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Abstract We prove certain depth bounds for Arthur’s endoscopic transfer of representations from
classical groups to the corresponding general linear groups over local fields of characteristic 0, with
some restrictions on the residue characteristic. We then use these results and the method of Deligne and
Kazhdan of studying representation theory over close local fields to obtain, under some restrictions on
the characteristic, the local Langlands correspondence for split classical groups over local function fields
from the corresponding result of Arthur in characteristic 0.
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1. Introduction

The purpose of this article is to prove the local Langlands correspondence for split
classical groups over local function fields (with some restrictions on the characteristic)
using the work of Arthur [7] in characteristic 0 and the Deligne-Kazhdan philosophy.
The Deligne-Kazhdan correspondence can be summarized as follows.

(a) Given a local field F’ of characteristic p and an integer m > 1, there exists a local
field F of characteristic 0 such that F’ is m-close to F, i.e., Op/p = Op /p'p,.

(b) In [22], Deligne proved that, if F and F’ are m-close, then
Gal(F/F)/I}} = Gal(F'/F)/I},,

where F is a separable algebraic closure of F, Ir is the inertia subgroup, and Iz
denotes the mth higher ramification subgroup of Ir with upper numbering. This gives a
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bijection

{Continuous, complex, finite dimensional representations of Gal(F/F) trivial on I 7l

<« {Cont., complex, f.d. representations of Gal(F’/F’) trivial on I3}

Moreover, all of the above holds when Gal(F/F) is replaced by W, the Weil group of F.
(c) Let G be a split connected reductive group defined over Z. For an object X associated
to the field F, we will use the notation X’ to denote the corresponding object over F’.
In [41], Kazhdan proved that, given m > 1, there exists [ > m such that, if F and F’
are [-close, then there is an algebra isomorphism Kaz,, : H(G(F), K») - H(G(F'), K},),
where K, is the mth usual congruence subgroup of G(F). Hence, when the fields F and
F’ are sufficiently close, we have a bijection

{Irreducible admissible representations (o, V) of G(F) such that o Km = 0}

«—> {Irreducible admissible representations (o’, V') of G(F’) such that o’Xm 3 0}.

These results suggest that, if one understands the representation theory of Gal(F/F) for
all local fields F of characteristic 0, then one can use it to understand the representation
theory of Gal(F'/F’) for a local field F’' of characteristic p, and similarly, with an
understanding of the representation theory of G(F) for all local fields F of characteristic
0, one can study the representation theory of G(F’), for F’ of characteristic p. Such
applications of this philosophy can be found in [8, 9, 29, 49].

For the rest of the introduction, H will denote one of the split classical groups Sp,,,
SO2u+1, or SO, and N will denote the rank of the group Langlands dual to H. These
groups can be realized as endoscopic groups of G\I:N, where C\I/JN is the twisted space
of GLy with respect to a nontrivial outer automorphism 6. In [7], Arthur, among many
things, defined and characterized the local Langlands correspondence for H := H(F),
where F is a non-Archimedean local field of characteristic 0, via endoscopic character
identities. Let Itemp(H) denote the set of tempered representations of H, and let
l:[temp(H ) denote the Out(H)-orbits of representations of H, where Out(H) is the set
of outer automorphisms of H over F (note that Mtemp(H) = I:Itemp(H ) when H equals
Spa, or SOz,41). Similarly, we let ®pqq(H) denote the set of }:I—conjugacy classes of
tempered parameters of H when H equals Sp,, or SOg,41, and the O, (C)-conjugacy
classes of parameters when H = SO»,. Arthur’s Langlands parameterization includes a
surjective finite-to-one map from lzltemp(H) to ®pqq(H). In addition, for ¢ € ®pqq(H)
it parameterizes the set l:I¢, that is the fiber of the above map over ¢, by establishing a
bijection between l:I¢ and 3¢, where Sy is the component group of ¢ (see §2.2). Let F’
be a non-Archimedean local field of characteristic p. It is natural to ask if one can obtain
the Langlands correspondence for H(F’) using the results of Arthur [7] in characteristic 0
and the Deligne-Kazhdan philosophy. More precisely, let 7’ be an irreducible admissible
representation of H(F’) with depth(z’) < m. Here, the notion of depth is defined via the
Moy—Prasad filtration subgroups (see [62, 63]). We want to attach a Langlands parameter
¢’ to ', by choosing an [-close local field F of characteristic 0, where [ is an integer that
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depends only on m and perhaps N, and force the following diagram to be commutative.

F' 7’ > (f)/
[-close Kazhdanl WDeligne
Arthur
F d ¢ (1.0.1)

The following questions naturally arise in this setting.

(1) Tt is easy to show that the Kazhdan isomorphism preserves depth, so the irreducible
representation 7 of H(F) has depth at most m. Now, to obtain the ¢’ from ¢ via
the Deligne isomorphism, we need to know that ¢| "= 1, or, in other words, that
depth(¢) < [. In summary, we need to know that, if depth(;r) < m, then depth(¢p) < [,
where [ is an integer that depends only on m and N.

(2) We want to know that the ¢ obtained as in (1.0.1) is independent of this local field
F of characteristic 0 used to define it. In addition, we also need that the Langlands
parameter defined in this manner satisfies the expected properties, and is uniquely
characterized by those properties.

(3) As in characteristic 0, we need to establish a bijection between l:[,/)/ and the
characters of the component group Sg. Furthermore, we want this bijection to
be also compatible with the corresponding bijection in characteristic 0 via the
Deligne-Kazhdan theory.

The main purpose of this article is to provide a complete answer to (1) and (2) when
p is odd. We also illustrate how the forthcoming work of Mceglin [58] gives a solution
to (3) by describing this solution for discrete series L-packets of H = Sp,,, SO2,4+1 when
p is sufficiently large. A careful study of [58] and [7, §2.4] should be enough to give a
complete picture on (3), but we do not pursue it here. Let us summarize the results of
this paper.

As for Question (1), it is expected that the local Langlands correspondence (LLC)
preserves depth at least when the residue characteristic is large enough. Such a result
is already known for the LLC for tori [87], GL, [86], and for GSp, in odd residue
characteristic [29, 67]. In this article, we show that, when the residue characteristic of F
is greater than 2,

depth(r) < m = depth(¢) < m+ 1. (1.0.2)

The proof of this result occupies a large part of this paper, and the idea is as follows. Since
the LLC for GLy preserves depth, it is enough to show that, if depth(r) < m, then the
functorial lift 75T of 7 to GLy (F) has a nonzero K S_I;fﬁxed vector, where KST denotes
the mth usual congruence subgroup in GLy (F). This statement will be a consequence of
endoscopic character identities that were proved for classical groups by Arthur [7], as soon
as we know that, for some a # 0, a - 1k, is a ‘transfer’ of the characteristic function 1’991

of K,%LQ C @N(F), ie., that a-1k, and 1.g; have matching orbital integrals. This
is achieved using the fundamental lemma for Lie algebras as follows. Using semisimple
descent to deal with twisted endoscopy, the Cayley transform ¢ to pass between the set of
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topologically nilpotent elements of the Lie algebra, and that of the topologically unipotent
elements of the group, we show that this matching question can reduced to an analogous
question for Lie algebras. Here we note that we have used the Cayley transform and not
the usual exponential map to reduce ourselves to the Lie algebra situation. The reason
for this is that, although the exponential map is a diffeomorphism between the set of
topologically nilpotent elements of the Lie algebra and the set of topologically unipotent
elements of the group when p is large (that is essential to prove the aforementioned
matching), how large p needs to be depends on the ramification index of F over Q,.
However, to apply the philosophy explained in Diagram (1.0.1) for a fixed local field F’
of positive characteristic p, we need the depth bound in equation (1.0.2) to hold for all
local fields F of characteristic 0 with residue characteristic p. The Cayley transform has
this feature for p # 2. However, the Cayley transform is not compatible with matching
of semisimple elements in the context of nonstandard endoscopy. Therefore we use the
Cayley transform ¢ together with a variant ¢’ (see Lemma 6.3.1 for details). Now, the
matching of the relevant characteristic functions at the level of Lie algebras is done using
the fundamental lemma (standard or nonstandard, depending on the case) for Lie algebras
and a shrinking argument (that uses the homogeneity of nilpotent orbital integrals, as
in, for example, [74, pp. 323-327]). The last point that remains to be explained concerns
why the fundamental lemma for Lie algebras holds for p # 2. The work of Ng6 [65] on the
fundamental lemma for Lie algebras in positive characteristic (combined with [85] or [15])
gives the fundamental lemma for Lie algebras in characteristic 0, provided the residue
characteristic p is a sufficiently large integer determined by the absolute root datum of H.
Waldspurger [82] proved that the fundamental lemma for (unit elements in the spherical
Hecke algebras of) groups follows from the one for Lie algebras (for sufficiently large p).

In the situation of interest to us, Lemaire, Moeglin, and Waldspurger have shown that
the same in fact holds without any restriction on p; see [48, Proposition 4.13] (see also
[7, pp. 412-413]. We also note that an analogous result in the case of standard endoscopy
holds quite generally; cf. [32]). Using a suggestion of Mceglin and Waldspurger, we show
that the fundamental lemma for Lie algebras can be deduced from the one for groups
provided p # 2. Combining this with the above results, we obtain that the fundamental
lemma for Lie algebras holds for p # 2, and hence equation (1.0.2) holds for p # 2.

To address (2), we have to understand a set of properties that characterize the LLC
over close local fields. Consider two approaches to obtaining a characterization of the
LLC: one by using the theory of L- and y-factors and Plancherel measures & la [27],
and the other via the theory of endoscopy; cf. [7]. In [7], as mentioned earlier, Arthur
defined and characterized the correspondence for classical groups via certain endoscopic
character identities. At present, we do not know how to prove that these endoscopic
character identities are compatible with the Deligne-Kazhdan theory. However, the
former approach, namely a characterization in terms of local L- and e-factors, would
put Question (2) for split classical groups in the setting of [29, §§ 5 and 6]. These sections
of [29] study the compatibility of the Langlands—Shahidi local coefficient, which gives
rise to the theory of L- and y-factors, and Plancherel measures, over close local fields.
Using several important results of [7], along with [16, 60], we can reconcile the two
characterizations and obtain that Arthur’s Langlands correspondence also matches the
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L- and y-factors (respectively, the Plancherel measures) of pairs of generic (respectively,
nongeneric) representations 7 x o of H x GL,(F), r < N —1 with the corresponding
Artin factors (respectively, a suitable product of Artin factors). In addition, we show
that the Langlands parameter of a representation a discrete series representation of H of
depth at most m is uniquely determined by these properties using only the representations
o of depth at most I, where / depends only on m and N; this restriction on the depth
of o is crucial for our purposes (see Theorem 12.8.1). We consequently obtain that the
Langlands parameter defined in positive characteristic via (1.0.1) is independent of this
choice of the field F of characteristic 0, and that the map LLC' : I:Itemp(H’) — Ppaq(H)
preserves invariants such as L- and y-factors and Plancherel measures (see § 13.6). These
results hold provided char(F’) > 2.

Next, we turn our attention to Question (3) on understanding the surjectivity of the
map LLC’ and its fibers. In characteristic 0, for the groups H = Sp,,, and SO3,+1 and for
any ¢ € ®,(H), a forthcoming work of Meeglin [58] explicitly describes the character of
the component group €, : Sy — {£1}, attached to = € Iy in terms of certain normalized
intertwining operators using certain results from [7, Ch. 2]. It was shown in [29] that
intertwining operators are compatible with the Deligne-Kazhdan theory. Hence this
puts Question (3) in the setting of the Deligne-Kazhdan theory. However, the hurdle
in establishing this bijection in positive characteristic is the following. Suppose that
¢’ € Prqq(H') with depth(¢’) < m. For an integer [ that depends only on m and N, and
a field F of characteristic 0 that is I-close to F’, consider the following diagram (with
self-explanatory notation):

F' ¢’ > My
I-close DeligneJ Kazhdan (1.0.3)
F é Arthur M

It is clear that depth(¢) < m. But in order to choose [ so as to force the Kazhdan
isomorphism to be defined on Iy, we need that

depth(¢) < m = depth(w) <!’ Vrm €Iy, (1.0.4)

where [’ depends only on m and N. Note that the above would give a bijection between
My and Iy. In fact, without the above, we do not even know that Iy # @ (that is, that
the LLC' is surjective). In this article, we prove that equation (1.0.4) holds with I’ = m
provided p is a large enough integer completely determined by the absolute root datum
of H (this result includes the case when H is the quasi-split SOy,; see § 10 for details).
Let us briefly explain the idea of the proof. This is not as straightforward as (1.0.2),
since we cannot determine whether an irreducible admissible representation 7 & of GLy
has a K,gl}L—ﬁxed vector using twisted trace (recall that Arthur’s endoscopic character
identities involve the twisted trace, and not the usual trace, on general linear groups).
We are not able to come up with reasonable compact open subgroups the existence of
fixed vectors with respect to which can be detected using the twisted trace. Instead,
our approach is to use the endoscopic character identities to show that the range of
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validity of the Harish-Chandra—Howe character expansion behaves well with respect to
endoscopic transfer. This helps because the range of validity of the character expansion
of an irreducible admissible representation is closely related to its depth. While it is a
result of Waldspurger [20, 80] that (under suitable hypotheses) the character expansion
is valid on a certain range determined by the depth of the representation, what we need is
something like a converse. We prove something like a converse (under the same hypotheses
as in [20]), using a certain function introduced by Waldspurger and DeBacker, featuring in
the latter’s classification of nilpotent orbits on a p-adic group [21] (see Corollary 10.6.4).
If H=S0O3;,+1, we give a crude depth bound for the generic member of the packet using
the work [79], but without any assumptions on the residue characteristic. Using this, and
the description of €; of Moeeglin, we obtain a bijective map ITy — §¢/ for ¢’ € ®2(H'),
where H = Sp,,,, SO2,41, that is also compatible with the theory in characteristic 0.
Finally, we wish to bring to the reader’s attention the recent results of Gan and Lomeli
on the LLC for supercuspidal representations of quasi-split classical groups over local
function fields (see [26]). Further, the work in progress of A. Genestier and V. Lafforgue
will obtain, among other things, the LLC for arbitrary reductive groups over these fields.

2. Notation and review

Let F be a non-Archimedean local field with residue characteristic # 2. Let O denote
its ring of integers and pr its maximal ideal. We let « denote the residue field of F and
q the cardinality of «.

2.1. The groups

In this article, we will write G to denote a general algebraic group over F, and g for its
Lie algebra. We will often write G to denote the F-points of G. For an automorphism 6
of G, we will write G? for the #-fixed subgroup of G, and G, for the identity component
(G%)0 of GY. We will reserve G to denote GL(V) for a finite-dimensional vector space V
over F, and g = End(V) for its Lie algebra. We will sometimes write G for the group of
F-points of G.

2.1.A. The twisted space. Consider the ‘twisted space’ G over G of nondegenerate
bilinear forms on V x V (cf. [83, pp. 42-43], ‘Le cas du group linéare tordu’, which we
follow closely). This variety is a G-bitorsor under gxg’(v, v') = (g~ 'v, g'v'). Fix 4 € G.

Remark 2.1.1. Of particular interest to us will be the case when 6 is obtained by
fixing an ordered basis ej, ..., e, of V and an element v € F*, and setting 6 (e, ¢;) =
V(=D St ari-1-

We will write H to denote one of the following groups for some n € N.
(a) H=Sp(W,gw)/F, dim(V) =2n+1, dim W = 2n.
(b) H=SO(W, gqw)/F, dim(V) = 2n, dim W = 2n+ 1, such that SO(W) is split.

(¢) H=SOW, gw)/F, dim(V) = dim W = 2n, such that SO(W) is quasi-split (not
necessarily split or even unramified). If H is split, we require that 2n > 2.
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In each case, H can be realized as a twisted endoscopic group of G = GL(V) with dim(V)
as prescribed in the cases above (see §5 for more details). We will write h and g, to
denote the Lie algebras of H and Gy, respectively.

2.2. Work of Arthur

The central result of [7] is the classification of automorphic representations of quasi-split
orthogonal and symplectic groups in terms of those of general linear groups. In this
subsection, we recall results from [7] concerning the local classification of representations
of H in terms of those of G(F), where F is a non-Archimedean local field of
characteristic 0.

Arthur defined and characterized the LLC for H(F) via endoscopic character identities
(in case (c), the parameters are determined only up to Op,(C)-conjugacy), conditional
on the stabilization of the twisted trace formulas that have recently been made available
in a series of papers by Waldspurger and by Moeglin and Waldspurger (cf. [57]). We will
be using these results of Arthur on endoscopic classification via character identities, but
for only tempered representations of H(F). The referee has informed us that these results
for tempered representations are not conditional on the stabilization of the twisted trace
formula, but only need a generalization of [Art96] to the twisted case (see [55, 59]).

Following [7], we let Out(H) denote the group of outer automorphisms of H over F.
This group is trivial when H is as in case (a) or case (b), and is isomorphic to Z/2Z when
H is as in case (c). Let W be the Weil group of F and WDy the Weil-Deligne group of
F. Let ®(H) be the set of homomorphisms ¢ : WD — LH, where the homomorphisms
are taken up to H-conjugacy if H is as in case (a) or case (b), and up to Oz, (C)-conjugacy
in case (c). We write ®p,qq(H) for the subset of ®(H) consisting of tempered parameters
(i.e., whose image in “H projects onto a bounded subset of P:I) and ®,(H) for that
consisting of discrete parameters, i.e., whose image does not factor through a parabolic
subgroup of “H (cf. [7]).

For ¢ € O(H), let

Sp = CentH (Im(¢))

and
Sp = Sp/SyZ (/)

Let TI(H) be the set of irreducible admissible representations of H, Iltemp(H) the set
of tempered representations of H, and ITp(H) the set of discrete series representations of
H. Let TI(H) be the set of Out(H)-orbits in TI(H), and similarly define l:Itemp(H) and
[1o(H). It is clear that l:Itemp(H) = Mtemp(H) unless we are in case (c), in which case
l:[temp(H ) contains orbits of order 2 and order 1.

Theorem 2.2.1 [7, Theorem 1.5.1]. For each ¢ € Opaa(H) there exists a finite set 1:[¢ of
Miemp(H), which is constructed from ¢ via endoscopic transfer and which, for a fized
Whittaker datum, is equipped with a canonical bijective mapping

T — €, nefl¢,
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from 1:I¢ into the group 5‘¢ of characters of Sy. Further, every element of fItemp(H) lies
in exactly one packet Tly. Moreover,

1:Itemp(I"I) = I_l ﬁzf)
G€Dpaa(H)
and
1:12(1‘1) = |_| 1:[¢.
pedo(H)

When we write m € I:Itemp(H ), we mean that 7w denotes a tempered representation of
H in cases (a) and (b), and the Out(H)-orbit of a tempered representation of H in case
(c). For 7 € l:Itemp(H ), we write ¢, for the Langlands parameter of 7w as in Theorem
2.2.1. Composing with the standard embedding of IEI — (:3 and using the LLC for G, we
obtain an irreducible self-dual representation of G(F) that we denote as xGL,

For an algebraic group G defined over F, let B(G, F) denote the (enlarged) Bruhat—Tits
building of G, and, for x € B(G, F) and r > 0, let G, , and Gy 4+ denote the Moy—Prasad
filtration subgroups as in [62, 63]. For a representation 7 of G, the depth depth(r) of 7
is defined in [62, 63]. It is given as

depth(sr) := inf{r | there exists x € B(G, F) with g Gt # 0}.
The depth of a Langlands parameter ¢ : WDy — LG is defined as follows:
depth(¢) := inf{r | ¢|,;+ =1},

where Ir C Wr C WDp denotes the inertia group and the filtration is the upper
numbering filtration of ramification subgroups (see [72, Ch. IV]). It is expected that
the LLC will preserve depth, at least when the residue characteristic is sufficiently large.

Let F have characteristic 0 and odd residue characteristic. Let m be a tempered
representation of H, and let ¢, be as in Theorem 2.2.1. Let m > 1 be such that
depth(;r) < m. The goal of §§3-9 is to prove that depth(¢,) < m+ 1, where H is as in
§2.1 but additionally assumed to be unramified in case (c).

3. A depth bound for endoscopic transfer: preliminaries

3.1. Topological nilpotence and unipotence

Definition 3.1.1. X € g(F) = End(V)(F) (respectively, y € G(F)) is said to be
topologically nilpotent if lim, o X" = 0 in End(V) (respectively, lim,_, o y?" =1) — of
course, in the Hausdorfl topology. Write g(F)tn (respectively, G(F)ty) for the set of
topologically nilpotent elements in g(F) (respectively, topologically unipotent elements

in G(F)).

Remark 3.1.2. It is easy to see that X € g(F) = End(V)(F) (respectively, y € G(F) =
GL(V)(F)) is topologically nilpotent (respectively, topologically unipotent) if and only
if every generalized eigenvalue A of X (respectively, y) satisfies |A| < 1 (respectively,
[A—1] < 1). This again is equivalent to requiring that the coefficients a; of the
characteristic polynomial of X (respectively, the coefficients a; of T + f(T + 1), where f
is the characteristic polynomial of y) satisfy |a;| < 1 for all i; equivalently, |a;| < (#x)~!
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for all i (for the ‘if part’, for example, if A is a generalized eigenvalue of X and |A| > 1, then
Al = |a; +ax ™' + - +a,A""" D] < 1, a contradiction.) Hence g(F)t, and G(F)t, are
open and closed in g(F) and G(F), respectively. Moreover, G(F )y is closed in End(V)(F)
too (not just in G(F) = GL(V)(F)), since the set of elements of G(F) with determinant
belonging to O is closed in End(V)(F).

Remark 3.1.3. The prescription of Definition 3.1.1 also defines a subset g(F)in C g(F)
(respectively, G(F)ty C G(F)), which is the union of the analogously defined subsets
9(L)tn C g(L) (respectively, G(L)tu C G(L)) as L ranges over the finite extensions of F
contained in F.

3.2. Mock exponential maps

Remark 3.2.1. It is immediate from Remark 3.1.2 that X — 1+ X, a priori a birational
map from g to G, defines a homeomorphism g(F)¢n, — G(F)¢y.

Definition 3.2.2. By the Cayley transform ¢, we refer to the birational map g — G defined
by
«X)=(1+X/2)(1-Xx/2)"".

A restriction of this map will also be referred to as the Cayley transform.

Lemma 3.2.3. ¢ defines a homeomorphism Q(F)tn — G(F)tu.-

Proof. By Remark 3.2.1 it suffices to show that (y +— y — 1) o ¢ defines a homeomorphism
9(F)tn — 9(F)¢n. For this it suffices to show that (y — y —1)ocand ¢~ o (X — 1+ X)
are both well defined on and preserve g(F)¢n. This is easy (and also uses the fact that

p#2). O
Remark 3.2.4. It is easy to see that
co(X—> —"X)=(@r "y Hoc, and Int(J)oc=coAd(J),

for all J € G(F). (Here the transpose may be taken with respect to any identification of
G with a GL,.) Hence, for any automorphism 6 of G of the form Int(J)o (y > 'y 1),
where J € G(F) is fixed, we have codf =6 oc.

Definition 3.2.5. Consider an automorphism 6 of G as in Remark 3.2.4. Then we define

9o (F)tn = 9(F)tn NGg(F) and  Go(Fltu = G(F)tu NGy (F)

to be the set of topologically nilpotent elements of g,(F) and the set of topologically

unipotent elements of Gy (F), respectively.

Remark 3.2.6. It follows from Remark 3.2.4 that, for Gy as in Definition 3.2.5, ¢ defines
a homeomorphism gy (F)tn — Go(F)tu.

Lemma 3.2.7. Let 0 be as in Definition 3.2.5. Then y — y? defines a homeomorphism
from G(F)¢y to itself, and restricts to a homeomorphism from Gg(F)ty to itself.
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Proof. It is easy to see that the assertion about Gy (F)¢y, follows once the assertion about
G(F)¢y is proven, so we focus on the latter.

Injectivity. If y, 8 € G(F)gy, are such that y2 = 82, then y?"+! = §7"+! for all n e N.
Taking the limit as n goes to infinity, y = §.

Surjectivity. If y € G(F)y, then X =y —1 is topologically nilpotent, so {X"} is
bounded and hence contained in some lattice in End(V)(F). Therefore {y?"*tD/2} has
a limit point ¥’ in End(V)(F), which necessarily lies in G(F)y as G(F)¢y C End(V) is
closed by Remark 3.1.2. By continuity, y’z =vy.

Now that y — y? is shown to be bijective on G(F)iy, and, since it is obviously
continuous, it suffices to show that it is submersive and hence open. The derivative of
this map at xo € G(F)ty, under appropriate identifications, equals B + Ad(x, YB + B.
This linear map from End(V) to itself is invertible, as all its generalized eigenvalues A
satisfy A —2| < 1 (B Ad(xo_l)B being topologically unipotent, as xg is). Note that we
used p # 2 in this proof. O

Remark 3.2.8. It follows that the map

2

]+X+X_

. 2 _ 2 16
C/XHC(X/Z) —ﬂ
2 16

defines a homeomorphism g(F)in — G(F)tu, as well as a homeomorphism gy (F)tn —
Gy(F)ty for any 6 as in Definition 3.2.5. Clearly the same prescription gives
a Gal(F/F)-equivariant map g(F)in — G(F)¢u that restricts to homeomorphisms
9(L)tn = G(L)tu and gy(L)tn — Go(L)ty for any finite extension L of F contained in F.

4. Semisimple descent

Now consider the twisted space (;3 over G = GL(V) as in §2.1.A. Let e G(F). The
automorphism 6 of G such that g = 0(g)0 is of the form discussed in Remark 3.2.4. We
restrict now to the case where 62 = 1; this condition is satisfied if @ is as in Remark 2.1.1.
1

Lemma 4.0.1. Suppose that my, my € Go(F)tu and g € G(F) satisfy g=' -m10-g = m0.

Then g € GY(F).

Proof. We have_g_lmlé(g) =my. Since 02=1, we get (g"'mig)* = m% Since
g 'mig, mr € G(F)tu, Lemma 3.2.7 applied to a suitable extension of F as explained in
Remark 3.2.8 gives g~'m1g = my, which along with g='m0(g) = m, gives g = 0(g). U

1

For a set C in a group or a twisted space or a Lie algebra where the notion of ‘strongly
regular semisimple’ (namely ‘belonging to a closed conjugacy class and having abelian
centralizer’) is clear from the context, we write Cggs for the set of strongly regular
semisimple elements in C.

Notation 4.0.2. We define the twisted conjugation map
te : G(F) x Go(F)gu — G(F)
by (g.m) > g~ 'mlg, and set U = tc(G(F) x Gg(F)tu)-
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Remark 4.0.3. If 0 is as in Remark 2.1.1, every coset of Gy(F) (respectively, Go(F)) in
GY(F) (respectively, GY(F)) intersects the center of G (in more general situations, one
has a variant ‘G’ = G!Z(G)?’, as discussed just before §1.2 in [46]).

Corollary 4.0.4. (a) The obvious map from Gg(F)gy to U, given by m — mb, induces
a bijection between the set of G?(F)-conjugacy classes in Gg(F)tu and the set of
G(F)-conjugacy classes in U.

(b) In the special case where 6 is as in Remark 2.1.1, m — m6 also induces a bijection
between the set of equivalence classes in Gg(F)eu for Go(F)-conjugacy and the set
of equivalence classes in U for G(F)-conjugacy.

These bijections respect semisimplicity and strong reqularity.

Proof. (a) follows from Lemma 4.0.1, as also the variant of (b) with Gy replaced by G.
(b) then follows Remark 4.0.3. O

Lemma 4.0.5. Let X € gy(F)tn be semisimple, and let 6 be as in Remark 2.1.1. Then X
s reqular semisimple if and only ¢(X) € Gg(F)ty is strongly reqular semisimple, and this
is so if and only if ¢«(X)0 € U is strongly reqular semisimple.

Proof. This follows from the conjugation invariance of ¢, Remark 4.0.3 and Lemma 4.0.1.
O
Lemma 4.0.6. The map tc is submersive everywhere (and hence open).

Proof. It suffices to check the submersivity of the map (g, m) — g~ 'm6(g) on G(F) x
Gy (F)tu, and that too only at points of the form (1, m). Using the computation

(1—eX)m(1+€Y)0(1 +€eX) =m(1+€((dd —AdmHX + 7)),

it follows that at the derivative of this map at such an element (1, m), viewed as a map
X0y —0,is(X,Y) — (do —Adm~ )X + Y. It is easy to see that this map is surjective
if and only if d0 — Adm~! is invertible as a map on (1 —d@)g. But this follows from
the fact that, m and hence Adm~! being topologically unipotent, all the generalized
eigenvalues A of d9 — Adm~! on (1 —0)g satisfy |A +2| < 1. O

4.1. Discriminant factors

Notation 4.1.1. Let § = g6 € (:3, where g € G(F). Then we have an automorphism Int§ =
Int(g) o6 of G characterized more intrinsically by Intd(g) -8 = § - g. Thus we may talk of
Ad§ = Ad(g) o € GL(Q), the centralizer G® = GI" of § in G as well as the identity
component Gs = Gys of G°.

Definition 4.1.2. For § = g0 € C:i(F) (where g € G(F)), set
Dg(8) = Dgo(g) = |det (Ad g 0df — 15 9/Qiy(g)on) | = |det (AdS —1: 9/g;)| .

For m € Gg(F) (respectively, X € gy(F)), set

Dg,(m) = ‘det (1 —Adm™; gg/gggm)‘ (respectively,Dg, (X) = |det (adX; ge/gg’m) |) .
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Lemma 4.1.3. Suppose that m € Gy (F)ty is given as m = ¢«(X) = ¢/(X'), where X, X' €
9o (F)tn. Then )
Dg(m0) = Dg,(m) = Dg, (X) = Dy, (x".

Proof. The equality Dg (mf) = Dg, (m) follows from the proof of Lemma 4.0.6. For each
2# A€ F, write A = (1+(/4)>(1—(/4)"% and 2/ =2 — D' + 1)~ ¢, ¢ being
conjugation equivariant, it is readily checked that the generalized eigenvalues of m and X
are given by the A" and 1" as A ranges over the generalized eigenvalues of X'. Dg, (X') is a
product of terms of the form |A — w|, where (A, n) varies over certain pairs of eigenvalues of
X'. Dg, (m) (respectively, Dg, (X)) is a product over the same pairs (A, i), of |1 — //)J_ll
(respectively, A" — u”|). Thus, we are reduced to showing that, if A, u € F with |A|, || <
1, then |A —pu| = |1 — WA~ = |A” — |, which is straightforward. O

4.2. Normalized orbital integrals and semisimple descent

Notation 4.2.1. Let f € CSO(G(F)), S € (:E(F). Let dg and dts be measures on G(F) and
G?(F), respectively. Then we will denote by

13, f)=1@, f,G(F) =1, f.G(F), dg/d1s)

the normalized orbital integral of f at § with respect to dg/dts, given as a product of the
corresponding usual, unnormalized, orbital integral with |Dg (8)|'/2. We will use obvious
analogs of this notation to denote various other normalized orbital integrals.

Fix measures dg and dm on G(F) and GY(F), respectively. For each y € Gy (F)tu,

choose an arbitrary measure dr, on G?7(F) = G"Y(F) (the equality following from
Lemma 4.0.1).

Definition 4.2.2. Suppose that f € CXU) C CSO(G(F)) (cf. Notation 4.0.2). We say that
¢ € C°(Gy(F)ty) can be obtained from f by semisimple descent at 6 ~(With respect to dg
and dm) if for all y € Gg(F)ty we have I(y, ¢, GY (F), dm/dt,) = 1(y0, f,G(F),dg/dt,).

Clearly the above notion does not depend on the choices of the dr,,.

Lemma 4.2.3. Suppose that L C g(F)tn is a lattice such that L - L C L. Then the following
hold.

(a) 14+ L is a compact open subgroup of G(F) and 1+ L = ¢(L) = ¢/(L).
(b) (L) = (L) = /(L) = (L)Y = (1+ L)NGg(F) is a compact open subgroup of
Go(F).
Proof. (b) follows from (a) together with codf =0oc, (odfd =6oc, and the
irreducibility of gy. So let us prove (a). 14 L is clearly closed under products. If X € L,
then ) (—X)’, the sum being over i € N (for us 0 ¢ N), is a convergent sum (as X is

topologically nilpotent) of elements of L, adding 1 to which furnishes an inverse for 1+ X
in 1+ L. Thus, 1+ L is a subgroup. Thus, it suffices to show that ¢(L) = ¢/(L) = 1+ L.
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Since 1+ L is a subgroup, it is easy to see that ¢ 'o (X +— 14+ X) and (y — y —)oc
both preserve L, so ¢(L) = 1+ L. From the proof of Lemma 3.2.7 it is clear that y > y2
is a self-homeomorphism of 1+ L, from which it follows that ¢/(L) = ¢(L) as well. ]

Lemma 4.2.4. Let L C 9(F)tn be a df-invariant lattice with L-L C w L. Assume also
that L = L1 @ Lo, where Ly is a lattice in gy (F) and Ly one in (1 —0)g(F). Let K = ¢(L)
and K1 g = ¢«(L)NGg(F), so that by Lemma 4.2.3 the subgroup K; C G(F)tu is a compact
open subgroup of G(F) and Kr 9 = Kz C Go(F)tu- Then the following hold.
(1) K10 = te(Ky, K1 .9). In particular, every element of K10 is G(F)-conjugate to an
element of the form m@ for some m € Kp g.
(ii) Let Cy C Go(F)tu be an open compact subset, and let K' C G(F) be a compact
open subgroup. Assume Cg to be invariant under conjugation by K' NG (F). Let
C = tc(K', Cp), which is compact and also open (by Lemma 4.0.6). Then (meas K’ N
(_EQ(F))_IZLCH can be obtained from (measK')"'dc by semisimple descent. In
particular, (meas KL,Q)_I:I.KL‘G can be obtained from (meas KL)_llKLg by semisimple
descent.

Proof. Let us prove (i) first. It is clear that te(Kp, Kpg) C Kp0. Let us prove the
converse. First note that, by Lemma 4.0.6 and the compactness of L, there exists mg € N
such that tc(Kr, K19) D o(L1+ @™ [,)0. Hence by ‘reverse induction’ it suffices to show
that, for m > 0, every element of ¢(Lj 4+ @™L;) can be written as g~'80(g) for some
ge K, 8 ec(Li+wmLy).

Thus, let m > 0 and X = X + X, with X; € L1, Xp € @™Ly. Set ¥ = (1/2)X;. (i) will
follow if we show that

()N A+ X)0(c(Y)) = (V)1 +X)e(—=Y) € 1 + X1 + ™+ L. (4.2.1)
Note that, since Y € @™L,
v\ ' r2
c=Y)—(1-Y)=(1+4=) —ew™'L,
2 2
and, using that L-L C w L,
N 'A+X)e(-)ed-Y+a" ')A+ X)A-Y+"T'L)cl+X -2Y + o™ L,
giving equation (4.2.1) and hence yielding (i).
Now let us prove (ii). Let y € Gg(F)tu. By Lemma 4.1.3 we have Dg, (y) = Dg(y0).

Hence to show (ii) it suffices to prove that, with any choice of measures as in
Definition 4.2.2, writing ‘O’ in place of ‘I’ for unnormalized orbital integrals, we have

1
Y
meas K’ NGP (F)

0 (v0.1c.G(F)) = (716, " (F).

meas K’

For this, we may assume that y € Cp, and then the desired identity follows
from Lemma 4.2.5 below applied with G(F), G(F), G"?(F) = G (F), K’, and g
1(g~'yHg) taking on the roles of Gy, Hy, I, K1, and f, respectively (using Lemma 4.0.1
to justify the hypotheses). O
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Lemma 4.2.5. Let G| be a locally compact totally disconnected topological group, and
Iy C Hy C Gy closed subgroups. Assume that Gi, Hy, and I} are unimodular. Let
K1 C Gy, and let f be a locally constant integrable function on I1\G1 supported in Hy K|
and right Ki-invariant. Then

[ r@agai= SR [ anjai
g)dg/di = ——— i.
I\Gi meas K1 N H; I\H,
Proof. This is a rather special case of [45, Lemma 2.3]. O

5. The endoscopic data

Let H be as in one of the cases (a)—(c) of §2.1. Henceforth, § will be always chosen as in
Remark 2.1.1. In each case, we will fix an endoscopic datum realizing H as an endoscopic
group of G. In cases (a) and (b), one chooses the basic endoscopic datum associated to
(G, ) (cf. Shelstad’s appendix to [75, pp. 317-318]).

(In case (a), this is equivalent to the endoscopic datum constructed in ‘Cas du groupe
linéare tordu avec d impair’ on [83, page 51], withd = d* =2n+1 and d~ = 0, and with
x as the trivial (not merely unramified) character. It is in fact possible to accommodate
nontrivial unramified x by being slightly more careful about Lemma 6.5.1 below, provided
we choose the ‘n’ that shows up in that lemma to belong to O*. In case (b), this is
equivalent to the endoscopic datum constructed in ‘Cas du groupe linéare tordu avec d
pair’ on [83, page 51], withd =d* =2n and d~ =0.)

For the endoscopic datum in case (c), we refer to § 7 below.

Cases (a) and (b), being similar to each other, will be treated in §6. Case (c) will
require a slightly different kind of treatment and will be handled in §7.

6. Matching and semisimple descent in cases (a) and (b)

In this section we assume that we are in case (a) or case (b) of §2.1.

6.1. Nonstandard endoscopic data for cases (a) and (b)

One gets a nonstandard endoscopic triplet (Hse, G sc, j«) as follows (cf. [82, §1.7] for the
definition of a nonstandard endoscopic triplet). Fix maximal tori T and Ty in G and
H, respectively, such that T belongs to a 0-stable Borel pair (B, T) in G and Ty to a
Borel pair (By, Ty) in H. The endoscopic datum (which includes the relevant L-group
data) then gives a homomorphism & : T — Tq that descends to an isomorphism £
T/(1-6)T — Ty. Set Tg, = To. Let Ty, and Tg, . be the preimages of Ty and Tg,
in Hyc and Gy g, respecti/ely. Thus, we get a comf)osite isomorphism -

Jst Xa(Tp,) ®2Q - Xy (Tp) @ Q — Xu(T/(1-0)T) @z Q
— X(To) ®2Q — X (Lg,,.) ®z Q.

We will also use j, for the induced map

tH =ty — tg, = tgy -
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6.2. Matching of semisimple classes

Recall the following definitions.

Definition 6.2.1. (a) Two semisimple elements y € H(F) and 8 € (:3(1:“ ), or equivalently
their conjugacy classes, are said to match if there exist g € G(F) and h € H(F)
such that gdg~! € T(F)d, hyh™' € Ty(F), and, writing gsg~! = 70, &(v) = hyh™!
(this notion depends on the v € F* of §2.1.A).

(b) Two semisimple elements Y € hso(F) =h(F) and X € ge,sc(ﬁ) =gy(F) (or
equivalently the H(F)-conjugacy class of ¥ and the G?(F)-conjugacy class of
X) are said to match if there exist g € Gy(F),h € H(F) such that Adg(X) e
to(F), Adh(Y) € ty(F) and j.(Adh(Y)) = Ad g(X).

Remark 6.2.2. If Qy and Qg, denote the Weyl groups of Ty and Tg, in H and Gg,
respectively, then, as in [82, §1.8], we have an isomorphism ty/ Qg = tG97 Qg, of varieties
over F. Recall that these are the varieties of semisimple conjugacy classes inil;I and Gy. If
Y € h(F) is semisimple, there always exists X € gy(F) that matches Y. Further, for any
such ¥ and X, Y is regular if and only if X is (cf. [82, §1.7]).

6.3. Matching and Cayley transform

Lemma 6.3.1. Let Y € bsc(F)tn := H(F)tn, X € Gg sc(Ftn :=Qg(Ftn. Then Y and X
match if and only if ¢(Y) and «(X)6 match.

Proof. Since ¢’ and ¢ are both conjugation equivariant, we are reduced to showing that,
on tg, ¢’ o (jx) ! = &oc. To do this, it suffices to show that, after identifying Ty and Ty
with G}, suitably, the map Ty — Ty induced by & is given by x x2, j*_1 by x — 2x,
and that modulo these identifications ¢ and ¢ are given by

(1+(X1/2) 1+(xn/2)>
(.XI, sxn)'_) LRI ]
1—(x1/2) 1= (xn/2)

RN <1+<y1/4>)2 <1+<yn/4>)2
b 1=/4) =04 ) )

For this, let us make the constructions recalled in this subsection a bit more explicit.
Choose (By, Tp) and (B, T) using ordered bases for the vector spaces W and V on
which H and G are realized. These ordered bases give ‘obvious’ identifications T = an
and Ty =G, where d =dimV (so d =2n or 2n+1). The identification T = G¢,
induces an identification Ty = GJ,, with respect to which the inclusion Ty < T becomes
X1, X)) = (X1, .00y X, l,x,,_l, ...,xl_l)7 where the factor 1 should be ignored if d
is even. The map & being dual to a similarly formulated inclusion can be written as
X1, ...,Xxq3) — (xlxd_l, xzxd__ll, ... ,x,,xd_il_n). From this, the assertions at the end of the
preceding paragraph are easy to check. O

and

respectively.
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Remark 6.3.2. The explication in the previous proof shows that semisimple elements
Y e h(F) C End(W) and X € gy(F) C End(V) match if and only if the multiset Eig X
of eigenvalues of X is related to the multiset EigY of eigenvalues of Y as EigX =
(1/2)EigY U{0} (if dimV —dim W = 1) or Eig X U{0} = (1/2)Eig¥ (if dim W —dimV =
1). In the context of invoking this remark, for simplicity of notation we will express this
condition as Eig X=(1/2)EigY.

Notation 6.3.3. We introduce some notation for later use. If E/F is a finite extension
and T is an endomorphism of a finite-dimensional vector space over E, we denote by
Eigy T the multiset of eigenvalues of T in an algebraic closure of E (a harmless choice).
If we are given in addition an F-embedding o : E < F, then we can view Eig; T as a
submultiset of F through o, which we will then denote by Eig go - It E=F, we will
write Eig T for Eigp T (in this case o is necessarily the identity).

6.4. Matching and topological nilpotence

Remark 6.4.1. We will continue to identify hsc with h and gy ;. with gy. Recall that we
are writing hsc(F)tn for H(F)in, ete.

Lemma 6.4.2. (a) Suppose that Y € H(F)\ H(F)tn = bsc(F) \ hsc(F)tn 1s semisimple.
Then Y does not match any element in Qg oo (F)tn = 9o (F)tn-

(b) Suppose thaty € H(F) \ H(F)ty is semisimple. Then y does not match any element
inU (cf. Definition 4.0.2).

Proof. We prove only (b), as (a) is strictly easier. For (b), suppose that y does match
8 € U. Choose g € G(F), h € H(F) such that &(t) = hyh™!, where gég~! = 76 for some
7 € T(F). Since § is G(F)-conjugate to an element of Gy (F)tu0, by [46, Lemma 3.2.A] and
the sentence in that reference preceding the said lemma, the image of 7 in (T/(1 — 6)T)(F)
necessarily lies in that of Ty(F)¢u. It follows that hyh~! € IH(F)tu (see, for example,
the interpretation of the map Ty — Ty as x — x? as in the proof of Lemma 6.3.1). This
forces y € H(F)ty, a contradiction. O]

6.5. Transfer factors and descent

As in [83], the transfer factors A we deal with will not involve the Ajy term, which will
be accounted for by the normalization of the orbital integrals (cf. Notation 4.2.1).

Lemma 6.5.1. The transfer factor A can be normalized so that, if strongly regular
semisimple elements y € H(F) and 8§ € G(F) match, then A(y,§) = 1.

Proof. This follows from Lemma 1 of Shelstad’s appendix to [75], as we are dealing with
basic endoscopic data here. Alternatively, one may use [83, Proposition 1.10]; note that,
with the notation therein, the character x is trivial and the set I~ D I™* is empty. [
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6.6. Matching and semisimple descent

Fix Haar measures on dg, dm, and dh on G(F), G? (F), and H(F), respectively. Recall the
following definitions from [46, §5.5] and [82, § 1.7], respectively (note that these depend
on dg,dm, and dh).

Definition 6.6.1. (i) f € C¥ (G(F)) and fH e CX(H(F)) have matching orbital
integrals if and only if for any y € H(F)srss that is strongly G-regular (i.e., matches
a strongly regular semisimple element of G(F)),

DI dhydy = Ay, $)IG, f,dg/d1s), (6.6.1)
{r'} {8}
where {y’} is a set of representatives for the H(F)-conjugacy classes in the stable
conjugacy class of y, and {8} is a set of representatives for the G(F)-conjugacy
classes in G(F) that match y.
(ii) ¢ € CZ(Qysc(F)) = CX(gy(F)) and ot e CX(H(F)) = CXP(hsc(F)) are said to
have matching orbital integrals if and only if for all ¥ € h(F)grss we have
D1 g dhjdty) =) 1(X.¢. G (F). dm/dix). (6.6.2)
('} (X}
where {Y’} is a set of representatives in h(F) = hge(F) for the set of H(F)-conjugacy
classes in the stable conjugacy class of Y, and {X} is a set of representatives in g, (F')
for the G? (F)-conjugacy classes in 0y (F) that match Y.

Remark 6.6.2. (i) To make the above definition meaningful, we need to make
stipulations on the measures dt,/, dts, dty:, dtx. Instead of recalling the precise
details, we refer the reader to [82, §3.10]. By the ‘Remarque’ there, and using
that p # 2, this choice agrees with the one in [46, §5.5].

(ii) Here, the latter definition above makes sense and agrees with the usual definition
(cf. [82, §1.7]), because working with Gg s instead does not change the stable
conjugacy classes, and also thanks to Remark 4.0.3.

(iii) It is easy to see that, in the context of Lemma 6.3.1, the relation imposed by (i)
above between each dtys and dty agrees with that between dt.(y) and dtc(X)é? ie.,

if a € C* satisfies dtc/(yry = a - dtys, then dtc(X)é =a-dry.

Notation 6.6.3. We denote the left and right sides of equation (6.6.2) by SI(Y, ¢) =
SI(Y, ", dh/dty) and ¢’ Y, ¢) = ¢’ (Y, ¢,dm, dty), respectively. We also denote the
left and right sides of equation (6.6.1) by SI(y, fH#) = SI(y, 1, dh/dt,) and 1S, f) =
16 (v, f,dg, dt,), respectively.

Lemma 6.6.4. Suppose that f e CXU), ¢ € CX(Go(F)tu) and fHe CXH(F)tu)-
Suppose that ¢ is obtained from f by semisimple descent with respect to dg and dm. Then
f and fH have matching orbital integrals if and only if g o ¢ € CX(gg(F)tn) C C°(gy(F))
and fHod e CX(Hh(F)tn) C CP(H(F)) have matching orbital integrals.
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Proof. Recall that ¢/(h(F)tn.srss) = H(F)tusrsse By Lemma 6.4.2, it suffices to verify
that, for Y € h(F)tn = bsc(F)tn regular semisimple, y := ¢/(Y) is strongly C:-)—regular, and
that, setting ¢ = ¢ o ¢ and (p~H = fH o ¢/, the right sides of equations (6.6.1) and (6.6.2)
coincide. Now y is strongly G-regular because, for any X; € {X} (# @ by Remark 6.2.2!),
¢(X1)6 matches ¥ by Lemma 6.3.1 and is strongly regular by Lemma 4.0.5 and the
regularity of X (cf. Remark 6.2.2).

Similar considerations together with Lemma 4.0.1 allow us to assume without loss of
generality that ¢ induces a bijection {X} <> {§} NU. Then the desired equality between the
right sides of equations (6.6.1) and (6.6.2) follows from Lemma 6.5.1 and the compatibility
of the centralizer measures with semisimple descent (cf. Remark 6.6.2(i)). O

7. Matching and semisimple descent for case (c)

Now we come to case (c). Recall that, in this case, dimV =dim W =2n, G = GL(V)
and H = SO(W, gw) is quasi-split. If H is split, then it is part of our requirement that
2n > 2. Note that G? = Gy = Sp(V, 6), the stabilizer of the symplectic form 6 (defined
in Remark 2.1.1).

One cannot work with a basic endoscopic datum in this case. Hence we fix the
endoscopic datum constructed in ‘Cas du groupe linéare tordu avec d pair’ on [83, page
51], with d = d~ = 2n and d™ = 0. Most lemmas of the previous section have analogs in
this case, but with the difference that the semisimple descent for the transfer involves a
standard endoscopic datum rather than a nonstandard endoscopic datum (in fact there
is nonstandard endoscopy here too, but it is banal in this case).

7.1. An endoscopic datum for case (c)

We realize H as the endoscopic group underlying an endoscopic datum for Gy as in ‘Cas
symplectique’ of [83, page 50|, with d = 2n+1,d~ = 2n, and d* = 1, using the notation
there. Recall that the definition of matching elements has an obvious variant for Lie
algebras: given regular semisimple conjugacy classes Y € h(F) and X € ge(I:" ), we can
talk of what it means for X and Y to match.

7.2. Regular semisimple conjugacy classes

We recall the description of regular semisimple conjugacy classes in the groups/twisted
spaces of our interest from [83, §1.3], but expressed as in [52].

Notation 7.2.1. In this subsection, for an étale F-algebra L, an F-subalgebra Ly of L
fixed by some involution t (which is then determined by L) and ¢ € L*, g, will denote
the bilinear form on the F-vector space L given by g.(a, b) = try/r(t(a)bc). Further, for
y € L, my will denote the element of GLr(L) or Endr(L) given as multiplication by y.

(a) Regular semisimple conjugacy classes in Gg(F) = Sp(V, 6) are in bijection with
equivalence classes of quadruples (L, Ly, X, ¢) (for an appropriate, obvious, notion
of equivalence) where L is a 2n-dimensional étale F-algebra, Ly is the subalgebra
of L fixed by some involution 7 € Autp(L), X € L™ generates L over F and
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satisfies xt(x) =1, and ce L*/Np, ,(L*) has a representative ¢ satisfying
7(¢) = —c. The conjugacy class associated to such a quadruple (L, Ly, X,c) is
given by

{t*(m;) | e (V,0) 3 (L, gz), ¢ a representative for c] .

(b) Equivalence classes in H(F) = SO(W)(F) for O(W)(F)-conjugacy, consisting of
regular semisimple elements that are ‘very regular’ (i.e., without eigenvalue £1), are
in bijection with equivalence classes of triples (L, L+, y), where (L, L1, y) satisfies
the same conditions as the (L, L, X) in (a), and, where further, there exists ¢ € LY
such that the quadratic space (L, g.) is isomorphic to the quadratic space W. The
equivalence class corresponding to a given triple is given by

{L*(my) lce L i (W, qw) > (L,qc)}.

This captures only the equivalence classes of very regular elements, and a regular
element like diag(l,a,a™!, 1) € SO4(F) with a # 1 € F* does not arise in the
above manner.

(c) The strongly regular conjugacy classes in G(F ) are in bijection with equivalence
classes of triples (L, L+, x), where L, L+ are above, and x € L* /Ny, (L*). The
conjugacy class in G(F) associated to (L, Ly, x) is given by

{*(g2) | 1 : L = V, % a representative for x} .

(d) It follows, for instance using (a) with the Cayley transform and using scaling by
F* on sp(V,0) (or see [84, §1.7]), that conjugacy classes in gy (F) =sp(V, 0)(F)
are in bijection with equivalence classes of tuples (L, L+, X, ¢), where L, L, ¢ are
as in (a) and X € L generates L over F and satisfies X 4+ 7(X) = 0. The conjugacy
class corresponding to such a tuple can be given as

[L*(mx) [t:(V,0) 3 (L, gz), ¢ a representative for c} .

(e) Similarly, it follows that equivalence classes of ‘very regular elements’ of
s0(W)(F), i.e., regular semisimple elements of so(W)(F) without eigenvalue O,
for O(W)(F)-conjugacy, correspond bijectively to equivalence classes of tuples
(L,Ly,Y), where L, Ly are as in (b), a ¢ has to exist as in (b), and Y € L generates
L over F and satisfies Y + 7(Y) = 0. The equivalence class associated to such a tuple
can be given as

lL*(mY) lcell,i: (W, qw) > (L,qc)}.

7.3. Parameterization and Cayley transform

A tuple (L, Ly, X,c) (respectively, (L,L,y)) as in (a) (respectively, (b)) of §7.2
corresponds to a set of topologically unipotent elements if and only if, for all ¢ €
Homp (L, F) (F-algebra homomorphisms), |¢(X) — 1| < 1 (respectively, |¢(y) — 1] < 1).
A tuple (L, L+, X,c) (respectively, (L,L+,Y)) as in (d) (respectively, (e)) of §7.2
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corresponds to a set of topologically nilpotent elements if and only if, for all
¢ € Homp(L, F), |¢p(X)| < 1 (respectively, |¢(Y)| < 1). Using this notation, ¢ and ¢’ take

(L,L+,Y) to
2
(L, . M) i (L, L. (M) )
1—-(Y/2) 1—-X/4

respectively, and we have analogous formulas for (L, Ly, X, ¢).

7.4. Matching and semisimple descent

Note that the parameterization of regular semisimple conjugacy classes in Gg(F) =
Sp(V, 0)(F) discussed in § 7.2(a) depended not just on the isomorphism class of Sp(V, 6),
but rather on that of the symplectic space (V, 8). This is why Lemma 7.4.1 below works.
On the other hand, the choice of gw is of no concern to us, since only the stable conjugacy
classes in H(F) matter.

Lemma 7.4.1. Suppose that the Go(F)-conjugacy class of g € Gg(F)sss corresponds to
(L, L+, Xx,c), and that g0 € G(F) is reqular. Then the G(F)-conjugacy class of g6 € G(F)
is given by (L, L+, Xc).

Proof. This is easy. It helps to note that g6 = fg. O

Suppose that y G_H(F) and § e_(:B(I:") (respectively, y € H(F) and & e Gy(F))
(respectively, ¥ € h(F) and X € gy(F)) are both semisimple. We have a definition
analogous to Definition 6.2.1 for what it means for these two elements to match.

Lemma 7.4.2. In terms of the parameterizations of §7.2, the matchings between very
regular elements in the contexts of the endoscopic data above are given as follows.

(a) The matching between H and (:5 is giwen by (L,Ly,y) matching (L, Ly, x),
where xt(x)~! = —y (by which we mean: given any element y of the subset of
H(F) parameterized by (L, L+,y), v matches § € G(F) if and only if § can be
parameterized by (L, L+, x) for some x such that xt(x)~! = —y).

(b) The matching between H and Gy is given by (L, Ly, y) matching (L, Ly, y,c) (for
any ¢ € L* asin §7.2(a)).

(¢) The matching between b and gy is given by (L, L+, Y) matching (L, L+, Y, ¢) (again,
for any c € L™ as in §7.2(a)).

Proof. For (a) and (b), cf. [83, §1.9] (note that the expression v/z;(v) of [83] is 1 in our
case as v € F*). (c) follows from [84, § X.2]. O

Remark 7.4.3. Since semisimple conjugacy classes in sp,, (F) are completely determined
by eigenvalues, it is now easy to see that ¥ € h(F) C End(W) and X € g,(F) C End(V)
that are (not necessarily regular) semisimple match if and only if ¥ and X have the same
multiset of eigenvalues, i.e., Eig Y = Eig X. For compatibility with the notation in Remark
6.3.2 while treating the cases together later, we will also write this as Eig Y = Eig X.
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Remark 7.4.4. Lemma 7.4.2 above also gives us an ‘eigenvalue criterion’ for a very regular
element y € H(F) to match a strongly regular element § € G(F ). Namely, consider the
map G(F) — G(F) that takes g10 to g16(g1), or, more intrinsically, any & € G(F) to
Ts € G(F) such that B(v, w) = —B(Tsw, v). This map takes 6-conjugacy to conjugacy,
and it is easy to see from Lemma 7.4.2(a) and Lemma 3.2.A(1) of [46] that y matches 8
if and only if ¥ and Ts have the same multiset of eigenvalues.

Corollary 7.4.5. Let Y € hse(F)tn,srss = H(F)tn.srss be very regular, and let X €
gg,sc(F)tn,srss = 09 (F)tn,srss- Note that d(Y) e H(F)tu,srss, ¢(X) € Gg(F)tu,srss» ¢(X)0 €
Usrss by Lemma 4.0.4. Then the following are equivalent (for the appropriate endoscopic
data in each case).

(a) Y/2 and X malch,

(b) ¢«(Y/2) and ¢(X) match,

(c) ¢(Y) and ¢(X)d match.
Proof. Since Y is very regular, so are ¢(Y/2) and ¢/(Y), by §7.3. Then the equivalence
of (a) and (b) follows from (b) and (c) of Lemma 7.4.2 together with the compatibility
of the parameterization of §7.2 with Cayley transform (see §7.3). The equivalence of

(b) with (c), on the other hand, follows from (a) and (b) of Lemma 7.4.2 together with
Lemma 7.4.1. O

Corollary 7.4.6. Both assertions of Lemma 6.4.2 hold in our setting, at least for Y and
y very reqular.

Proof. This follows from Lemma 7.4.2 together with §7.3. O

7.5. Transfer factors and descent

We normalize transfer factors as in [83]. This normalization involves the choice of an n €
F>*, and we require that the 5 chosen for the twisted endoscopic datum at the beginning
of this section is the same as that chosen for the standard endoscopic datum in §7.1.

7.5.A. Review of Waldspurger’s formulas. Suppose that the equivalence class
of a very regular element Y € h(F) (respectively, h € H(F), respectively, he H(F)) is
parameterized by (L, L+, y) (respectively, (L, L+, y), respectively, (L, L+, ¥)). Suppose
that X € gy(F) (respectively, m € Gg(F), respectively, § € G(F)) matches Y (respectively,
h, respectively, ﬁ) Suppose that the equivalence class of X (respectively, m, respectively,
8) is parameterized by (L, L4, X, ¢) (respectively, (L, Ly, x, ¢), respectively, (L, L1, X)).

Write Ly = ]_[iE ; Fti, each Fi; a field extension of F. We have a corresponding
factorization L = [[;¢; Fi, where F; either a quadratic field extension of Fi; or Fi; X Fu;.
Let I'* be the set of i € I such that F; is a field. For each i € I, let ®; be the set of
F-algebra homomorphisms of F; into F. Let Yi, Yi, ¥i, Ci, Ci, Xi be the components of
y,v,9,¢,c, x along F;.

Let

P =[] [T@ =000, P =[] []T -G, (7.5.1)

iel pcd; iel ped;
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Ci = —nci P{(y)Pr(—=D)y; ™", and Ci=ni; ' P{G)Pr(=DF "(1+75). (7.5.2)
Then, by [83, Proposition 1.10], we have C;, C; € FJ;, and

Ah,m) =[] senp r, (€, AG,8) =[] sengr,, (G- (7.5.3)
iel* iel*
(Note that, in the notation of [83], in our situation we have I~ = I.) On the other hand,
by [84, Proposition X.8] (which holds without any hypothesis on p, cf. Remark X.1 (2)
of [84]), albeit following the conventions of [83] (cf. [83, Remark 1.3]), letting

PiT) =[] [](T -G =de(T —Y; W), and C; = —n& Pi(5i),
iel ped;
C; e FJ; and
A, X) =[] seng, k., (Co). (7.5.4)
iel*
In fact, one may also deduce equation (7.5.4) from equation (7.5.3) using that A(Y, X)
equals A(expt?Y, expt?X) for t € F* with 7| sufficiently small.

7.6. Transfer factors and scaling

In this section we study the behavior of the factors for h and g, with respect to the
scaling by F* on h and g,. For this the following elementary observation will be needed.

Remark 7.6.1. If (W;,gw,) is any even-dimensional quadratic space over F with
determinant « € FX/Fx2, and if X € so(Wp)(F) has nonzero determinant, then det X
has image o in F*/F 2 This follows from the fact that, for a (necessarily symmetric)
matrix J representing (Wi, gw,) with respect to some basis of Wy, XJ is skew symmetric
with respect to that basis, and hence det X J = pf(XJ)? is a square in F, pf denoting the
Pfaffian.

Lemma 7.6.2. Let the equivalence class of a very regular element Y € § be parameterized
by (L, L+, y). Associate to this triple I, I*, F;, Fx; as before. Then

[ ]senr/mlre = (D" detqw. ),

iel*
as characters of F*, where (-, -)r stands for the Hilbert symbol on F of order 2 (recall
that dim W = 2n).
Proof. Note that, for i € I, sgnp, /r,, (a) = (yl.z, a)r,; (here yl.2 = —y;t(y;) € Fy;). This
in fact holds good for all i € 1, if we interpret sgng, p,, as trivial for i € I'\ I*. By the

behavior of Hilbert symbols with respect to field extensions, we have, for all a € F*,

F. ,'ZF
()’,2, a)Fii = (NFii/F(yiz)’ a)F = (NF,'/F(yi)’ a)F : (_laa)[]:i ]

(again, even when i € I\ I*). Hence, using Remark 7.6.1,

[ 1senr/r. @ =[] senpry, (@ = (detY; W), a)p - (=1, @)} = ((=1)" detqw, a) .. O

iel* iel
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The following is now easy (cf. equation (7.5.4)).

Corollary 7.6.3. If Y maiches X, then for all a € F* aY matches aX, and
A@Y,aX) = ((—1)"detqw,a) . - A(Y, X). O

Remark 7.6.4. Thus, in our situation, the character xg g mentioned in [24, pp. 372-373]
equals ((—1)" detgw, -)F.

Remark 7.6.5. As mentioned earlier, we follow [83] in considering transfer factors without
the contribution ‘Ajyy’ from discriminant factors. But the latter scale well too, since it
is easy to see that [Dg(1X)| = |t|dim9’rkg|Dg (X)| for regular X € g, and similarly for the
Lie algebra of any reductive group in place of g.

7.7. Descent for transfer factors in case (c)

Lemma 7.7.1. Let Y € H(F)in,srss be very regular, and let X € Qg(F)tn,srss be such that
Y/2 and X match. Then

A(Y/2, X) = A(c(Y/2), ¢(X)) = A(C(Y), ¢(X)D).

Proof. Let the equivalence class of ¢(¥Y/2) as in §7.2 be parameterized by (L, L+, y).
Then, by §7.3, the equivalence class of Y/2 is parameterized by (L, L4, y), where y =
2(y — 1)/(y 4+ 1). For proving the first equality, namely A(Y/2, X) = A(c(Y/2), ¢(X)), it is
enough to show, adapting notation from § 7.5.A, that C; /C; € Nr;/ry; (F) for each i € I*.
Since (—2)*" Fii C NF /Ry, (FI.X)7 and since F;/Fy; is either unramified or tamely and
totally ramified (p being odd), the first equality will follow once we show that

PiGi)
P;(3i)
which is readily checked using that Y/2 is topologically nilpotent (so |y; — 1] < 1). We
have used that the set of all elements a € F with |a — 1| < 1 is closed under multiplication,
which is easy to check.

Now we move to the second equality. We know that the conjugacy class of ¢(X) is
parameterized by (L, L, y, ¢) for some c, that of ¢/(Y) by (L, L+, y), where 7 := yz, and
that of c(X)9~ by (L, L+, X), where X := yc. Now we have suitable polynomials Py, 131 as
in equation (7.5.1), and C;, C; as in equation (7.5.2).

Fix i € I'*. To finish, it suffices to show that éi/Ci € Npi/pil.(FiX). Note (using 1(¢;) =
—c;) that

Pr(=1)
(_2)2n

—1‘<1,

i —1f <,

Ci ctle) _ PlO) P (=™ _ 1+y]

G2 TRy (=7 P(-h T2
That C’i/C,- € NF/Fy, (Fix) will follow if we show that each term a on the right side of
the above equation satisfies |a — 1| < 1. But this is easy to check, completing the proof
of the second equality. O

Recall that U = tc(G(F) x G(F)tu) (cf. Notation 4.0.2) and Definition 4.2.2. Fix Haar
measures dg, dm, and dh on G(F), G? (F), and H(F) respectively.
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Lemma 7.7.2. Suppose that f e CXU), ¢ € CX(Go(F)tu) and e CXH(F)tu)-
Suppose that ¢ is obtained from f by semisimple descent with respect to dg and dm.
Then f and f¥ have matching orbital integrals with respect to dg and dh if and only
ifpoce CX(Qy(F)) and fHlodo(Y = 2Y) € C(H(F)) have matching orbital integrals
with respect to dm and dh.

Remark 7.7.3. Pull back under Y + 2Y is what realizes the nonstandard endoscopic
transfer implicit in the situation.

Proof of Lemma 7.7.2. Recall that f and f H have matching orbital integrals if and only
if, for all strongly G-regular y € H(F), we have an equality as in equation (6.6.1):

Y IGL M=) AW 016, f). (7.7.1)
(v} {3}

fHodo(Y — 2Y) and ¢ have matching orbital integrals if and only if, for any Y €
h(F)srss that is gy-regular, we have

DI o)y =" AX/2, X)X, ¢poc, GO (F)), (7.7.2)
Y/

{x}

where {Y’} is a set of representatives for the H(F)-conjugacy classes in the stable
conjugacy class of Y, and {X} is a set of representatives in g,(F) for the G (F) =
Gy (F)-conjugacy classes in gy (F) that match Y/2. In equations (7.7.1) and (7.7.2) again
one has to worry about normalizing measures. This is done as in Remark 6.6.2(i).

By continuity, it is enough to test equations (7.7.1) and (7.7.2) on very regular y and
very regular Y, respectively (the existence of endoscopic transfer allows us to see this
without appealing to any continuity assertion for transfer factors).

By Corollary 7.4.6, and recalling that ¢ (§(F)¢n srss) = H(F)tu srss, it suffices to show
that, for all very regular ¥ € §(F)tn srss, ¥ 1S gg-regular if and only if y := ¢/(Y) is strongly
G-regular, and that in this case the right sides of equations (7.7.1) and (7.7.2) coincide.
The set {X} as defined above is nonempty by Lemma 7.4.2 and §7.3. For any X' €
{X}, «(X")8 matches ¢'(Y) by Lemma 7.4.5, and, by Lemma 4.0.1 and the conjugation
equivariance of ¢, X' € gy(F) is regular if and only if ¢(X")0 € G(F) is strongly regular.
Thus, Y is gy-regular if and only if ¢/(Y) is strongly regular. By Lemma 4.0.4, we may
assume without loss of generality that X’ > ¢(X’)8 induces a bijection {X} < {8}NU.
Then the desired equality between the right sides of (7.7.1) and (7.7.2) for very regular
Y and X follows from Lemma 7.7.1 and the compatibility of centralizer measures with
semisimple descent and the analog of Remark 6.6.2(iii). O

Notation 7.7.4. We choose notation so that the left and right sides of equation (7.7.2)
are denoted by SI(Y, ffod)=SI, ffoc, dh/dty) and IS0(Y,poc)=1%(Y,¢o
¢, GY(F),dm, dty), respectively. We also choose notation so that the left and right
sides of equation (7.7.1) are denoted by SI(y, f#) = SI(y, f#,dh/dt,) and IS(y, f) =

1S(y, f.dg, dt,), respectively.
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8. Depth comparison

In this section, H is necessarily unramified.

8.1. Congruence filtrations

Fix once and for all an O-lattice A C V. Assume further that 6 is defined on A using the
recipe of Remark 2.1.1, but using a basis for A and taking v € O* (this is legitimate; cf.
Section 2.1).

A lets us realize G as a group over O, whose functor of points is given by R ~ GL(A ®¢
R). (A, ) is unimodular (i.e., for v € V, O(v, A) C O if and only if v € A). This gives a
smooth D-model for G? and Gy as the stabilizer of § in G and its connected component,
respectively. We work with these models henceforth.

Forallm e N(m > 1), t, = @™g(9) C g(F)n satisfies the hypotheses of Lemma 4.2.4,
and hence in particular those of Lemma 4.2.3 too. Therefore, using Lemma 4.2.3,

Kn =148, = c(ty) = ¢ (&) = ker (GO) - GO/@"D)) C G(F)

and

Kig = c(Emg) = ¢ (tn0) = ker (Go(O) - Go(O/™D)) C Go(F)

are compact open subgroups of G(F) and Gy (F), respectively.

Further, there exist hyperspecial vertexes x, ¥ in the buildings of G and Gy, respectively,
such that K, = Gy, and Kﬁl = Go.x.m-

Since H is unramified, we may similarly assume it to have been defined by a unimodular
lattice (AH, gw), but we cannot and do not assume gw to be defined using the prescription
of Remark 2.1.1. Then we have a lattice £y = h(9O) C h(F), a hyperspecial subgroup
Ky C H(F), and, for all m € N, lattices £g,, C h(F) and compact open subgroups
Kum = cCum) = ¢ (€ m) C HF).

8.2. The fundamental lemmas needed

We now state an equivalent version of the fundamental lemmas (the nonstandard
fundamental lemma in cases (a) and (b), the fundamental lemma in case (c)) that we
need. The following lemma holds for p sufficiently large by [65] together with either of
[85] or [15], a fact that has consequences that let one prove this lemma for arbitrary odd
p. But we postpone this proof (i.e., that of the lemma for arbitrary odd p) to §9.

Lemma 8.2.1. (i) In cases (a) and (b) of §2.1, (an equivalent version of) the
nonstandard fundamental lemma holds for (Hsc, G sc, jx); i-€., (meas KH)fllgH €
CX(h(F)) and (meas Kg)_llg(, € C(gy(F)) = C2°(gg s (F)) have matching orbital
integrals.

(i1) In case (¢) of § 2.1, the fundamental lemma for Lie algebras holds for the endoscopic
datum of § 7.1, so that (meas I(H)_llgH and (meas Kg) ™! - 1¢, have matching orbital
integrals.
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Lemma 8.2.2. Forallm e N,a-1k, € CZH(F)) and 1Km§ € CSO(G(F)) have matching

orbital integrals, where a equals (meas Ky ,,)~ ! (meas K,) in cases (a) and (b), and

meas K,
(=D"detqw., @)} - [Kp : Knolg ™" ————
meas Ky

in case (c).

Proof. First consider case (c). By Lemma 4.2.4, (meas Km,g)flleﬂ is obtained from

(meas K,,)~'1 K0 by semisimple descent at #, up to a nonzero scalar. Therefore, by
Lemma 7.7.2, it suffices to show that 1k, ,0c=1¢,, and

meas Ky

(=1 detqw, @) q ™" Agy, 00 (Y = 2Y)=a -1y,

" meas Ky
have matching orbital integrals. This follows using a standard argument from the
fundamental lemma for Lie algebras in this situation, namely Lemma 8.2.1(ii) (see [24],
Proposition 3.2.2). One uses Corollary 7.6.3 and Remark 7.6.5 in place of Lemma 3.2.1
of [24].

Cases (a) and (b) are similar. One uses Lemma 4.2.4 as before to reduce to showing
that (meas Km,g)’1 1k, 0 ¢ = (meas Km,g)*llgmﬁ and (meas KH,m)’llgHym have matching
orbital integrals. But using that #Gy (k) = #H (k) and dim Gy = dim H in these cases, this
follows from Lemma 8.2.1(i) together with the nonstandard endoscopic variant of [24,
Proposition 3.2.2], which is easier and in fact more or less immediate, using Remark
7.6.5. O

For ¢ € ®pqq(H), let [Ty denote the tempered packet as in [7, Ch. 2] (slightly coarser
than an L-packet in case (c)). Recall that, in case (c), the Langlands parameter ¢ is
well defined only ‘up to O(2n, C)-conjugacy’, while elements 7 € l:I¢ are determined only
up to the obvious action of O(2n, F). However, even in this case, depthn (7 € 1:[¢) has
an unambiguous meaning, as also the question of whether or not X =£ 0 (m e N).

Let 79 denote the corresponding tempered representation of G(F ) (cf. [51] for what a

representation of a twisted space means), and 7% the representation of G(F) underlying

79 with parameter ¢. It was shown in [7] that, for some complex number ¢ # 0, whenever

fH e CXH(F)) and f € CX(G(F)) have matching orbital integrals, we have

Z trn(f”):c-trné(f). (8.2.1)

7T€l:[¢

Lemma 8.2.3. Let l:I¢, né, and 79 be as above. Then the following hold.
(a)
Kigm#0 = G\ Km
min{meN‘n Hom# forsomeneﬂ(p}}min{m‘(n ) 750}.

(b) For all = € Ty, depth¢ = depth 79 < [depth 7]+ 1.
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Proof. (a) follows from Lemma 8.2.2 and equation (8.2.1), together with the observation
that, since 0(K,,) = K,,, for each m, trné(lkmg) £ 0= (9)Kn £ 0. As for (b), the first
equality is [86, Theorem 2.3.6.4]. For the inequality in (b), notice that, if & € 1:[¢ has
depth r, then, by [29, Lemma 8.2], setting m = [r] + 1, we have wXBn+1 £ 0, so that
(G Km+1 £ 0 by (a), so that depth 7% < m by the characterization of depth as in [63,

Theorem 3.5] (here, we are using that K,;+1 = Gy n+ for some vertex x in the enlarged
Bruhat—Tits building of G). O

9. Proof of Lemma 8.2.1

9.1. Initial observations

We consider cases (a), (b), and (c¢) together. Recall that it suffices to show, using notation
from Notations 6.6.3 and 7.7.4, that, for all ¥ € h(F) gy-regular semisimple,

1
SI(Y, 1y dh/dty) = me—lgg(y, L, dm, dty). (9.1.1)
- 6

meas Ky as K,

9.2. Matching on the topologically nilpotent elements
Lemma 9.2.1. ¢'(¢y tn) = c(¢H,tn) = Kt tu, ¢(8,tn) = Ko, tu-

Proof. It suffices to prove the statement about H. By Remarks 3.2.6 and 3.2.8, it suffices
to prove that, for h = ¢(Y) = ¢/(Y') € H(F)ty, one of h, Y, Y’ preserves the lattice Ay if
and only if the other two do. If ¥ (respectively, &) preserves Ay, then so do 1 —(Y/2)
and 14 (Y/2) (respectively, h —1 and h+ 1), and, since 1+ (¥Y/2) (respectively, h+ 1)
has unit determinant, so does (14 (Y/2))~! (respectively, (24 1)~1). This gives that Y
preserves Ay if and only if & does. Let hy = ¢(Y’/2), so that h = h%. Since Y’ preserves
Ay if and only if ¢(Y’) does, it now suffices to show that h preserves Ay if and only if A
does. This is because A lies in the closure of the subgroup generated by A (cf. the proof
of ‘surjectivity’ in Lemma 3.2.7). O

Let £ equal {1} if dimV is even (i.e., Gy = G’ = Sp(V, é)), and let £ be a set of
representatives for 0% /O*? containing 1 if dimV is odd (i.e., G = SO(V, 9:)) Fora € &,
we denote by +/a a fixed square root of a in F*, viewed as a scalar in G(F).

Lemma 9.2.2. If g € G(F) is such that g~'0g € K6, then g € Ja-G?(F)- K for a unique
a € &. If, further, g € G(F), thena = 1.

Proof. g~'0g represents a quadratic or symplectic form over F, of the same sign as 6.
Since g~ '6g € K6, this form is defined over F, and moreover (A, g~'0g) is a unimodular
lattice (i.e., g~'0g induces an isomorphism A — Homg (A, ) of O-modules).

Now the result follows from well-known facts about symplectic and quadratic
unimodular lattices. Namely, it is well known (see, for example, [28], Proposition 4.2)
that there is a unique isomorphism class of symplectic unimodular lattices of a given
even rank, and that there exist exactly two isomorphism classes of quadratic unimodular
lattices of any given rank (though only the odd case is what concerns us here), classified

by the discriminant (valued in DX/sz) (see [66, 92:1]). O
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Lemma 9.2.3. Equation (9.1.1) holds for all Y € £y tn.

Proof. First we consider cases (a) and (b). Suppose that Y €€y, is strongly
gp-regular. The stable conjugacy class of Y is contained in H(F)in, so that, by
Lemma 4.1.3, Lemma 9.2.1 and the conjugation equivariance of ¢ and ¢, we
conclude that SI(Y,lg,) = SI((Y), 1ky). We know from the fundamental lemma
for the pair (H,G) (cf. [48, Proposition 4.13]; see also [7, pp. 412 to 413]) that

(meas KH)_ISI(C/(Y), 1ky) = (meas K)_llg(c’(Y), 1.5), which by Lemma 6.3.1 and
Lemma 6.5.1 equals S1(c(X0)b, 1x4), for any Xo € gy that matches Y. Hence, using
Lemma 4.1.3, it suffices to show (thanks to compatible centralizer measures) that

! D06 14p).

£
meas € &

meas Ky

> 0(X, 1, G (F)) =

o (meas K')(meas £y)

where {X} is a set of representatives in gy (F)tn for the G (F)-conjugacy classes stably
conjugate to Xo, and {8} a set of representatives for the G(F)-conjugacy classes that are
stably conjugate to ¢(X()@ and intersect K6.

We view elements of £ as scalar matrices in GL(V). Using Lemma 4.2.4(ii), it follows
that

1
0(X, 1, G/ (F)) = —— (X, 1g,,,. G7(F))

meas ¢y

meas K?

= -0 (e(X)6,1 ,
(meas p) (meas K) (c( ) tC(KX&).m))

Now, since #£ = [K? : Ky], it suffices to prove that

0 (c(X)é, 1tc(,<xggvm)) —0 (ac(X)é, 1Ké) Vaeé, (9.2.1)
and that
One can choose {3} = |_| |_|ac(X)9. (9.2.2)
ack {X}

Given Lemma 9.2.2, together with Lemma 4.0.1, both (9.2.1) and (9.2.2) will follow
if we show that any g € G(F) with g~ '¢(X)fg € K@ automatically satisfies g~ '0g €
K@. However, this follows from the topological Jordan decomposition (more explicitly,
identifying G with G x 6 C G x (8) in the obvious way,

¢ '0(g) %0 = lim g ' (c(X)x0)"" g = lim (g~ (c(X) x0)g)"" € K x6
n— 00 n—o00o
).
Now we come to case (c¢). This is similar but easier, using the fundamental lemma for

the standard endoscopic datum for (H, Gy) constructed in § 7.1. Namely, for Y € H(F )¢y,
we have, using Lemma 9.2.1, that

1
ST, L) = e SI(E(Y). 1gy) = 1% (e(¥), 1g0) ,

meas Ky meas K

which equals (meas K?)~! 1o (Y, 1g,) by Lemmas 9.2.1 and 7.7.1. O
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9.3. Eigenvalue criterion for Y having a stable conjugate in £y

Lemma 9.3.1. A regular semisimple element Y € h(F) C End(W)(F) is stably conjugate
to an element of £y if and only if all of its eigenvalues are integral over O.

Proof. The ‘only if’ part of the assertion is clear, as stable conjugacy with an element
of ¢y forces the characteristic polynomial of ¥ to have coefficients in . So we need to
show that any ¥ € h(F) with integral eigenvalues has a stable conjugate in £g.

Suppose that Ty is the maximal torus of some Borel subgroup of H and that Wy is the
associated Weyl group. Then ty1/ Wy is naturally defined over O, and we have an adjoint
quotient map b — tyg/ Wy defined over O that is surjective at the level of O-points (see
[42, Lemma 3.1.2(b)]). Thus, we need to show that the image of Y in ti/ Wi (F) is defined
over 9, or, equivalently, over the ring of integers of an unramified extension of F that
splits H. This follows from the explicit description of the adjoint quotient of H; cf. [13,
Theorems 1.1 and 1.3] (the Pfaffian of Y is integral too as its square is). O

9.4. A crude substitute for the Topological Jordan Decomposition

We now need to define a construction for certain elements of the Lie algebras h and gy
that crudely imitates the topological Jordan decomposition at the group level.

However, while there is a well-known notion of a topologically nilpotent element in a Lie
algebra, we are not able to think of a suitable definition for a ‘topologically semisimple’
element of a Lie algebra (though, if F were a field like C((¢)), such a notion is known; see,
for example, [43, §10.1]). On the other hand, Mceglin and Waldspurger had suggested to
us that a decomposition like the topological Jordan decomposition could be used for Lie
algebras.

In this subsection, we will define such a decomposition for h. All that we will use
about H is that it is given as the group scheme of isometries of a unimodular quadratic
or symplectic lattice. Hence, all the constructions we define for H will be applicable to
Gy as well. Later we will need to relate the decompositions we define on h and gy, for
reducing the proof of equation (9.1.1) for a general ¥ € £y to that of a similar equation
for a topologically nilpotent element in a smaller Lie algebra.

Our decomposition will depend on a choice, namely that of a set-theoretic lift A — Ay
from i to Opunr, which is invariant under the obvious action of Gal(F/F) as well as
under multiplication by —1. Fix one such, as we may (for example, the Teichmiiller lift).

Notation 9.4.1. Henceforth, if A € O, we denote by X its image in & and by Ay the lift
constructed above.

Suppose that ¥ € £y is semisimple. We wish to write Y as Yy + Y, where ¥; € £g has all
eigenvalues in D;um, Y, € £ tn, and [Y;, ¥, ] = 0. Moreover, we want any two eigenvalues
of Y; to be either equal or have different images in «. This condition seems analogous
to one in [44, Proposition 7.1]. It will be useful to us through the following elementary
linear algebra lemma.
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Lemma 9.4.2. Let Wi be a vector space over F and Ay C Wi a lattice. Suppose that
T € Endp (W) preserves Ay. Let Wi = W[ @ W[ be a direct sum decomposition of Wi
into T-invariant subspaces, such that, if A and p are eigenvalues of T on W{ ®F F and
W' ®F F, respectively, then A # i (note that A, u € O ). Then

A= (ANW) DA NWY).

Proof. We need to show that the projection from Wi to each of W] and W, preserves
A1. It is enough to prove this after base changing to a finite extension E of F. Thus,
we may assume that all the eigenvalues of T are contained in F. Let f; and f> be the
characteristic polynomials of 7 on W{ and W}. Since T preserves Ay, it is enough to show
that f; and f, generate the unit ideal in Or[T]. In other words, we need to show that
any prime ideal of Or[T] that contains f; and f> is the unit ideal. But such an ideal
contains T —A and T — u for an eigenvalue A of T on W| and an eigenvalue u of T on
W/, and hence also A —pu € O. O

9.4.A. Construction of Y; and Y,. Each eigenvalue A of Y in F belongs to O (as
Y € ty), so we can talk of its reduction A € i, and the lift Ay € Opunr fixed in the above
paragraph. Let Y, be the element of gl(W)(F) that, for each eigenvalue A of ¥ in F, acts
on the corresponding eigenspace in W @ F by As. Set ¥, = ¥ — Y.

Lemma 9.4.3. Y, Y, € ty, [Y,, Y,] =0, and Y, is topologically nilpotent.

Proof. The Gal(F/F)-equivariance of A — A > A, implies that Y is defined over F. The
invariance of A — A +— A, under {£1} implies that ¥; € h(F). It is clear that the linear
transformation Y — Yy is topologically nilpotent. To finish, it suffices to show that Y;
preserves the lattice Ay that defines H. Since Yy preserves W C W ®p F, this in turn
will follow if we show that Y, preserves Ag ®p O C W ®f E for some finite extension
E C F of F. Choose E to contain all the eigenvalues of ¥ in F.

For A € O, let W5, C W ®r E be the A-eigenspace of Y. For each A € «, let

Wi = P W

neDE
A=A

Y acts on each W; by A,. Therefore it suffices to show that
Ag®p Of = @ ((AH ®o DE) ﬂW;\) .
ek
This follows from Lemma 9.4.2. O
Let Hy, be the centralizer of Yy in H over ©O; i.e., for any ©-algebra R,
Hy,(R) = {g € H(R) | Adg(Yy) = Yi}.

Write the set of Gal(F/F)-orbits of nonzero eigenvalues of Y as I y UL UI _, where
multiplication by {#£1} fixes each element of I and induces a bijection O4 +— O_ from
I+ to I1,—. The proof of Lemma 9.4.2 says that we may view Or[Ys] C Endp(A) as a

product
[T OrTV/(fo) x [] OrTV(fo) x [] OrITV (foo) x OFITINT)  (9.4.1)
OLtely 4 Oel, Oel -
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(the last term should be ignored if 0 is not an eigenvalue of Y), yielding a corresponding
decomposition

A= P Auo. @ P Ano® P Auwo ®Amo (9.4.2)
Oyell 4 Oel O_el, —

of Ay as an Or[Y¥;]-module.

Let O €l +ULUI _. In equation (9.4.1), denote by E¢ the field extension
F[T1/(fo’). Then, by the condition on the eigenvalues of Y, the field E¢ is unramified
over F, and its ring Og,, of integers equals Op[T]/(for). Each Ay o has a natural
structure of an DEO,—module, extending the O p-module structure on it. If O’ = O € I,
denote by Ep 4+ the fixed field of the involution induced by T + —T, and by Og,, , its
ring of integers.

Remark 9.4.4. It now follows using determinant considerations that Hy, is the subgroup
scheme of

1_[ RCSQEO+ /OF GL(AH,CL) X 1_[ ReSDEO/DF GL(AH’@)
O+€Il.+ OEIZ

X 1_[ RCSDEO_ /9r GL(Ag,0_) x Isom(Ag,o, qW|AH,0)0
07611,,

that fixes gw in the obvious sense. We now make this more explicit to compute Hy,.
9.4.B. The case of an Oy €1 4. Let O4 €I 4, and set O_ = —0O4. We have a
natural identification Ep, = Eo_, induced by T + —T. qw induces a perfect pairing

between Ag o, and Ago_ (ie., gw is trivial on each of these two sublattices and
unimodular on their direct sum). Since Ep, /F is unramified, we may define

qu,0, * Ag,0, X Ag,o. = Do,

requiring that
TEo, /F (a qu,0, (v, w)) = gw(av, w)

for all a e DEO+~ Since gw(av, w) = gw(v,aw) for a € DEO+ =9Og, (via the
identification T+ —T'), gy, ¢, is perfect and DEO+ -linear. For any O p-algebra R, any
given

(8+,8-) € RCSDEO+ /9r GL(AH,0,)(R) xResp, /o, GL(Ag,0_)(R)
= GLDE@+®DFR (AI;L(/)Jr Ror R) X GLDEO_ ®o0, R (AH’(97 Qo R)

preserves qw/|ay 0100 ROALO_®0, R ifand only if g_ = tgll , the transpose being defined
H, FROALO-

with respect to the pairing gy o, -

9.4.C. The case of an O € . Let O € ;. Since the trace form from Og, to OF is
nondegenerate, there is a unique pairing

qH,O Ao X Ag,o —> DEO
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such that for all @ € O, we have

qw(av, w) = trgy/F (a “qu,0 (v, w)) .

The restriction of gw to Ap o satisfies gw(av,w) =qw(,t(@)w) for all ae
OE,, T being the nontrivial element of Gal(Ep/Ep +). This forces gy o to be
OEo /O Eq -€w-Hermitian (where ey = 1 or —1 depending on whether gw is quadratic or
symplectic), and realizes Ay © as a unimodular O g, /O g,  -Hermitian lattice. Moreover,
for any D p-algebra R, any given

g €Resp, /o, GL(AH,0)(R) = GLo, o, R(AH,0 ®0F R)

preserves qw|ay o if and only if it preserves gy, 0.

Lemma 9.4.5. (a) There is an obvious isomorphism

Hy, = [] Ho, x [] Ho xHo,
Otely 4 Oel,

where Ho, = ReSDEo+ /OF GL(AB,OQ, Hp = RCSDEO,i/DF U(Ag0,q8,0), and
Hy is the special orthogonal/symplectic group scheme associated to the (necessarily
unimodular) quadratic/symplectic lattice (A0, qw)-

(b) If g € H(F) is such that Adg(Ys) € ty, then g € KH~I;IyJ(F).

Remark 9.4.6. While Hy is a group of the same ‘absolute’ type as H but of smaller
rank, and both H and Hg are unramified, it can happen that H is split but Hy is not.
Hence, even if we wish to prove only the fundamental lemma involving a split even
special orthogonal Lie algebra, it is necessary to accommodate its unramified counterpart
through the arguments, for reasons of induction.

Proof of Lemma 9.4.5. (a) is immediate from Remark 9.4.4 and §9.4.B and §9.4.C. So
let us focus on (b). We need to show that there exists k € Ky such that Adk(Y,) =
Adg(Yy). Now Yy and Ad g(Yy) have the same multisets of eigenvalues, so that Ay has
decompositions as

D Arno.®@rnoe® P Ao ®Ano

O+€1],+ OEIZ O,EI]'_
/ !/ / /
= @D Mo, @D ruo® D Auo &M
Oyell 4 Qel, O_el, -

as in equation (9.4.2) corresponding to ¥y and Ad g(¥s), respectively. It suffices to show
that we have isomorphisms of quadratic/symplectic lattices

(Apo, ®Ano_.qw) = (Ao, ® Ay o qw) (Ot € 4),
(Ap.0,qw) = (Ag.p.qw) (O € D),
(AH.0.9w) = (Mg 0. qw)
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(if gw is orthogonal, this would only give g = kh with k € O(Ag, gw) and h commuting
with Yy, but this would force Ag o # 0, allowing us to modify k and % so as to have
determinant one). The first of these is obvious, and the third would follow from the
second by the cancelation law for quadratic lattices in odd residue characteristic (this
goes back to at least [23] and in our case would follow easily, for example, from [66] 92:1).
To show the second set of isomorphisms, note that the discussion of §9.4.C gives two
OEo/OEp -€w-Hermitian unimodular lattices (AH’O’QH»O)’(A/H,O"}&,O) satisfying
gw =gy /F oqH, 0 and q(,v =tEy/F Oqﬁ,O' It suffices to show that these lattices are
isomorphic. This is the case, since they have the same rank and are unimodular, and
since Ep/Ep, 4 is unramified (see, for example, [28, Proposition 4.2]). O

Corollary 9.4.7. (a) Let {Y)} be a set of representatives for the set of those
Hy, (F)-conjugacy classes in the Hy, -stable conjugacy class of Y, that intersect g tn.
Then {Ys +7Y,} is a set of representatives for those H(F)-conjugacy classes in the
H-stable conjugacy class of Y that intersect £q.

(b) For each Y, as in (a), the centralizer Hy y; of Ys+Y, in H coincides with the
centralizer of Y, in Hy,, and, choosing any common measure dY, on these, and
letting by, = tN by, (F), Kg, = K NHy, (F),

o(Y,, lgHYS, Hy, (F),dhy,/dY,)=

1
————— O +Y/, 1¢,. ,H(F),dh/dY)).
meas K1 (Ys+7Y,, 1ey, H(F), dh/dY,)

meas Ky,
Further, for any such Y,, Dy, (Y,) = Dy(Ys+7Y,), so that we may replace the
unnormalized orbital integrals O by the normalized orbital integrals I in the above
equality.

(¢) The normalized H-stable orbital integral of (meas KH)’1 l¢y at'Y coincides with the
normalized Hy, -stable orbital integral of (meas KI;IYS)_IJ'EI;IY at Y.

Proof. (a) Follows from Lemma 9.4.5(b) together with the fact that the process of the
assignment Y — Yy commuted with H-conjugation. (¢) follows once (a) and (b) are
proved. The equality of the unnormalized orbital integrals in (b) follows from Lemma
4.2.5 applied with H(F), Hy, (F), Hy,+y, (F) = Hy,(F), Ky and h — 1gy (=YY +Y)Hh)
in place of Gy, Hy, I, K1, and f, respectively, using Lemma 9.4.5(15) to justify the
hypotheses (note that the process of obtaining Y from Y gives Y from Ys + 7Y, as well).

It remains to show that Dy, (Y;) = Dy(Yy+7Y,), or, equivalently, that Dy(Y) =
Dy, (Yy). For this it is enough to show that, for every root @ of the maximal torus
T in H such that ¥ € t(F) (and hence clearly also Y5 € t(F)), |a(Y)| =1 unless « is a
root of T in Hy,. This follows from the fact that such an a(Y) is either the difference
or sum of two eigenvalues A1, A» of Y, or an eigenvalue A of Y, or twice an eigenvalue of
Y, while [A; £ 2| = 1 (respectively, |A| = 1, respectively, [2A| = 1) unless Aj s+ iy =0
(respectively, Ay = 0, respectively, A; = 0). O

9.5. Stable conjugacy classes in unitary groups and their Lie algebras

Remark 9.5.1. Consider a unitary group U(W;), where W; is a Hermitian space

over some field extension E/Ey/F contained in F. Then two semisimple elements
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g, h €e UWi)(E+) belong to the same stable conjugacy class if and only if g,h €
GL(W1)(E) have the same multisets of eigenvalues. Indeed, this follows from the fact
that an identification U(W1) @, E = GL(W1)(E) may be made so that obvious map
UMW) (Ex) = UW(E) = GL(Wp)(E) becomes the obvious inclusion. The same clearly
holds for the Lie algebra u(Wi)(E4) too.

9.6. Back to gy

Henceforth, write ng = 1 if H = SO(W) with dim W even, and ng = 2 otherwise.

Now suppose we have semisimple elements ¥ € h(F), X € gy(F) with ¥ matching X.
Write Y = Y;+ Y, asin §9.4.A. Moreover, write X = X; + X,, applying the construction
of §9.4.A but using the section

A > (1/n9)(noh)s

in place of A > Ay (see Notation 9.4.1), which as well is Gal(F/F) x {£1}-equivariant.
Then it follows from Remarks 6.3.2 and 7.4.3 that Yy and X, match as well.

Let O be a Gal(ic/x)-orbit of the form Oy, O or O_, associated to the multiset Eig Y
of nonzero eigenvalues of Y. Corresponding to the decomposition (9.4.1) of O p[¥s], we
have the following decomposition for Or[X;]:

[ 91TV (fo.n) x [] O/ (fomy) x [] OIT1/(fo_m) x OITI(T), (9.6.1)
Otell 4 Ocl, Oel

where the last term should be ignored if 0 is not an eigenvalue of X, and where we have
written for ,, for the polynomial T > for(noT). This gives a decomposition

A= P ro,o@P roe @ Ao Ao, (9.6.2)
Oyel 4 Oel, O_el -
where, this time, for O’ = O, O or O_, the eigenvalues of X; on A¢r are (1/ng) of those
of ¥y on Ag,or. For 0" € I} 1 ULUI -, OF,, acts on Ao via the map
Ok, = OIT1/(fo) = OIT1/(f0r ny)s

where the last map is induced by T nalT. By Lemma 9.4.5(a), applied to (A, 8, Xy)
in place of (An, gw,Ys), the centralizer Gg x, of X; in Gy is the source of an obvious
isomorphism

Gox, = [] Go,x ][] Go xGeo. (9.6.3)

O+€1|,+ Oel,
where Go, = ReSDEo+ 0r GL(Ap,), Go = RCSDE@i/DF U(Ao, go) for a suitable

unimodular Ep/E@ +-Hermitian/skew-Hermitian form go constructed from 6 just
as gu,0 was constructed from gw in §9.4.C, and Ggo equals the special
orthogonal /symplectic group scheme associated to (Ao, 6).

9.7. Semisimple descent and transfer for (h, gy)
Set, for all 0" € I 1 U I,

WO/ = AI;LO/ ®DEO’ EO/, VO/ = AO/ ®DEO/ EO/.
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Lemma 9.7.1. Let regular semisimple Y' € h(F), X' € gy(F) be such that Y] =Y, X
= X;. Write, using the isomorphisms of Lemma 9.4.5(a) and equation (9.6.3),

Y = (Yp)o, Yy). X = (Xp) o Xp) -
Similarly, define Y, .Y, o (=Y0), X! o, X, o (=X(). Then X' matches Y' if and only
the following two conditions hold.

(i) Foreach(', (I/HO)Yr/l,O/ €bo/(F) C Endg,, (Wor) andX;’o, €9o/(F) C Endg,, (Vo)
have the same multisets of eigenvalues.

(ii) Yy and X, match.

Proof. Recall that, from Remarks 6.3.2 and 7.4.3, we can express the condition of X’
matching Y’ as
Eigp X' =(1/no) Eigp Y'. (9.7.1)

On the other hand, (i) and (ii) hold if and only if
Eigg,, Xnor = (1/n0)Bigg,, Yoo YO, and  Eigp Xg=(1/no) Eigr ¥y, (9.7.2)

Denote by A¢r the image of T in Eoy = O[T]/(fo). Then X, Y5 have images 1/ngA¢ and
Aoy, respectively, in E¢s. Then we have, with notation as in Remark 6.3.2 and Notation
6.3.3,

Eigr X' =| |Eigr X{ UEigr Xj = | | ] o (Bigg,, Xo) UEigr X;,
o o O‘EHOmF_a]g(EO/,ﬁ)

or, equivalently,

1
Eigr X' =| | | | (n—a(xo,) to (EigEo, Xn,@/)> UBigy X).  (9.7.3)
o JGHOmF_alg(EO/,F)
Similarly,
Eigp ¥ =| | | | (o(x@) +o (EigEo, Yn’@/>) UEig ¥, (9.7.4)

O ceHomp_aig(Eeyr, F)

By equations (9.7.3) and (9.7.4), we have (9.7.2) = (9.7.1), showing one of our
implications. Moreover, the converse implication also follows since, on the one hand,
Eigr X{, (respectively, Eigg ¥) can be recovered from Eigr X’ and Eigy Y’ as the elements
with image 0 in &, while, on the other, for each O, because Ao generates E¢y, we can
choose any o € Homp_y10(Eor, F) and recover

EigEO,,U Xno = {M —o(Ao) | n € Bigp X', p and o (Lo) have the same image in /Z} ,
and similarly for Y, or. U
Remark 9.7.2. The proof above also shows the following. Let ¥ = Yy + Y, and Y/ = Y, +

Y,, with Y{ =¥, and write ¥, = ((Y,,0), Y0), ¥, = (Y, (., ¥p). Then, by Remark 9.5.1,
Y and Y’ are H-stably conjugate if and only if the following hold.
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(i) For each O, Y, 0, Y, » are stably conjugate as elements of gl(Weo:) or w(Wor)

n

(depending on whether O’ € I+ or Ip).
(ii) Yo, Y} are stably conjugate in Hp.

This assertion is in fact contained in Corollary 9.4.7(a), since restriction of scalars respects
stable conjugacy.

Lemma 9.7.3. In the situation of Lemma 9.7.1, if Y’ and X' match and we are in case
(c), AY', X') = A(Yy, X()).

Proof. Let the conjugacy class of X’ be parameterized by (L, L+, y,c) as in §7.2, so
that the equivalence class of Y’ is parameterized by (L, L+, y). Write L = [[,.; Fi, L+ =
[lic; F+i, where each Fi; is a field, and F; is a degree-2 étale algebra over Fyi;. Let t
be the involution of L that restricts to each F; as the unique nontrivial involution of F;
fixing Fi; (we will abuse notation to denote the latter involution by t as well). Let I'*
be the set of i € I such that F; is a field.

For O € I, let 1o, 17, denote the subsets of I, I* consisting of i such that y; € O. It is
easy to see that F; is never a field if y; € O € I 4.

For Oy el 4 (respectively, O € ), denote by Pp, (respectively, Po) the
characteristic polynomial of Y(/9+ ®©Y(, (respectively, Y/(y) acting on Wo, ® Wo_
(respectively, Wp). Let P, Py be the characteristic polynomials of Y’,Yj on W, Wy,

respectively. Thus,
P= [] Po,-[] Po-Po.
Oyell 4 Oel,

Then we get (see § 7.5.A)

AY, XY =TT [1senr/r | —nei-Pot- ] PoG)- Po(y)
(96121'6125 O'el} yUD
O'#0

T sevrye | —neibson - T Potw
i_EIB O’el, +UL

Yi=

On the other hand,

A(Yy, Xp) = 1_[ SENF. /Fy; (=nci Po(yi)) -

iel*
yi=0
Thus it is enough to show that
l_[ SBUF;/Fu; 1_[ Po(y) | =1 (9.7.5)
iel* O'el LUl

¥ =0
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(the term in the parentheses clearly belongs to Fi;) and

[T I[1sevr e | -nci-Poo- ] PoGd P | =1 (9.7.6)
06121'61(*3 0/611_+U12
O'#£0

Let us prove equation (9.7.5) first. For each y; occurring in that equation, Po(y;) and
Po(0) are units having the same image in k (as y; = 0). Therefore, F;/Fy; being tamely
ramified, equation (9.7.5) will follow once we show that

1_[ SBUF, /Fy;
iel*
yi=0
is trivial on O*. Since Hy is unramified, this follows from Lemma 7.6.2.

Now we move to equation (9.7.6). Note that, whenever i € I(*97 T(Yis) =T(Vi)s = —Vis
(cf. Notation 9.4.1), forcing Ep ¢ Fx;, so that F; = Fi; ®, . Eo. In particular, F;/Fy;
is unramified, so that sgng p,, is given by the parity of the valuation valg,,. This
immediately gives that, for each O € I,

[1sevrra | [1 PoGo PG| =1,
iEI(*D O/EII#U[Q
O'£0
as the parenthetical term here is a unit in Of,,. Note also that Po can be written over Ep
as Po g, - Pp, where Po E,, is the characteristic polynomial of multiplication by Y'|w,,
viewed in Endg,, (Wp). Since Ao generates Eg, it follows that Po(y;) € D;ﬁ. Thus, we
are reduced to showing that, for each O € I,

l_[ SENE /Fy (—nc,- P5 ko (y,-)) =1. (9.7.7)
iel}

We consider two ways of viewing U(Wp) as its own endoscopic group. The first, which
can perhaps be called the ‘tautological’ way, is as in [83, pp. 51-52], under the heading
‘Cas unitaire’, with d~ =0 and d* = dimg,, Wo. The choice of ut, u=,z" and z~ as
in [83] may be made arbitrarily. The second is similar, except that d~ and d* are
interchanged (and accordingly ut and u~, and z* and z7). In either of these cases,
the correspondence between stable conjugacy classes may be taken to be the identity (cf.
§1.9 of [83]). Moreover, these two endoscopic data are in fact equivalent, as mentioned
in the penultimate line of page 52 in [83]. Let us denote the transfer factors for these two
realizations by A[1; and Appj, respectively.

Then Waldspurger’s formula for transfer factors for Lie algebras of unitary groups [84,
Proposition X.8] tells us that the left and right sides of equation (9.7.7) can be viewed
as A[z](Y(/,), Yb) and A[]](Y(/Q, Y(’Q)7 respectively. But, these realizations being equivalent
to each other, and U(Wp) being quasi-split, these two transfer factors are equal (cf. [83,
§1.11(1)]; the cocycle u of [83] is trivial for us, as we have implicitly taken the inner twist
Y of [83] to be trivial, as we may). This proves equation (9.7.6). O
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Remark 9.7.4. The proof of equation (9.7.7) above may perhaps seem a bit indirect.
However, given how semisimple descent works, it was only natural that transfer factors
between ho = Resg,, ,/r W(Wp) and gy » = Resg,, . /r W(Vo) = ho appear. Furthermore,
transfer factors are compatible with restriction of scalars, as mentioned in [32, page 981].
In any case, one can give a more elementary proof for equation (9.7.7), using among other
things a familiar argument used to study the different ideal in terms of the derivative of
the minimal polynomial of a generator of a number field (see, for example, [19]).

End of Proof of Lemma 8.2.1. Let Y € h(F) be gy-regular semisimple. We need to prove
equation (9.1.1). If Y € h(F)tn, then by Lemma 9.3.1 we may assume that Y € £ ¢y, and
the result follows from Lemma 9.2.3. If Y is not stably conjugate to an element of &g,
then, by Lemma 9.3.1, ¥ has an eigenvalue in F which lies outside O . But then so does
any X that matches Y, from the explicit descriptions of matching elements, showing that
the right side of equation (9.1.1) vanishes too. Therefore, we may and do assume that
Y e ty. Write Y = Yy 4+ Y, as in §9.4.A. Fix X that matches Y. Correspondingly we have
a decomposition X = X;+ X, (cf. the beginning of §9.6). Let {Y,} be as in Corollary
9.4.7. Write Y = ((Yo) o, Yo), and Y; = ((Ys.0) 0, Y5,0), s0 Y50 =0.

Then, by Corollary 9.4.7 and Remark 9.7.2, we can write, using an obvious notation,
the left side of equation (9.1.1) as

1 1
[T —s1 (Y,, o Loy dhoy/dty ) e SI(Yo, e, dho/diy,).
s Heyr n,o/ Hy 0
Ol L0l meas Ky, meas Ky,

(9.7.8)
In the above equation, the discriminant factor in the term corresponding to each O’ is
to be, a priori, the discriminant factor Dho+ (Yo,) or Dy, (Yp) (which is what Corollary
9.4.7 gives), but it also coincides with Dg[50+(Wo+)(Y@+) or Dywe)(Y), provided these

two latter factors are defined using the normalized absolute value on Ep, or Eo,,
respectively.

Similarly, but using in addition Lemma 9.7.3 if we are in case (c), the right side of
equation (9.1.1) equals (using obvious notation again)

S1 (X0 Leg,, g0 /d1x, o) - 190 (Yo, Lyy, . dgo.0. diyy).

H meas Kg

meas K
O’el, +UL Go,0

The centralizer measures dlxn o here are to be taken compatibly with the dtyn. o of
equation (9.7.8), following the isomorphism Hy, y, = Hy = Gg x = Go,x,.x,- Thus, we
need to prove that

1
—sz(y e dhey/dt )
meas Ky, n0" Lo, dhor/dly, o
1
=—SI<X e . dgey/d ,)vo’,
meas Ko, n0 L dgor/dix, o

and
ST(Yo, ey, » dho/dty,) = 190 (Yo, Ly, dgo.0, diy)-

meas Ky, meas K Gooo
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The first of these follows from the condition n; UEig Eo Yno =EBigg , X, o from Lemma
9.7.1 together with the fact that hyperspecial subgroups of any unramified group are all
adjoint conjugate (in our case we can see this directly from [28], Proposition 4.2), and
the second follows since Yy and X match and are topologically nilpotent, a case handled
at the beginning of this proof.

10. The other depth bound

We want to prove that, if an irreducible admissible tempered representation = of H(F)
has a Langlands parameter that maps to a Langlands parameter ¢ of G(F), then
depthw < depth¢. Our idea to prove this involves an explicit region of validity for the
Harish-Chandra—Howe character expansion that is due to DeBacker (in the nontwisted
case), cf. [20], and Adler and Korman (in the twisted case), cf. [4]. Because we will need
to work with analogous questions for endoscopic groups of H, we cannot restrict it to be
unramified anymore. In particular, H is as in cases (a), (b), or (c), but possibly ramified
quasi-split. Whatever results we have will be accordingly more general. To study the
interaction between character expansion and endoscopy, we find some of the formalism
used by Arthur in [6] particularly convenient. Let us recall some notation from [2, 6].

10.1. Some notation

In this section, let G be any connected reductive group over F. Recall that, if x lies in the
(enlarged) Bruhat—Tits building B(G, F) of G(F), then we have Moy—Prasad filtration
subgroups Gy, C G(F), for r € R>o, and Moy-Prasad filtration sublattices g, , C g(F)
and gy , C g*(F), for r € R. These subgroups and sublattices were defined in [62, 63], but
we normalize them as in [2]. In particular, we have that gy ,+1 = @rgy,,. For r > 0 we
may set (see, for example, [2])

Gyry = U Gy = Gy rqe for all sufficiently small ¢ > 0,
S>r

and analogous prescriptions define lattices gy ,+ and g} ,, for all r € R.

Notation 10.1.1. ) Forr e R, r >0, set

(a

G= |J G and Gi= ] Guyvr>o
xeB(G,F) xeB(G,F)

(b) For r e R, set

9r = U gy and gy = U Yx,r+-
xeB(G,F) xeB(G,F)

(¢) For any Int G(F)-invariant (respectively, Ad G(F)-invariant) open subset V of G(F)
(respectively, of g(F)), let I'(V) denote the set of G(F)-conjugacy classes in the set
of strongly regular semisimple elements in V), given the quotient topology from that
obtained by restricting the topology on G(F) (respectively, g(F)).

(d) Given V as above, let A(V) denote the analogous topological space with ‘conjugacy
classes’ replaced by ‘equivalence classes under G(F)-conjugacy’.
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(e) Let V be as above. Fix a Haar measure dg on G(F). For each maximal torus T of
G, choose a Haar measure dtt on T(F), such that isomorphic tori get compatible
measures. Then we get a map from C2°(V) to the space of continuous functions on
I'(V), given by taking normalized orbital integrals

fro 10 = (v = 1 (8. fidg/diz, ).

where g, is a representative for y and Ty, is the centralizer of g,. Denote by Z(V)
the image of C2°(V) under this map.

(f) Assume that V above is closed under stable conjugacy. Replacing orbital integrals
by stable orbital integrals, we get a map f +— SI(f) from C°(V) to continuous
functions on A(V). Denote the image by SZ(V).

(h) The definitions of I, A, Z and SZ above will also apply in the context of any open
subsets of G(F) having appropriate invariance properties under G, where G is any
twisted space under G (except that the analogs of the drr will be measures on
abelian, not necessarily connected, diagonalizable groups).

(i) Let J (Ng) denote the space of distributions on g(F) obtained by taking Fourier
transforms of distributions supported on the nilpotent cone Ny of g(F) (the Fourier
transform may be taken with respect to any nondegenerate bicharacter without
affecting the definition).

The following theorem is due to Harish-Chandra (cf. [33, Theorem 3.1], the same proof
works in the cases of groups and twisted spaces).

Theorem 10.1.2. For any V as above, any G(F)-invariant distribution C°(V) — C
factors through the map C°(V) — Z(V) discussed in (e) above.

Notation 10.1.3. Henceforth, we will identify invariant distributions on V with the
complex vector space dual Z(V)* of Z(V).

Remark 10.1.4. G, C G(F) and g, C g(F) are open and closed subsets of G(F) (cf. [2,
Corollary 3.4.3 and Corollary 3.7.21]).

Remark 10.1.5. If every maximal F-torus of G splits over a tamely ramified extension,
then these regions have interpretations in terms of ‘eigenvalues’. More precisely, given
a regular semisimple element X € g(F) (respectively, g € G(F)), let T be the maximal
torus of G centralizing it. Then X belongs to g, (respectively, g € Gy, r > 0) if and only
if, for all x € X*(T), |dx(X)| < #x~" (respectively, g belongs to the parahoric subgroup
of T and |x(g) — 1] < #x™") (cf. [2, §3.6], [3, Corollary 2.2.7 and Lemma 2.2.9], keeping in
mind that we are following the normalization of the Moy—Prasad filtrations as in [2, 3]).
Note that, for a quasi-split classical group G of rank m, the condition that every maximal
F-torus of G splits over a tamely ramified extension is automatic if p > 2m.

Let r > 0. Let ¢; denote an Ad(G(F))-invariant homeomorphism from g, to G, (if it
exists).
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Definition 10.1.6. For a virtual admissible representation = of G(F), denote by @, its
character, a distribution on G(F). A character expansion for ®,; on G, with respect to
¢1 is a distribution 6; € J(Ng) such that we have an equality of distributions on g,,

(Oxlz(c) o (7 )" = bxlz(q,)-

Our notation 6, should not cause any confusion with the automorphism 6 of G or the
element 6 € G; we now go back to working with our objects G, 6, G and H etc.

10.2. Review of constructions associated to the Bruhat—Tits building

We will need some well-known properties of the Bruhat—Tits building of G(F) as well
as the groups Gy (F). These will of course follow from analogous results for H(F), which
we no longer assume to be unramified. Thus, in this section (§10.2), we let H be any
quasi-split classical group defined by a quadratic or symplectic space (W, gw).

Lemma 10.2.1. For each x in the Bruhat—Tits building B(H, F) of H(F), and for all
r > 0, we have

c(hx,r) = c/(hx,r) = Hx,r-
The analogous result holds for Gy := GL(W) as well.

Proof. Since this is well known (for example, it is mentioned in [14, page 535] in the split
case), we will only sketch a proof for H; the analogous result for Gy can be proved in
an easier but similar manner. By [1, Proposition 1.4.1], one reduces to the case where H
is split and hence defined over 9. Fix such an O-structure on H, and a maximal 9-split
torus in it. Let ®(H, Ty) denote the set of roots of Ty in H. Accordingly, for each
root o € ®(H, Tp), we have a root subgroup U, defined over O, and an 9-isomorphism
uy 1 G4, — U,. Without loss of generality, the hyperspecial point given by the chosen
O-structure belongs to the apartment of Ty, which may, using this point, be identified
with X, (TH) ® R. Assume without loss of generality that x belongs to the apartment of
TH, and hence corresponds to, say, A € X.(Tg) ® R. We have formulas

ber = t, ® @ dit (zzr rr—(a,mD) . and

acd(H,Tx) (10.2.1)

Hyr = (TH,ra Uy (ZD‘ “_W’AHD> | o € (I)('IH’ I;I)> .
One readily verifies that
¢(tg,) =Ty, and c(dug(@™O)) = ug(@w™O) for each m € Z. (10.2.2)

Together with Lemma 4.2.3 (since r > 0, b, , consists entirely of topologically nilpotent
elements, for example, this follows from equation (10.2.3) below), it follows that c¢(hy )
is a group containing Hy ,. We need to show that c(hy ,) = Hy . Since we know that
Hy r/Hy o is abelian, it is easy to check from (10.2.2) that ¢! induces a surjective
homomorphism of abelian groups Hy ,/Hy 2 — bx.r/bx.2r, 5O that

c(bx,r) C Hx,rc(hx,Zr) - Hx,er,Zrc(thr) ceey
giving ¢(hy ) = Hy . O
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Remark 10.2.2. One can identify the Bruhat-Tits building of Gy = GL(W) in a
Gw (F)-equivariant fashion with the set of D-lattice functions on W, which are ‘decreasing
left-continuous’ functions r — A(r) from R to the set of O-lattices in W, such that
A(r+1)=w@A@r) (cf. [11], Section 2, [50]). This identification made, one can use gw
to define an involution on B(Gy, F), the fixed points of which, namely the ‘selfdual
lattice functions’, can be identified H(F)-equivariantly with B(H, F). For x € B(H, F) C
B(Gw, F), write A, for the associated lattice function. Then [11, appendix A] and [50,
Theorem 1.8] give

Owxr ={X €gw(F) | X(Ax(5)) C Ax(s+r)Vs eR}, and by, =gy, NHF).
(10.2.3)
Thus, we conclude, using the notations above, with the following lemma.

Lemma 10.2.3. For x € B(H, F) C B(Gw, F) and r,s > 0, we have the following.

(a) c(hxr) = (xr) =Hyr, €@Qwy,) = Q) = CGwoar, b)) =7 () =Hy, c@y,)
=d@Qw.,)=GCGw.r.

(b) If r <s <2r, ¢ induces an isomorphism of abelian groups between Qw . ,/Qw. r.s
and Gw x.r/Gw.x.s, which restricts to an isomorphism between the abelian groups
Bx,r/bx,s and Hy ,/Hy 5.

(C) hx,r = gW,x,r NH(F), Hx,r = GW,)c,r NH(F), b, = gW,r NH(F), H, = GW,r NH(F).

(d) gW,x,r 'gW,x,s - gW,x,r+s' [
Here we remark that, in (c) above, the last two assertions follow from the first two,
together with a usual identification of B(H, F) as the set of fixed points on an involution
on B(Gw, F), and the fact that for two points x, y € B(Gwy, F), and any point z in the
geodesic connecting x and y,

Iw,x,r mgW,y,r COw.zrs and GW,x,r N GW,y,r C GW,z,r

(this follows, for example, from equation (10.2.1)).

10.3. Hypotheses from [4, 20, 21]

We now use Lemma 10.2.3 to find conditions under which various hypotheses from [4,
20, 21] hold.

We wish to show that the hypotheses under consideration apply to the group Gy x
(6w), at the point 1 x 6y (hence we will be able to use 6-twisted character expansions
for representations of G(F ) in the next section). The centralizer of this point can be
naturally identified with H.

The following lemma consists of well-known assertions.

Lemma 10.3.1. Hypotheses 8.1 to 8.6 of [4] are satisfied, with either of ¢ or ¢ as the
exponential map ‘€’ of Hypothesis 8.5 of [4] provided that p is odd. The hypotheses of
[20, §3] (namely Hypotheses 3.2.1, 3.4.1 and 3.4.3 therein) are satisfied by h too.

Proof. Hypotheses 8.1 and 8.2 of [4] are satisfied as the eigenvalues of dfw on gy
are £1 and because p # 2, respectively. Hypothesis 8.4 of [4] needs us to give a
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Gw x (0w)-invariant symmetric nondegenerate bilinear form on gy (F) that identifies
each gy, with gy, .. Proposition 4.1 of [5] gives us such a form, because Gy is a
general linear group, and because the Ow invariance is automatic (the bilinear form being
unique up to scaling separately on the one-dimensional center and the derived subalgebra
of gy ). By the 8-invariance of this form, using that p # 2, it is easy to see that this form
identifies each b, , with b} , as well. Using this, Hypothesis 8.3 of [4] follows from Lemma
10.2.3(c). Hypothesis 8.6 of [4] follows from [68], since F has characteristic 0. We claim
that Hypothesis 8.5 of [4] is satisfied (with ¢ or ¢’ in place of €, and with 0 in place of
e). Then the unnumbered conditions of the hypothesis follow from Lemma 10.2.3(a) and
(b), while (2) of the hypothesis follows from the conjugation equivariance of ¢ and ¢

By Lemma 10.2.3(c), we only need to verify Hypothesis 8.5(1) and (3) by replacing
H with Gy in the former. For any power series p € t +t?9[[t]] C O[[t]], using Lemma
10.2.3(d) and the binomial theorem, one can make sense of p(X) for X € gy, ., and also
show that for X € gy , , and Y € gy, ; we have p(X) € Qy , ,» P(Y) € Gy - P(X +Y) €
p(X)+p(Y)+ 0w 45 (15 >0). Since both ¢—1 and ¢’ —1 are given by such power
series, the required assertions are now easy to check.

Finally, Hypotheses 3.2.1 and 3.4.3 of [20] for h are already included in the
hypotheses above (the preservation of Haar measures follows from the paragraph following
Hypothesis 8.5 of [4]), while Hypothesis 3.4.1 has already been seen above. O

Remark 10.3.2. Finally, we need [4, Hypothesis 8.7], and for this it remains to consider
the hypotheses of [20, § 2], or equivalently those of [21, §4], for h. As mentioned in [20,
§ 2], all these hypotheses hold if p is larger than some constant that depends only on the
absolute root datum of H. This should be explicitly computable, but we do not know its
value yet. It suffices for us that it does not depend on the ramification degree of F over
Q. If for instance H is symplectic or odd orthogonal, it should be at least dim W +2 (cf.
[20, Hypothesis 2.2.4]).

Hypothesis 10.3.3. For the rest of §10, we assume that p is large enough for the
hypotheses of [20], Section 4, to hold, for Gy, H, and all the endoscopic groups of H.

In particular, by Remark 10.3.2, Remark 10.1.5 applies to H.

10.4. On the twisted character expansion

We will be concerned with the twisted character expansion only on twisted general linear
groups, and hence will focus on G here. In this context we will use ¢ as the mock
exponential map.

Notation 10.4.1. Henceforth, for r > 0, set U = tc(G(F), Gp.»), an open subset of G(F)
by Remark 10.1.4 and Lemma 4.0.6.

The twisted character expansion involves a marginally different version of semisimple

descent (as defined earlier), which we now recall and relate to the semisimple descent
defined earlier.
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10.4.A. Another kind of semisimple descent. Recall that the map tc is
submersive on G(F) x Gg(F)ty. The theory of integration on fibers says that there exists a
unique surjective map C°(G(F) x Gg(F)tu) — C°(U), such that under this map o > fy
if and only if supp f, C tc(supp «) and

/ fx) fax)dx = / (f ote)(g,m)a(g, m)dgdm, (10.4.1)
u G(F)xGy(F)tu

for all f e CXWU) (for example, this is stated as [4, Theorem 7.1]). Clearly this map
takes C°(G(F) x Gp,r) to C2°(U,), and this restriction, thanks to Lemma 4.0.1 and the
G’ (F)-conjugation invariance of Gy ,, is given by integration along the fibers of tc too.

Of course the map o — f, depends on the choice of the measures dg and dm, which
we fix now.

Given o € C°(G(F) x Gg(F)tu), define By € CZ°(Go(F)u) by

Balm) = / a(g. m) dg.
G(F)

Lemma 10.4.2. (a) The inclusion Go(F)ty <> U induces an identification T'(Go(F)ty)
= I'(U) as topological spaces, where Gy(F)tu and U are viewed as open subsets of
Gy (F) and G(F), respectively.

(b) Assume that, in the definitions of Z(Go(F)tu) and Z(U), the centralizer measures
are chosen compatibly (this makes sense by Lemma 4.0.1). Then the identification
T'(Gy(F)tw) = T'U) induces an identification T(Gg(F)tw) = ZU).

(c) Fora € CX(G(F) x Go(F)tu), fa € CEWU) is given by

fu(g™xbg) = /(39(F)a(mg,mxm_l)dm Vg e G(F),x € Go(F)tu.  (10.4.2)

(d) Fora € CP(G(F) x Go(F)tw), I(fa) =1(Ba) as elements of Z(Go (F)tu) = ZMU).

(e) For anyr > 0, the above results remain valid on replacing Gg(F)tu and U by Gy,
and Uy, respectively.

Proof. The proof of (e) is similar to that of (a)—(d), so we will focus on the first four.

Let us prove (a) first. By Lemma 4.0.1 and Remark 4.0.3, we have a natural
identification of sets T'(U) = ['(Go(F)tu) (where U and Go(F)ty, are viewed as open
subsets of G(F ) and Gg(F), respectively). We claim that this is also an identification
as topological spaces. This is because on the one hand the topology this set has as
['(Go(F)tu) (respectively, as I'({)) is defined by the condition that, for each maximal
torus T of Gy, with centralizer, say T” in G (a torus by [46, Theorem 1.1]), the obvious
map from the regular semisimple set Ty (F)tu,srss (respectively, the image of Ty (F)tu,srss
in T(F)/(1—0)T'(F)) to ['(Gg(F)tu) = C'U) is a local homeomorphism. On the other
hand, the map from T} (F)ty to T'(F)/(1 —6)T'(F) is a local homeomorphism onto its
image by Lemma 4.0.1, since this map is submersive and hence open.

The assertion of (b) is standard semisimple descent; for example, it can be proved
exactly as in [82, §2.4]. In any case, we will see in the proof of (c) that f, and B,
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have the same orbital integrals at regular semisimple elements of Gg(F)¢y, and then
the surjectivity of « — f, and o +— B, will yield (b). Denote T'(Gg(F)¢tu) = ') and
Z(T'(Gy(F)tw) = Z(T'U)) by T and Z(T"), respectively, for the purposes of this lemma.

Now we move to (c¢). It is easy to see that the integral on the right side of equation
(10.4.2) is indeed convergent, and that it defines some locally constant function, say
fu, on CEU) (the local constancy using that tc is open; see Lemma 4.0.6). Further,
supp f, C te(supp «) is compact. Hence f, € C2°(U). Thus, letting f € C°(U), we need
to show that equation (10.4.1) holds good with f in place of f,. Note that equation
(10.4.2) is valid with f f (as opposed to f}) in place of fy and « - (f otc) in place of «
(as opposed to «). Thus, we may work with o (f otc) and f; - f in place of @ and f},
respectively, and are reduced to showing that

/ fu(x)dx =/ a(g,m)dgdm (:/ ,Ba(m)dm>.
u G(F)xGy(F)tu Go (F)tu

Now the idea is to show that orbital integrals of f;, and By give the same function on
I, and that T inherits the same measure from U as it does from Gy (F)¢y.
First, let y € Gg(F)tu, and let us show that I(f)) = I(B) as functions on T; i.e.,

1(y0, f}.dg/dt,) = I1(y. Ba.dm/dLy) (10.4.3)

for a choice of dt, consistent with ones already made. Indeed, the unnormalized version
O(y9, f,,dg/dt,) of the left side equals (using Lemma 4.0.1)

/_ / ot(mg,mym_l)dmdg
G (M\G(F) JGO(F)
=/ ) / / a(mig,mym_l)didn'zdg
GV (F\G(F) /GO (F)\GY(F) JGO7 (F)
:f / a(mg, mym™")dg dm
GO (F\G(F) JG(F)

-1
e g/ / a(g,mym_l)dgdnh,
GOv (F)\G?(F) JG(F)

which equals O(y, By, dm/dt,). Here, we have used that everything in sight is convergent.
By Lemma 4.1.3, equation (10.4.3) follows.
We have measures du,dp’ on I' such that for all f' e CU) and for all g’ €
C*(Gy(F)tu) we have (letting dg denote the transfer of dg to a measure on C:i(F))

/ F@)ds = / I(fdp, and / B'(m)dm = / 18) di.
U r Go (F)tu r

Since I(f)) = I1(By) by equation (10.4.3), it is now enough to show that u = u’'. We
do this torus by torus, using the Weyl integration formulas for Gy (F) and for G(F ).

Let T} be a maximal torus of Gg with centralizer T” in G. Suppose that the chosen
measure on Ty (F) restricts to a measure dt’ on Tj(F )ty srss and its image [T (F)tu,srss]
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in T/(F)/(1 —0)T/(F). We can talk of its image dt’ on (the relevant open subset of)
I'. We also have well-defined measures DG(-)1/2W and Dg;()ﬁ on I'. It suffices to
show that du = Dg, ()24t and dp' = DG(-)I/2 dt’, because Dg and Dg, coincide on
To(F)tu by Lemma 4.1.3. These statements follow by the usual Weyl integration formula
arguments (cf. [51, Lemma 5.3.5 and Proposition 5.3.6] for the case of G(F), whose choice
of measure relations, made shortly after Lemma 5.3.5 therein, is compatible with ours,
as in [82, Remark 3.10], using that p # 2).

Finally, (d) follows from (c) and equation (10.4.3). O

Definition 10.4.3. Let 7 be a representation of the twisted space (:E(F). Let r > 0, so
that ¢ induces a homeomorphism g, , — Gy, (see Lemma 10.2.3(a)). Then a character

expansion for the Harish-Chandra character ©; of 7 at the element 6 € G(F ) on U, with
respect to ¢ is a distribution 67 € J N such that we have an equality of distributions on

g@,w
Ozlz(Gy,) © (1) = bzl1(,,)

where the left hand side is made sense of using the identification Z(Gy ) = Z(U,) (cf.
Lemma 10.4.2) and Notation 10.1.3.

We can analogously talk of 7g having a character expansion on tc(G(F), Gg r+). The
main result of [4], or more conveniently Corollary 12.9 there, in our context (where what
is denoted s(y) there is 0; cf. Definition 4.1 of [4]), specialized to our situation, can now
be stated as follows.

Theorem 10.4.4 (Adler, Korman). Suppose that the hypotheses of [4], Section 8, are
satisfied (see §10.3). Let g be an irreducible admissible representation of G(F). Suppose
that the underlying representation g of G(F) has depth less than r. Then ®5 has a
character expansion on U, . - O

Note that the above description of the character expansion is slightly different from
the one in [4], which involves B, < o — f,. But this turns out to be equivalent, thanks
to Lemma 10.4.2 and Theorem 10.1.2.

10.5. Matching under Arthur’s formalism

Let us recall, following [6], how endoscopic transfer may be described using the language
from there recalled in §10.1. First suppose that we are in case (a) or case (b).
Set G = Gy, and let E:I(QG(F)) — STZ(g(F)) be the obvious map, i.e., summing
along the fibers of I'(gy(F)) = A(Q(F)) = A(gg(F)). Further, by Remark 6.2.2 we
have a natural homeomorphism A(H(F)) = A(Q(F)), restricting to homeomorphisms
AB(F)tn) = AQ(F)tn) and A(h,) = A(Q,) (see Remark 10.1.5 and the end of §10.3).
Keeping in mind Remark 4.0.3, and for suitable normalizations of measures, Definition
6.6.1(ii) can then be interpreted as simply saying that ¢ € C2°(g(F)) and ¢! € CZ(h(F))
have matching orbital integrals if and only if SI(¢) € ST((F)) and SI(pf) € ST(h(F))
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are obtained from each other by pulling back under the homeomorphism A(h,) =
A(Q,). The nonstandard transfer conjecture, proved in [82, §1.8] using the nonstandard
fundamental lemma of [65], then says that pull back under A(h(F)) = A(Q(F)) induces
a well-defined isomorphism nst : SZ(g(F)) = SZ(h(F)). Strictly speaking, this is stated
in [82] for simply connected groups, but it is easy to see that our statement is implied
by the obvious analogue for hs. and g, since the isomorphisms hgo(F) = h(F) and
0s.(F) = g(F) respect stable conjugacy and the notion of invariance of measures on
stable orbits. Since h(F)y and the b, are open and closed subsets of H(F), and similarly
with §(F)¢n and the g,, we have well-defined isomorphisms nst,

st : ST(§,) > SZ(h,), (10.5.1)

induced by pulling back under A(h,) = A(Q,)- B
Now suppose that we are in case (c). In this case, set G = H. This time what we have
is a map

Z(gy(F)) — functions on the ‘strongly gy-regular’ subset of A(Q(F)),

given by

@)~ Y Y  AX.XIX.¢) |,

Xel'(gy(F))
again keeping in mind Remark 4.0.3, and for suitable normalizations of measures. The
usual transfer conjecture for Lie algebras, proved as [82, Theorem 1.5] using [65], says
that the above map has image in SZ(g(F)). Thus, we now have a map end : Z(gy(F)) —
SZ(Q(F)), the endoscopic transfer map. Take nst : ST(Q(F)) — SZ(H(F)) to be the pull
back under Y + 2Y. Using Remark 10.1.5 (see also the end of Section 10.3) and Remark
10.1.4, we see that end and nst restrict to maps

end : Z(gy ) — SZ(@,) and nst:SZ(G,) — SZ(h),

for all r > 0, and we have a similar analogue involving the topologically nilpotent sets.
In all the three cases, write end for the endoscopic transfer map from Z(G(F)) to
SZ(H(F)). By Lemma 6.4.2/Lemma 7.4.6, end(Z(U)) C SZ(H(F)ty). In the same way, it
follows that end(Z(U4,)) C SZ(H,).
Now Lemmas 6.6.4 and 7.7.2 can be rephrased as saying that the following diagram
commutes (cf. Lemma 10.4.2(b) for the equality in the top left entry):

IU) = Z(Go(F)tu) end ST(H(F)tu)
CI*T% =| 1 (10.5.2)

nst

TGy (F)n) —20 = ST§(F)in) —2 ST(H(F)in).

Remark 10.5.1. It is also easy to see, by an obvious modification of Lemmas 6.4.2 and

7.4.6, that we may restrict the above diagram to get a variant where the ‘tu’ and the ‘tn’
are replaced by r for some r > 0.
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Recall that &t(ﬂ) denoted the group of outer automorphisms of H (see §2.2).
Identify this group with the subgroup of the group of F-automorphisms that preserve
a fixed splitting. The objects I'(¢/) and AU) defined earlier have analogues that now
include orbits under the subgroup Int(H(F)) 6111(1;1) of the group of F-automorphisms
of H. Taklng orbital integrals of functions invariant under 6Ht(H) therefore yields
Subspaces I(H(F)) C Z(H(F)) and SI(H(F)) C SZ(H(F)), respectively. Similarly we
have Z(H(F)), Z(h(F)tn), ete.

It is easy to see that, as mentioned in [7, page 56] end(I(G(F))) CSI(H(F))
It also follows from the definition of matching that end(I(ga(F))) C SI(g(F)) and
nst(SZ(g(F))) = gf(f)(F)) (in cases (a) and (b) this is tautological, and in case (c) the
nontautological part is a consequence of the invariance properties of the transfer factors
involved in end, namely A(Y, X) = A(Y’, X) if ¥, Y’ are in the same 6\1It(1j)—orbit; see
§7.5.A).

Taking this and Remark 10.5.1 into account, and dualizing to get maps at the level of
distributions, we obtain a commutative diagram:

ST(H,)* ead Tt =T(Go,)*

;LOC/I* OCI*L; (10.5.3)
570,y 2 576, — 2~ 1(g, )"

Now let ¢ be a Langlands parameter for H(F). As recalled in §2.2, we have a finite
packet 1:I¢ of elements of I:Itemp(H ), indexed by the characters of the finite group Sy
discussed earlier.

1:I¢ then determines a distribution in ‘S"VI(H(F ))*, namely the stable Harish-Chandra
character S®g. By [20] (cf. § 10.3 for a check of the relevant hypotheses), this distribution
has a character expansion 6y € J (Np) with respect to ¢ (note that we are using ¢’
instead of ¢) on Hy, for s large enough (this character expansion is uniquely defined
and independent of s by [74, Lemma 9.9]).

On the other hand, ¢ determines a Langlands parameter for G, and hence a
representation 7g of G(F) invariant under 6. Extend g (noncanonically) to a
representation g of G(F ). Write O for its Harish-Chandra character. By the theorem
of Adler and Korman, namely Theorem 10.4.4 above, ® 6.6 has a character expansion

9¢ &€ J(Ngg) with respect to ¢ on U for large s. Again, by [74, Lemma 9.9], 9(’) g 1s well
defined and independent of s. a

Remark 10.5.2. Whﬂe SI(H(F))* has been defined as a quotient of SI(H(F))*

‘averaging under Out(H) Int(H(F))/Int(H(F))’, we may and do also view SI(H(F ))* as
the subspace of distributions in SZ(H(F))* invariant under Out(H) Since l'[¢, consists of
Out(H) orbits of representations, there is an obvious way to view SOy as an element of
SI(H(F))* Similarly, we may and do view 84 as an element of SI(h(F))* C SZ(H(F))*.
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Theorem 2.2.1 of [7] gives us (for a suitable normalization of 7g)

end*(S®¢) = ®¢’G' (10.5.4)

Lemma 10.5.3. We have

end onst” (605) = 0, &

Proof. Let fg, € C°(gy(F)), and let fi = n_sto@(fgg) € CX(h(F)). We need to show
that 6y (fy) = 0¢,é(fge)'

From diagram (10.5.3), we know this to hold if fy € CZ°(h,) and fg, € CZ°(gy ), where
r is large enough so that the character expansions for S®, and © 6.6 hold with respect

to ¢ and ¢ on H, and U,, respectively. Fix such an r.

Fort e F*, let fy, and fg,, denote the functions ¥ — fj (t7%Y) and X — fau (t7%X),
respectively. By Corollary 7.6.3 and Remark 7.6.5 in case (c), and readily in cases (a)
and (b), we get, as in Lemma 8.2.2 (cf. [74, Lemma 9.7], [24, Lemma 3.2.1]), that

nstoend(fg,,) = 1" fo.. (10.5.5)

where ng =dimg, —dim@. Moreover, by the homogeneity properties of Fourier
transforms of nilpotent orbital integrals, Ps() == 9¢,é(f997f) and P(t) := 64 (|t|" fy,;) are
polynomials in |¢| (for example, see the last equation in [74, page 325]). We need to show
that Pg (1) = P(1), which will follow if we show that Py (1) = P(t) for infinitely many |z|.
But for ¢ such that |¢] is small enough, fay, € Cé’o(gg;) and fp, € C°(h,), so that, by
(10.5.5) and the choice of r, Pg(t) = P(t), as we wanted. O

Let dy = depth¢. Then by Theorem 10.4.4 and the fact that the LLC for general linear
groups preserves depth (cf. [86, Theorem 2.3.6.4], a result of J.-K. Yu), the character
expansion for ®¢ & at 6 with respect to ¢ is valid on tc(G(F), Gg.ay+)-

Lemma 10.5.4. The character expansion for SO©g4 with respect to ¢ is valid on Hiyy

Proof. By (10.5.4), Lemma 10.5.3, the commutativity of (10.5.3), Remark 10.5.2, and the
definition of character expansion, it suffices to show that the map end onst” of (10.5.3),
or equivalently the map end*, with ds+ in place of r, is injective (recall that the maps
denoted nst are isomorphisms, cf. (10.5.1) in cases (a) and (b), and tautologically in case
(©)).

In cases (a) and (b) this is tautological since end " is the identity map. So, let us focus
on case (c), where we need to show that the map end : Z(U,) — ﬁ(HC) is surjective. Now
we crucially appeal to [7, Corollary 2.1.2], according to which end : Z(G(F)) — gf(l_{(F))
is surjective. Therefore, it is enough to prove the following two assertions.

(i) If y € H(F) matches a strongly regular semisimple element § € (:E(F), then y € H,
if and only if § € U,.

(ii) U, is open and closed in G(F).

Recall from Remark 7.4.4 the map C:i(F) — G(F) given by y +— T, where y (v, w) =
y (=T, w, v). If we show that U, is the inverse image of G, under y — T, then (ii) will
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follow (as G, is open and closed in G(F)), and so will (i) (by Remark 7.4.4 and Remark
10.1.5). One implication here is clear: if y = g~ 'mfg € U, with g € G(F) and m € Gg,,,
then T, = g~ 'm?g € G,.

Conversely, suppose that y = g0 € G(F) is such that T, € G,. By Lemma 3.2.7, we
have a unique m € G, such that m?> = T,. Therefore, Inty =Intg; o6 fixes T, = m? and
hence m too (by uniqueness). In other words, y (mv, mw) = y (v, w) for all v, w € V. Then

(m_ly)(v, w) = y(mv, w) = —y(T,w, mv) = —y(mzw,mv)

= —y(mw, U) = _(mily)(ws U).

Therefore m 'y is a symplectic form, so that m~'y = g~'8g for some g € G(F). Further,

gmg~" commutes with g(m~'y)g~! =8, so that gmg~! € Gy.r. Therefore,

y=m-my =tc(g, gmg™") € tc(G(F), Gg,») = Uy,

as needed. This shows (ii). O

From the above lemma we prefer to get a character expansion for S®¢4 with respect to
¢ rather than ¢/, and to this end we have the following.

Lemma 10.5.5. Let r > 0, and let ¢ and ¢a be two AdH(F)-invariant homeomorphisms
from b, to H, satisfying the hypotheses of [20] and such that, for s > r, the self-bijection
of by.s/bx.s+ tnduced by c;l ocy using [20, Hypothesis 3.2.1] is the identity. Then, if a
virtual character of H(F) has a character expansion with respect to ¢; on H,, then it has
one with respect to ¢y too. In particular, by Lemma 10.5.4, SOy has a character expansion
on Hg,+ with respect to c.

Proof. We will use a homogeneity result of DeBacker, namely [20, Theorem 2.1.5], to
which end we recall a few definitions from [20]. For r € R, let

Jene= 1 [ Jesons

xeBMH,F)s<—r

where

Jx,s,(—r)+ ={T eJ®) | Vf € C(hx,s/hx,(—r)+)’ if supp f N (Nf) + bx,s*) =0,
then T(f) = 0}.

In the above, J(h) denotes the set of invariant distributions on h(F), which is identified
with Z(h(F))* by Notation 10.1.3, and Ny denotes the nilpotent cone of h(F). Recall also
the definition
D= Y, Celh(F)/beny) =F(CZ0,),
xeBH,F)

where the Fourier transform F, as in [20], is taken with respect to a fixed additive
character A : F — C* trivial on @ but not on 9, and a symmetric bilinear form tr
that identifies each by , with b} . (cf. Hypothesis 3.4.1 of [20], which is satisfied by b, see
Lemma 10.3.1).
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Theorem 2.1.5 of [20] says that, if the hypotheses of Section 2.2 there hold, and F has
characteristic 0 (which is so in our case),

resp ., Jnt = resp_,,, J (Np).

From [20, Remark 2.1.7], we have J(Ny) C f(_r)+. Now, let ® be a virtual character
of H(F) that has a character expansion with respect to ¢; on H,. This implies that
there exists D; € f(_r)+ such that, for each f € C°(h,), we have D1(Fo f) = O(f o cfl).
Let Dy € J(h) be such that Dy(Fo f) = ®(foc2_1) for f e C°(h,). Using the above
homogeneity result, to prove that ® has a character expansion with respect to ¢ on H,,
it suffices to show that D, € f(_,)+. We will show that D, € JNX,S,(_,H_ foreachx € B(H, F)
and each s < —r. Note that D, = Djo Fo (c;1 ocy)* oF ! on CX(hy).

Therefore, to show that D, € jx,s,(—r)+, it is enough to show that that, for X € b, g,

Fo (cgl oc)*o F! (1X+hx.(—r)+) € Z C. 1X/+bx,(—r)+‘
X,€X+bx,s+

For X' € by, 1x/1p, ), is the Fourier transform of the function (meas f)x,r)_1 “X_x' €
Ce(hx,r/Ox.(—s)+) C C°(h), whose valueon Y € b, , equals (meas by, (—r)4) - Aotr(—X', Y).
Thus, we need to show that, for each X € b, g,

xxo(3loc)e > Coxx. (10.5.6)
X' eX+bhy st

This will follow once we show that xx o (c; o 1) satisfies
xx o6y oeD(Y +¥) = xxo(; oe)(¥) - xx(¥), VY €byy, Y €by .
This in turn reduces to showing that
Gloa(Y+Y) e oa (M) +Y +bhy o+ YY €ber ¥ € by

This follows from [20, Hypothesis 3.2.1(b)] together with our assumption that the
automorphism of by _s/bx (—s)+ induced by c2_1 ocp is the identity.

For the last assertion of the lemma, we should verify that coc _17 or equivalently
¢ oc¢™!, induces the identity on each by s/bhys+ (s =>r). But this follows from the fact
that ¢/(X) = ¢(X/2)?, and the fact that ¢ itself induces an isomorphism b, /by s —
Hy /Hy s+ of groups. O

Recall that for each 7 € 1:I¢ we have a character €; of Sy. Write (s, ) for €;(s). Then
(-, ) is a perfect pairing between Sy and 7 (see [7, Theorem 2.2.1]).

10.6. Endoscopic transfer and depth bound

Now, suppose that s # 1. Then s determines an endoscopic group Hy of H, which may be
written as a product Hy 1 x Hy 2 of quasi-split classical groups (one of which may be trivial;
for example, it can happen that H = Sp,, and Hy is a form of SOy, ). Accordingly, ¢ is the
image of a product ¢5 1 X ¢52, each ¢;; being a Langlands parameter for H ;. Denote
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both the associated endoscopic transfer maps Z(H(F)) - SZ(Hs(F)) and Z(h(F)) —
SZ(hs(F)) by the same letter ends;. We have

SI(Hy(F)) = SI(H,1(F)) ®c ST(Hs2(F)),
SI(H,,1(F)* ®c ST(Hs2(F)* C ST(H(F)*,

and similarly at the Lie algebra level. By [7, Theorem 2.2.1], up to a normalizing scalar,
@;, = end:f(S®¢S,1 ® S®¢S’2).

Lemma 10.6.1. For every r > 0, we have a commutative diagram analogous to (10.5.3),
namely

*

~ ~ ~ end; -~
SI(HS,I,V)* & SI(HS,ZJ)* —_— SI(Hs,r)* — I(Hr)*

oc1*®oc1*LE o(c_]xc_')*LE ELocIjk
d*

ST(h1.,)* @ ST(by 0, )* — SL(hy,)* ——=T(h,)*

Proof. By Lemma 4.1.3 and the conjugation equivariance of ¢ it is enough to show that
the following hold.

(i) No b-regular (respectively, H-regular) semisimple element of bhg(F)\ by,
(respectively, Hy(F) \ Hy,,) matches an element of b, (respectively, H,).

(ii) For ¥; € bs;, (i =1,2) and X € b, (¥}, ¥2) matches X if and only if (c(¥1), ¢(¥2)) €
H,(F) matches ¢(X) € H,, and moreover in this case we have

A((Y1, 12), X) = A((c(X1), ¢(¥2)), ¢(X)).

(i) follows from the fact that, if the equivalence class of ¥; € h,;(F) (respectively,
vi € Hy ;(F)) is parameterized by (L®, Li), y®), fori = 1,2, and if (Y1, Y2) (respectively
(1, ¥2)) matches X € h(F) (respectively, y € H(F)), then the equivalence class of X
(respectively, y) may be parameterized by (LD x L@, Lil) X Lg), (D, y@)); cf. [84,
§X.2] (respectively, [83, §1.9]) (in cases (a) and (b) this also proves the first assertion of
(ii), but not in case (c¢)). For the first assertion of (ii), what we need to show is that, if
t: Ty xTy — T is an admissible embedding of tori, then to¢ = co,. This follows from
the above (partial) description of matching, which shows that every such admissible
embedding arises in an obvious manner from an isomorphism (L1 x L®, LS) X Lg)) =
(L, Ly) of pairs consisting of an étale F-algebra and the subalgebra fixed by an
F-involution.

Now let us prove the second assertion of (ii). Let Yi, Y2, X be as in that assertion, and
let the conjugacy class of ¢(X) be parameterized by (L, L+, x, ¢). Then the conjugacy
class of X is parameterized by (L, L+, %, c), with ¥ = 2(x — 1)(x + 1)~ (cf. §7.3). Let
mqo be 0 when H is a symplectic group, and 1 otherwise. Let ng be 1 when H is an odd
special orthogonal group, and 0 otherwise. Write L = [[;; Li, x = (xi)ies and X = (X;)
as before. We have sets I* and I™* and I™*, and an n € F* to normalize the transfer
factors, as in § 7.5.A. Let d be the dimension of the standard representation of H. Set

=[] I  @—-¢w).

i€l peHomp-q14(F;. F)
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By [83, Proposition 1.10], we have that A(c(Y), ¢(X)) is the product over i € I™* of
sgny, k., (Ci), where

_ 2(1 4 x)\™
Ci = (=" "0* e, P (Xi)PI(—l)xi(Hno o (%) .
T

On the other hand, set
Py =T1"T] [T @-¢G).
i€l peHomp-a1g (F;. F)

Then, by [84, Proposition X.8], A(Y, X) is the product over i € I™* of sgng p,, (€,
where (as defined in Section X.7 of [84], but keeping in mind [83, Remark 1.3])

~ —1=no—mgy p/ /=
Ci=nc; X Pr(x;).

It is enough to show that sgng p,, (Ci) =sgug p,, (C;) for each i € I™*. Tt is readily
computed, for instance first by showing that

_ 2(x; — 1 no
Pj(%;) = (M) 4270 pl () - Pr(—=1) 7 (g 1m0,
14 x;
that
. monott 2 PLED? (xi NEOTOR (L)
Ci/Ci= (=D ¢ 2 B il
4d=no=1"\ (14 x;)2 xi— 1

Since each x; /(1 + x;)? is a norm, and since so are 4, 22070=70) and P;(—1)2, we are reduced
to checking that

14 x;\ 2" 1+x\"
_1ymo—notl 2 [ T VS ! ,
=D i \wa m/ra \ G\

as can be seen in each case. O

Remark 10.6.2. Of course, the above proof shows that the Cayley transform, where it is
defined, behaves well with respect to the product of the transfer factors excluding the
discriminant factor (not just on the topologically nilpotent set). However, this does not
mean the same about endoscopic transfer, for topological nilpotence is really needed for
Lemma 4.1.3.

Lemma 10.6.3. For every s € Sy,
O = Y (5.7)0;

7"161:[45

has a character expansion on Hg,1 with respect to c.

Proof. By Lemmas 10.5.4 and 10.5.5 applied to Hy 1 and H; 2, the character expansions
0,1 and 0y 2 of SOy, , and SOy , with respect to ¢ (and any sufficiently large r’ > 0) are
valid on Hj 1,4,+ and Hg 2 g,+, respectively. Exactly as in Lemma 10.5.3, the character
expansion 9;5 for ®fp with respect to ¢ and any large ' can be given as end*(6g, ® 04,). By
Lemma 10.6.1, it follows that the character expansion for @‘fﬁ with respect to ¢ is valid
on Hg,+ as well. O

https://doi.org/10.1017/5147474801500033X Published online by Cambridge University Press


https://doi.org/10.1017/S147474801500033X

1040 R. Ganapathy and S. Varma

Corollary 10.6.4. Let ¢ be a Langlands parameter for H(F), and let w be an irreducible
admissible tempered representation of H(F) whose image in l:Itemp(H) belongs to l:I¢.
Then

depthr < depth ¢.

Proof. Let ®, denote the character of 7 in cases where the 6\ult(I;I)—0rbit of  is singleton.
If the éﬁ/t(I;I)—orbit of m has two elements, let this orbit be {m,7'}. Set O, = (rm +
trr’)/2. Since w and 7’ clearly have the same depth whenever 7’ is defined, in all of
the cases it is enough to show that ®,(1ly,,,) # 0 for some x € B(H, F) and every r >
depth ¢; this would imply that depthsw < r for all r > depth ¢, and hence that depthm <
depth¢. Let r > depth¢. By Lemma 10.6.3 and the fact that the pairing (-, -) is perfect
on Sy X l:I¢ [7, Theorem 2.2.1], ®; has a character expansion with respect to ¢ that is
valid on H,.
Write

O, = Zco/f)o/ € f(/\/r))

for this character expansion of ©;, as O’ ranges over the nilpotent H(F)-orbits in h(F),
vor being a choice of an H(F)-invariant measure on (0" whose Fourier transform (using
A otr as in the proof of Lemma 10.5.5) we denote by der. Let O be a nilpotent orbit of
h(F) such that cp # 0 and is maximal with respect to this property. Note that O # {0}
(if © = {0}, then it follows from the character expansion that, for sufficiently large I,
the dimension of 7% is a constant independent of /, forcing 7 to be finite dimensional).
The classification of nilpotent orbits from [21] gives us (since the hypotheses of [21]
are valid), cf. [20, Remark 2.5.4], a generalized —r-facet F* in B(H, F) and an element
X € hps = by —, for x € F* (see [20, Definition 1.5.5]) such that X € O and such that, if
a nilpotent orbit @’ meets X + h;* (where h;* = Dx.(—r)+), then O C @'. Furthermore,
since O # {0}, we know that by _, # bx =+ and by, # by rt.

Consider the function xx in C°(bhx ) C CX(h(F)) that takes Y € by, to Aotr(—XY).
Since ¢ induces an isomorphism of groups by ,/bxr+ = Hyr/Hyr+ (as [20, Hypothesis
3.2.1] is satisfied), xx oc is a character of Hy, trivial on Hy ,4. It is enough to show

that O (xx oc) # 0. The Fourier transform of xx equals (meas hx,r)lXerx,(frH- By the
previous paragraph, we get
Or(xx) = Y _ codor(xx) = (meashy,)- Y covodxin, ,.)
o’ (@4
= (meas by ,)co - vo(X + by (—r+) #0
(as X € O and as O is maximal for the property cp # 0), as needed. O

11. The other depth bound for generic representations of SOy,

In Corollary 10.6.4, we showed a depth bound for all members in an L-packet in terms of
the depth of the Langlands parameter. This was under Hypothesis 10.3.3. However, for
SO2,41, we can give a crude estimate of the depth of a generic tempered representation in
terms of that of its Langlands parameter using the work of [79] without any assumptions
on the residue characteristic. More precisely, we have the following lemma.
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Lemma 11.0.1. Let F be any non-Archimedean local field of characteristic 0. Let w be
an trreducible, admissible, generic, tempered representation of SOoy,41(F) that lies in the
L-packet T1g. Then

depth(r) < 2n depth(¢p) + 2n.

Proof. We reduce ourselves to the case when m is generic supercuspidal using [63,
Theorem 4.5] and the Meeglin-Tadic classification [60] (see [16, § 7]). Let us explain why
the depth bound for generic supercuspidal 7 is a consequence of [79]. Let K (p™) be the
paramodular subgroup of level m defined in [79, Definition 1.2.1]. Note that K,, C K (p™).
Let ay be the conductor of . Theorem 1.2.5 of [79] says that 7 has a nonzero fixed vector
under K (p?7), and hence under K,_. Consequently, depth(r) < ar. By Theorem 12.8.1(b),
we have that a, = cond(¢), and furthermore, using the relationship between depth
and conductor for representations of GLy, (see [86, Theorem 2.3.6.4]), we have that
cond(¢) < 2ndepth(¢p) + 2n. O

12. Recharacterization of the LLC in characteristic 0

In this section, we show how the works of [7, 16, 60] let us give a characterization of the
LLC for split classical groups using L-functions, e-factors, and Plancherel measures. To
do this, we will first recall some preliminaries about these local factors and Plancherel
measures.

12.1. Some notation

From now on, G will denote a split connected reductive group defined over Z. Let B = TU
be a Borel subgroup of G with maximal torus T and unipotent radical U, all defined over
Z. Let X*(T) (respectively, X4(T)) be the character lattice (respectively, cocharacter
lattice), ® C X*(T) the set of roots of T in G, ®T the set of positive roots of T (i.e.,
in B) and A the set of simple roots. Let Z(G) denote the center of G and Ng(T) the
normalizer of T in G. For Q C A, let P = MoNg be the Levi decomposition of the
corresponding standard parabolic subgroup of G, where Mg, is chosen to contain T.

Let Ag be the connected component of Nyeq Kera. One has Mg = Centg(Ag), and
A is the maximal split torus in the center of Mq. T = Ay is of course a maximal torus in
Mg, as well. For Q C A, let ®g be the set of roots in the linear span of €, Of = dTNdg,
and let Wq be the Weyl group of M, with respect to T. We write W for Wa. There is a
natural inclusion Wgq < W. For a € ®7, let s, € W denote the reflection with respect to
the root a. Then W = (sy|a € A) and Wq = (s¢|a € Q). Let af, = X*(Ay) ®R, and let
aac denote its complexification.

We fix a Chevalley basis {uy | @ € ®}, where u, : G, — U, (here U, denotes the root

subgroup) is an isomorphism. For each o € ® there is a Z-homomorphism ¢ : SL, — G
such that qﬁa((l) i) =uy(t) and ¢a(: (1)) =u_y(t), and ¢>a((t) tgl ) =aV(t). Let wu(t) =

¢01(_,O—1 o) for each a € ®F. Then

W (1) = Ug (Du_g (—1 Dy (1),
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Wy (1) is a representative of the reflection s, in Ng(T), and there exist universal signs
eg’ﬂ € {£1} depending only « and B8 such that, for ¢t € F,

Wo (Dug(Hwe ()™ = uy, (g) (€a p1),

where €, is the corresponding element of Op. Now let w € W. Write a minimal
decomposition of w as w = sq, -+ - Sa,. We Write W = 5, - - - §4, to denote the representative
of w in Ng(T). By [77, §9.3.3], we know that this representative is independent of the
choice of the minimal decomposition of w.

Let G =G(F). We similarly have B, T, U, and so on. Let Uy o, :=U,(OF)
and Uy, yn = Ker(U,(OF) — U, (OF/p7})) for m € N. Similarly, let Tyn = Ker(T(OF) —
T(OF/p7})) for m € N.

12.2. The theory of intertwining operators

12.2.A. Induced representations.  For the rest of this section, we will assume Mg,
to be maximal, and let & be the simple root of A such that Q = A\{a} C A. Let wg =
w; AW, Where w; o and w; o are the longest elements of W and Wgq, respectively, and
let ¥ = wp(2) C A. Let P, denote the corresponding standard parabolic subgroup with
Levi subgroup M, D T and unipotent radical Ny,. Let (;r, V) be an irreducible admissible
representation of Mgq. Let Unr(Mg) denote the set of unramified characters of Mg. For
n € Unr(Mgq), let
I(n, )= indgg Tn

denote the normalized parabolically induced representation.
Let wo(r) be an irreducible admissible representation of My defined by

wo () (m)(v) = (W, 'mibg)(v) for all v e V,

and let
I(wo(n), wo()) = ind§, wo(rn).

Let Uy = {n € Unr(Mq)|I (n, ) is irreducible}. Then U, is a nonempty Zariski open
subset of Unr(Mg) (cf. [71, Theorem 3.2] and [69, Remark 1.8.6.2]). Define

Uy = Uz Nwyy Uy
Then U is a nonempty Zariski open subset of Unr(Mg) and, for n € U,
I(n,7) and [I(wo(n),wo(r)) are both irreducible.
Let Hg : Mg — agq be defined by requiring that
g™ Hem) — N (m)|, Vm e Mg, » € X*(Mg).
Using the surjection a?z,c — Unr(Mg), v — n,, where

my(m) = gVl e Mg,

we write I (v, ) instead of I(n,, 7). By the above, there exists an open dense subset V;
of a3, ¢ such that, for v € Vi,

I(v,7) and I(wo(v),wo(m)) are both irreducible.
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12.2.B. Intertwining operators. @ We retain the assumptions of § 12.2.A. We shall
recall the theory of intertwining integrals. Let NQ be the unipotent radical of the parabolic
subgroup E’Q that is opposite to P with respect to Mg (so E‘Q = 1\_/191519). Since Pg is
maximal and wo = w; aw; @, a simple calculation shows that

1])01\7911)6] =Ny CU.

Let ¥ be a nontrivial additive character of F. We fix measures du, dng, and dny on
U, Nq, and Ny, respectively, using the self-dual Haar measure on F induced by ¥ and
our choice of splittings. We fix measures diig and ding on Ng and Ny by transport of
structure. Given f € I (v, ), define

AQv. 7, 0) £ (8) = Aly. 7. T0) £ () = /N f g ng) dny. (12.2.1)

This integral converges absolutely whenever the following condition holds:
(Re(v), BY) > 0 for each B € d>+\<b§. (12.2.2)

For such v, A(v, w, wo) f € I(wo(v), wo(rr)). Moreover, this is a meromorphic function
of v, and in fact a rational function of n, ([73, §2] and [81, Theorem IV.LI]). In fact, Muié¢
[64] explicitly constructed a Zariski open dense subset U (7w, wg) of Unr(Mg) where the
intertwining operator is defined (cf. [64, Lemma 4.6, Remark 4.16 and Theorem 5.6(ii)]);
that is,

dim¢c Homg (I (v, ), I (wo(v), wo()) = 1. (12.2.3)
Let V(mr, wo) denote the corresponding open dense subset of aac so that A(v, m, wp) is
defined for all v € V(ir, wg). Let [Wo\W/Wy] ={w € W|u)’1§2 > 0, w¥ > 0}. Then

G = 11 Pow Py,
we[Wo\W/Wy]

and there is a total order < on [Wqo\W/Wy] such that, for each w € [Wo\W/Wy], the
set
GSY .= U Pow; Py

wi<w

is open (cf. [64, §3]). With (v, m)S% = (f € I(v, 7)|supp(f) C G<¥0'}, he showed
that for each n, € U(m, wg) the intertwining operator is determined by (G-equivariance
and) the following requirement:

A, 7, o) (f)(1) = / FGig ' nydng,  f eI, m)S" (12.2.4)
Ny
(see [64, Equation (4.20) and Lemma 4.21]).

12.3. Local coefficients

Given a generic representation (m, V) of Mg, there is a Whittaker functional associated
to the representation I (v, r) making the induced representation generic.
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More precisely, let x : U — C* be a generic character of U, and let xq denote its
restriction to Uy, := U N Mgq. Assume that x and wp are compatible; that is,

x (Wouiny ") = x () Vu € Upyg,

where wq is the lifting of wg as described in §12.1. Assume that (7, V) is xq-generic, and
let A : V — C be a nonzero Whittaker functional on V satisfying

Ar)v) = xoW)A(v) YueUyg,veV.

With x as above, the induced representation I(v, ) is x-generic (see [73, Proposition
3.1]). Let A, (v, w) denote the Whittaker functional on the induced space constructed in
that Proposition. This is an entire function of v, and there exists a function f € I (v, 7)
such that A, (v, w) f is nonzero. In fact, A, (v, 7) is a polynomial in 7, (see [54, §1.2]).

The local coefficient arises by studying the intertwining operators between certain
parabolically induced generic representations and the uniqueness of Whittaker models of
these representations. More precisely, we have the following theorem.

Theorem 12.3.1 [73, Theorem 3.1]. There ezists a complex number C, (v, 7w, Wo) such that
)‘-X (U, jT) = CX (U, T, IDO))")( (WO(V)a wO(JT)) o A("” T, IZJO) (1231)

Furthermore, as a function of v, it is meromorphic in ag o, and its value depends only
on the class of 7.

The scalar C, (v, m, wo) is called the local coefficient associated to v and m. In fact, it

can be shown that C, (v, 7, Wp) is a rational function of 5, (cf. [54, Theorem 2.1]).

12.4. Plancherel measures

For an irreducible admissible representation (7, V) of Mg (maximal) and v € ag, -, we
consider the induced representations

I(v,m) and I(wo(v), wo(m)).
There exists a constant w(v, w, ¥) such that
A(wo(v), wo (), Wy o A(v, 7, o) = (v, T, ¥) . (12.4.1)

The scalar w(v, w, ¥) is a meromorphic function of v, and it is called the Plancherel
measure associated to . Note that this depends on the choice of measures used to define
the intertwining operator.

Notation 12.4.1. From now on, the group H will be as in cases (a)-(c) of §2.1, but
additionally split if in case (c). To ease the presentation of the results in the remaining
sections, we write H, instead of H in cases (a)—(c) when dim(W) =2n or 2n+1. We
accordingly let N denote the dimension of V.
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12.5. The split classical groups and their structure theory
We fix a Chevalley model for H,, over Z as follows. Let

0 1
J(n) =
1 0
and let
J'(2n) = <J?n) —JO(n)) .

The group Sp,, is the functor on the category of commutative rings
R~ {g € GLou(R) | "g-J'(2n)-g = J'(2n)}.

To define special orthogonal groups in a characteristic free way, let R denote any
commutative ring, and let ¢, denote the quadratic form on R" given by

n
Gn =) XiXniii.
i=1
The group O(g,) is the functor

R ~ {g € GLy(R) | gu(gx) = qn(x)}.
Then, by definition, SO2,+1 := Ker(det|0(y,,,)) and SOz, := Ker(D(g2,)), where D(qg2,)
denotes the Dickson invariant (see [18, Appendix C]). Furthermore, when R is a
Z[1/2]-algebra, we have that
SO2,(R) = {g € SLy(R) | g20(8x) = qan(x)}.

With these choices, we have a standard choice of a Borel subgroup and a maximal torus
for each H,, specified by the standard ordered basis for R?" or R*"*! depending on the
case. Next, we describe the root datum of H,, using standard notation.

(I) For H, = Sp,,, @ = {te; te; (i # j), +2¢;} and
A={aj:=e—ey, apg:=er—e3,..., Op_| :=€y_1 —e€y, Ay ‘= 2e,}.
(I) For H, = SO2p41, @7 = {te; tej (i # j), te;} and
A={a):=e—ex, ap:=er—e€3,..., Qp_| :=€y—1 —€y, Ay ‘= ey}.
(III) For H, = SO2,, T = {*e; tej,i # j} and

A={aj:=e—ex, ap:=e€r—e3,..., Qp_| = €| —€p, Ap = €y_1+€}
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12.6. The local factors for split classical groups

Let P, be the ‘standard’ maximal parabolic subgroup of H, for a suitable Q2 C A, with
Levi decomposition P = Mg N, where N C U. Note that Mg = GLi xH,, where H, is
a smaller rank classical group of the same type and ¢ +k = n. Now, consider the adjoint
action r of LM on Eng; cf. [74]. Let p denote the standard representation of GLg(C),
and let 7, denote the natural embedding of IEIn in GLy(C). Then

r=r1®rs,

where r; = pr ® 7; and

. A2 pi if H,(F) = Spy,(F), SOz (F)
2:
Sym? p  if Hy(F) = SO241(F).

Let 0 and & be irreducible admissible generic representations of GLi(F) and H,(F),
respectively. The Langlands—Shahidi method defines L- and y-factors

L(s,7Xo,r;)
v, aWo,ri, ), i=1,2

via the theory of local coefficients that satisfies a number of properties (see [74] when
char (F) = 0 and [36, 54] when char (F) > 0). The first L- and y-factors will be used in
the recharacterization in Theorem 12.8.1, and we write

L(s,mx0)=L(s,nXo,r1), vy, 7mx0,¥)=y(s,naNXo,r,v).

We also note that the second L- and y-factors are the symmetric and exterior square
local factors in the Langlands—Shahidi method for classical groups. The symmetric square
factor arises as the local coefficient by viewing GLj as the standard Seigel Levi subgroup of
SO2k+1, and the exterior square factor arises as the local coefficient by considering GLy as
the standard Seigel Levi subgroup of SOg;. We simply write L(s, o, r2) and y (s, o, r2, ¥)
to denote these factors.

12.7. On discrete series representations of classical groups

Let F be a non-Archimedean local ﬁelNd of characteristic 0. In this section, we recall the
main results of [60] and [59]. For ¢ € ®,(H,(F)), we write

Jord(¢) := {(p, a)|¢pp, ® S, appears in ¢}.

In the above, p denotes an irreducible self-dual supercuspidal representation of GLg, (F)
(for a suitable d, € N), and S, is the irreducible a-dimensional representation of SL,(C).

Now, let w be a discrete series representation of H,(F). For a supercuspidal
representation p of GLg4,(F) and a € Z, let §(p,a) denote the irreducible essentially
square integrable representation of GLgg,(F) that is the unique irreducible quotient of

the induced representation p|— |aT_1 Xp|— |% KWKol — |7(U271), where p| — | stands for
pldet(-)]. Note that, if p is self-dual, then so is §(p, a). We recall the definition of Jord ()
from [56].
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Definition 12.7.1. Define Jord(;r) to be the set of pairs (p, a) satisfying the following.

(a) p is a unitary, supercuspidal, self-dual representation of GLy, (F).

(b) a is an integer that is even if L(s, p, r2) has a pole at s = 0 and is odd otherwise.

(c) 8(p,a) x ™" is irreducible, where 7+ = 7 if H, is in case (a) or case (b), and 7*
is any irreducible representation of Oy, (F) whose restriction to SOy, (F) contains
m if H, is in case (c).

Now, it follows from [59, §§7.1 and 7.2] (which also refers to [7] for certain groups)
that

Jord(w) = Jord(¢), if w € Iy. (12.7.1)

In [56], Mceglin has defined a partially defined function €, : Jord(w) — {£1}, and
to each irreducible discrete series representation m of H,(F), has associated a triple
(Jord(m), weusp, Ax). Here meysp is a supercuspidal representation of a smaller rank
classical group of the same type as H,(F) that is in the cuspidal support of 7, and
Ay is defined via €; on a certain subset of Jord(z) U Jord(xw) x Jord(xw) (see [60, page
729]). With the notion of admissible triple as in [60], the main results of [56] and [60]
prove that the map

7 — (Jord(w), weusp, Ax)
from the set of discrete series representations to the set of admissible triples is bijective.

12.8. The Langlands parameter for tempered representations

Let F be a non-Archimedean local field of characteristic 0. For an irreducible admissible
tempered representation (i, V) of H,, we will often write 7S for its local functorial
lift to GL(N) and ¢, for its Langlands parameter, as in §2.2. We prove the following
recharacterization of the LLC in Theorem 2.2.1. We note that, if we did not have any
restriction on depth(c) below, this would essentially follow from the results of Arthur
[7] (combined with some lemmas in [16]). However, this restriction on the depth of o is
essential for our main theorem in §13.6.

Theorem 12.8.1. For m > 1, let I(m, N) := Nm+2N. Let (m,V) be an irreducible
admissible tempered representation of H, with depth(w) < m. The parameter ¢ €
Dpad(Hy) satisfies the following properties.

(a) If w is a discrete series representation, then ¢, does not factor through any proper
Levi subgroup of H,.

(b) If  is generic, then, for each irreducible admissible supercuspidal representation o
of GL,(F), where r < N — 1 and depth(o) < 2{(m, N), we have

L(s,m x0) = L(s, oz ® ¢5)
)/(S,T[ X o, 1/f) = V(Sv ¢7T ®¢)O’r w)
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(¢c) If m is mnongeneric, then, for each irreducible admissible discrete series
representation o of GL,(F), where r < N — 1, and depth(o) <m+1,

wis, w x o, %)
=Y (S, ¢r @Po, Y)Y (=5, P @ W)Y (25,1200, Y)Y (=25, 1200, V),

where (s, m X 0, ¥) is as in equation (12.4.1).

Now suppose that w is a discrete series representation. When H, = Sp,, and SO2,41,
the parameter ¢, is uniquely determined by these properties, and when H, = SO»,, the
parameter ¢ is determined up to Oz, (C)-conjugacy.

Proof. We begin by showing that the parameter ¢, satisfies Properties (a)—(c). (a) follows
from the construction of [7] (see Proposition 2.4.3 of [7]). We next explain why Properties
(b) and (c) hold without any restriction on the depth of o. Property (b) is basically a
consequence of [16, Lemma 7.1, Propositions 7.2 and 7.3]. Let us elaborate on this.
First, suppose that 7 is generic supercuspidal. Then we know that m occurs as a local
component of a globally generic cuspidal automorphic representation by [74, Lemma
5.1]. More precisely, suppose that yx is a generic character of U such that 7 is a x-generic
supercuspidal representation of H,; then there exist a number field K, a generic character
x of U(K)\U(Ag), and a globally x-generic cuspidal representation 7 = ®'7, of H,(Ag)
such that the following hold.

e K., = F for some place vp of K.

o Xuo =X-

® Ty, =T.

e For every other finite place v # vg, 7, is unramified.

For such a 7, the authors of [16] construct a global functorial lift IT to GLy (Ag) that
agrees with the Satake classification [70] at all the unramified places and the arithmetic
Langlands classification [10, 47] at the Archimedean places. The works of [31, 76]
characterize the global image of globally generic cuspidal automorphic representations
of classical groups (also see [16, §7.1]). Combining this with the strong multiplicity one
theorem for isobaric representations of GLy [39, 40], we know that this has to agree
with the global functorial lift of 7 constructed by Arthur. In particular, we have that
I1,, = 7S, Now [16, Proposition 7.2] gives that

y(s.mx0.9) = y(s. 7% 0, 9)
and the proof of Lemma 7.1 of [16] gives that
L(s,m xo) = L(s, 76l x o).

This finishes the proof of (b) for generic supercuspidal 7. Next, the local functorial lift of
a generic discrete series representation m is obtained in [16] using the Moeglin—Tadic
classification of discrete series representations (see [16, Equations (7.2) and (7.3)]).
It now follows that (b) holds for any generic discrete series representation m by the
results of [59, §7] and [16, Proposition 7.3]. If 7 is tempered, then, for a Levi subgroup
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M = GL,, x GL,, x --- x GL,, xH; of H, and a discrete series representation o =
8(p1,a1)X8(p2,a) K-+ - KRS (or,ar) Km_ of M, m occurs as an irreducible summand of
Ind}" o Then ¢y = @F_,(dp; ® Su) ® br. ®D_ (¢, ® Sup)¥, Where ¢ is the discrete
series parameter of 7_ as above. Now the fact that (b) holds for generic tempered 7 is
a consequence of the multiplicativity property of the local factors (see [16, Page 209]).

Let 7 be nongeneric. The properties of Arthur’s normalization of intertwining operators
(see [7, Ch. 2.3]) imply that the Plancherel measure u(s, 7 x o, ¥) is constant on the
L-packet. Let us explain this briefly. With A(s, 7 x o, wg) as in §12.2.B, let

GL

R(s,m xo,wg) =r(s, 77", 0, wo)_lA(s, T X 0, W)

be the normalized intertwining operator in [7, Equation (2.3.25) and (2.3.26)], with the
normalizing factor r(s, 7L, o, wo) defined in [7, Equation (2.3.27)]. Then, by the cocycle
relation in [7, Equation (2.3.28)], we see that

R(wo(s), wo(r x 0), wo_l) oR(s,m x o, wy) = 1.

L G

Since the normalizing factor r(s, 76 ,0,wo) depends on 7 L and not on the specific
member 7 of the L-packet, we see that the Plancherel measure u(s, 7 X o, ¥) in the
right side of equation (12.4.1) is constant on the L-packet. Writing this more explicitly
in terms of the normalizing factors,

wis,wxo,9) =y, 7% x o, r1, ¥)y (—s, 1 x o, Uy Q2s, 0,2, Y)Y (=25, 0,1y, )
y(2s,0,r2, %)
y(1=2s,0,r2,%)

(s, 72060,
=7 (5. 67 @G, V)Y (=5. 62 ® 4], W)a.()x/(J/l(—SZSrZrz(Z(ﬁ w:/’)

=Y, ¢r @b, V)V (=5, P @D . W)Y (25, r20¢0, Y)Y (=25, 1200, V).

In the above, the second equality follows from [74, Equation (3.10)], the third holds as a
consequence of [35] for the factors involving rp and because the LLC for GLy preserves
Rankin—Selberg factors, and the fourth is again a consequence of [74, Equation (3.10)]
(In fact, by recent work of [17], we can obtain the fourth equality directly from the first.)
This completes the proof of (c).

Finally, we let w be a discrete series representation, and proceed to show that ¢, is
uniquely characterized by Properties (a)—(c). Let ¢ : WDp — IEIn be another parameter
attached to m that satisfies Properties (a)—(c) of the theorem. We want to show that
¢ = ¢,. Composing with the standard embedding 7, : IEIn — GLy(C), we will first show
that ¢ and ¢, are isomorphic as N-dimensional representations.

Suppose that 7 is generic with depth(w) < m. Property (b) implies that, for each
irreducible, admissible, supercuspidal representation o of GL,(F), where r < N — 1 and
depth(o) < 2/(m, N),

=y(s, 7St %o, r, )y (—s, 7t %o, v

L(s, ¢r @ o) = L(s, ¢ @ ¢o) (12.8.1)
)/(57 ¢JT ®¢U’ I/f) = V(S7¢®¢U9 I/f)
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Note that, had there not been any restriction on the depth of o, then the above would
imply that ¢ = ¢, by [34, Theorems 1.4 and 1.7]. However, this restriction on the depth
of o is essential for our main theorem. For ® = ¢, or ¢, let Jord(®) be as in §12.7. Let
us now make some simple observations.

(1) Note that (12.8.1) also implies the equality of the corresponding e-factors, and, in
particular, we have

€(s, or, V) =€(s, P, V). (12.8.2)
This implies that cond(¢) = cond(¢y).
(2) If ¢ and ¢, are both irreducible representations of Wr, then we have
cond(¢p) — N  cond(¢r) — N
N N

by [86, Theorem 2.3.6.4]. Even without the irreducibility assumptions, since
depth(¢r) < m+1 by Lemma 8.2.3, it follows that

depth(¢) = = depth(¢r).

depth(¢) < cond(¢) = cond(¢p,) < N depth(¢pr) + N < Nm+2N.

(3) For (p,a) € Jord(®), we have that det(p) takes values in {£1} by Property (a) of
the theorem.

To prove that ¢ = ¢, first suppose that ¢ and ¢, are irreducible representations of
Wr. Since ¢ and ¢, factor through H,, we see that det(¢) = det(¢r) = 1. Moreover, we
have by [34, §3.3] that

L(s, ¢z @po) =1=L(s, 9 ® o)
and
€S, pr Qbs, ¥) =y (5, Pr ®Po, ¥) = yY(5, 0 QPs, ¥) = €(5, d R o, V)

for each irreducible admissible supercuspidal representation o of GL,(F), where r <
N — 1 and depth(o) < 2I(m, N). Now, using [29, Theorem 7.5], we obtain that ¢ = ¢, as
desired.

Now, we drop the assumption that ¢ and ¢, are irreducible representations of Wg.
Without loss of generality, let us assume that ¢ is not an irreducible representation of
Wg. Then, for each (p, a) € Jord(¢), we have dim(¢,) < N. Since ¢, ® S, appears in ¢,
we see that depth(¢,) < Nm +2N. Furthermore, L(s, ¢ ® ¢/\7/) has a pole at s = —%. By
(b), we see that L(s, ¢ ®¢;)/) also has a pole at s = —%. Then, for some irreducible
summand ¢, ® S, of ¢, we get that L(s+ %, Do, ®¢X) has a unique simple pole at
s = —%, or, in other words, L(s, ¢p, ®¢;)/) has a pole at s = ”12_1 — % Since ¢,, and
¢, are both irreducible representations of Wr, it follows by [34, § 3.3] that

(4! _azt
¢p1;¢p|_|(2 2)~
Now, by (3), we obtain that a; =a and ¢,, = ¢,. Hence (p,a) € Jord(¢;). We have
shown that Jord(¢) C Jord(¢,), and we obtain equality by dimension considerations.
Finally, suppose that 7 is nongeneric. We will show that Jord(¢,) C Jord(¢). We first
note that, in this case, ¢, necessarily reduces. To see this, note that, if ¢, is irreducible,
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then the component group Sy is trivial by Schur’s lemma. This implies that I:I(pn is a
singleton, and [7, Proposition 8.3.2] forces 7 to be generic. Let (p, a) € Jord(¢,). Then
depth(p) < m+ 1, and §(p, a) is a representation of GL, (F) with r < N — 1. By Property
(¢c), we have that

Y (S, P ® (Bp @ Sa) ", Y)Y (=5, ® (p ® Sa), ¥)
=75, 0@ (Pp®S), V)V (=5, 0 R (pp ®Sa), ¥).

Note that the left side in terms of L-functions and e-factors becomes

L(1—5,¢:® (¢p RS))L(1+5,¢02Q (¢,0 ® Sa)v)
L(s, ¢r ®(¢p®Sa)v)L(_Sv o ®(¢p®sa)) ‘

Since (p, a) € Jord(¢y), we have that L(s, ¢r ® (¢, ® S;)¥) has a pole at s = 0. This
implies that y (s, ¢r Q@ (¢p ® Sa)V., Y)Y (=5, ¢z ® (¢p ® Su). ¥) has a zero at s =0, and,
consequently, we obtain that L(s, ¢ ® (¢p ® Su)V)L(—s, d ® (¢, ® S;)) has a pole at s =
0. Suppose that L(s, ¢ ® (¢, ® Sq)¥) has a pole at s =0. Then, for some irreducible
summand ¢,, ® S4, of ¢, we have that

(e-factors) -

min(aj,a)—1 a1 +a 2j 2
1 — —
LGs. (¢p ®Sa) @ @, 050" ) =[] L(s+f,¢m®¢;>

j=0

has a pole at s = 0. Let jo, 0 < jo < min(ai, a) — 1 be such that L(s + % b, ®
¢,) has a pole at s = 0. By [34, §3.3], we have

Gpy =yl — 7T,

Using (3), we have
ar+a—2jo—2

2
But # = jo+ 1 for some jy with 0 < jo < min(a;, a) — 1 implies that a; = a. Hence
Do, ®Sa; = ¢p ®S,. The case where L(—s, ¢ ® (¢, ® S4)) has a pole at s = 0 is similar,
and we omit the details. We have proved that Jord(¢,) C Jord(¢). Now, since both ¢
and ¢, are discrete parameters, we have that

Z ad, =N = Z adp.

(p,a)eJord(¢) (p.a)eJord(¢r)

=0 and ¢, = ¢,.

Consequently, we obtain that ¢ = ¢, as N-dimensional representations. It is well known
that this gives the equivalence of ¢ and ¢, in ®2(H,) (see, for example, [25, Theorem
8.1]). O

13. The main theorem

In this section, we use the Deligne-Kazhdan theory to attach a Langlands parameter
¢ to m’, where 7’ is a discrete series representation of H, (F’), F’ being a local field
of odd positive characteristic. We then prove that it is uniquely characterized by a
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list of properties, analogous to Theorem 12.8.1. Let us begin by briefly reviewing the
Deligne-Kazhdan theory.

Recall that two non-Archimedean local fields F and F’ are m-close if Op /p’y = O pr /9,
as rings. For example, the fields F,((#)) and Qp(pl/’") are m-close.

A non-Archimedean local field of characteristic p can be viewed as a limit of
non-Archimedean local fields of characteristic 0. More precisely, given a local field F’ of
characteristic p and an integer m > 1, we can always find a local field F of characteristic
0 such that F’ is m-close to F. We just have to choose the field F to be ramified enough.

Notation 13.0.1. From now on, for an object X associated to the field F, we will write
X’ to denote the analogous object over F’.

13.1. Deligne’s theory

Let m > 1. Let F be a separable closure of F. Let Ir be the inertia group of F and
I} its mth higher ramification subgroup with upper numbering (cf. [72, Ch. IV]). Let
us summarize the results of Deligne [22] that will be used later in this work. Deligne

considered the triplet tr,, (F) = (Or/p’g, PF/P?H, €), where € is the natural projection

m—+1

of pr/py™"" on pr/p’y, and proved that

Gal(F/F)/I},

together with its upper numbering filtration, is canonically determined by tr,,(F). If

Ly .
the fields F and F’ are m-close, an isomorphism of triplets tr,, (F) Lom, tr,, (F’) gives an
isomorphism
r~ D lm -/

Gal(F/F)/1} = Gal(F'/F')/I", (13.1.1)
which is unique up to inner automorphisms [22, Equation (3.5.1)]. Here is a partial
description of the map [22, §1.3]. Let L be a finite totally ramified Galois extension of
F satisfying I(L/F)" =1 (here I(L/F) is the inertia group of L/F). Then L = F(a),
where « is a root of an Eisenstein polynomial

Px)=x"+n Zaixi

for a; € O. Let a] € O be such that ¢; mod p’} = a; mod p'f,. So a; is well defined
mod p%,. Then the corresponding extension L’/F’ can be obtained as L' = F’'(a’), where
o’ is a root of the polynomial

Pixr) ="+ Y ajx',

where 7 mod p — 7' mod p7,. The assumption that I(L/F)" =1 ensures that the
extension L’ does not depend on the choice of g; [22, Remark A.6.3 and A.6.4].

Henceforth, whenever we talk of F and F’ as m-close, we will implicitly assume that an
isomorphism cl,, : tr,, (F) — tr,, (F’) has been fixed. Our final results will be independent
of our choices of close local fields, and in particular independent of this choice of the
isomorphisms cl,,.
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Deligne proved some very interesting properties of the map Del,,, which we list below.

(i)

(i)

(iii)

(iv)

Note that, when the fields F and F’ are m-close, cl, determines an

isomorphism F>* /(14 p'%) ﬁ) F” /(14 p'). Also, the map Del,, naturally induces
an isomorphism between the abelianizations of the corresponding Galois groups.
These isomorphisms commute with local class field theory (LCFT), that is, the
diagram

(Gal(F/F)/ 1y P2 (Gal(F/ F)y 1)

LCFTl lLCFT (13.1.2)
(F> /(4P —— (F™ /(14 pE))™

is commutative, where ~ denotes profinite completion [22, Proposition 3.6.1].

The obvious variants of the above properties hold when Gal(F/F) is replaced by
Wpg, the Weil group of F, or more generally the Weil-Deligne group of F (see [22,

§3.7]).
Note that the isomorphism Del,, induces a bijection
{Isomorphism classes of representations of Gal(F/F) trivial on I 43
<> {Isomorphism classes of representations of Gal(F’/F’) trivial on I 38
(13.1.3)
Recall that, for a homomorphism ¢ : WDr — LG,
depth(¢) = inf{r | ¢+ = 1),
r F

where the filtration is the upper numbering filtration of the inertia group Ir. So
if depth(¢) < m then ¢|1g, = 1. Hence, when the fields F and F’ are m-close, the
Deligne isomorphism also induces a bijection
{Homomorphisms ¢ : WDp — LG with depth(¢) < m}
<« {Homomorphisms ¢’ : WDz — LG with depth(¢’) < m}, (13.1.4)
and we write ¢ ~,, ¢’ for homomorphisms that correspond as above.

Let v be a nontrivial additive character of F and k = cond(r). Let ¥’ be a character
of F’ that satisfies the following conditions:

e cond(y') =k,
L] w/lpl;;m/p];, = 1p|p1;:m/pl;: as in [22, §37]
When ¥ and ¥’ are related in this manner, we write ¥ ~,, ¥. Let ¢ ~,;, ¢’ as in
(13.1.4). Then their Artin L- and e-factors remain the same; that is,
L(s,$) = L(s, ¢"),
€(s, 9, ¥) =€(s, 9", ). (13.1.5)
This is [22, Proposition 3.7.1].
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13.2. Kazhdan’s theory

Let us recall the results of [41]. Let G be as in § 12.1. Let K, = Ker(G(OF) — G(OFr/p}))
be the mth usual congruence subgroup of G. Fix a Haar measure dg on G. Let

tx = vol(K: dg) ™" char(KuxKyp),

where char(K,,xK,,) denotes the characteristic function of the coset K,,xK,,. The set
{ts|x € G} forms a C-basis of the Hecke algebra H(G, K,;) (of compactly supported
K p-biinvariant complex-valued functions on G). Let

Xo(D)- = (h € Xo(D (2, 2) <OVaedT)
Let @) = A(w) for A € X, (T)_. Consider the Cartan decomposition of G:

G= || COPmGOR.
reX(T)-

The set G(Op)w) G(OF) is a homogeneous space of the group G(Or) x G(OF)
under the action (a,b).g =agb~'. The set {KuxKnlx € GOp) @ G(OF)} is then a
homogeneous space of the finite group G(OFr/p%) x G(OF/p'g). Let Ty C G(OF/pF) X
G(OF/p') be the stabilizer of the double coset K, w;K,. Kazhdan observed that
the obvious isomorphism G(Or/pg) x G(OFr/pg) — GOp /ph) x GO p/p7,) (such an
isomorphism would exist if the fields are m-close) maps I'; — I';, where I'; is the
corresponding object for F'. Let T) C G(OF) x G(OF) be a set of representatives of
(GOF/WE) x G(OF/p7))/ Ty Similarly define 7). Then we have a bijection T — Tj.
Kazhdan constructed an isomorphism of C-vector spaces

Kaz,,

H(G, Kn) —> H(G', K}))
by requiring that

t 11, -1
a;m)a; a;7,a;

for all A € X,(T)_ and (a;,a;) € T, where (alf,a}) is the image of (a;, a;) under the
bijection Ty — T. He then proved the following theorem.

Theorem 13.2.1 [41, Theorem A]. Givenm > 1, there exists | > m such that, if F and F’
are [-close, the map Kaz,, constructed above is an algebra isomorphism.

An irreducible admissible representation (7, V) of G such that %7 £ 0 naturally
becomes an H(G, K,;)-module. Hence, if the fields F and F’ are sufficiently close, Kaz,,
gives a bijection

{Iso. classes of irr. ad. representations (7, V) of G with K # 0}

<« {Iso. classes of irr. ad. representations (7, V') of G’ with 7'X» = 0}. (13.2.1)
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13.3. A variant of the Kazhdan isomorphism

A useful variant of the Kazhdan isomorphism is now available for split reductive
groups. Let I be the standard Iwahori subgroup of G, defined as the inverse image
under G(Op) - GOF/pr) of B(Or/pr). By [78, Ch. 3], there is a smooth affine
group scheme I defined over Op with generic fiber G xz F such that I(Op) = I.
Define I, := Ker(I(Op) — I(Dp/p?)). Explicitly, I = (Uy, 0, T(OF), U_qp, |l € o)
and Iy = (Ue,p> Ty, U_, st |0 € ®*). Let W, = Ng(T)/T(OF) denote the extended
affine Weyl group of G. Via the isomorphisms W = Ngo(T)/T(OF) and X.(T) =
T/T(OF), we can realize these groups inside W,, and in fact W, = X,(T) x W, where W
acts on X, (T) in the obvious way.

Let A be a set of representatives for W, in Ng(T). Then, by [38, Theorem 2.16],
we have that G = IAI. Hence G = UweA,x,yel Inxwyl,. Fix a Haar measure dg on G
such that vol(l,,;dg) =1. For g € G, let f, denote the characteristic function of the
double coset 1,,g1,;. Then, using the above decomposition, we see that the set { frwy |w €
A and x,y € I} is a C-basis for the Hecke algebra H(G, I,). In [29, § 3], a presentation
has been written down for this Hecke algebra H(G, I,,) (extending [37, Theorem 2.1]
for GL,). Furthermore, if the fields F and F’ are m-close, then [29, §3.4.A] gives an
isomorphism

B:l/Ly— 1'/1,.
If under this isomorphism
b mod I, — b mod I,,, (13.3.1)

we will also write b ~g b’. Using the presentation and this isomorphism, one gets an
obvious map

tm : H(G, In) - H(G', 1),
when the fields F and F’ are m-close (also see [49] for GL,), which was shown in [29] to
be an isomorphism of rings. Hence we obtain a bijection
{Iso. classes of irr. ad. representations (7, V) of G with 7' # 0}

<« {Iso. classes of irr. ad. representations (7, V') of G’ with '/ # 0}. (13.3.2)
In fact, more is true. Let $R3(G) be the category of smooth complex representations of
G. Let " (G) be the subcategory of PR(G) of representations (i, V) of G generated
by their I,-fixed vectors, that is, such that the C-linear span of 7(G)(V'") equals V;
i.e., m(H(G)) (V") = V, where H(G) denotes the Hecke algebra of compactly supported
locally constant complex-valued functions on G. Let H(G, I,) -mod be the category
of H(G, I;)-modules. Then the category ™ (G) is closed under subquotients, and the
functor

Jn : R"(G) — H(G, I,,)-mod,

(T, V) — Vin,

https://doi.org/10.1017/5147474801500033X Published online by Cambridge University Press


https://doi.org/10.1017/S147474801500033X

1056 R. Ganapathy and S. Varma

is an equivalence of categories with left adjoint

Jm » H(G, I;)-mod — R"(G), (13.3.3)
yin s H(G) ®3¢(G.1,) vin,

(See [29, Proposition 3.16].) Now, for 7 € R (G) and 7’ the corresponding representation
in R (G’) obtained via ¢, we write T’ ~,, 7.

Note that I, C K, so that H(G, K,,,) is a subalgebra of H(G, I,). It was shown in
[29, Corollary 3.15] that Kaz,, is an algebra isomorphism when the fields F and F’ are
m-close, and furthermore that ¢, is compatible with Kaz,,; that is,

Cml 3G,k = Kazy .

In particular, we can take / = m in Theorem 13.2.1. Now, let (r, V) be an irreducible
admissible representation of G with depth(x) = r, where depth is as defined in [62, 63].
With m = [r] + 1, it follows that 7/ # 0 and 7K+ £ 0 (see [29, Lemma 7.2]). Assume
that F and F’ are m-close, and let 7’ be the representation of G’ with & ~,, 7’. Then it
is easy to see that depth(zx’) = r.

13.4. Properties

We now recall some representation theoretic properties that are preserved by the Kazhdan
isomorphism (and its variant). These properties are needed for our main theorem.

(I) (Supercuspidal, square integrable, and tempered representations) Let (m, V) be an
irreducible, admissible supercuspidal (respectively, discrete series, respectively, tempered)
representation of G with depth(;r) < m. Assume that F and F’ are (m + 1)-close, and let
(7', V') be such that w ~p41 7’. Then 7/ is supercuspidal (respectively, discrete series,
respectively, tempered). See [29, Theorem 4.6].
(IT) (Parabolic induction) Let Q C A, and let P = Pg be the standard parabolic subgroup
with Levi subgroup M = Mg, and unipotent radical N = No C U. Let 7 be an irreducible
admissible representation of Mg such that 7 im # 0. Assume that F’ is a field that is
(m +3)-close to F. Let ' be a representation of M, such that 7 ~,,43 7’. Then, by [29,
§4.3], we have

IndfgsZ T ~m Indgs,2 7’
To describe this isomorphism, first note that G = PoG(OF) = ]_[wE[WQ\W] Powl. Here,
w denotes the representative of w using a minimal decomposition, as in §12.1.
Let R(®) be a system of representatives of (I Nw~!Pow)\I/I™ in I. Then, G =
]_[we[WQ\W] ]_[bER(lb) Pqwbl,,. Then it is easy to see that

-
(IndgQ )l — l_[ l_[ g MOl
we[Wo\W]beR (W)

h — h(wb),

is an isomorphism of C-vector spaces. Hence an element h € (Indﬂ.}Q ) is completely
determined by its values h(wb), w € [Wo\W], b € R(w). Using the observation that
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~ ~_ . / /
MonNwl,w ' = MgNI, for all we Wgq, and with Km, Mg sMalln s g/MoNly - e
obtain a map

(Ind%_ m)lm Ly (Ind , Yo
h— I,

where h'(W'b") = ky mg (h(Wh)) for w € [Wo\W], b' € R(W') and b ~g b" as in equation
(13.3.1). It was shown in [29, §4.3] that ;, is an isomorphism of C-vector spaces that is
compatible with the Hecke algebra isomorphism H(G, I,,) = H(G', 1,,).

(IIT) (Intertwining operators) Let A(v, m, Wo) be as in §12.2.B. In [29, Theorem 5.5], it
was proved that this intertwining operator is compatible with the theory of close fields.
This played a crucial role in proving the compatibility of the Langlands—Shahidi local
coefficient and Plancherel measures with the Deligne-Kazhdan theory (see below), and
will also be used in §14. Let us recall this proof from STEP 2, [29 Theorem 5.5]. Let
7 be an irreducible admissible representation of Mq such that 7/m #£ 0. Let F and F’
be (m +4)-close, and let 7’ ~, 414 m. Let ¥ be the nontrivial additive character of F
that is used in the definition of A(v, w, wp) in §12.2.B. Let v’ be a character of F’ with
Y ~,i4 . Using the self-dual measure on F’ induced by v’ and the same Chevalley
basis, we accordingly obtain measures du, dng, dny,, diig, and diy, on U, N, Ny, 1\75,
and N(l,, respectively, as in §12.2.B. Let A(v, 7', w;) be the intertwining operator in
§12.2.B. Let V be the open dense subset of ctQ ¢ obtained by taking the intersection of
V) (defined as in §12.2.A), V(7, wo) and V(x’, wg) (these being defined as in §12.2.B).
For v € V, the following hold.

o I (v, ) and I (wo(v), wo(r)) are irreducible.

e A(v, 7, o) and A(v, ', W) are defined and
dimc Homg (I (v, ), I (wo(v), wo())) = 1 = dimc Homg (I (v, '), I (wo(v), wo(r)))).

Let v € V. Consider the following diagram with «,,4+1(v) and k41 (wo(v)) as in (II) above.

o
1w, myfmer 2Ty o), wo o))
Km+I(V) K1n+](w0(v)) (1341)
(v, )t > I (wo(v), wo (') e
A, W)

Define A1 = kpy1(wo(v)) "o A(v, 7/, 1116)0K,n+1(v) on I(v, )+ and extend it to
I (v, ) using equation (13.3.3). Then

A1 € Homg (I (v, ), I (wo(v), wo())).

Since v € V, these induced representations are irreducible, the intertwining operator is
defined, and

dim¢ Homg (I (v, ), I (wo(v), wo(w))) = 1.
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Hence, there exists a scalar b(v, m, wg) € C such that Ay = b(v, 7, wy) - A(v, 7, wg). We

proceed to show that b(v,m, o) = 1. For 0 # vy € w/»™"Me consider the function f

defined as follows.

o supp(f) = Paly = Pa(No N ly).

o fmani) = w(ma)n, ()8} (mg) vol(Ng N Iy, ditg) ™" vy for mq € Ma.n € Na.i €
I, where dng is the Haar measure fixed in this section.

Clearly, f € I(v,rr)"f C I(v, m)m+1. Define f’ analogously, so that f’ = k11 (V)(f).

Since supp(f) = Pa(Nq N Iy), we see that supp(Ry, f) C PQII)(;IN\]/, and hence Ry, (f) €

I(v,rr)gwa1 (with notation explained in §12.2.B). We will show that Aj(Ry,f)(1) =

A(v, 7, Wo)(Rg, f)(1) # 0, which would imply that b(v, 7, wo) = 1. By equation (12.2.4),

we know that

A, 7w, wo) (R, /(1) = A(v, r, o) f (W) = . [y nig) dny = . fn)dng = vo.

We will now compute A1(f)(Wo). First note that, for g € I (wo(v), wo(w))m+1,

- - -1
g (o) € (wo(rrn,))MyPolne1Wo — (o (srn,)) My Mmet,

It is not hard to show that wo(mwny) ~; wo('n),) (see Observation (e) of § 5.6, [29]). Using
this and the construction of the isomorphism between the induced representations in (II),
we see that the following diagram is commutative.

g—g (o)
—_—

I (wo(v), wo (7)) m+! (wo (T ny)) M N1

k1 (wo (1)~ Km-+1.My (13.4.2)

/ ! ’
I (wo(v), wo (') mit — wo(”/%)Mq,rw[wrl
§—g' ()

Now,
AL()(W0) = kmr1 (o ()™ 0 AW, 7, W) 0 K1 (V) () (W0)
= (kmt1(wo (1) ™" 0 A, 7', W) (f)) (o)
= Koty © (AW, 7', 0) (f) (i)
= K101, (V) = 0.
In particular, we have proved that

AW, 7, 00)(f) = kmp1 (wo(W) ™ 0 A, 7', W) 0k 1 (W)(f) VY f € T (v, m)m+1 v eV,
(13.4.3)
To finish, we have to observe that A(v,w, wg) and A(v, 7/, IZ)(’)) also have the same
set of zeroes and poles. Let us first briefly recall what it means for A(v, w, wg) to
be meromorphic in v: let I(w)o = {flgwy) | f € I(v, m)}, which is G(O r)-isomorphic
to I(v,m). This space is independent of v, and the intertwining operator, when
defined, is a G(Op)-equivariant map from I (7)o to I (wo(r))g. For each compact open
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subgroup K of G(OF), the space I(y'r)(l)< ={flagwn | f e I(m)X} is finite dimensional,
and the assertion that the operator A(v,mw, wo) is meromorphic in v simply means
that, for each compact open subgroup K of G(Op), the map v — AX(v, 7, ) €
Homc(l(n)(lf,l(wo(n))g) is meromorphic in the usual sense. Now, since (v, mw) is
generated by its I,-fixed vectors, we know that A(v, 7, Wg) (respectively, its zeroes and
poles) is (are) determined by A’ (v, m, o) (respectively, its zeroes and poles). Since
Almt1 (v, 7, W) and Afm+1 (v, 7/, ) are meromorphic functions of v, and V is open dense,
the desired result follows from (13.4.3).

(IV) (Generic representations) Let ¢ : F — C* be a nontrivial additive character of F.
Since

U/IU, Ul =[] U,

aeA

a character of x of U can be written as

X = l_[Xocougly

aeA

where o is an additive character of F. Note that there exists a, € F such that x,(x) =
Y(agx) ¥V x € F. Let my = cond(yy). We will assume that x is generic; that is, ay € F*
for all @ € A. Let (7, V) be a x-generic representation of G with 7/ # 0. Assume that
F and F’ are (m+ 1)-close, and let 7" ~,1 7. Furthermore, let x' = [],ca Xo ou;! be
a generic character of U’, where x/, ~m+1 Xo for each & € A. Then n’ is x'-generic (see
[29, §4.1]).

(V) (Langlands—Shahidi local coefficients) Let Mg be maximal, and let Cy (v, m, o)
denote the Langlands—Shahidi local coefficient as in §12.3 (recall that x is required
to be compatible with wg). Let m > 1 be large enough such that the following hold.

(i) mwm"Me £ 0,
(ii) There exists vg € yiInmg such that Wy, (e) # 0 where Wy, € W(rr, xlunmg)-
(iii) cond(xq) < mV a € A.
Set I =m+4, and let F’ be [-close to F. Let (w’, V') be such that 7’ ~; 7. Let x' =

[Toen X 0“071 with x), ~/ xo. Then, with Haar measures chosen compatibly as before,
we have by [29, Theorem 5.5] that

Cy (v, 7w, o) = Cyr (v, 7', Wgy). (13.4.4)

Note that this result can be seen as a crude analog of equation (13.1.5) for the analytic
local factors.

(VI) (Rankin—Selberg factors for pairs) It can be shown using the above that the
Rankin—Selberg L- and e-factors are the same for sufficiently close local fields. More
precisely, let n >2 and 1<t<n. Fix m>1. Let ¢ and 7 be two irreducible
admissible generic representations of GL,(F) and GL,(F), respectively. Assume that
depth(o), depth(t) < m. There exists | =I(m,n) > m+1 such that, for any field F’
that is I-close to F, and o', t’ representations of GL,(F’) and GL,(F’), respectively,
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with 0 ~; ¢’ and T ~; ©/, we have
L(s,o0 xt)=L(s,0' x1)
y(s,oxt,9) =y(@s, 0" xt', ¥,

where ¢ ~; ¥ (see [29, Theorem 7.5]).

(VII) (The local Langlands correspondence for GL,) Using the above, it can be shown
that the LLC for GL, is compatible with the Deligne-Kazhdan theory. More precisely,
for each m > 1, there exists an [ = [(m, n) > m + 1 such that, for two fields F and F’ that
are at least [-close, the following diagram is commutative:

{Irr. smooth reps 7 of G|depth(w) < m} LC:— {Hom. ¢ : WD — GL, (C)|depth(¢) < m}

g -

{Irr. smooth reps 7’ of G’|depth(’) < m} LLG {Hom. ¢’ : WDgr — GL,(C)|depth(¢’) < m}

(see [29, §7]). Note that the LLC for GL, preserves the depth [86, Theorem 2.3.6.4],
making this diagram well defined.

(VIII) (Symmetric and exterior square local factors) Using (V), it can be shown that
the symmetric and exterior square L- and y-factors are the same for sufficiently close
local fields. More precisely, let (7, V) be a representation of GL,(F) with depth(w) < m,
and let ¥ be a nontrivial additive character of F. It was shown in [30] that there exists
[ =1(m,n) > m+1 such that, for any field F’ that is I-close to F, the representation 7’
of GL,(F") with ©’ ~; , and character ¥’ of F’ with ¥’ ~; ¥, we have

L(s,m,r2) = L(s, 7', r2)

vy, o, ) =y(s, 7' r, ).

(IX) (Plancherel measures) Let (o, V) be an irreducible admissible representation of
Mg, and let m >1 such that o/»™Me £0. Set I =m+4, and let F’' be another
non-Archimedean local field that is I-close to F. Let (¢/, V') be the irreducible admissible
representation of Mg’ such that o ~; ¢’. Then

n, o, 9) = pu, o’ y).
by [29, §6].

13.5. The local L- and y-factors for classical groups over close local fields

Let x be a nondegenerate character of U. For split classical groups, adopting the
conventions and notation of § 12.5 we observe the following.

Remark 13.5.1. Let ¢ be a nontrivial additive character of F. Let u € U have image
[Tyea Ua(xe) € U/[U, U], and let a € F*. Define

Xa(M) = Ip(-x()él + - '+xan_1 +a-xan)- (1351)

Then each nondegenerate character of U is T-conjugate to x, for some a € F*. For
H, = SOg,+1, we in fact have that each nondegenerate character is conjugate to xi.
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For a nondegenerate character x of U, we write xq to denote its restriction to Uy, =
U N Mg. For an irreducible admissible yq-generic representation 7 Xo of Mg, we write
W(r Ko, xq) to denote its Whittaker model.

Lemma 13.5.2. Let w be an irreducible admissible representation of H;, and let o be an
irreducible admissible representation of GLg(F). Let ¥ be a nontrivial additive character
of F of conductor 0, and let x, be as in Remark 13.5.1 for some a € F*. Assume that
7 Mo is a xa.q-generic representation of Mg = Hy X GLi(F). Let m > 1 be a natural
number such that depth(;r), depth(o) < m.

There exist an integerl = l(m,n) > m+ 1, depending only on m and n, and a character
x* of U that is T -conjugate to xq, such that the following conditions are satisfied.

(a) Mo is generic with respect to x&, and there exists v € (7 Ro)Xi such that
Wi(e) #0, where W) e W(rr Ko, x&).

(b) x* is compatible with Wy.

(c) Writing x* = [yen x& oug !, we have cond(x?) <1 for alla € A.

Proof. Write x4 = x@, X Xy X XQ,, Where xo =V, xo, = ]_[aegl Y ou;1 and xq, =
]_[O(eg22 Xeouy ! (here xo = ¥ for @ # a, and xg, = ayr). Then o is xgq,-generic, and 7 is
Xxq,-generic. Let K, be the mth usual congruence subgroup of Mq. Then there exist [ =
I(m,n) =m+2 and a vy € o KNG such that W, (e) # 0 for some Wy, € W(a, xa,)-
For example, we can choose any [ > km +k > cond(o), and let v; be the essential vector
(see [12, Theorem 2]). This vector has the property that Wy, (e) # 0.

Using the Iwasawa decomposition, it is easy to see that there exist w; e mKm+
and A € X, (TNH;) C X.(T) such that Wy, (A\(zw)) # 0. Now, for each o € Q,, define
Xa(x) = Yo (@M x), and let X;‘ZZ = 1_[01692 X;‘ougl. Note that st is A(w)-conjugate
to xq,. Hence m is Xaz—generic, and, furthermore, for each W,, € W(m, xq,), we get a
corresponding Whittaker function W, € W(r, X;ZZ) given by Wy (g) = W, (A(w)g). Note
that W (e) # 0.

Now let x* = xq, X Xo X ng. It is easy to see that x* is T-conjugate to x,. More
precisely, the element Ag(zw), where, with standard coordinate identifications,

A0 = ({€r+1, A), (€ht15 A)s v ooy (€415 A)s (€415 A)s (€42, A) - -+ {en, A)) € Xi(T),

k times

2NH;

conjugates x to x*. Therefore the representation 7 Mo is x&-generic. Let v = vy Mwy.
Then v € (m Koo)X and the function W = Wy, - Wy, € W(rr Ko, xg) has the property
that W) (e) # 0. The element wo = w; aw; @ acts on Q2 as follows:

wo o] —> Og—1, 0 —> Of—2,...,0—1 —> ], Og4] —> Of41,...,0y —> Opy.

Next, note that, since wy is a representative of wg chosen using the same fixed Chevalley
basis, we obtain using [77, Proposition 9.3.5] that

ﬁ)oua(x)ﬁ)o_l =Uyya(x) YaeQ,xeF.

Now, note that wo permutes the elements of ;. However, we have chosen xy,o =¥ =
Xa Vo € Q1. On the other hand, wo-a =a Vo € 2, and hence xwyoa = Xa ¥ @ € Q0.
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Therefore, for u = [[,cq Ua(Xa) € Ung/[Umg. Ung1, we have

x*@outdy ) = [T xory e (%)

1539

= [T xtpata) TT xipaa)
aEQ e

=[] veo) [T x50
e e

= x"(w).

Finally, by the definition of x*, we have that cond(x}) =0 for all « € @ U{ax}. For
each a € 2, and each x, € pl, we have uy (xy) € U N K;. Hence uy (xo)w; = wi. Therefore
X:(xa)W{;l (e) = Wj)l (ug(xy)) = W[Zl (e). Hence, for each o € Q», we have that cond(yx;) <
1. Therefore, we have verified (c) as well. O

Proposition 13.5.3. Let w Mo be an irreducible admissible generic representation of M.
Let m > 1 be such that depth(r), depth(c) < m. There exists an integer | = l(m, n) such
that, for each F' that is l-close to F, the following holds:
L(s,m xo,r)=L(s, 7’ xo’,rp),
v, xo,ri, ) =y(s, 7' xo' i, ),
iftXo ~ 7' o' and ¥ ~; ¢'.

Proof. Let ¢ be a nontrivial additive character of F of conductor 0. Then there exists
a € F* such that 7 Xo is y4-generic, where y, is the generic character defined using
Y and a as in Remark 13.5.1. Note that, when H;,, = SOy,+1, we can take a = 1. When
H,, = Sp,, or SOy, let

to=diag(va ', ... Ja  Ja  Va, a,...,Ja).

n times

Then we have that
Xa() = x1 0 Ady(to) () = x1(ty 'uto) Vu € U.
Furthermore,

wo(to)ty ' = diag(a, a,...,a,1,1,...,1,1,a” ,a™ !, ... a7 h

k times t times

lies in Zp,. Then the y-factors satisfy the equation
ws (Wo(t0)ty Ny (s, T X 0,11, Y)y (5,0, 12, ¥) = Cy, (5, X 0, Wo), (13.5.2)

where w; is the central character of 0'771,3},/2 (see [74, Equation (3.11)] and [54, §6]).
Let Iy be the integer in Lemma 13.5.2, [; the integer in Property (VIII) of §13.4, and
let I = max(ly, ;) +4. Assume that F and F’ are [-close, and let 7 Ko ~; 7’ Ko’ and
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¥ ~; %', Since the y-factors associated to rp agree over close local fields by Property
(VIII) of §13.4, in order to verify the equality of the y-factors with respect to ri, we
simply need to verify that

Cy, (s, m Wo, o) = Cx{’,, (s, 7' ®o’, wp).
(Note that, if 1 Ko ~; 7’ Koo', then ws ~; w).) Let x* be the character in Lemma 13.5.2

obtained from yx,. Let x'* be the corresponding character of U’ such that x* ~; x'*.
Then, by Property (V) of §13.4, we have that

Cy(s, 1 W0, W) = Cyr(s, 7' Ko’ wy). (13.5.3)
Since x* is T-conjugate to x4, that is, x* = x, 0o Ady(¢) for some ¢ € T, we have
C (s, m R0, 0) = w, (o)t ~)Cy, (s, m Ko, p). (13.5.4)

With ¢ — ¢’ under the isomorphism 7'/ szF =71/ Téz ,and x4 ~ x,,, where a > a’ under
F/

the isomorphism F*/1+p} = F™*/1 +plF,, we see that

X = xaoAdy(t) ~ x, o Ady(t") ~; x™.
Combining the observation that wy; ~; o, with equations (13.5.4) and (13.5.3), we obtain
that

Cy (s, W0, o) = C,, (s, 7' Ko', wp).
This proves the equality of first y-factors when cond(y) = 0. Now the equality of the
y-factors with respect to all nontrivial additive characters is obtained by arguing as
above (see [53, Property (v), §1.4], where this dependence on i has been explicated).

The equality of the second L-functions over close local fields is Property (VIII) of § 13.4.

The first L-function is defined for generic tempered representations using the y-factor
and then extended to the general case via the Langlands classification. The tempered
case is automatic from the equality of the first y-factors. Since temperedness, twists by
unramified characters, and normalized parabolic induction are all compatible with the

Deligne-Kazhdan correspondence (see [29, §4]), we obtain the desired result for the first
L-function. O

13.6. The main theorem

Let F’ be a non-Archimedean local field of odd positive characteristic.

Theorem 13.6.1. Let m > 1, and let I[(m, N) := Nm+2N. Let (n’, V') be an irreducible
admissible discrete series representation of H, with depth(n’) < m. There exists a ¢ :
WDp — H, satisfying the following properties.

(a) If ' is in the discrete series, then ¢ does not factor through any proper Levi
subgroup of H,.

(b) If 7" is generic, then, for each irreducible admissible supercuspidal representation
o’ of GL,(F'), r < N — 1, and depth(c’) < 2l(m, N), we have

L(s,n" x0")y = L(s, ¢z @ ¢po)
y(s, ' xo' ") =y (s, px @ o, ¥).
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(¢) If ©’ is mnongeneric, then, for each irreducible admissible discrete series
representation o’ of GL,(F'),r < N —1, and depth(¢’) < m+1,

wis, ' x o', y')
=y (5, ¢ @by VY (=5, 0 @ o, Y )y (25,120 P, Yy (=25, 12041, Y.

Furthermore, the parameter ¢, is uniquely determined up to Eln-conjugacy if Hy = Spy,
or SO2,41, and up to Oz, (C)-conjugacy if H, = SOy,.

Proof. Let I > 2(Nm+2N) be an integer large enough so that Properties (I)-(IX) of
§13.4 and Proposition 13.5.3 hold. Note that such an [/ is completely determined by m
and N. Let F be a non-Archimedean local field of characteristic 0 that is /-close to F’, and
let  be the discrete series representation of H, = H,,(F) such that = ~; n’. Let ¢,; be the
parameter of m as in Theorem 12.8.1. By Lemma 8.2.3, we know that depth(¢,) < m + 1.
Let ¢ : WD — Hn be such that ¢, ~; ¢ via the Deligne isomorphism. To summarize,
¢ is obtained using the diagram

F’ 7’ > Qr
I-close ~i ~i (13.6.1)
Arthur
F T ——— ¢

We claim that ¢, satisfies Properties (a)—(c). Since Im(¢,) = Im(¢,/), (a) is clear. For
Property (b), note that
b0 ~1 bor (13.6.2)
by Property (VII) of §13.4. Now, by Theorem 12.8.1, Property (iv) of §13.1, and
Proposition 13.5.3, it follows that (b) holds. By Property (IX) of § 13.4, Property (iv) of
§13.1, and Theorem 12.8.1, we see that (c) holds.
Next, we explain why the definition of ¢, does not depend on this field F of
characteristic 0. To see this, suppose that F; is another local field of characteristic 0
that is I-close to F’. We have to observe that the bottom square of the diagram below is

commutative,
F' 7’ > P
[-close ~l ~1
Arthur
F T ——— ¢n
[-close ~1 ~?
Arthur
F T ——— Pry

that is, that ¢ ~; ¢5,. Here both F and F; are local fields of characteristic 0, and the
parameters ¢, and ¢, are as constructed by Arthur in Theorem 2.2.1. Since both ¢
and ¢, are uniquely characterized as in Theorem 12.8.1, we see that ¢, ~; ¢, using
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the same argument as above that all the characterizing properties of Theorem 12.8.1 are
compatible with the Deligne-Kazhdan theory.

Now it follows that ¢, is uniquely characterized by Properties (a)—(c) if 7' is a discrete
series representation, because the corresponding ¢, is uniquely characterized by those
properties in characteristic 0. O

Remark 13.6.2. The above theorem gives a partition of the discrete series representations
of H,(F') into L-packets (slightly coarsened in the even orthogonal case) indexed by
¢’ € dy(H)); that is, ) )
MyH) = || M.
¢'eda(H,)
Let 7’ be a tempered representation of H, of depth < m. Then we know that 7’ occurs as
an irreducible summand of a representation induced from a discrete series representation;
that is, for a proper Levi subgroup M = GL,, x GL,, ---GL,, xH; of H, and an
essentially discrete series representation ¢’ = 8(pj, a1) ®é(p}, a) X --8(pp, ar) W’ of

M’ 7' occurs in IndZ’i o’. Then we define ¢, = @L](qﬁp( ® Su;) ® @@le(qbpg ®
Su)Y, where ¢,/ is as in the previous theorem. This gives a partition of the tempered

spectrum into L-packets indexed by ¢’ € &Dbdd(H,’,). Furthermore, it is clear from the
properties in § 13.4 and the above theorem that there exists an integer / depending only
on m and N such that, if F is a local field of characteristic 0 that is [-close to F’ and 7
is a tempered representation of H, with w ~; 7/, then ¢ ~;, ¢

14. The enhanced Langlands parameters

In characteristic 0, Theorem 2.2.1 also provides concrete information about the internal
structure of each tempered L-packet. In this section, we partially address the analogous
question in positive characteristic. Let F’ be a non-Archimedean local field of positive
characteristic, and let ¢’ : WDp — IEIn. One wishes to construct a map between I:qu and
34,/ that satisfies some important properties, and show that it is compatible with the
corresponding map in characteristic 0. We do this partially in this section, namely we
address this question for discrete series parameters in the odd orthogonal and symplectic
cases. Additionally, our approach requires following conditions, both of which are satisfied
at least when p is large enough (see Remark 14.0.1 below). Let p be an odd prime.
Consider the following conditions on p.

Cl(p): Let F be any non-Archimedean local field of characteristic 0 with residue
characteristic p. For every integer m > 1, there exists an integer mo depending
only on m and N satisfying the following: if ¢ € ®pqq(H,) and depth(¢) < m,
then depth(;r) < mg for every tempered representation m of H, whose image in
Miemp (Hy) lies in ITg.

C2(p): Let F be any non-Archimedean local field of characteristic 0 with residue
characteristic p. For every integer m > 1, there exists an integer mqy depending
only on m and N satisfying the following: if ¢ € ®pqq(H,) and depth(¢) < m,
then depth(sr) < mq for every generic tempered representation w of H, whose
image in I:Itemp(H,,) lies in l:I¢.
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Remark 14.0.1. By Corollary 10.6.4, we know that both C1(p) and C2(p) can be satisfied
with mo = m, when p is a large enough integer determined by the absolute root datum of
H,,. When H,, = SO9,+1, C2(p) can be satisfied with mg = Nm + N for all p by Lemma
11.0.1.

Remark 14.0.2. Let ¢ € ®,qq(H,). Then the strong form of the tempered L-packet
conjecture has been proved in [61, §4]. More precisely, it is shown there that, for each
T-orbit of yx,, with x, as in Remark 13.5.1, there exists a unique Out(H,)-orbit in 1:[¢
that contains a x,-generic representation.

Lemma 14.0.3. Let p be a prime number. Assume that Condition C2(p) holds for all local
fields F of characteristic 0 with residue characteristic p. Let F' be a non-Archimedean
local field of characteristic p. Let ¢' : WD — IiIn be a bounded Langlands parameter for
H,, over F', and let 1:[¢/ be the L-packet attached to ¢'. Then the following hold.

(a) For each T'-orbit of x.,, with x., a generic character of U’ as in Remark 13.5.1,
there is a unique Out(H,)-orbit in I:I¢/ that contains a X;,—generic representation.

(b) The cardinality of Ty is at most the cardinality of $¢r.

Proof. Let m > 1 be such that depth(¢’) < m. Let [ > 2(Nmgy+2N) be large enough so
that the Properties (I)-(IX) of §13.4 and Proposition 13.5.3 hold for representations
of depth < mg. Note that such an integer depends only on m and N. Let F be
a non-Archimedean local field of characteristic 0 such that F’ is [-close to F. Let
¢ : WDr — 13111 be such that ¢ ~; ¢’. Then depth(¢) < m. Let X;, be a generic character
of U’ as in Remark 13.5.1, and let x, be a generic character of U with x, ~; xu. Let
7 be a ygz-generic tempered representation whose image in l:Itemp(Hn) lies in l:I¢; such
a 1 exists, and it represents the unique orbit in 1:[¢ containing a x,-generic member by
[61, §4]. Then, by Condition C2(p), depth(;r) < mg. Let 7’ be the representation of H,,
such that 7' ~; . Then 7’ is x/,-generic by Property (IV) of §13.4, and, furthermore,
7' e 1:[¢/ by the proof of Theorem 13.6.1 (see Diagram 13.6.1). The uniqueness of the orbit
in l:[¢/ containing a ; ,~generic representation follows from the corresponding uniqueness
statement in characteristic 0.

Next, let k = max{depth(z’) | 7’ € l:I¢/}. Choose a local field F of characteristic 0 that is
I-close to F’, where [ is large enough so that Properties (I)—(IX) of § 13.4 and Proposition
13.5.3 hold for representations of depth at most k. For each '’ € I:qu, we obtain a unique
7 € My such that = ~; 7', Also, ¢ ~; ¢’ by Theorem 13.6.1. Hence #I1y < #[145. Now
#1:[¢ = #S’¢, by Theorem 2.2.1, and it is easy to check that the cardinality of #Sy = #S4
since ¢ ~; ¢'. Now (b) follows. O

Lemma 14.0.4. Assume that Condition C1(p) holds for all local fields F of characteristic
0 with residue characteristic p. Let F' be a non-Archimedean local field of characteristic
p. Let ¢' : WDpr — H, be a bounded Langlands parameter, and let Ty be the L-packet

attached to ¢'. Then the cardinality of 1:I¢/ equals the cardinality of S’qy.
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Proof. Let m > 1 be such that depth(¢’) < m. Let [ > Nmo+2N be large enough so
that Properties (I)-(IX) of §13.4 and Proposition 13.5.3 hold for representations of
depth at most mg. Note that such an integer depends only on m and N. Let F be
a non-Archimedean local field of characteristic 0 such that F’ is [-close to F. Let
¢:WDp — IEI” such that ¢ ~; ¢’. Then depth(¢) < m. By Hypothesis C1(p), we have
that, for each representation m whose image in I:Itemp(H,,) lies in 1:I¢, depth(mr) < myo.
Since F and F’ are [-close, for each such m let 7’ be the representation of H, with
7’ ~; . Then the orbit of 7’ lies in l:I¢/ by the proof of Theorem 13.6.1. Hence we obtain
a bijection between 1:I¢ and 1:I¢/. Since #1:I¢ = #S‘d) by Theorem 2.2.1 and #S54 = #Sy/, the
lemma follows. U

14.1. The e;-conjecture of Moeglin for Sp,, and SOy,

For the remainder of this article, we will assume that H, = Sp,, or SOz,4+1. Let F be
a non-Archimedean local field, and let ¢ € ®,(H,). Now we explain the identification of
34, with certain Z/2Z-valued functions on Jord(¢). Since ¢ is a discrete series parameter,
we can write ¢ = @1 D P D - - - D ¢, where ¢; is an irreducible self-dual N;-dimensional
representation of WDy of the same type as Hn, and the ¢; are all distinct. Then it is easy
to check that

Sp = Centyy (Im(@)) = { (@1, @2, ...a,) € (Z/22)"

-
[Ten™ = } :
i=1
When H,, = Sp,,, using the fact that Sy, = Cento,,,,c)(Im(4))/Z(02,+1(C)), we see that
Sp =S¢ = (Z/)27)" /{(—=1,—1---—1)). When H, = SO2,41, Sy = (Z/27Z)" (since each N;
is even), and hence Sy is again isomorphic to (Z/2Z)" /((—1, —1-- - — 1)). Hence this allows
us to identify 345 with the subset of Z/27Z-valued functions on (Z/27Z)" that are trivial on
((=1,—1---—=1)). Viewing functions on (Z/27Z)" as functions on Jord(¢), we obtain the
desired identification.

Let F be a non-Archimedean local field of characteristic 0. In this section, we recall
a result that Moeglin communicated to us and will appear in [58]. This result uses the
work of Arthur to describe the character attached to 7 in terms of certain normalized
intertwining operators. Let m € 1y for some ¢ € ®,(H,). We denote the character
attached to 7w in Theorem 2.2.1 as €; and view it as a function on Jord(¢) as explained
above (as Moeglin notes in [58], this agrees with the partially defined function described
in §12.7 on Sy under suitable identifications).

Let (p, a) € Jord(¢), and write k = ad,, where d, € N is such that p is a representation
of GLg4, (F). Consider the induced representation

H,
I(s,mX8(p,a)) = IndHnJ;zéLk(F)n Xé(p,a)—|°.

Let us fix a Whittaker datum (U, xp) of Hj,42k, where yxp is as in Remark 13.5.1, whose
‘a’ we now denote as ‘b’ to avoid confusion with the ‘a’ of the above equation. We will
often abuse notation to denote by x; the analogously defined character of the unipotent
radical of the standard Borel subgroup of H,. In particular, x, is determined using the
fixed Z-splitting {uy | @ € A}, a nontrivial character ¢ of F, and a € F*.
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Let A(s, m X §(p,a), wy) be the standard intertwining operator as in §12.2.B. This
operator has a pole at s = 0. We also let r(s, G, 8(p, a), wy) denote the normalizing

factor
L(s, 7L x 8(p, a))
(s, 7L, 8(p. @), wo) = (s, 7OL x 8(p, @), ¥)L(1 +5, 7CL x 8(p, a))
L(2s,3(p,a), )
. €2s,8(p,a), ra, ¥)L(1+2s,5(p,a), r)’
and let

R(s, B 8(p, a), wo) := r(s, 7, 8(p, @), wo) "' As, w K (p, a), ibp).
This operator is holomorphic at s = 0, and it satisfies
R(=s, wo(x ®8(p, a)), wy YR(s, K8 (p, a), wo) = 1

by [7, §2.3]. Since (p, a) € Jord(¢), we have p = pV, so that wo(r X(p,a)|—|°) =7 X
8(p,a)] —|~* for all s € C. Choose the isomorphism Ry, : wo(mr Mb(p,a)) — w Xé(p, a)
such that

® Ry, (wo(mr Wé(p,a)))(m) = (wKé(p,a))(m)o Ry, for m € Hy x GLi(F),

e Ry, =1d, ®R;~J0, where Rl’b0 satisfies Ay, ORI/I)() = Ay,. Here A, : 8(p,a) - C is the
(unique up to scalar) Whittaker functional obtained from the fixed Whittaker datum
(Uk, xx), where Uy denotes the unipotent radical of the standard Borel subgroup of
GLg, xx is the generic character on Uy obtained from the character v and the fixed
Z-splitting {uy | @ € Ay}, with Ay denoting the set of simple roots of GLg (this is just
the restriction of the Whittaker datum (U, xp) on H,42r that we fixed shortly after
the beginning of this section, to GLg).

Then
R ¥ 3(p, a), wo) := Ry, 0 R0, m K3(p, a), wo)

becomes a self-intertwining operator on 1(0, 7 ® §(p, a)).

Proposition 14.1.1 [58]. With notation as above, we have the following.
(a) R(rX3(p,a), wy) € C*.
(b) Form,m € Iy,
em(p,a) _ R Mé(p, a), wo)
eﬂz(loaa) R(nzga(p7a)vw0)
In particular, with w8 the xp-generic member in Iy (see Remark 14.0.2), we have
R Ké(p, a), wo)
R(menK8(p, a), wo)

Eﬂ(psa) =

14.2. Internal structure of the L-packet Iy for ¢’ € ®,(H,)

Let ¢ € ®»(H,;). We discuss the construction of the map Iy — 5‘¢/. Assuming
Proposition 14.1.1 allows us to define the map Iy — 3¢/ under Condition C2(p) and
prove that it is injective. We will then show surjectivity under Condition C1(p).
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Remark 14.2.1. Suppose that ¢’ : WDp — Hn, and let (o', a) € Jord(¢'). If depth(¢’) <
m, then depth(p’) < m. Let [ =I(m, N) be an integer large enough such that Property
(VII) of §13.4 holds for each (p’,a) € Jord(¢'). Let F be a local field of characteristic
0 that is at least I-close to F’, and let ¢ : WD — Eln be such that ¢ ~; ¢’. Then we
obtain a bijection between Jord(¢) and Jord(¢’), where (p, a) € Jord(¢) corresponds to
(p’, a) € Jord(¢") via Del;. So when ¢ ~; ¢’ we write Jord(¢) ~; Jord(¢’) to denote this
bijection.

We wish to construct a map from Iy to 3¢/.

Definition 14.2.2. Let p be a prime such that Condition C2(p) holds. Let F’ be a
non-Archimedean local field of characteristic p. Let ¢’ € ®2(H,). We fix a Whittaker
datum (U’, x;,), where yx,, is as in Remark 13.5.1. We keep in mind that the same
Z-splitting {uy | & € A} fixed before, a character " of F’, and b’ € F"* determine x,,. In
view of Proposition 14.1.1, we define the following. For 7’ € I,

e define the normalizing factor

L(s, 7'SL x 80, a))
€(s, m'GL x 8(p',a), ¥ )L(1 +s, Gl x 8(p', a))
L(2s,8(p',a), )
€(2s,8(p',a), r2, ¥ )L(1+2s,8(p’, a), r2)

r(s, 7' GL 8 (o', a), wo) ==

o define R(s, 7' ®S8(p’, a), wo) := r(s, 7' ¥, 8(0', a), wo) ' A(s, 7' K S(p, a), ).
o define R,D(/) completely analogously to Ry, above; in particular, R% =1d; ® R:b’ using
0
a map R, satisfying R., oA, = A,. Here A, :8(p’,a) — C is the (unique up to
Wy Wy k k k

scalar) Whittaker functional obtained from the fixed Whittaker datum (Uy, x;), where
U, denotes the group of F'-points of the unipotent radical of the standard Borel
subgroup of GLi(F'), x; is the generic character on U; obtained from the character
¥’ and the fixed Z-splitting {u, | @ € Ag}, with Ay denoting the set of simple roots of
GLy (this is just the restriction of a Whittaker datum (U’, x,,) on H, ,, like the one
that we fixed in the beginning of this section to GLg(F")).

o define R(x' X 8(p’, a), wy) = R% oR(s, n'K8(p’, a), wy).

Define €,/ : Jord(¢') — {£1} as follows. For (o', a) € Jord(¢'),

(o' a) = R(m'®W3(p, a), wo)
T R ¥ (p/, a), wo)

where /8" is the unique x;-generic member in Iy (see Lemma 14.0.3).

Proposition 14.2.3. The map Iy — 3¢/, 7' > €/, has the following properties.

(a) Suppose that depth(n’) < m. There exists | = 1(m, n) large enough such that, for
any field F that is [-close to F' and the representation w of H, with m ~; ' and
parameter ¢, and the character xp of F with xp ~ X1/7’ (making the Whittaker data
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WU, xp) and (U’, x;) compatible), we have
€x(p,a) = ey (p', a),

where (p, a) € Jord(¢), (p,a) ~; (p',a).
(b) The map is injective.
(¢) The map is surjective if Condition C1(p) holds.

Proof. Property (a) follows by Properties (I)-(IX) of §13.4, Theorem 13.6.1 and
Proposition 14.1.1. For (b), let #; and m) be nonisomorphic representations in Iy,
and let m = max{depth(rr{), depth(r})}. Choose [ large enough so that (a) holds for |
and 5. Then, for any local field F of characteristic 0 that is [-close to F’, we obtain
nonisomorphic 1 and 3 in Iy, with m; ~; 7/, i = 1,2, ¢ ~; ¢', and, furthermore,

eﬂi(pva)ZGHi/(p/sa)a l=172

for all (p,a) € Jord(¢p) and (p, a) ~; (o', a). Now, since m; 2 mp, we know that there
exists (p, a) € Jord(¢) such that

E7T| (pa Cl) 75 67‘[2(107 a)9
and (b) follows. (c) follows by Lemma 14.0.4. O
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