yg, denote the characteristic functions for the superconducting region Z;
and the normal region 2, respectively.

For fixed temperature T, we have a; = ay(T) = a,(0) (1 — T/TCS) and a, = a,(T) =
an(0) (1 = T/ T.y), where a,(0) < 0,a,(0) < 0 are constants, and T, Te, are the zero-field
critical temperatures of the superconductor and the normal material, respectively. We
consider materials for which T,, < T, and we are interested in the range of temperat-
ures T, < T < T, so that ag < 0 and a, > 0. The positive constants my, m, depend
on the physical parameters of the superconducting and normal materials, respectively;
and their ratio, m,/ms, is proportional to the ratio, agy/ag,, of the normal conductivity
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of the superconducting region to the conductivity of the normal region. The constant
bs > 0 is characteristic of the superconducting body, and ps, i, > 0 denote the per-
meability densities of the superconducting and the normal part, respectively. The material
constant x is the Ginzburg-Landau parameter of the superconducting material, H, is
the external applied magnetic field and H = icurlA is the induced magnetic field. We
define the piecewise function u as u = 1 in 9, and u = u,/us in 2,. If we introduce
the piecewise function m defined as m = 1 in @, and m = m,/m; in @,, we have that
jo=21 (=5 Vy —ypVy*) — Aly|?) is the supercurrent density.

m

Remark 2.1 The non-dimensionalization used to derive (2.1) is temperature-dependent.
Lengths are non-dimensionalized with respect to the coherence length at temperature T
of the superconducting material, £(T'). The order parameter is non-dimensionalized with
respect to the ratio |ay(T)|/bs, and magnetic fields with respect to the second critical
field of the superconducting material, H, = H.(T). We are then interested in fields
h = h, = 1. In particular, by comparing (2.1) with equation (4) in Hurault [13] we
see that m,/mg; = o,/0,, and we expect the normal state to become unstable at a field
i, (my/mg) > 1 when my,/mg > 1, and to remain stable down to h., = 1 when m,/m; < 1.
From previous works (see for example [4, 7, 2, 15]), we know that the nucleation field
in a vacuum satisfies H., = H,,/f;, with f§; defined as in Lemma 5.2 in [14]. Therefore,
we also expect hy (m,/ms) < h., = 1/B; for every my,/ms, with he,(m,/ms) — 1/B; for
my/ms — oo and hy (m,/mg) increasing in my,/mg > 1.

To investigate the influence of the normal part, we take @, = {(x,y,z),x < 0} and
2, = {(x,y,z),x > 0}, and assume the applied field is constant and parallel to the surface
of the superconductor, i.e. H, = he; with h > 0. In this situation, one expects that for
fields close to the nucleation field the induced magnetic field will be parallel to the applied
field, and the modulus of the order parameter will depend only on x [16]. Hence, one can
make the simplified assumption of considering only states of the form:

A(x,y,2) = (0,A(x),0)  w(x,,2) = f(x) eV e, (22)

with f(x) real-valued, and kj, k3 constants to be determined.

In this set-up the physically relevant quantities can be recovered as follows: |f]? is the
superelectron density, —1/m (A — k) f? is the supercurrent and 1/(0,0, 4’) is the induced
magnetic field. Note that 4 — k; is the physically significant quantity, while individually
A and k; are determined up to a constant. We will take the point of view of [4], and use
this degree of freedom in order to have a real order parameter, that is we will consider
ky = 0. Therefore, if we substitute (2.2) in (2.1), set a = a,/|as| = 0 and notice that for f
and A fixed the choice k3 = 0 lowers the energy, we are led to the energy

o0

1
R I Y A A

—00

2
+ Ll 124 i <1A’ — h> ] dx. (2.3)
m U
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Here, y_ denotes the characteristic function of the interval (—o0,0) and x4 the one of
(0, 00).

States can be assumed of the form (2.2) if h is close to or greater than h, = 1. As a
consequence, we should not expect to be able to use (2.3) for the all possible ranges of
h. However, for the range of fields in which we are interested, we expect our system to
be in a state (f, 4) which is a finite-energy global or local minimizer of (2.3). Moreover,
since we look at situations where the order parameter decays to zero at infinity, we will
consider (f,A) € H(#) x H\ (%).

We define a normal (non-superconducting ) state to be any state of the form (0, 4) which
is a global minimizer of (2.3). It is easy to see that normal states are pairs of form
(0,h(ux — w)) for w € A fixed.

3 Global minimizers

The energy %4(f,A,h) is not bounded below for every choice of h, even if (f,A) €
HY (%) x H] (%), as one can see by taking h = 0 and following an idea presented in Bolley
& Helffer [4]. Consider the sequence (f,,0) with

cx+n+1) —n—1<x<-—n,

c —n<x<0,
F=9 _ax—1) o<x<l, (-1
0 otherwise,

then %(f,,0,0) = ¢ (1 +my/m,) —c*n—c?/3+nc*/2+¢*/54ac?/3, and for any choice
of |c] < 1 it follows lim,_,., %(f,,0) = —oo. However, we can use a modification of the
argument of Bolley & Helffer [4, Proposition 14, p. 22] to show that our energy is bounded
below if h is large enough.

Theorem 3.1 There exists hy, with ﬁ us{tun < hy < %, such that for every (f,A) €

H'\(#) x H\ (%), the energy functional %(f,A,h) is not bounded below for h < hy, and is
bounded below for h > hy,

Proof The function h € [0,00) — inf(; 4) %(f, A, h), where the inf is taken over (f,A4) €
HY (%) x H] (%), is monotonically increasing with values in [—c0,0]. In fact, we already
know that the functional is unbounded below, while inf ;1) %(f, 4, h) < %(0,h (ux — w)) =
0. For h fixed, given any 4 € H} (%) we can find a B € H} (%) with A = hB and vice
versa, thus we have that inf(; 4) 4(f, 4, h) = inf (s ) %(f, hB, h), and clearly the right hand
side is a monotonically increasing function of h.

Fix h % 0, consider (f,, A,) where f, is as in (3.1) with ¢ = 1, and

hix+n+1) x<—-n—1,

Au(x) = %h(x—n—l) x>n+1, (3.2)
0 otherwise.
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A direct computation then yields

o1 :
G(fr A h) = <1+::lls)—n—3+2n+5+§+K2(1+Z’)h2(n+1),

hence if h < \ék A, we see that 1imy—.o, 9(fu, A, h) = —o0.

Fix § > 0, for any (f,4) € H{(2#) x H]. (%) either |[A(x)]> = 14 for all x <0 which
gives %(f, A, h) > 0 or there exists an xo < 0 such that |4(x()|> < 1+ . In the latter case,
since A € H} (%), using the elementary inequality (¢ — B)> > 1o — % we derive

0
%hz(x—x0)2—2(1+5)—2|x—x0\/ 1A' (t) — h* dt < |A(x). (3.3)

The left-hand side of (3.3) is greater than or equal to (1 + 9) if |x — xg| > y», where

0 0
m:% [/ |A'(t) — h|? dt—i—\/'/\lA’(t)—hf dt

Thus, we can conclude

/ i< % /0 |4 (t) — h)* dt + 46U +0) (3.5)
(<01l <ZN(AGR <146} h* J o h

hzl
30405 [ 64

2

We find a lower bound for %(f, A, h) by noticing that if « > /2 then —o? + L ¢* > 0, so
that

o0

gm&m>/

—0

+/ —A2f2dx+/ (—f2+f4> dx

0o m (x<0:f1> 2} 2

+/ 1f“der/ A% % dx
{(x<0:|f|</2} 2 {(x<0:[f|>+/2}

+/ eﬁ+#ﬁw+/ A2 £ dx
AFn{Ifl<y2} A;n{fl<y2}

0
16/ A'(t) — b di — 47V6(2+5), (3.6)

»

2
[1 (F'V +afys + ux? (1A/—h) 1 dx
m M

where A7 = {x < 0 :|A(x)]? > 1+ 6} and A7 = {x < 0 : |A(x)]* < 1+ &}. It follows that

0
G(f, A, h) > / (K2 - ;5) 1A' (x) — h|> dx — 47V6(h1+5), (3.7)

—0

which if h > 4/« gives 9(f,A,h) = —4 /6 (1 +0)/h, forany d = 0. O

Remark 3.2 In our non-dimensionalization magnetic fields are measured in units of H,,,
Theorem 3.1 tells that there exists a value Hy = hoH,., of the applied magnetic field,
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with f - He, < Ho < % H.,, above which our energy functional is bounded below.
Therefore, if «© > 4 we have that H, < H,,, and our energy is bounded below in the range
of fields of interest.

In the literature H. = H.(T) is defined as the field at which the energy of the normal
state and the energy of the purely superconducting state (i.e. in non-dimensional units, the
state || = 1 and A = 0) are equal, with H,, = ﬁKH Since Hy > H.

is consistent with this definition.

, our bound

We will work with the weighted Sobolev space:
Won () = {ue 9'(#); —— € LX) € LX#) ¢ ;
’ (1+x)

here 2'(#) denotes the dual space of C§°(%). (see [1] for details)
The space W()l,’oz(%) is a reflexive Banach space with respect to the norm

2 3
2
+ Hu,”LZ(,@) s
L2(%)

_u
(1+x2)"

ellwizin = ‘

and a Hilbert space with respect to the induced scalar product. Also, by Theorem 330 in
[12], one has for any u € H] (%) with u' € L*(#) that

/_@ W(E? T Zz / W)? (338)

Theorem 3.3 Let k > f/2 be fixed. If 7+ < 1 and h > 1 or if 7+ > 1 and h > 7 then
normal states are the only global mlmmlzers in the class of function (f A) € H\(#) xH,OC(,%)
with 1 (A(x) — A(0)) — hx € W3(2).

Let Kk =4 be fixed. If 7+ > 1 and 1 < h < 7*, there exists a global minimizer (f,A) €
HY (%) x H]. (#), with 1 (A(x) A(0)) — hx € ng(@)

Proof Fix h > 1 and consider (f,4) € H' (JZ) X H oc(#). Note that, if we set f
f when |f] < f 2 and f \/E otherwise, then f € H! (9?) and from

_f2 1 4)d
/<—oo,om{|f>ﬁ}( Jrral)&=0

one has %(f,A4,h) = @(f,A, h). Therefore, without loss of generality we will assume

11 < V2

For a fixed (f,A) € HY(2#) x H\ (%) we have that either %(f,4,h) = oo, and so
trivially %(f,A4,h) = 0, or —o0 < %(f,A,h) < oo. Hence ffAeLY(@), f>A € L\%),
and f? A € W(#), which implies |1‘1m f2(t) A(t) = 0.

t|—o0
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If m,/ms < 1, using integration by parts, we obtain

w 2
fé(f,A,mz/ 2ty g A (A’ o h) B ax
0 HUs Hn s Hs

I P (=R 14
+/ afzdx-i-/ (h—1) f*dx = min{a,h — 1} ||f]|72)-
0 —00

where we observe that the first two integrals are positive for the range of values h and
k considered and for |f| < ﬁ The theorem follows since the energy is lowest for states
satisfying f = 0.

If m,/ms; > 1, when h > m, /mg; we can repeat the argument to find

Y9(f,Ah) = mln{a h—l}\|f||L2

We consider next the case m,/m; > 1, 1 < h < m,/m; and k > 4. Set I = inf 4(f, A, h)
for (f,A) € H'(#) x H (%), from Theorem 3.1, we know

—4/h\/6(1 +9)

forany 6 > 0, so either I = 0, and we are done, or we can assume —4/h . /6 (1 +0) <I <O.
Fix a 4 > 0, and consider a minimizing sequence (f,, 4,). We can assume |f,| < \/Z as
well as —4/h /6 (1 +0) < 9(fn, An,h) < —|I|/2. Under these conditions, inequality (3.6)
gives

o0

i

1 AV 2 1 4
= ¢ > a + = v —
) = g(fn,Am”) / |: (fn) an+ 2fn)( :| dx

1 “ Hs ’
+/ ng ,3dx+/ i (*A;,—h> dx
0 0 M HUn

/ ( f,1+A2fn)dx+/ A2 f2dx

no

0
+/ <;<2 16) 4 — hP dx—47\/6(2+5), (3.9)

—o0

from which we obtain that {1/ud4, —h} and {1/mf}} are uniformly bounded in L*(%),
and {fA+ (—f2+ A2 f7) dx} is uniformly bounded.
The above bounds, together with inequality (3.5) and the fact that for 6 > 0 one has

/ (—f2+ 421D dx>6/ 12 dx,
A A

imply that {f,} is uniformly bounded in H!(#). By inequality (3.8) the sequence
{% (A, — A,(0)) — hx} is uniformly bounded in Wol’bz(.%). We conclude f, — f weakly
in H'(#) and 1(4,(x) — 4,(0)) — hx — L B(x) — hx weakly in Wy (#). By a diagonal
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argument (up to subsequences) we can also assume f, — f in L? and uniformly on
bounded sets, and %(An — A4,(0)) — %B uniformly on bounded sets, with B(0) = 0. Note
that due to Sobolev Embeddings f,, f, 4,, B are continuous functions.

Set A(0) = liminf,_,,, 4,(0), we have either |4(0)] < oo or |4(0)] = oco. In fact, we will
assume again up to a subsequence that 4(0) = lim,,_,,, A,(0).

We first consider the case |A(0)] < oo. For x < 0 fixed, we can find a constant C
independent of n such that for any x < 0:

hx — Cx|? < Ap(x) — Ap(0) < hx + C |x]2. (3.10)

Fix € > 0, we choose an X < 0 large and negative, depending on A4(0), h, C, e but not on
n > ne, for which |4,(x)]—1 = 0, for any x < X and n large, and rewrite the energy in the
form

0

o) = [ L7 asi 3 s s

© 1 0 1 2

+/ — A2 5dx+/ K’ (A;—h> dx (3.11)
o m — It
X 0

+ [ a2 ax+ / (—f2+ 42 f2) dx.

We then set 4 = B + A(0) and obtain %(f,A4,h) < lim,_,., 9(f,, An, h) = I, with (f,A) €
H'() x Hl, (), L (A(x) — A(0) — hx € Wo5 ().

Assume next |4A(0)] = oo, and set g(x) = liminf, ., 1/m|A,(x) |f.(x)] a.e. By equation
(3.9), g € L*() so that g(x) < oo a.e. For x fixed we know that 4,(x) — 4,(0) — B(x) and
fn(x) > f(x), where B(x),f(x) are finite numbers. Therefore, lim,_,,, [4,,(0)] |f#(x)] < o0
for any x fixed, which is possible only if lim,_ |f,(x)] = 0 ie. f = 0, and which in turn
gives lim,_, |4,(0)| |f2(x)| = 0 for any x € %. Using integration by parts, for our range
of values, we then have %(f,, Ay, wn, h) = (1 —mg/my,) A,(0) f2(0), that is I > 0, which is
a contradiction. OJ

Remark 3.4 For h fixed, consider (f,4) € HY(#) x H} (%), with f not identically equal
to zero. If —oo < 9(f, A, h) < oo, define

2 Lafrdx

A — —0o0 m
olf.4) = “FE

and A=A — o(f,A). Clearly, g(f,;l, h) < 9(f, A, h), with strict inequality if w(f,A4) + 0,
and [ L4 f2dx =0.In other words, superconducting global minimizers of our energy
functional satisfy the so-called zero-current condition.

4 Normal states as local minimizers

We define, following physical intuition, the nucleation field h; (m,/m;) as the field below
which there are normal states that are not local minimizers, and above which every normal
state is a local minimizer. Theorem 3.3 provides an upper bound for Ay, (m,/m;s). We need
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an estimate of the value of h at which normal states cease to be global as well as local
minimizers.

We fix o, and we study for which values of h the normal state (0,5 (xx — w)) is a local
minimizer with respect to small perturbations in the class of admissible states. Pick any
(g.Q) € H'(#) x H} (#), with i(Q —0(0) € W&;)z(,%), and consider for t € # the energy

of the normal state perturbed in the direction given by (g, Q):
GO0+1gh(ux—w)+1Q,h)

0 1 . h2
=ﬂ/m{mQUAHa+Dg%++mwx—wV£—g2dx

—0o0

o .2 © 2
+t2/ %(Q’)2dx+t3/ %(,ux—w)ngdx

4 4 2.2 4
+t = _+ — dx. 1

Since the energy of any normal state is zero, and Q = 0 is an admissible choice, the
higher order term in (4.1) leads to the eigenvalue problem

) © h2
= inf / [ @)V +—(ux—w)Yg>+(a+1)g*y | dx (4.2)
7 g2dx=1J—cc LM m
g€H(7)

Remark 4.1 Following the general idea of Proposition 0.1 in Bolley & Helffer [3], with
due modifications, one can show that if ¢ > 1 then there is a ty independent of (g, Q)
such that for any t < tp one has %(0+tg,h(ux —w)+tQ,h) > 0 for (g,0Q) * (0,0), and
gl m ) + IIi(Q — Q(O))HW&’OZ(%) = 1, that is if 7 > 1 the energy of the normal state can
not be lowered using small perturbations.

Theorem 4.2 Let h >0, o € R, and m,, my, a, i, jis be fixed. For g € H'(R), we define the
Sfunctional

© 1 , h?
Flvo) = [ @F 4 = 0P g+t gz dx

o LM

inf F(h,w,2).
{(geH (R),[”, g* dx=1}

If h 0, there is g € H (%) with [* g>dx =1 and t(h,w) = F(h,w,g).

and consider t(h,w) =

Proof Let v(x) = 1/({‘/&) ¢/, then F(h,w,v) < o0 and so 0 < t(h,w) < o0. Set 7 =
t(h,w), F(-) = F(h,w,"), and take a sequence {g,} = H(#), [~ g2dx = 1, with F(g,) > 1
as n — co. Since, {g,} is uniformly bounded in H!(#), up to subsequences using a diagonal
argument, we can find a function § € H'(#) with g, converging to ¢ pointwise, weakly
in H'(#) and uniformly and in L? on bounded sets. By Fatou’s Lemma we conclude
0<F@ <t
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Since we are working on %, we need to exclude the possibility F(g) = 0. If so, the
definition of F would imply §' = 0 in L*(#) , ie. § =constant, and [ (a + 1)g*dx =0,
which gives ¢ = 0, so that g, — 0 uniformly on bounded sets. We then choose ¢ > 0
and C > 0, which depend possibly on h,w,m and g, such that % (ux —w)> > c(x*> 4+ 1)
for |x] > C, and, due to the uniform convergence in [N, N], pick an N > C for which
there exists n(N) such that for any n > n(N), it holds |g,| < 1/(ﬁN) in [—N, N]. This
yields © > lim,_,. [7 h*m(ux — w)? g2 dx > ¢(N* 4+ 1) (1 — ), for any N > C, which is
a contradiction since t is bounded. We then have F(g) > 0 and as a consequence g = 0,
T+ 0.

We know 1imy,.o; [|gn — &lI724 = 1 — lI&1175,, by classical analysis, since ||gall75,, = 1.
If lim,—o ||gn — §||iz(%) = 0, then ngiw) = 1 and we are done as we can take g = 8.
Otherwise, since by the definition of F and weak convergence we have F(g, — &)+ F(g) —
F(g,) > 0 as n — oo, for € > 0 we can consider n. such that for n > n. the following
inequalities are true: 1 —e < F(g,) <t+e, 1 —€ <||g, — g||L7 + ||g|\L2(/Z) <1+e¢, and
F(gy) —e < F(gu—8)+ F(g) < F(gy)+ €. We multiply the second 1nequa11ty by 7, combine
it with the first and substitute the result in the third, to obtain

0 <t|l8llfom < F(@) <te+2e+71|8llsy foranye>0,

where we took in to account that by definition r||u\|iz(%) < F(u) for any u € H(%).
Define g = g/|2|l12#) and the theorem is proven. O

The following lemma tells us that a fixed normal state, i.c. for fixed w, besides being a
global minimizers for h > max{1,m,/ms} it remains stable even below such a field, note
the strict inequalities. It will allow us as well to consider only @ < 0, when looking at the
supremum of fields at which normal states become unstable.

Lemma 4.3 Let o and Z‘T\ be fixed. Under the hypothesis of Theorem 4.2, the following
holds:

(1) There exists a unique h = h(w, ’"”) such that t(h(w, "’”) w)=1;
2) f%\l, then h(w, ™) < 1. Moreover, lfco<0then3<h( ,%);
(3) If% > 1 and w <0, then . 3 < h(w, 7)< 2, while if @ >0 then h(w m“) <L

> myg mg’

@, ms

Proof In our proof, we use eigenvalue estimates obtained by Lu & Pan [14]. Following
their notation, we let A(z) and f3,(z) denote

+ (z + 1) [ul*} dt

Mz)= inf fooc{|”/|2

5 ) 4.3
ueH} ([0.00) o lu2dt (4.3)
and
gy inr BP0l dety u(O) )
T wen (o) Jo7 w2 dt : '

where both infima are attained. Since t(h,w) is also attained, the change of variables
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=—htforx<0,x= (&h)’l/zt for x > 0, and straightforward computations yield
Hs

t(h,w) < hA(h?w), (4.5)

as well as, for any eigenfunction g, associated with t(h, w),

0 0
‘c(h,cu)/ gﬁdx}h Bo(h1/2w)/ gﬁdx

n Ms sh 172 © o
+hz,7:z ﬁo<_<uﬂ) W /0 g,%dx-l—(a-l—l)/o gi dx. (4.6)

Also, it is easy to check that

"
w(h,w) = h A(h"w) if / grdx = 0. (4.7)
0

We find another simple but helpful lower bound for F(h,w,f) with f € H'(%), by
following the argument used to derive (3.9):

0 0 0
. mg 2 Hn 2 2
F(h,w,f)>hmm(1,m—”) [/%f dx—i—;/o f dx} +(a+1)/0 fdx. (4.8)

Proof of 1 For w fixed, a direct computation shows that t(h, w) is a continuous strictly
increasing function of h > 0. Therefore, it is enough to show that for h small 7(h,w) < 1
while if h is large then t(h,w) > 1. The later is an easy consequence of (4.8), as for
h > (a+1)/min(1, %) it implies F(h,w,f) > (a+ 1) [%, f*dx for any f € H'(%). On

the other hand, we fix L > 0 and pick the test function defined as gr(x) = sin(}") for
—L < x <0, and gr(x) = 0 otherwise, to obtain

2 0 _ 2 2 TX d
t(ho) < — + 12 f*L(“)i) OF Sy L > 0. (4.9)
L [2, sin®(%*) dx

Which leads to the desired estimate, by choosing L large enough and h small enough.

Proof of 2 If 7+ < 1, inequality (4.8) implies that when h > 1 it holds T(h,a)) >
1+ Io gp dx + a [ g7 dx, from which we deduce h(w, ) <1 whenever Jo grdx +0.
Strict inequality for the case fooo g,% dx = 0 is consequence of (4.7) due to Lemma 6.2
pg 1266 in [14] which tells us that A(z) > 1 for any z € #. The same lemma gives the
lower bound for w < 0 thanks to (4.5), as A(z) is a strictly increasing continuous function

with 4(0) = 3.

Proof of 3 If ™ > 1 as above we have h(w ’"”) < 'r:—'; for every w € #. When o > 0,
Lemma 7.6 pg 1273 in [14] tells us that fo(z) = 1 for z > 0, thus inequality (4.6) implies
h(w, ) < 1if [° gf dx # 0. Strict inequality when [i” g dx = 0 follows as in part 2., and

so does the lower bound for o < 0. O

Remark 4.4 For o fixed, we denote by g, the eigenfunction associated with the eigenvalue
T(M(w, ™), w) = 1. Remark 4.1 implies that if h > h(w, :"7:7) the normal state (0, h(y x — w))

> my
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is a local minimizer, while if h < h(w, 2*) it is not. On the other hand, (4.1) shows

> my

that at h = h(w, ’”") it is a local minimizer if g, verifies the zero-current condition:
1
fjow m (:ux )gw dx -

5 Onset of superconductivity

This final section is dedicated to the determination of the value and properties of the
nucleation field Ay (m,/ms). We are able to recover the experimental picture found in
Burger et al. [5, 6].

Theorem 5.1 For w € %, let h(w, %) defined as in Lemma 4.3. We have that
(1) If% < 1, then

h* (Z) = sup h(w, 2y =1, (5.1)

S WER ms
the value h*(; ") is not attained, and for every h > h* (’"”) every normal state is a
local minimizer, while for h < h* (’"") there are normal states which are not local
minimizers;

(2) If ®» > 1, then there exists an w" < 0 such that

mg

ms WER

how®, 2y = i (Z) sup h(, 7) > 1. (52)

For every h = h*(:* ) every normal state is a local minimizer, while for h < h* (’"") there
are normal states whzch are not local minimizers. The eigenfunction g associated
with o, h* () satisfies the zero-current condition.

Proof of 1 If '::” 1, by Lemma 4.3 we know that h(w, '””) < 1, hence it is enough to
show that lim,_,_,, h(w,m,/ms) = 1. For @ < 0, Lemma 4.3 implies 1 3 < hw ,ZZ’) < 1
Hence, from (4.5) and (4.6), which tell us that
1 m 1
A s S h(w, J) S —5
AW (w, ) 0) my S Bo(h (0, ™) )

> myg

(5.3)

and Lemmas 5.2, 6.2 in [14], which give lir_nﬂo(z): 11m AMz) =1, we conclude

lim h(w,m,/ms) = 1. Note that (5.3) holds for m,/m; > 1, as well

w—>—00
Proof of 2 We start by proving that the sup is strictly greater than 1. We use the fact that
for w fixed 7 is strictly increasing in h, and show that if % > 1 there exists an @ < 0 such
that (1, w) < 1.

Since m, /m; > 1, we can find a § > 0 with 2m,,/m;—1 = (14+6)>+9. Additionally, we can
pick an ; < 0 such that for any » < w; and x > 0 we have 72 (a+1) <o w? <6 (x—w)

UZ .
For w fixed, consider the test function f,(x) = 1 /(\f =S , and notice that from
Lemma 5.4 below, if w < w,, it holds

/ (:un —w)sz) dx < (1 +5)2 /OO (X—(U)zfg) dx, (54)
0
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the inequality is trivially true for every w < 0 if u,/ps < 1. For @ < min(wy, w,), we then

have
© 2
/ <'u"x—w> + M@+ 1)
0 Hs mg

and we conclude t(1,0) <2 [7 (x — w)? f2dx = 1.

To show that the sup is obtained we use Lemma 5.5, and consider K = [wy, 0], where
wp < 0 is such that h(w,m,/ms) < sup,cy h(w,m,/ms) for every o < wq. That such wy
exists is due to the fact that lim,,_,_., h(w, m,/ms) = 1. This limit is obtained as in part 1.
since for o < 0 Lemma 4.3 implies 1/3 < h(w, m,/my) < m,/m.

Let h*(m,/my) = sup,ecy h(w, m,/m;), we know from Lemma 4.3 that h(w, m,/m;) < 1 for
o = 0, thus we can find a sequence {w;} with w; € K, such that h(w;, m,/ms) — h*(m,/my).
Since K is compact we can assume (up to a subsequence) that w; — w”. But, then

() ) (o (2)) (o (3).m)
oo (3)o) () )

and as [ — oo the terms in the left hand side tend to zero: the first because 7 is
continuous in w for h fixed, the second due to Lemma 5.5 as by Lemma 4.3 we have
W, m,/mg) > 1/3, and so h*(m,/my),w;) = 1/3. Therefore, t(w*, h*(m,/ms)) = 1 and
since for w fixed t is strictly increasing in h, this implies h*(m,/ms) = h(w*, m,/m;).

Set " = (7, Luxg?.dx) /(" Lg2.dx) and assume w® # &°. A direct com-
putation yields [* 1 (ux —d")g2.dx < [ L(ux— w")gl. dx, which translates to

£2dx < (22 - 1) /0@ (x—oPfldx,  (55)

S

s

T(h(w*,mn/ms),c?)*g < t(Mw*, m,/my),w*) = 1, that is h(®*, m,/ms) > h(w*,m,/my). This is
in contradiction with the definition of h* (m,/my) = h(w",m,/my). Hence, »* = ®" and
g, satisfies the zero-current condition. O

Remark 5.2 In physical terms, the previous theorem establishes that the nucleation field
H; depends on o/0,, with H; = H, when o5/0, < 1, and H}; > H. otherwise. Note
that h* = hy,.

Remark 5.3 In the case of a bounded domain, and in the absence of the jump discontinuity
at the interface, standard arguments imply that h(w,m,/ms) is analytic in w. In here,
although a typical direct computation does imply that z(h,w) is continuous and strictly
increasing in h > 0, the traditional line of arguments do not facilely lead to the assertions
that 0t/0h is continuous, strictly positive, and that 97/0w is continuous, from which
analyticity of h follows via the implicit function theorem.

_ (.\'—(u)2

1
Lemma 5.4 For w fixed, consider the test function f,(x) = ——=e~ 2 , then

NG

0
o Jo Gex — o) f3 dx
m :

i -
om0 [P (x — )2 f2 dx
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In particular, for any 6 > 0 and % > 1, there exists an wy < 0 such that for v < wy we

have
,U.,, - fu dx o 2
<o Gex fodx <1+> . 56)
f() (X - f(u dx 2
Proof We make the change of variable s = —w and the substitution t = x + s, we then

expand the square at the numerator and apply L'Hopital’s Rule to gather

S [t = 1) 4 251 — 2] e e

I = lim 5 + 1.
—S

50 —s2e

We apply UHopital’s Rule again to the new limit in the right hand side:
* e dt
I=14+2(1-H 1imf3672. (5.7)
Us ) s—0 23 —s)es

The lemma follows after applying U'Hopital’s Rule on the limit in (5.7). O

Lemma 5.5 Let t(h,w) be defined as in Theorem 4.2 and ¢ > 0 fixed. If € R~ then 1 is
uniformly continuous in h > c.

Proof Let o € #7, h > 0 and g; denote the eigenfunction associated to t(h,w) with
L>—norm equal to 1. Consider Ah > 0, since 7 is strictly increasing in h for o fixed, we
have 7(h,w) < ©(h 4+ Ah,®) < t(h,w) + (2 h + Ah) % T(h, w).

We take as test function g(x) = sin(x —w+mn) if ® —1 < x < ® and g(x) = 0 otherwise,
to find (here recall that we are looking only at w < 0) the bound

w

r(h,w)gl—i—hz%/ (x —w)? sinz(x—w+n)dx<1+§h2n2, (5.8)

w—T

which together with the previous inequality gives

A
0 < t(h+ Ah, ) — 1(h,0) < (2h + Ah) 72}‘

(1+ % W ). (5.9)
Similarly, if Ah < 0 is small enough so that h + Ah > ¢ we derive

0<t(hyw) —t(h+ Ah,w) < (2h+ Ah) ‘Ahl (1 + = (h+ Ah)? 2) (5.10)

and the lemma follows. [l

Due to the observations of Hurault [13] and Chapman [7], one expects h;, to be a

strictly increasing function of its argument for values greater than one, which is what we

prove in the following lemma.

Lemma 5.6 Let a, uy, s be fixed and h* defined as in Theorem 5.1. If 1 < my < my then

K (my) < I (ms). (5.11)
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Proof Using the notation and results of Theorem 5.1, we know that there exists an w] < 0
such that h*(m;) = h(w],m;) with t(h(w],m;),w]) = 1.
From m; < m; and Theorem 4.2, it is easy to see that

T (a,mz,'u",h,a)> <7 (a,ml,‘u”,h,w) for any h >0, v € Z.
s

S

Hence, 1(a, ma, & & h(w],m), o)) < u(a, mi, B h(w],my),w]) = 1, and using once again that
T is strictly 1ncreds1ng in h for all the other variables fixed, we can say that h(w],m;) >
h(w7,my), which implies h*(my) = sup,ep h(w,my) = h(w], my) > h(wj,m) = h*(m). O

We conclude our study, by examining the behaviour of hf, as we let our model
approximate the case of the superconductor in a vacuum, ie. as we consider m,/m
increasing toward infinity. Again, what we expect and we are able to prove is that in this
case hy, approaches the third upper critical field, which in our units is h., = 1/, see
Remark 2.1.

Theorem 5.7 Let a, u,, jis be fixed and h* defined as in Theorem 5.1. For B as in Lu & Pan

[14, Lemma 5.2], it holds
. * mn 1
lim h () = —. (5.12)

my
=y,
ms

Proof Consider the eigenvalue fiy(z) given in (4.4), Lu & Pan [14] show that there exists
zo < 0 and f; which verify fo(z0) = f; = inf.cs fo(z). Inequality (5.3) then implies
h(w, m,/mg) < 1/, for every » < 0, and by Theorem 5.1: h* (m,/ms) < 1/, for every
my/ms > 1. Therefore, thanks to Lemma 5.6 it is enough to prove that for every € > 0
small there exist m. = m{;/m; and w,. such that h(w.,m.) > 1/p; — €.

Denote by u the eigenfunction corresponding to fio(z) with fo 2(t)dt = 1, and recall
that «'(0) = 0 and u(0) =+ 0.

For 0 < 2e < 1/f; and m. > 1 to be chosen later, we pick

= <0 h=-—e¢ (5.13)

and consider the test function

—Jhex) x <0,
(0) 0<x<21m(,
=1 ) L (5.14)
Jme u(0) ( ~ ) T SXS G
0 x> \/,117
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Direct computations yield

© 1 2 1u3(0)
7wf (x)dx \/]’Te + 3 \/Ea

0
[ AGR 412 = 0 00} dx = Vi i,

and

o0 2
L [(f’(X))“rh? <’;"x—wg) fz(X)+(a+1)f2(X)] dx

me Jo N

u3(0 1|1 D\
< © <2+ 2(“”—2z<)ﬁ0) +a+1
Then, according to the definition of 7, the previous calculations imply

g " me [ \ ks

L 1 2420 = o C(z0.B5,a,u*(0))
— < -
T(ay Mme, Iusahfa wf) ( Tlg + 3 ;fme = hf ﬂO + \/E ’

that is 7(a,me, 2, he,00) < 1 — B + Clzo. B, a,u7(0))/ (me ) 2.
Choose m, > 1, s0 to have 2 C(zo, f, a,u2(0))/ (m. 5)"* < Bie, then

S

T (a, m., #",he,w€> <1—fle/2<1,

and again since 7 is increasing in h for the other parameters fixed, we conclude h*(m.) >
h(we,me) > he = 1/ —e. O

Remark 5.8 Theorem 5.7 and Lemma 5.6 imply that for m,/m; > 1 the nucleation field
H( is strictly less than H.,, which is the last result we needed to completely recover the
experimental picture.

6 Conclusion

We studied a one-dimensional superconducting/normal system, in the framework of the
Ginzburg-Landau theory. We explored the dependence of the nucleation field H., on the
ratio of the normal state conductivities of the two materials. Through the analysis of an
eigenvalue problem defined on the whole real line and with discontinuous coefficients,
we confirm experimental and theoretical predictions. We prove the existence of a critical
value of the conductivities ratio above which the nucleation field is an increasing function,
with the vacuum nucleation field as upper limit, and the second critical field H., as lower
limit. For values of the ratio below the critical one, we conclude all normal states are
local (global) minimizers down to H,, and start losing stability at H,,.
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