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Abstract  An iteration technique for characterizing boundedness of certain types of multilinear operators
is presented, reducing the problem to a corresponding linear-operator case. The method gives a simple
proof of a characterization of validity of the weighted bilinear Hardy inequality

(L (L [ofwom)™ <e( )™ ([

for all non-negative f, g on (a,b), for 1 < p1,p2,q < co. More equivalent characterizing conditions are
presented.

The same technique is applied to various further problems, in particular those involving multilinear
integral operators of Hardy type.
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1. Introduction

Let —co < a < b < oco. Let 4, denote the cone of non-negative Lebesgue-measurable
functions on (a,b). The Hardy operator Hy and the ‘dual Hardy’ operator Hj are opera-
tors acting on ., defined by

t b
Hf(1) ::/ F(s)ds, HLF(1) ;:/t F(s)ds, te (a,b).

Recall that the weighted Lebesgue space L*(u) consists of all real-valued Lebesgue-
measurable functions f on (a,b) such that

I fll e = (/ab |f(t)|%u(t) dt>1/a < o0.

Here 1 < a < o0 and u is a weight, i.e. simply a fixed function u € .#, .
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It is well known under which conditions the operator H; is bounded from L%(u) to
LP(2), or, in other words, when the weighted Hardy inequality

(Lo el [

holds for all f € .#, . Namely, the following theorems hold (see [3,13-15]).

Theorem 1.1. Let u, z be weights. For a, 3 € (1,00) set

v (L[ oo} ()" o

Then the following hold.

(i) If 1 < a < B < o0, then

b \1/8 T , 1/a’
C.2) =~ sup (/ z) (/ ul_o‘> .
a<z<b T a
(ii) If1 < B <a<ooandy:=af/(a—[), then
b b \/8 x /B , 1/~
Ca.o) =~ (/ (/ z) (/ ul_a) ult—e (z) dx)
b b \V/a x /e 1/~
~ (/ (/ z) (/ ul_a> z(x)dx) .

Theorem 1.2. Let u, z be weights. For a, 3 € (1,00) set

v (L[ oon) () oo

Then the following hold.

(i) If 1 < a < B < o0, then

z \1/B b , 1/a’
C.3) =~ sup (/ z) </ ul_"‘> .
a<z<b a T

(i) If1 < B < a<ooandy:=af/(a—[), then

Clrg) ~ </ab </aa; z)wm(/:ul“')y/ﬁ,ula'(m) d:E)lM
(L (o) )
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In both these cases, as well as later on, we will use the conventions 1/0 := oo, 1/00 := 0,
0x o0 := 0. Observe that then the two preceding theorems are indeed true even for weights
with zero value on a set of non-zero measure. In particular, we may use them for a weight
w such that w = wx(cp) for some c € (a,b). This formal detail will be used at a certain
point.

Notice also the two equivalent conditions in each of the cases of part (ii). Existence
of such alternative conditions is a common feature in weighted Hardy-type inequalities.
Often it proves to be useful to find such equivalent expressions since each of them may
be applicable in different particular situations.

Let us now consider the bilinear Hardy operator Hs, acting on 44 x /4 and defined
by

Ha(f.9)(t) = / f(s)ds / g(s)ds, te(ab).

Recently, Aguilar et al. [1] characterized the boundedness Hy: LP*(vy) X LP2(vy) —
L%(w), or, equivalently, the validity of the bilinear weighted Hardy inequality

(L[ o)
< c( / b (B0 () dt)l/pl( / b 22 (s () dt>1/p2 (1.4)

for all f,g € .#,. The range of exponents was 1 < p,q < co. To prove these results, the
authors used the discretization technique, a standard yet technical method that proves
to be rather unnecessarily complicated in this case.

In this paper, we first present a much easier proof of the characterization of (1.4). In
most cases we also manage to reduce the number of conditions, compared with those
of [1]. Our proof technique will be referred to as the ‘iteration method’. The idea is
to proceed simply in two steps, each time treating the problem as the ordinary Hardy
inequality (1.1). Especially in the ‘easy case’ pi,p2 < ¢, the proof becomes extremely
simple. Let us note that the same idea was also used in [12] to characterize the bilinear
Hardy inequality for decreasing functions.

Having proved the aforementioned characterizations of (1.4) in §2, we then continue
by providing more alternative conditions. Existence of equivalent conditions is a common
feature of weighted inequalities, although it was not observed in [1].

Fairly obviously, the iteration method is not limited just to the bilinear case and
the Hardy operator case. Hence, in the final part we present more applications of this
technique to a variety of problems involving other operators.

As a final remark in this introduction, let us recall the following duality property of
the LP(v)-spaces. Namely, if p € (1,00) and v is a weight, then for any f € ., it holds
that

> Ve 2 fla)h(z) da
(/0 / (x)v(x)dx> e U e (ot () da) (15)
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2. Bilinear weighted Hardy inequality

Using the iteration method, in this part we characterize the quantity

Cn = foets (/ab </at f>q</: g>qw(t) dt)l/q</ab fmm)l/pl (/abgmz&)l/pz,

(2.1)
which is the optimal constant C' in the inequality (1.4). The following notation will be
used from now on: F < G means that there exists a constant C' € (0,00) such that
F < CG and C is ‘independent of relevant quantities in F and G’. More precisely, in
this paper this constant C' always depends only on the exponents p, p1, p2, q. If FF < G
and G < F, we write F' ~ G.

We Wlll provide such conditions A that 0(2 1) =~ A, without explicit estimates on the
constants Dy, Do such that D1 A < C(2.1) < D2A. An exact calculation of these constants
is left to the interested reader.

Theorem 2.1. Let vy, vy, w be weights, and let 1 < p1,p2,q¢ < 00, p1 < ¢, P2 < -
Then 0(2.1) >~ A(242)7 where

b \l/q z 1/p1’ T 1/p2’
Ay = fi%(/ w) (/ vy ’”) (/ vy ”) : (2.2)

Proof. It holds that
b t \d t q 1/q b —1/p1 b —1/p2
Ci.1) = sup sup </ (/ f)( g) w(t) dt) ( fp1v1> (/ gp2v2>
geEM4 fEMy a a a
b y 1/p1’ b —1/p2
o s ([ ([owwar) ([T ) (f )
gEMy a<x<b a a
x AL/P y 1/q b —1/p2
o, ([ )" g ([ ([ afwoman) " ([[oe)
a<z<b gEM 4 a
z AL/P1 AL/’
o, (L) e () ([ )
a<x<b z<y<b

= Ap.2)-
The second line follows from Theorem 1.1 (i) with « := py, 8 = ¢, u = vy, 2(t) :=
(fat g)%w(t). The fourth line follows from the same theorem with « := po, 8 := ¢, u := va,
2= X (a,p)W- (I

12

Theorem 2.2. Let vi, va, w be weights, and let 1 < p; < ¢ < ps < oo and ry =
p2q/(p2 — q). Then C(g.1y =~ A2 3), where

T . 1/p1’ b b r2 /P2 y - ro/p2’ 1/r2
Az = iugb(/ v pl) (/ (/ w) (/ Uy ”2> w(y)dy) :
a<zx z y a

(2.3)
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Proof. In the same way as in Theorem 2.1, using Theorem 1.1 (i) (with a := py,
Bi=q, u:= vy, 2(t) == (f[f ¢)%w(t)) in the first step and Theorem 1.1 (ii) (with a := po,
B = q, u:=v2, 2 := X(g,5)w) in the second one, we get

z 1/p1’ b ¥ \q 1/q b —1/p2
C(2.1) > sup (/ vy pl) sup (/ (/ g) w(y)dy> (/ g”?fz)
a<x<b gE M+ T a a

~ A(243). O

Theorem 2.3. Let vy, vo, w be weights, and let 1 < g < p; < 00, r; := piq/(pi — q)
fori € {1,2}, and 1/q < 1/py + 1/p2. Then C(2.1) =~ A(2.4) + A(2.5), where

T Ly 1/p1’ b b r2/q y Lt ra/q L 1/r2
e ([ L ) )
a<x a x y a

(2.4)
T i 1/p2’ b b r1/q y L r1/q L , 1/m
e ([ L (L )
a<x x y a

Proof. We have

b b ¥ \d r1/q T r1/q’ - 1/m1
Ciy =~ SUJ]?; (/ (/ (/ 9) w(y) dy) (/ ”1p1> Uy o (z) dx)
geM+ a x a a

b , )
o anp UL 00 () ) Vo o)
hedy ge My f hpl/Q( )(fy 1—p1’ ) pl/qlvpl /7«1( )dy)l/pl

a

y T l ’ 1

t dtd 72/q —p2’ 72/q —p2’ d 1/r2

~ sup (Ja Uy () J7 () dt dy) f ) () dz)
hedy f e /a(y)( fy 1—py/ pl/q' Pt /"1( )dy)l/m

2T n(t)dt 2w dy—i—f h(t) [ w(y) dydt)r2/a
fy 1-p2 )r2/q’ 1— p2( )dx)l/rz

= sup

he f hpi/a(y f"” 1=p1"y—py1 /g’y s /71( ) dy)1/p1
b r r Tz 1— P 1— ro1
~ sy |:(fa(fa ZL) Z/qf )2/‘1(]' vy Pz)z/qv Pz( )dm)q/2:| /q
he (fa hpi/a(y fy 1=p1"\—p1 /g’y pl /”( ) dy)/pr

h ra/q( [T 1 p2’ r2/q 'Ul D2 dx)a/m2 1/q
o [ UL f e (e ) |
he. (fa hpi/a( )(fy w) =P/ fa vy )—m/q vl (y) dy)a/pr

=: B]_ + BQ.

Here, the first relation follows by Theorem 1.1 (i), setting a := p1, 8 = ¢, u := vy,
2(t) = (f;s 9)%w(t). The second relation is due to duality (see (1.5)). For the third
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relation we use Theorem 1.1 (i) with « := pa, 8 1= ¢, u := ve, 2(y) = w(y) fay h. The
fourth relation holds by the Fubini theorem. Finally, by Theorem 1.1 (i), setting

a:=p1/q, B:=r2/q,

Vo -p1/q’ y
u@wz(/v1“) 2Ty,
b Tz/q x , 7’2/‘1/ ,
z@r=(/w) (/v;“) o (2),

we get By =~ A(z.4). Similarly, Theorem 1.2 (i) with

a:=p1/q, B:=r2/q,

b \—Pi/a Yy NP/d
w=( o) (L)
z Nr2/d ,
2(z) == (/ vy P2 ) vy P2 (z)

Theorem 2.4. Let vy, v, w be weights, let 1 < g < p; < o0, 13 = piq/(Pi — q)
for i € {1,2}, and let 1/q < 1/py + 1/pa. Let 1/s = 1/q — 1/p1 — 1/pa. Then Cig.1y ~
A(2.6) +A(2_7), where

b b bo\r2/q Vo, Nr2/d o 5
(L o)
a T Y a
T , s/ra’ , 1/s
X (/ v > v P (z) dx) ,  (2.6)
b b b \T1/q Vo, ri/q’ . s/r1
(L) o)
a T Y a
T , s/r1’ , 1/s
X (/ v%m) vy P (z) dx) . (2.7)

Proof. As in the proof of Theorem 2.3, one has C(5.1) ~ By + Bs, where By and B»
are defined in the same way as in that proof. Next, Theorem 1.1 (ii) with

yields BQ ~ A(g.s). O

/T2

o= p—l, b= —=,
q q
v\ /4’ y
= ([Tt ) ),

@) = (/:w>r2/q</axvém/)rg/q’vém,(x)
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gives By ~ A(3.¢), and Theorem 1.2 (ii) with

p1 T2
9 ﬁ:_i
q

(L e
)= ([ )/ o (@)

gives B2 >~ A(2_7). O

3. Equivalent conditions

The ‘A-conditions’ from the previous section have more equivalent forms. This can be
observed simply by comparing the conditions we obtained with those from [1]. We are
going to make this comparison and even prove the equivalences of the conditions directly.

Proposition 3.1. In the setting from Theorem 2.2, it holds that A3y ~ A2.9) +
A5

Proof. For all = € (a,b) integration by parts (cf. [17, Lemma, p. 176]) yields

b b r2/p2 y , ro/p2’ 1/72
(L) (L) )
T y a
b 1/q x , 1/p2’
(L) (L)
x a

b b \r2/q Yy , ra/q , 1/r2
(L) ([a) arwa)

x y a

Multiplying both sides by (f vy "' )/71’, we show that A5y ~ A0 + A(2.5) holds
even pointwise, i.e. without the supremum over z. g

Proposition 3.2. In the setting from Theorem 2.3, it holds that
Ay +Aes) = Apa) + Apa) + Aes) = A@s) + Als), (3.1)

where

z 1/p2’ b b r1/p1 y , r1/p1’ 1/r1
e ([ LT (] )
a<x<b T Yy a

Proof. The second equivalence in (3.1) holds pointwise for = € (a,b) by partial inte-
gration. The fact that we proved that C(3.1y ~ A(2.4) + A(2.5), while in [1, Theorem 3]
it was proved that Cip.1) ~ A2.2) + A(2.4) + A(2.5), gives an indirect proof of the first
equivalence in (3.1).
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A simple direct proof of the inequality Az9) < A(2.4) + A(2.5) can be obtained by
employing the same idea as that from [7, Lemma 2.2]. It goes as follows. For each « € (a, )
there exists y(x) € (a,z) such that

y(z) x x
i ! 1 o
/ U} P1 / Ui P1 5 / ’U} P
a y(x) a

1/p1’ z 1/p2’

) (L)

y(x) 1/p1’ 1/p2’
(L) (L)

a

y(z) 1/p1’ y(a:) , x , 1/pa’

(/ 1— ) 1)2 —p2 +/ U;_m)

a y(x)
( i

Now we get

L
()

g

b\l y(x) AL/py z AL/’
(L )
@ a y(z)
b 1/q T t , ri/q’ , 1/71 y(z) , 1/p2’
~ (/ w) / (/ Ui—m) v} P (t)dt) (/ vé_p2>
x y(zx) y(x) a
b \l/aq y(z) AL/pi @ t N2/d , 1/r2
L (L o
a y(z) y(x)
1/p2’ x b \"1/q t Nr1/d , 1/r1
L L () 00
y(z) t a
(w) 1/p1’ x b \T2/4 t Arz/d ) 1/rs
(VLT (e e
y(z) i a

A —|—A24)

S

Taking the supremum over x € (a,b), we obtain A9 S A2.4) + A(2.5). Observe that
this inequality does not hold pointwise in z, rather only with the supremum. O

Proposition 3.3. In the setting from Theorem 2.4, it holds that
Ape) + Ay =~ A"+ Ape + A, (3.2)

where

b b \8/p1+s/p2 z , s/p1’ x , s/pa’ 1/s
A= </ (/ w) w(m)(/ v}m) (/ v;m) dx) .
a x a a
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Moreover, it holds that A7) =~ AE‘2.7), where

b b b \T2/4q Voo r2/q’ ot s/p1
Al = (/ (/ (/ w) (/ vy 7 ) vy P (y) dy)
a T Yy a
x AN\S/p1 b \r2/q x Nr2/d , 1/s
X </ v}m) (/ w) </ v;p"’) vy P (x)dm) ,

and A7) =~ AE‘2'7), where AE‘2'7) is defined analogously to A?Q.G) with the indices 1 and
2 switched.

Proof. The equivalence Az = A’("Q_ﬁ) follows directly by integration by parts.
Theorem 2.4 yields Co.1) =~ A2.6) + A2.7), while [1, Theorem 4] gives Crp1y =~
A* 4 A(2.6) + A2.7), and hence (3.2) is true.

However, we will also provide a direct proof of (3.2). Obviously, we just need to prove
that A* < A2.6) + A(2.7). First, integrating by parts we get

b b \s/a z AN\s/p1 x A/ ,
/ (/ w) (/ vim) (/ v%m) vy P () da
b b \s/a x N\S/p2’ x ANS/T2’ ,
+/ (/ w> </ v;p"’) </ v%m) v P (@) da

: B3 + By.

(A7)

¢

Now we prove that Bz < A2.6) + A?2.7)' The idea resembles that of [8, Theorem 3.1].
We may suppose that for all € € (0,0 — a) it holds that faJr€ 1=p2

v < 00, otherwise all
a 2 ’,
the terms Bs, Az ¢y, AF, -, become infinite. We also assume that b ul=P2" = oo (if this
> 41(2.6)s “1(2.7) 2

a
is not satisfied, then the following part of the proof needs only minor changes). Now, for

k € Z let x) € (a,b) be such that f;’“ U%fml =2F and let yx € [z, 2r41] be such that

b \s/aq y As/p1 b \s/q Yk A\s/p1’
oo (L) (L) = (L) (L)
YE[Tk,Tr11] y a Yk a

Now we can write

T41 T - ,S/Tll N b s/q T N s/p1’
33:2/ </ vy p2) Uy pz(z)(/w) (/ vy pl) dx
kez” Tk a T a
Th41 T , s/r1’ , b s/q Y , s/p1’
gZ/ </ v%m) vy P (x)dz  sup (/ w) (/ v}p1>
kez Y Tk a YE[Tk , Tr41] y a
b s/q Yk , s/p1’
§Z2’“/P2'(/ w> </ v}“)
kez Yk @
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, b s/q Yk , s/p1’
~ ZQ’“S/W </ w) (/ vifﬁ )
Yr Yk—a

kEZ

, b s/q Yk—a ,S/Pll
ey ([ )
Yk a

kEZ
=: B5s + Bg.

Observe that for all £ € Z it holds that

Yk , Yk ,
2k </ vy P2 L 2k ok—1 </ vy P2 kL
a Ye—2

Yk b \"1/q y , r1/q , s/r1
() (L) i)
Yrk—a Y a
Tk—4 x , 5/7”1l ,
<[ [ar) wre
keZ Y Tk—6 a
Yk b \"1/4q y , ri/q’ , s/r1
X </ (/ w) </ v%_m) v%_pl (y)dy) dx
T Y a
Next, we have to estimate Bg. First, for any k € Z it holds that
, Yk—2 x Nr2/d ,
2kS/p2 5/ (/ v%m) véfm (x) dx
Yk—4a Yk—a
Y y N2/ , s/p1
<[] ) )
Yk—2 Yk—2
Y2 Yk y A2/d , s/p1
<[ () )
Yk—a Yk—2 a

<2(Apmn)t
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Y2 Uk Vo r2/q’ _— s/p1
g/ (/ (/”2p2> ”2p2()dy>
Yr—a x a
z N\2/d ,
X (/ v;_m) vy P () da

Therefore,

y N\r2/d , s/p1 z N2/d ,
B6<Z/ </ (/ v;m) vy~ m()dy) (/ v%m) vy P2 (z) da
kez Y Yk—1 @
b s/q Yk—4a , S/Pll
(L) (L)
Yk a
b \T2/q y , ra/q’ , s/p1
S (L)) )
k—4 a

kez Y
b r2/q T , ra2/q , x , S/;Dll
x(/ w) (/ vépz) 1)%7” (x)(/ v}m) dz
xr a a
4(Als.6))"

At this point we have proved that (Bs)'/* < Ag.6) + Af (2.7)" In exactly the same way,
only switching the indices 1 and 2, one proves that (B4)1/S S Aen + A(2 6)- Using all
the estimates we have collected, we get

A* ~ (B3)1/S + (B4)1/8 5 A(2.6) + A(2_7) + Az2-6) =+ A?2'7) ~ A(2.6) + A(2_7),

which is what we wanted to show. O

4. Further results

In this final part we give examples of various further problems that may be successfully
treated by the iteration method.

The following notation will be used: unless otherwise specified, .Z denotes the cone of
all (extended) real-valued measurable functions on a suitable measure space (R, u). For
f € A, the symbol f* denotes the non-increasing rearrangement of f, and

o= [ torte 0.u)

(see [2] for details). If u is a weight on (0, #(R)), then we define

Fr() = ( / tu)l / '
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For definitions of rearrangement-invariant (r.i.) spaces and r.i. lattices, see, for exam-
ple, [2,4,9].
If 0 < p < o0 and u, v are weights on (0, u(R)), the weighted Lorentz ‘spaces’ AP(v),
I'P(v) and I'P(v) are defined as
AP () ==A{f € A; || fllar) = IF "l Lr ) < o0},
P(0) = {f € A5 | lroy = 11 o) < 0},
L) = {f e A4 | fllrpw = 12"y < oo}
Here, of course, the LP(v)-space consists of functions over (0, u(R)).

If X, Y are r.i. spaces (lattices), we say that X is embedded into Y, and write X — Y,
if there exists C € (0,00) such that for all f € X it holds that ||f|ly < C||f|lx-

4.1. Multilinear Hardy operator

The iteration method may be obviously extended for a multilinear Hardy operator H,,

defined by
i=1
for fy € My,i=1,...,n, and t € (a,b). In this case we obtain the following recursive

formula for the norm of H,:

| Hp || 2p1 (01) x o x Lon (0 )= L ()

2 (Hn1 (f1y -y fa1) ()T (H fn(£))%0(t) dt) /2

= sup —
fif//ﬁr H?:1 | fill Lo i) | full Lon (o,
i=1,...,n

= sup ”Hn_l”LPI(UI)X“'XL’)”*l(Un—l)—>Lq(w(H1fn)“)
fudly [ frll Lo (w2 '

In this way one can deduce the conditions on the weights and exponents under which
H,: LP(v1) X -+» x LP"(v,) — L%(w), using only the knowledge of the conditions for
Hy: LP(v) — L% (w). During the process there is no need for a method harder than
changing the order of suprema, and using Fubini’s theorem and LP-duality.

4.2. Other product-based operators
Clearly, the idea above applies to any operator 1" such that

i=1

where T; are certain other operators. Using the iteration method, we might be able to
get conditions for boundedness T': X7 X - -+ x X,, — X from the conditions for T;: Y; —
Z;, where X, X, Y;, Z, are some suitable spaces (or even more general structures, for
example, r.i. lattices). Simple examples of such operators T include products of the ‘dual
Hardy’ operators, or products of a mixture of Hardy operators, ‘dual Hardy’ operators,
Hardy-type integral or supremal operators with kernels, etc.
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4.3. ‘Multidimensional’ Hardy operators involving non-increasing
rearrangement

Let K be a weight (kernel). Define the Hardy-type operator H; g and its ‘dual version’
Hi x by

96 k(1) /f s, H () /f

for any f € 4. If K =1, we simply write 3; := 3 x and H) := H) . Let us note
that these operators are in general not linear.
Consider the operator Hs constructed as

56,1, 9)(t) = Ho (D) Hag () /f ds/ () ds.

This operator is obviously a special case of T' from (4.1). In [12], the iteration method
was used to characterize boundedness Ha: AP (v1) x AP2(vy) — L%(w), i.e. to produce
weighted bilinear Hardy inequalities for non-increasing functions.

Let us take yet another Hardy-type operator GTCQ, defined by

-/ P (s)g (s) s

and study its boundedness Hy: AP (v1) X AP2(v3) — L4 (w). (The same idea may be used
if the A-spaces are replaced by other appropriate structures.) Observe that Ha(f, ¢)(t) =
Hi,g+(f). We get

o I s £ 9% lLew)
[|H2 || a» AP La = sup
HonpAr )= L) = e N9l avz (o) s N ams (on)

id | Az (1)1, ()

= sup (4.2)
gett 1gllar2va)
Here v(t) fo )2. We may now use the known characterization of the embed-

ding AP (vl) — I’gq (¥) (see, for example, [6]). This embedding is also, in other words,
equivalent to the AP' (v1) — L%(w) boundedness of the operator H; 4-. Anyway, the opti-
mal constant || id || yr, ()= () usually takes the form of a sum of the L*(¢)-norms of
Hi,x(9), H g(g) or supremal variants of these operators. Here K, o and  depend on
the original parameters D, q, V1, V2, w. Hence, in the next phase, (4.2) will dissolve into
a sum of factors

131,15 (9)]| o ()

gt N9l ar2 (vy)

or similar ones. Then we again use suitable existing characterizations of boundedness
of H;y g, H} K OT, if needed, some supremal variants of those operators. In this way,
the desired estimate on ||J—C2||Am(v1 x AP2(vy) — L%(w) will be obtained. The required
boundedness characterizations for 3} x may be found in [5]. Corresponding conditions
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for other Hardy-type operators (for example, the supremal ones) may be derived using
the reduction theorems presented in [5]. The boundedness conditions for H; x are, as
already mentioned, listed in [6].

In a similar way, higher-order operators like J,, thn, etc., constructed analogously to
their n = 2 cases, may be treated. It is, however, worth noting that the complexity of
the involved expressions grows rapidly with increasing n. Proofs involving general-weight
cases using the iteration method may thus become very technical.

4.4. General product-type operator in a I'-space

Let, for simplicity, .# denote the cone of real-valued Lebesgue-measurable functions
on R™. Motivated by [16], we now consider an arbitrary operator P mapping .# x .4
into .# and such that the inequality

/ (P(f.9))"(s)ds < / £*()g" (s) ds (4.3)
0 0

holds for all f, g € .# and t > 0. The simplest example of such an operator is the ordinary
product operator P(f,g) := fg (see [2, p. 88]).

Let X7, X2 be r.i. spaces (or lattices) of functions defined over R™. It is now easy to
find conditions for the boundedness P: X; x Xo — I'(w). By (4.3), one gets

IP(f, 9)l o 13€2(f, ) Lot t-100
Clag) i= sup R L sup (trt=w(t)) (4.4)
roe Ixillgllxe  foew 171, 9l

The problem of finding an upper bound for C'4 4y hence reduces into a certain bounded-
ness question regarding the operator Hs, which was treated in the previous section.

The possibility of providing a lower bound for C(4. 4y depends to a great extent on the
‘sharpness’ of (4.3). Let us here, for example, consider the simple operator P(f,g) := fg.
It may easily be checked that if both f and g are positive and radially decreasing, then
fot(fg)* = fot f*g*, and therefore equality in (4.3) is attained for these functions. This
in turn implies that the two suprema in (4.4) are equal. The substantial facts here are
that X; and X, are r.i., and that every f € .#; may be rearranged into a positive (non-
negative) radially decreasing (non-increasing) function h € .#; such that f* = h*. For
details of these ideas we refer the reader to [9-11].

A general product operator may be also defined in another way, as suggested by O’Neil
n [16]. See the final remark in the section below for more details.

4.5. Convolution in a I'-space

Again, let .# stand for the cone of Lebesgue-measurable real-valued functions on R™.
The convolution of f € .# and g € .# is defined by

(fxg9)x):= [ [f(y)g(z—y)dy. (4.5)

R"
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As shown in [16], the bilinear operator T(f,g) := f * g satisfies the O’Neil convolution
inequality

a0 < [ ree [ seae [Creres @

for all f,g € .4 and all t > 0. Moreover, in the case of both f and g being positive and
radially decreasing, the reverse inequality holds with a constant depending only on the
dimension n (see [9,11,16]). Observe that the right-hand side of (4.6) is again composed
of certain Hardy-type operators acting on f, g.

In [9-11], the following problem was studied: given that X is one of the spaces AP (v),
I'?(v) or the class SP(v) (see [10]), characterize the largest r.i. space Y such that the
Young-type inequality

1S * gllraqw) < Cllfllxllglly

holds for all f, g € .# . In particular, an r.i. space Y was found such that for every positive
radially decreasing g it holds that

1F * gl ragu
sup = gy (4.7)
rew Tfllx

In all the cases X = AP(v), ["P(v), SP(v) it turns out that this (quasi-)norm || - ||y may
be expressed as || - [ly ~ || - |lvy + | - ||y, with Y7 being a I'-type space and Y3 a K-type
space. The latter type was defined in [9].

A related problem, which may be successfully approached using the iteration method
and the above results, is stated as follows. Under which conditions does the inequality

ILf * gllpaqw) < Cllfllar1 (1) 19l Ap2 (v, hold for all f,g € .47 In other words, one is being
asked for a characterization of

ILf * gll ra(uw)

T (4.8)
f.get ||f||X1 ||g||X2

where X7 = AP (vy) and X5 = AP2(vs). In view of (4.7), we proceed as follows:

lglly lglly 1f * gl raw)

e l9lx: — gewr  Ndllxa ~ gea Iflxllglx,’
g pos.rad.dec.

where ‘pos.rad.dec.” abbreviates ‘positive and radially decreasing’. (Notice that X5, YV
are 1.i., and thus the first two terms are indeed equal.) Since we know that in this case
I-lly = |l-llr+1 -]l x, the problem is reduced to finding the optimal constants for certain
embeddings A < I" and A — K. Characterizations of A — I" are well known (see, for
example, [4,6]); the problem of A — K was studied in [12].

The same strategy may be used if we choose X7, Xo in (4.8) as any other combination
of A, I" or S, or even as other r.i. spaces.
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Moreover, in [16] O’Neil proposed a fairly general definition of a convolution operator
as a bilinear operator T satisfying

1T(f, 9)llx < I fllallgllss
IT(f, 9o < N llscllgllns (4.9)
IT(f, 9o < I N11llglloo-

He then attempted to prove that a bilinear operator is a convolution operator in this
sense if and only if it satisfies (4.6) for all f, g. However, as pointed out by Yap [18],
O’Neil’s proof of this statement contains a minor flaw and it seems that it cannot be
fixed without some additional assumptions on 7T'. For example, assuming that

T maps pairs of positive functions into a positive function, and} (4.10)

VS, fnig 2 0: [fa? fae. = T(fn.g) T T(f,9) ael,

where ‘a.e.” abbreviates ‘almost everywhere’, should overcome the problem. Despite these
problems with technical details, O’Neil’s proof idea is correct for the ordinary convolution
operator (4.5), which indeed satisfies (4.6).

Anyway, our technique of estimating (4.8) works for any bilinear operator satisfying the
inequality (4.6). Thus, it also applies to the class of operators satisfying the interpolation
inequalities (4.9) and the additional conditions (4.10).

Besides this, O’Neil also suggested a definition of a general product operator P by
means of conditions analogous to (4.9) (see [16]). For such operators the inequality (4.3)
plays a similar role to that played by (4.6) for the general convolution operators. Again, it
seems that the assumption of conditions like (4.10) is necessary to prove that this general
product operator satisfies (4.3). That is why we defined the ‘product operator’ in the
previous section by (4.3) and not in O’Neil’s style by some interpolation-type inequalities.
As in the case of convolution operators, we may still choose the latter approach with some
careful corrections.

References

1. M. I. AGUILAR CANESTRO, P. ORTEGA SALVADOR AND C. RAMIREZ TORREBLANCA,
Weighted bilinear Hardy inequalities, J. Math. Analysis Applic. 387(1) (2012), 320-334.

2. C. BENNETT AND R. SHARPLEY, Interpolation of operators, Pure and Applied Mathe-
matics, Volume 129 (Academic Press, 1988).

3. J. BRADLEY, Hardy inequalities with mixed norms, Can. Math. Bull. 21(4) (1978), 405
408.

4. M. CARRO, L. Pick, J. SORIA AND V. D. STEPANOV, On embeddings between classical
Lorentz spaces, Math. Inequal. Applic. 4 (2001), 397-428.

5. A. GOGATISHVILI AND V. D. STEPANOV, Reduction theorems for operators on the cones
of monotone functions, J. Math. Analysis Applic. 405 (2013), 156-172.

6. A. GOGATISHVILI, M. JOHANSSON, C. A. OKPOTI AND L.-E. PERSSON, Characterisation
of embeddings in Lorentz spaces, Bull. Austral. Math. Soc. 76(1) (2007), 69-92.

7. A. GoGATISHVILI, A. KUFNER AND L.-E. PERSSON, Some new scales of weight charac-
terizations of the class By, Acta Math. Hungar. 123 (2009), 365-377.

https://doi.org/10.1017/50013091516000602 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091516000602

8.

10.
11.
12.
13.
14.
15.
16.
17.

18.

Iterating bilinear Hardy inequalities 971

A. GOGATISHVILI, L.-E. PERSSON, V. D. STEPANOV AND P. WALL, Some scales of
equivalent conditions to characterize the Stieltjes inequality: the case ¢ < p, Math. Nachr.
287 (2014), 242-253.

M. KREPELA, Convolution inequalities in weighted Lorentz spaces, Math. Inequal. Applic.
17(4) (2014), 1201-1223.

M. KREPELA, Convolution in rearrangement-invariant spaces defined in terms of oscilla-
tion and the maximal function, Z. Analysis Anwend. 33(4) (2014), 369-383.

M. KREPELA, Convolution in weighted Lorentz spaces of type I', Math. Scand. 119(1)
(2016), DOI: 10.7146 /math.scand.a-24187.

M. KREPELA, Bilinear weighted Hardy inequality for nonincreasing functions, Publ. Mat.,
61(1) (2017), 3-50.

A. KUFNER AND L.-E. PERSSON, Weighted inequalities of Hardy type (World Scientific,
2003).

V. G. MAZ’JA, Sobolev spaces (Springer, 1985).

B. MUCKENHOUPT, Hardy’s inequality with weights, Studia Math. 44 (1972), 31-38.

R. O’NEIL, Convolution operators and L(p, q) spaces, Duke Math. J. 30 (1963), 129-142.
V. D. STEPANOV, The weighted Hardy’s inequality for nonincreasing functions, Trans.
Am. Math. Soc. 338 (1993), 173-186.

L. Y. H. YAP, Some remarks on convolution operators and L(p, q) spaces, Duke Math. J.
36 (1969), 647-658.

https://doi.org/10.1017/50013091516000602 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091516000602



