J. Inst. Math. Jussieu (2015) 14(3), 589-638 589
doi:10.1017/S1474748014000103  © Cambridge University Press 2014

LIMIT MULTIPLICITIES FOR PRINCIPAL CONGRUENCE
SUBGROUPS OF GL(n) AND SL(n)

TOBIAS FINIS!, EREZ LAPID?:3 AND WERNER MULLER*

L Freie Universitit Berlin, Institut fir Mathematik, Arnimallee 3, D-14195 Berlin,
Germany (finis@math.fu-berlin.de)
2 Einstein Institute of Mathematics, The Hebrew University of Jerusalem,
Jerusalem, 91904, Israel
3 Department of Mathematics, The Weizmann Institute of Science, Rehovot 76100,
Israel (erez.m.lapid@gmail.com)
4 Mathematisches Institut, Rheinische Friedrich- Wilhelms-Universitit Bonn,
Endenicher Allee 60, D-53115 Bonn, Germany (mueller@math.uni-bonn.de)

(Received 20 July 2012; revised 26 March 2014; accepted 26 March 2014;
first published online 8 May 2014)

Abstract We study the limiting behavior of the discrete spectra associated to the principal congruence
subgroups of a reductive group over a number field. While this problem is well understood in the
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1. Introduction

Let (for now) G be a connected linear semisimple Lie group with a fixed choice of a Haar
measure. Since the group G is of type I, we can write unitary representations of G on
separable Hilbert spaces as direct integrals (with multiplicities) over the unitary dual
I1(G), the set of isomorphism classes of irreducible unitary representations of G with
the Fell topology (cf. [30]). An important case is the regular representation of G x G on
L?(G), which can be decomposed as the direct integral of the tensor products w ® *
against the Plancherel measure i on IT(G). The support of the Plancherel measure is
called the tempered dual I1(G)emp C I1(G).

Other basic objects of interest are the regular representations Rr of G on L*(I'\G)
for lattices I' in G. We will focus on the discrete part L(Zﬁsc(F\G) of L>(I'\G), namely
the sum of all irreducible subrepresentations, and we denote by Rr gisc the corresponding
restriction of Rp. For any 7 € I1(G), let mr () be the multiplicity of 7 in L%(I'\G).
Thus,

mr () = dimHomg (7, Rr) = dim Homg (77, Rr disc)-

These multiplicities are known to be finite [60, Theorem 3.3], at least under a weak
reduction-theoretic assumption on G and I' [60, p. 62], which is satisfied if G has no
compact factors or if T" is arithmetic. We define the discrete spectral measure on IT1(G)
with respect to I' by

1

Ur = ——— mr(7)dy,
vol(I'\G) n;@ T
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where &, is the Dirac measure at 7. While one cannot hope to describe the multiplicity
functions mr on IT(G) explicitly (apart from certain special cases, for example when 7
belongs to the discrete series), it is feasible and interesting to study asymptotic questions.
The limit multiplicity problem concerns the asymptotic behavior of ur as vol(I'\G) — oco.

To make this more explicit, we recall that, up to a closed subset of Plancherel measure
zero, the topological space I1(G)emp is homeomorphic to a countable union of Euclidean
spaces of bounded dimensions, and that under this homeomorphism the Plancherel
density is given by a continuous function. (The same is true in the case of p-adic reductive
groups considered below.)1 We call the relatively quasi-compact subsets of T1(G) bounded
(see §2 below for a more explicit description). Note that ur(A) < oo for bounded sets
A C II(G) under the reduction-theoretic assumption on G and I' mentioned above [14].
By definition, a Jordan measurable subset A of I1(G)wemp is a bounded set such that
tp1(dA) = 0, where 0A = A — A° is the boundary of A in IT(G)emp- A Riemann integrable
function on IT(G)emp is a bounded, compactly supported function which is continuous
almost everywhere with respect to the Plancherel measure.

Let I'1, 2, ... be a sequence of lattices in G. We say that the sequence (I',) has the
limit multiplicity property if the following two conditions are satisfied.

(1) For any Jordan measurable set A C IT(G)emp, We have
ur, (A) = upi(A) asn — oo.
(2) For any bounded set A C IT1(G) \ IT(G)emp, we have
pur,(A) -0 asn— oo.

Note that we can rephrase the first condition by requiring that
lim pur, (f) = wpi(f)
n—oo

for any Riemann integrable function (or, alternatively, for any continuous compactly
supported function) f on IT(G)emp-

A great deal is known about the limit multiplicity problem for uniform lattices, where
Rr decomposes discretely. The first results in this direction were proved by DeGeorge and
Wallach [27, 32, 72] for normal towers, i.e., descending sequences of finite index normal
subgroups of a given uniform lattice with trivial intersection. Subsequently, Delorme [26]
completely resolved the limit multiplicity problem for this case in the affirmative.
Recently, there has been great progress in proving limit multiplicity for much more general
sequences of uniform lattices [1, 2]. In particular, families of non-commensurable lattices
were considered for the first time.

In the case of non-compact quotients I'\G, where the spectrum also contains a
continuous part, much less is known. Here, the limit multiplicity problem has been solved
for normal towers of arithmetic lattices and discrete series L-packets A C IT(G) (with
regular parameters) by Rohlfs and Speh [64]. Building on this work, the case of singleton
sets A and normal towers of congruence subgroups has been solved by Savin ([67],

LSee [26, §2.3] for the Archimedean case and [75] for the p-adic case.
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cf. also [74]). Earlier results on the discrete series had been obtained by DeGeorge [25]
and Barbasch and Moscovici [16] for groups of real rank one, and by Clozel [22] for
general groups (but with a weaker statement). The limit multiplicity problem for the
entire unitary dual has been solved for the principal congruence subgroups of SL,(Z)
by Sarnak [65] (cf. [39, p. 173], [29, §5]). Also, a refined quantitative version of the
limit multiplicity property for the non-tempered spectrum of the subgroups I'g(N) has
been proven by Iwaniec [40}.2 A partial result for certain normal towers of congruence
arithmetic lattices defined by groups of Q-rank one has been shown by Deitmar and
Hoffmann in [29]. Finally, generalizations to the distribution of Hecke eigenvalues have
been obtained by Sauvageot [66], Shin [68] and Shin and Templier [69].

In this paper we embark upon a general analysis of the case of non-compact quotients.
We consider the entire unitary dual and groups of unbounded rank. The main problem is
to show that the contribution of the continuous spectrum is negligible in the limit. This
was known up to now only in the case of GL(2) (or implicitly in the very special situation
considered in [64] and [67]). Our approach is based on a careful study of the spectral side
of Arthur’s trace formula in the recent form given in [33, 34]. As we shall see, this form
is crucial for the analysis. Our results are unconditional only for the groups GL(n) and
SL(n), but we obtain a substantial reduction of the problem in the general case.

Before stating our main result, we shift to an adelic setting which allows one to
incorporate Hecke operators into the picture (i.e., to consider the equidistribution of
Hecke eigenvalues). Thus, let now G be a reductive group defined over a number field F,
and let S be a finite set of places of F containing the set S of all Archimedean places.
Let Fg be the product of the completions F, for v € §, AS the restricted product of the
F, for v ¢ S, and A = Fg x AS the ring of adeles of F. In the special case when § = Sxo,
we write Foo = Fs,, and Ag, = AS=_ As usual, G(Fs)! denotes the intersection of the
kernels of the homomorphisms |x| : G(Fs) — R>?, where x ranges over the F-rational
characters of G and |-| denotes the normalized absolute value on F ;‘ Similarly, we define
the normal subgroup G(A)! of G(A). Fix a Haar measure on G(A). For any open compact
subgroup K of G(A%), let ux = ,ug’s be the measure on IT(G(Fs)') given by

. 1 . 2 1
HK = vol(G(F)\G(A)!/K) nen(%(:Fs)l)dlmHomG(FS)l(n’ FHGUNGERTTED ox

(K
:VOI(GV(‘;)(\G)(A)I) > dimHomg i (v, LA(G(F)\G(A)) dim(w %)X 8.
nEH(G(A)l)

We say that a collection K of open compact subgroups of G(AS) has the limit
multiplicity property if g — pp for K € K in the sense that,

(1) for any Jordan measurable subset A C H(G(Fs)l)temp, we have g (A) = upi(A4),
K € K, and,

(2) for any bounded subset A C TI(G(Fs)") \ TI(G(Fs)")temp, we have ug (A) — 0, K €
K.

2Recall that by Selberg’s eigenvalue conjecture the non-tempered spectrum should consist only of the
trivial representation in this case.
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Here, we write for example g (A) — ppi(A) to mean that for every € > 0 there are
only finitely many subgroups K € K such that ‘,uK(A) - pr1(A)} > €. Once again, we can
rephrase the first condition by saying that for any Riemann integrable function f on
M1(G(Fs)")emp we have

wk (f) = up(f), Kek.

Remark 1.1. By a well-known result of Wallach, for any reductive group G, any local
factor of an irreducible representation which occurs in the residual spectrum (i.e., the
non-cuspidal discrete spectrum) is necessarily non-tempered (see [73, Theorem 4.3] for
the Archimedean and [23, Proposition 4.10] for the p-adic case). Therefore, once the limit
multiplicity property is established, it automatically holds for the cuspidal spectrum as
well.

We note that, when G satisfies the strong approximation property with respect to Seo
(which is tantamount to saying that G is semisimple, simply connected, and without any
F-simple factors H for which H(Fx) is compact [61, Theorem 7.12]) and K is an open
compact subgroup of G(Ag,), we have

G(FO\G(A)/K =Tg\G(Feo)

for the lattice 'y = G(F)N K in the connected semisimple Lie group G(Fx). Thus,
these lattices are incorporated in the adelic setting. A similar connection can be made
for general G, where however a single subgroup K will correspond to a finite set of lattices
in G(Fso).-

An important step in the analysis of the limit multiplicity problem is to reduce it
to a question about the trace formula. This is non-trivial, not the least because of the
complicated nature of the unitary dual. This step was carried out by Delorme in the
case where S consists of the Archimedean places [26]. His argument was subsequently
extended by Sauvageot to the general case [66], where he also axiomatized the essential
property as a “density principle” (see §2 below). Using the result of Sauvageot, we can
recast the limit multiplicity problem as follows. Let (G (Fs)') be the algebra of smooth,
compactly supported bi-Kg-finite functions on G(Fs)!. For any h € H(G(Fs)"), let h be
the function on TT1(G(Fs)') given by fl(n) = trr(h). Note that we have

pk (h) = tr Raisc (h ® 1g)

1
vol(G(F)\G(A)!)

and .
upi(h) = h(1).

Then we have the following theorem.

Theorem 1.2 (Sauvageot). Suppose that the collection IC has the property that for any
function h € H(G(Fs)') we have

ux(h) — h(l), K ek. (1)
Then limit multiplicity holds for K.
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We will recall how to obtain this result from Sauvageot’s density principle in § 2.

Given this reduction, it is natural to attack assertion (1) via the trace formula. In
the cocompact case (i.e., when G/Z(G) is anisotropic over F) one can use the Selberg
trace formula. In the general case we use Arthur’s (non-invariant) trace formula, which
expresses a certain distribution 4 +— J(h) on C E’O(G(A)l) geometrically and spectrally [3,
5, 7-10]. The distribution J depends on the choice of a maximal F-split torus Sg of G
and a suitable maximal compact subgroup K = KsK5 of G(A) (cf. §§3 and 4 below).
The main terms on the geometric side are the elliptic orbital integrals, most notably
the contribution vol(G(F)\G(A)")h(1) of the identity element. The main term on the
spectral side is tr Rgisc (h).

The relation (1) can now be broken down into the following two statements.

For any h € H(G(Fs)"), we have J(h® 1) — tr Raisc(h ® 1x) — 0, (2)
and,
for any h € H(G(Fs)"), we have J(h® 1x) — vol(G(F)\G(A))h(1). (3)

We call these assertions the spectral and geometric limit properties, respectively.

In the cocompact case, the spectral limit property is trivial, since J(h) = tr Rgisc (h)-
Also, in this case it is easy to see that for any tower K of normal subgroups K of KS and
for every h € H(G(Fs)") we have in fact J(h ® 1x) = vol(G(F)\G(A)")A(1) for almost all
K € K. This is Sauvageot’s proof of the limit multiplicity property in this case.

In general, both properties are non-trivial. In this paper, we consider only the simplest
collection of normal subgroups of K%, namely the principal congruence subgroups K5 (n)
of K5 for non-zero ideals n of of prime to S (see §3). In this case, the geometric limit
property is a consequence of Arthur’s analysis of the unipotent contribution to the trace
formula in [9] (see § 3, in particular Corollary 3.3). The main task is to prove the spectral
limit property for this collection of subgroups. We are able to do this unconditionally for
the groups GL(n) and SL(n), and consequently obtain the following as our main result.

Theorem 1.3. Let G be either GL(n) or SL(n) over a number field F. Then limit
multiplicity holds for the collection of all principal congruence subgroups K5(n) of KS.

As explained above, for G = SL(n) over F and (for simplicity) S = Seo, the strong
approximation theorem [61, Theorem 7.12] allows for the following reformulation of this
result in terms of lattices in the semisimple Lie groups SL(n, Fo).

Corollary 1.4. Limit multiplicity holds for the collection of the principal congruence
subgroups
I'm)={y e SL(n,or) :y =1 (mod n)}

of the lattice SL(n, oF) in the semisimple Lie group SL(n, Fx).

The key input for our approach to the spectral limit property is the refinement of the
spectral expansion of Arthur’s trace formula established in [34] (cf. Theorem 4.1 below).
This result enables us to set up an inductive argument which relies on two conjectural
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properties, one global and one local, which we call (TWN) (tempered winding numbers)
and (BD) (bounded degree), respectively. They are stated in §5, and are expected to
hold for any reductive group G over a number field. Theorem 1.3 is proved for any group
G satisfying these properties (see Theorem 7.9).

The global property (TWN) is a uniform estimate on the winding number of the
normalizing scalars of the intertwining operators in the co-rank one case. For GL(n) and
SL(n), this property follows from known, but delicate, properties of the Rankin—Selberg
L-functions (Proposition 5.5). In order to describe the local property (BD), recall that
in the non-Archimedean case the matrix coefficients of the local intertwining operators
¥, where ¢ is the cardinality of the residue field, and that the
degrees of the denominators are bounded in terms of G only. Property (BD) gives an
upper bound on the degree of the numerator in terms of the level. This property was
studied in [35], where among other things it was proved for the groups G = GL(n) (and
implicitly also for SL(n)). The import of property (BD) is that it yields a good bound
for integrals of logarithmic derivatives of normalized intertwining operators (Proposition
5.16). The Archimedean analog of property (BD) (for a general real reductive group) had
been established in [54, Appendix].

The analysis is carried out by induction on the semisimple rank of G. Actually, for
the induction step it is necessary to verify that the collection of measures {MIG((%O} is
polynomially bounded in the sense of Definition 6.2, a property that already shows up in
Delorme’s work [26]. This property is analyzed in § 6, where we prove Proposition 6.1, a
result on real reductive Lie groups which generalizes a part of Delorme’s argument, and
is (like Delorme’s work) based on the Paley-Wiener theorem of Clozel and Delorme [20].
Once we have that the collections {u%;(‘ﬁ)} are polynomially bounded for all proper Levi
subgroups M of G, we can deduce the spectral limit property for G (Corollary 7.8).

We end this introduction with a few remarks on possible extensions of Theorems 1.3
and 7.9. For general sequences (I';) of distinct irreducible lattices in a semisimple Lie
group G, there is an obvious obstruction to the limit multiplicity property, namely the
possibility that the lattices ', (or an infinite subsequence thereof) all contain a non-trivial
subgroup A of the center of G, which forces the corresponding representations Rr, to
be A-invariant. By passing to the quotient G/A, we can assume that this is not the
case. A less obvious obstruction is that the members of an infinite subsequence of (I';)
all contain a non-central normal subgroup of I'1 (necessarily of infinite index). In such
a case the analog of the geometric limit property (3) fails. Indeed, for G = SLy(R) we
can find a descending sequence of finite index normal subgroups I';, of I' = SL,(Z) such
that for all # the multiplicity in L2(I',\G) of either one of the two lowest discrete series
representations of G (or equivalently, the genus of the corresponding Riemann surface)
is equal to one [59]. Similarly, one can find a descending sequence of finite index normal
subgroups I'; of SL2(Z) such that the limiting measure of the sequence (ur,) has a
strictly positive density on the entire complementary spectrum IT(G) \ T1(G)emp [62].3

are rational functions of ¢~

31t follows from [64] (or alternatively by direct calculation) that the limit multiplicity property holds
for the discrete series of SLy(R) and arbitrary normal towers of subgroups of SL;(Z), i.e., when the
intersection of the normal subgroups is trivial.

https://doi.org/10.1017/51474748014000103 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748014000103

596 T. Finis, E. Lapid and W. Miiller

By Margulis’s normal subgroup theorem, non-central normal subgroups of infinite index
do not exist for irreducible lattices I' in semisimple Lie groups G of real rank at least two
and without compact factors ([51, p. 4, Theorem 4]; cf. also [51, IX.6.14]). (The paper [1]
is a major outgrowth of the Margulis normal subgroup theorem.) One expects that,
for irreducible arithmetic lattices, the limit multiplicity property holds at least for any
sequence of distinct congruence subgroups not containing non-trivial central elements.
In the adelic setting, let G be a reductive group defined over a number field F such that
the derived group G of G is F-simple and simply connected. Then we expect the limit
multiplicity property to be true for a collection K of open compact subgroups of G(AS),
if vol(K N GY'(AS)) — 0 for K € K and every non-trivial element of the center of G(F)
is contained in only finitely many members of K. For this, a good understanding of the
structure of these subgroups seems to be necessary to deal with both the geometric side
and the spectral side. We hope to return to this problem in a future paper.

2. Sauvageot’s density principle

In this section, we recall the results of Sauvageot [66] and the proof of Theorem 1.2,
providing a close link between the limit multiplicity problem and the trace formula.
We continue to use the notation introduced before Theorem 1.2. Recall that a bounded
subset A C TT1(G(Fs)') is a relatively quasi-compact subset. Equivalently, A C TT(G(Fs)')
is bounded if the Archimedean infinitesimal characters xr, of the elements w € A are
bounded and there exists an open compact subgroup K C G(Fs—s, ) such that every
7 € A contains a non-trivial K-fixed vector.
The main result of [66] (Corollaire 6.2 and Théoreme 7.3) is the following.*

Theorem 2.1 (Sauvageot). Let € > 0 be arbitrary. Then, the following hold.

(1) For any bounded set A C TI(G(Fs)")\ Htemp(G(FS)]), there exists h € H(G(Fs)")
such that
(a) h(w) =0 for all m € TI(G(Fs)'),
(b) h(w) =1 for allw € A,
(c) h(l) = pp(h) <e.

(2) For any Riemann integrable function f on Htemp(G(Fs)]), there exist hy, hy €
H(G(Fs)') such that the following hold.

(a) |f@r) —hi(m)| < ha () for all w € TI(G(Fs)'), where we extend f by zero to
the entire unitary dual TI(G(Fs)').
(b) ha(1) = ppi(o) < e.

As in [66], this result easily implies Theorem 1.2. We recall the argument. Let A C
H(G(FS)I)\Htemp(G(FS)l) be a bounded set. For any € > 0, let h € H(G(Fs)') be as

in the first part of Theorem 2.1. By assumption, we have MK(fz) - h(l)‘ < € for all but
finitely many K € K. For all such K, we have

4Gee the appendix of [68] for important corrections.
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1k (A) < ug(h) < \mﬁ) —h()|[+h(1) < 2e.

Similarly, let f be a Riemann integrable function on Htemp(G(FS)l). For any € > 0, let
hy and hy be as in the second part of Theorem 2.1. By assumption, for all but finitely

many K € K we have ‘pLK(fl,-) —hi(l)) <e€,i =1, 2. Using ,upl(fz,-) = h;(1), we obtain

[k () = ()] < [ () = ek G|+ ek ) = (O] + [ (D) = ()
< |k h) = D)+ o) + (1)
< [ i) = i (O] + |k (h2) = ha (D] +22(1) < 4e.

Theorem 1.2 follows.

3. The geometric limit property

In this section, we prove the geometric limit property for the principal congruence
subgroups K% (n), where S is a finite set of places of F containing Seo. In fact, we obtain
a somewhat more precise estimate (cf. Proposition 3.1 below), which will be useful in the
inductive argument of §7.

3.1. Notation

We will mostly use the notation of [34]. As before, G is a reductive group defined over a
number field F and A is the ring of adeles of F. Denote the adele norm on A* by |-[zx.
For a finite place v of F, let g, be the cardinality of the residue field of v. We write
Fso = F QR and Ag, for the ring of finite adeles. As above, we fix a maximal compact
subgroup K =[], Ky, = KooKfin of G(A) = G(Fs)G(Afin). Let G(A)! be the intersection
of the subgroups ker |x|4x of G(A) as x ranges over the F-rational characters of G.

Fix once and for all a faithful F-rational representation p: G — GL(V) and an
op-lattice A in the representation space V such that the stabilizer of A= 0FQ@A C Ain ®
V in G(Agy) is the group Kgp. (Since the maximal compact subgroups of GL(Ag, ® V)
are precisely the stabilizers of lattices, it is easy to see that such a lattice exists.) For any
non-zero ideal n of op, let

Kmn) =Kgm) ={g € G(Aa) : p(g)v=v (mod nA), ve A}

be the principal congruence subgroup of level n, a factorizable normal open subgroup of
Kgn. The groups K(n) form a neighborhood base of the identity element in G(Ag,). We
denote by N(n) = [oF : n] the ideal norm of n. Similarly, for a finite set § D Soo of places
of F and an ideal n prime to S, let KS(n) = Kf; (n) be the corresponding open normal
subgroup of K5 = [Togs Ko

Throughout, unless otherwise mentioned, all algebraic subgroups of G that we will
consider are implicitly assumed to be defined over F.

We fix a maximal F-split torus Sg of G, and let M( be its centralizer, which is a minimal
Levi subgroup. We assume that the maximal compact subgroup K C G(A) is admissible
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with respect to My [6, §1]. Denote by Ag the identity component of So(R), which is
viewed as a subgroup of So(A) via the diagonal embedding of R into F.

Denote by aj the R-vector space spanned by the lattice X*(Mo) of F-rational characters
of My (or equivalently by the lattice X*(Sq)). We write ag for the dual space of ajj, which
is spanned by the co-characters of Sg. More generally, for a Levi subgroup M D> My
we write Sy for the split part of the identity component of the center of M, and set
Ay =AgNZ(M) = AgN Sy (R).

We will use the notation A « B to mean that there exists a constant ¢ (independent
of the parameters under consideration) such that |A| < ¢B. The implied constant may
depend on G and p, as well as on the field F. If it depends on additional parameters
(e.g., €), we write A <¢ B.

3.2. The geometric side of the trace formula

Arthur’s trace formula provides two alternative expressions for a certain distribution J
on G(A)! which depends on the choice of My and K. Let dy be the semisimple F-rank
of G. For h e C,?O(G(A)l), Arthur defines J(h) to be the value at the point T = Ty
specified in [6, Lemma 1.1] of a certain polynomial J7 (h) on ay of degree at most d.
The polynomial JT (k) depends on the additional choice of a parabolic subgroup Py of G
with Levi part My, which we fix throughout. Consider the equivalence relation on G(F)
defined by y ~ y’ whenever the semisimple parts of y and y’ are G(F)-conjugate, and
denote by O the set of all resulting equivalence classes. They are indexed by (but are
not identical with) the conjugacy classes of semisimple elements of G(F). The coarse
geometric expansion [3] is

Iy =" 7, (4)
0O

where the summands JOT (h) are again polynomials in T of degree at most dy. Write
Jo(h) = JUTO(h)7 which depends only on My and K. Then J,(h) = 0 if the support of A
is disjoint from all conjugacy classes of G(A) intersecting o (cf. [10, Theorem 8.1]). Let
Q C G(A)! be a compact set, and denote by cg (G(A)Y) the space of smooth functions
on G(A)! supported in Q. By [10, Lemma 9.1] (together with the descent formula of [6,
§2]), there exists a finite subset O(2) C O such that for h € C?ZO(G(A)]) we may restrict
summation in (4) to 0 € O(R2). In particular, the sum is always finite. When o consists
of the unipotent elements of G(F), we write JuTnip(h) for JOT (h).

For each k > 0, fix a basis By of U(Lie Goo ® C) <k, equipped with the usual filtration,
and set

lhlle = Y IX %Al LG
XeBy

for functions i € CE’O(G(A)I)7 where we view X as a left-invariant differential operator on
G (Fs). For a compact subset 2 € G(A)!, the norms |||, give CSQZO(G(A)l) the structure of
a Fréchet space. (Note here that it is equivalent to use the seminorms sup,.cq [(X * 1) (x)|
for X € U(Lie Goo ® C) instead of the norms ||All;, k > 0.)
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Analogously, we set

Ihlle = D IX *hllL1Geren
XeBy

fork>0andh € CSO(G(FS)I). As above, for a compact subset 25 C G(Fs)', these norms
give CS?'ZOS(G(FS)I) the structure of a Fréchet space.

3.3. An estimate for the unipotent contribution

By [9, Theorem 4.2], the unipotent contribution J

unip €1 be split into the contributions
of the finitely many G(F)-conjugacy classes of unipotent elements of G(F). By [9,
Corollary 4.4], the contribution of the unit element is simply the constant polynomial
vol(G(F)\G(A)Hh(1). Write

Tonip— 1y () = Jhip () =Vol(G(F)\G(A)HA(1),  h € CE(G(A)).

We want to estimate Junip —{1)(h) = JuTI?ip_{l

}(h) for h = l’lS ®1KS(n).

Proposition 3.1. There exists an integer k > 0 such that for any compact subset Qs C
G(Fs)' and any integral ideals ng and n of oF, where ng is a product of prime ideals of
places in S and n is prime to S, we have

(1+1log N(ngn))

| Junip — (1) (hs ® Igs ()| e N 7l

for any bi-Kg_s_ (ng)-invariant function hs € C?ZOS (G(Fs)h.

Remark 3.2. Let G = GL(2), let K(n) be the standard principal congruence subgroups,
and assume for simplicity that § = So. Then we have the explicit formula

1 A)!
Junipf{]}(hoo ®1K(n)) = © (MO(;;EI:)]WO( )) (/ / hoo(k_1 ((1))1C>k) IOg |x|oo dkdx

+(yF—logN(n)>/ f hoo(k*(gf)k) dkdx>,
Foo /Koo

where yr = co r/c—1,F is the quotient of the two leading coefficients in the Laurent
expansion {r(s) = c_1,r(s — D14+ co,F +--- of the Dedekind zeta function of F at s =
1 (cf. [36, 43]). This shows that (regarding the dependency on N(n)) the estimate of
Proposition 3.1 is best possible in this case. For general groups, we will give an improved
estimate in Proposition 3.8 below.

Proposition 3.1 will be proved below. It has the following consequence.

Corollary 3.3 (Geometric limit property). For any hs € Cfo(G(Fs)l), we have

lim J (s ® Igs(n) = VOUG(F)\G () Hhs(1).

https://doi.org/10.1017/51474748014000103 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748014000103

600 T. Finis, E. Lapid and W. Miiller

Proof. Fix hg € CSO(G(FS)I), and let Qg C G(Fs)! be the support of hg. Then the
support of the test function hs ® 1gs ) is Q sKS(m) ¢ QgK3, and therefore there are only
finitely many classes 0 € O that contribute to the geometric side of the trace formula (4)
for the functions hg ® Igs(y,). Moreover, the only class 0 € O for which the union of the
G (A)-conjugacy classes of elements of o meets G(Fg)K5(n) for infinitely many ideals n
is the unipotent class. For assume that o has this property, and let f € F[X] be the
characteristic polynomial of the linear map p(y) — 1 € End(V) for arbitrary y € o. The
assumption on o implies that every coefficient of f (except the leading coefficient 1) is
either arbitrarily close to 0 at some place v ¢ S or has absolute value <1 at infinitely
many places. Therefore, necessarily, f = X4™V and y is unipotent.

As a result, the geometric side reduces to Junip(hs ® Igs(,)) for all but finitely many
ideals n, and the assertion follows from Proposition 3.1. O

The proof of Proposition 3.1 consists of a slight extension of Arthur’s arguments in [9)].
The case where F = Q and n is a power of a fixed prime is in fact already covered by
Arthur’s arguments. We also remark that, when we restrict the prime divisors of n to a
fixed finite set, we can appeal directly to Arthur’s fine geometric expansion [10] to obtain
the geometric limit property (cf. [29, Proposition 1.7]).

We first quote Arthur’s asymptotic formula for Jiﬁp—{l} [9] in a form suitable for
our purposes. Let &/ C G be the unipotent variety of G, so that U(F) consists of the
unipotent elements of G(F). Fix a Euclidean norm ||| on ag which is invariant under
the Weyl group, and let d(T') = mingea, (o, T) for T € ag. Here, Ag is the set of simple
roots of S§¢ with respect to Py. For a parabolic subgroup P D Py with Levi subgroup
M D> My, write Ap = Ay, and set Ap(T)) ={a € Ay : loga(a) > («, T1)Va € Ap} for
T) € ag, where Ap are the simple roots of Sy with respect to P (viewed as elements
of aj). As in [3, p. 941], we fix a suitable vector 77, which depends only on G, Py, and
K, such that G(A) = G(F)UO(A)MO(A)lApO(Tl)K. Finally, recall the truncation function
F(-,T) = FO(.,T) for T € ap, which is the characteristic function of a certain compact
subset of G(F)\G(A)! depending on T ([3, p. 941], [9, p. 1242]).

Theorem 3.4 [9, Theorem 4.2]. There existk,m > 0 and € > 0 with the following property.
For any compact set @ C G(A)!, there exists a constant dg > 0 such that, for all non-zero
ideals n of o with Km)QK(m) = 2, and any bi-K(n)-invariant function h € CS%O(G(A)I),
we have

‘]uTnip—{l}(h) —/ 1 F(x,T) Z h(x"'yx)dx
G(F\G(A) yeU(F). y£1

<a Il N()™ (1 4 || T|[y%ed@
for all T € ay with d(T) > dg.

Note that Theorem 3.4 differs slightly from the formulation in [9]. Namely, we
introduced a different sequence of norms on C& (G(A)") (defining the same topology),
we combined all the (finitely many) non-trivial geometric unipotent orbits, made the
dependence on n explicit, and included the factor (14 ||T])% instead of assuming that
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IT|l > eod(T) for a suitable €y > 0. The last change is allowed, since [9, Theorem 4.2] is
based on [9, Theorem 3.1}, where one can clearly make the corresponding change (see [9,
p. 1249] for the relevant part of Arthur’s proof).

Next, we bound the truncated integral

[ Fan Y (s@ gy ds
G(F)\G(A) yEU(F), y#1

in terms of N(n). By the dominated convergence theorem, for fixed T the integral
approaches zero as N(n) — oco. We make this quantitative as follows.

Lemma 3.5. Let Q5 C G(Fs)' be a compact set. Then

sup |hs|
N(n)

/ Fx,T) Y \(hs@»le(n))(x‘lyx) dx Lqg (A+[TIH%, (5)
G(F)\G(A)!

YeG(F), y#1
for all bounded measurable functions hs on G(Fs)' with support contained in Qs and all
T with d(T) > dQS = dQSKS'

The proof of this estimate is based on an elementary estimate for a lattice-point
counting problem which we will prove below. We first recall the following standard result
from algebraic number theory (cf. [49, p. 102, Theorem 0] for a more precise result).

Lemma 3.6. Let A be a fractional ideal of F, and let D C Fs be a compact set. Then,
for any a > 0 and a non-zero (integral) ideal n of of, we have

4IFQ
N(m) -

laD N (nA —{0})| <p.a

Lemma 3.7. Let P = M x Up be a standard parabolic subgroup of G, let up be the Lie
algebra of Up, let A C up(F) be an op-lattice, and let D C up(Fs) be a compact set.
Then, for all a € Ap(T1) and non-zero integral ideals n, we have

dp(a)
[Ad(a)D N (nA —{0})| <p,a, 7y W

Proof. Let ey, ..., e, be an F-basis of up(F) consisting of eigenvectors with respect to
Swm, and let &, ..., a, be the associated eigencharacters (i.e., the roots of Sy on Up).
By passing to a larger A and D, if necessary, we can assume that A =), Aje; with
fractional ideals Ay, ..., A, C F and D = ); Dje; with compact sets Dy, ..., D, C Fx.
Since a non-zero vector has at least one non-zero coordinate, we can estimate

n
Ad@ DN (A — (0] < Y lei@D; N (nA; — (0D [ Jlerj @D N .
i=1 J#i
We now use the estimate of Lemma 3.6 for |o;(a)D; N (nA; —{0})|, while for the other
coordinates we use the trivial estimate |aj(@)D; A j| Kp; A; ;) (@)!FQ 4 1. This gives
the desired result, since §p(a) = ]_[;'-:1 o (@)@ and the values « j(a) are bounded away
from O (in terms of T7). O
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Proof of Lemma 3.5. By Arthur’s discussion in [9, § 5], we can bound the left-hand side
of (5) by the product of (14 ||T])% and

sup  8p,(a)”! Z $a'ya), (6)

acApy(T1) yeU(F), y#1

where
¢ (x) = sup ’(hs ® le(n))(y_lxy)‘
yel

for a compact set I' ¢ G(A)! depending only on G, Py, and K. Of course, we can assume
that [ =[], 'y with ', =K, for all v ¢ §’, where §’" D Sy is a finite set of places of F.
In a second step, Arthur bounds (6) by

S sw o sr@)t Y dul@va,

PPy peMp(F) 11€APT) veUp (F): uv##l

where Mp is the Levi part of P containing My and

Gu(u) = sup Spy (D) ' p(b uub), u e Up(A),
eB

for a fixed compact set B C Ag.

Here, for a given P, we need to sum only over all u belonging to the intersection of
Mp(F) with a compact set that depends only on Qg, or equivalently over a finite subset
of Mp(F) that depends only on Qg. Considering each possibility for u separately, we see
that for all but at most finitely many n (depending on Qg) only u = 1 will contribute.
Furthermore, from the definition of ¢; we can estimate

¢1(u) Lqg sup |hs| IQ/SAd(FS)(KS(n))nUp(A)(“)’ ueUp(A),

for a compact set Q C G (Fs)' which depends only on Qg. Let p, be the prime ideal of
the ring of integers of F,. There exist exponents e, > 0 for v ¢ S, with e, =0 for v ¢ S,
such that

AT (Ko (b)) € Ko (] ™)
for f > e,. Write n = ]_[v¢s p{”. We conclude that Ad(T'S)(KS(n)) C HU¢S Ly, f,, where
for v¢ S and f >0 weset L, y =Ad(T,)(K,) when f < e, (which implies that v € §')
and L, r =K, (p,{_e”), otherwise. Identify the unipotent radical Up with its Lie algebra

up via the exponential map. Then the lemma reduces to an application of Lemma 3.7
(with n replaced by n’ = ]‘[U:f@ev p{v—eu)_ !

To finish the argument, we follow Arthur’s interpolation argument in [9, pp. 1252-1254].

Proof of Proposition 3.1. Let Qg C G(Fs)' be a compact set. Given a bi-Ks_s, (ns)-
invariant function hg € CSO;’S(G(FS)I), we combine Theorem 3.4 and Lemma 3.5 to obtain

le;lip—{l}(hs ® 1gsn))| < cas lhsllk (N(nsn)me_ed(T) +N(n)_1) A+ T %
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for all T € ap with d(T) > dg,. This implies that

Toio—(1y(hs ® Tggs ()| < 2cq sl N@) ™ (14T )%
for all T € ap with d(T) > max(dg, m+1 1og N(ngn)). Applying [7, Lemma 5.2] to the

€
polynomial JuTnip—{l}(hS ® 1gs(y)) and the point Ty € ag, we obtain the assertion. O

We note that an alternative proof of Corollary 3.3 might be given by replacing U(F)
by G(F) in the arguments above and using [4, p. 267, Theorem 1]. We will give a
detailed account of this proof in a future paper, which will treat a somewhat more general
situation.

3.4. A refinement

We conclude this section with a refinement of Proposition 3.1 that is close to optimal
in its dependence on N(n). We will use this refinement to give a certain quantitative
refinement of the limit multiplicity property in Theorem 7.10. We may assume that G is
isotropic, for otherwise Junip—{1j(h) = 0.
Define
dmin = Hgn(p, &V>’ (7)

where p is as usual half the sum of the positive roots of G with respect to Py (counting
multiplicities) and & ranges over the highest roots of the irreducible components of the
root system ®(Sp, G). We note that the minimal dimension of a non-trivial geometric
unipotent orbit of G containing an element of G(F) is 2dpn. For split groups, this
follows from [24, Lemma 4.3.5] and [76]. In general, note that a non-zero element of
the @-eigenspace in g forms together with the co-root @ and a suitable element of
the eigenspace of —& an s[(2)-triplet. We may then apply the dimension formula [24,
Lemma 4.1.3] to compute the dimension of the associated nilpotent orbit as 2{p, &").
The minimality of this orbit follows from the argument of [24, Theorem 4.3.3].

Proposition 3.8. There exists an integer k > 0 such that for any compact subset Qs C
G(Fs)' and any integral ideals ng and n of oF, where ng is a product of prime ideals of
places in S and n is prime to S, we have

(1+1logN(ngn))%
N(n)dmin

| Junip —(13(h's ® Lggs ()| Kag 75l

for any bi-Kg_s_ (ng)-invariant function hs € C?ZOS (G(Fs)h.

We remark that, by Arthur’s fine expansion for the unipotent contribution [9], the
exponent dni, in the estimate of Proposition 3.8 is optimal. For instance, consider the
case where n = p° for a prime ideal p at a place v of F not contained in S. Then [9]
expresses Junip—{1}(hs ® 1gs(y)) in terms of certain weighted orbital integrals (including
the invariant orbital integral) of hg® Ik, (pe) over the non-trivial unipotent orbits in
G (Fsu(y) containing elements of G(F). Now it is easy to see that the invariant orbital
integral of IKU(p%e) over a unipotent orbit o in G(F,) is equal to a constant multiple
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of g, 9¢ for e large, where d is the dimension of the geometric orbit associated to o.
Indeed, embed an element of the nilpotent orbit logo C g ® F, into an sl(2)-triplet, and
let g Cg® F,, i €Z, be the associated eigenspaces. Then the explicit formula for the
invariant orbital integral jiogo of the nilpotent orbit logo [63, Theorem 1] implies the
homogeneity relation jlogo(f(k2~)) = A7 jlogo(f) for all f e CP(g®F,) and A € FS,
where r = dim g; + 2 Zi>2 dim g; = d (using [24, Lemma 4.1.3] for the last equality). This
immediately implies the assertion.

A glance at the proof of Proposition 3.1 given above shows that Proposition 3.8 will
follow from the following improvement of Lemma 3.7.

Lemma 3.9. Let P = M x Up be a standard parabolic subgroup of G, let up be the Lie
algebra of Up, let A Cup(F) be an op-lattice, and let D C up(Fx) be a compact set.
Then, for all a € Ap(T1) and non-zero integral ideals n, we have
dp(a)
Ad(@)DN (A —{0 —.
|Ad(a) D N ( 0D <p,a,1 N
For the proof of this lemma we first need a generalization of Lemma 3.6 to vector
spaces.

Lemma 3.10. Let V be a finite-dimensional F-vector space, let A be an op-lattice in V,
and let D C V® Foo be a compact set. Then, for all a > 0 and non-zero integral ideals

n, we have
[F:Q]\ dimp V
DNmnA—{0
laDN A —{0D)| <p,a (N(n) )
Proof. Choose an F-basis of V, and use Lemma 3.6 for the coordinates, taking into
account that aD N (nA — {0}) # @ implies that alF Q@ > N(n). O

The core of the argument is contained in the following lemma on root systems.

Lemma 3.11. Let ® be a (possibly non-reduced) root system, and let ® be a set of
positive Toots for ®. Furthermore, let my > 0 for a € ® be given, and assume that my, is
invariant under the action of the Weyl group We on ®. Set p = %Zae¢+ mya. Then,
for all B € @1 and all subsets S C ®T, we have

Y omaa+ ) mef €dminf+ Y R,

ags aEs aedt

where dmin = ming (p, @), & ranging over the highest roots of the irreducible components
of .

Proof. It is clearly enough to consider the case where @ is irreducible. Let C =
D wedt R>% be the closed cone spanned by the positive roots. Let & be the highest
root of ®T. Note that (a, @) for o € ®T takes the values 0, 1, and 2, and the last only
for @ = @. Let R be the set of all o € ®+ with (o, &@") = 1.
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Inserting the definition of p and multiplying the relation by two, we have to show that

Z2maa+22ma,3 € (Zm&—l—Zma) B+C.

a¢S aes o€R

It is evidently sufficient to show the modified statement where on the left-hand side we
restrict the sums to roots ¢ € RU{a}. The contribution from o = & is either 2mgza& or
2mgp, and therefore lies in 2mgzB + C in both cases. It therefore remains to show that

Z 2mgo + Z ZmaﬂGZmaﬂ~|—C.

aeR-S a€RNS a€R

Note that o — —wg () = @ — o defines an involution of R. We may therefore rewrite the
last statement as

Yo omeat Y meBt+ Y. me@—a)+ Y. meBed map+C.

aeR-S a€RNS a€R:a—a¢S a€R:ax—aeS aeR

The only case where & € R does not contribute a summand myB to the left-hand side
is when o ¢ S and @ —« ¢ S, in which case the total contribution is mya +my (@ — ) =
mut € myB + C. This finishes the proof of the lemma. O

Proof of Lemma 3.9. First, note that we may assume that («, 71) < 0 for all @ € Ag. By
extending the lattice A to a lattice in up,(F), while keeping D and a fixed, we may
reduce to the case where P is the minimal parabolic subgroup Py. Let & = ®(Sy, G),
and let ®* be the set of positive roots corresponding to Py. For a € &, let u, be the
a-eigenspace in g, and let my = dimr u,. For X € up, let X, be its projection to u,, and
write S(X) = {@ € ®T : X, # 0}. Evidently, it is enough to show that for each non-empty
subset S C ®* we can bound

N (1) 9min
5P0 (@)

as a ranges over Ap,(T1) and n over the non-zero ideals of or. For this, we may apply
Lemma 3.10 to obtain for (8) the bound

N(mymin (@) P\ "™ (FOl dnin =Y
— WMy N 'min mg‘ma'
< @ ]‘[S< N ogoz(a) (n) s

IX € Ad@)DNnA : S(X) =S| (8)

This is clearly bounded when ), ¢mq > dmin, and we may therefore assume that
Y wes Ma < dmin. Note that the existence of a vector X € Ad(a)D NnA with S(X) =S
implies that 8(a)*® > N(n) for arbitrary g € S. Therefore, (8) is

& <1_[ a(a)—[F:Q]ma)’B(a)[F:Q](dmin—Zaes me)

a¢S

Applying Lemma 3.11, we can write this as a product [[,cqo+ a(a)™* with A4 > 0, and
it is therefore bounded for a € Ap,(T1). O
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4. Review of the spectral side of the trace formula

We turn to the spectral side of Arthur’s trace formula and recall the results of [34], which
are based on [7, 8].

4.1. Notation

Let 6 be the Cartan involution of G (Fs) defining K. It induces a Cartan decomposition
g = Lie G(Fx) = p @ ¢ with £ = Lie K. We fix an invariant bilinear form B on g which is
positive definite on p and negative definite on £. This choice defines a Casimir operator 2
on G(Fx), and we denote the Casimir eigenvalue of any m € I[1(G(F)) by Ay . Similarly,
we obtain a Casimir operator Qk., on K, and write A; for the Casimir eigenvalue of a
representation T € IT(Kqo) (cf. [14, §2.3]). The form B induces a Euclidean scalar product
(X,Y)=—B(X,0(Y)) on g and all its subspaces.

We write £ for the (finite) set of Levi subgroups containing My, i.e., the set of
centralizers of subtori of Sg. Let Wo = Ng(r)(So)/Mo = Ng(r)(Mo)/ Mo be the Weyl group
of (G, Sp), where Ng(r)(H) is the normalizer of H in G(F). For any s € Wy, we choose a
representative wy € Ng(r)(So) = Ng(r)(Mp). Note that Wy acts on £ by sM = wSMws_l.

Let now M € L. Let W(M) = Ng(r)(M)/M, which can be identified with a subgroup
of Wy. Denote by aj, the R-vector space spanned by the lattice X*(M) of F-rational
characters of M, and let a*M’(C = a}, ®r C be its complexification. We write ay for the
dual space of a},, which is spanned by the co-characters of Sy. It can also be identified
with the Lie algebra of the torus Sys. Let Hys : M(A) — ap be the homomorphism given
by

eI = Yy (m) e = [ TIx (mo)l,
v

for any x € X*(M), and denote by M(A)! ¢ M(A) the kernel of Hy . Let £(M) be the
set of Levi subgroups containing M, and let P(M) be the set of parabolic subgroups of
G with Levi part M. We also write F(M) = F¢ (M) = ]_[LGE(M) P(L) for the (finite) set
of parabolic subgroups of G containing M. Note that W (M) acts on P(M) and F(M) by
sP = wSPws’l. Denote by X the set of reduced roots of Sys on the Lie algebra of G. For
any a € Xy, we denote by aV € ay the corresponding co-root. Let LgiSC(AMM(F)\M(A))
be the discrete part of L?(AyM(F)\M(A)), i.e., the closure of the sum of all irreducible
subrepresentations of the regular representation of M(A). We denote by Igjsc (M (A)) the
countable set of equivalence classes of irreducible unitary representations of M (A) which
occur in the decomposition of Lﬁisc (A M(F)\M(A)) into irreducibles.

For any L € £L(M), we identify aj with a subspace of aj,. We denote by a,LM the
annihilator of aj in ay. We set

L1(M) ={L € LM) : dimak, =1}
(i.e., the set of Levi subgroups containing M as a maximal Levi subgroup) and
A= |J PwL).
LeL((M)

Note that the restriction of the scalar product (-, -) on g defined above endows ag = ay, C
g with the structure of a Euclidean space. In particular, this fixes Haar measures on the
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spaces aILVI and their duals (aﬁ,l)*. We follow Arthur in the corresponding normalization
of Haar measures on the groups M(A) [3, §1].

4.2. Intertwining operators

Now let P € P(M). We write ap = ay;. Let Up be the unipotent radical of P. Denote
by Xp C a*;) the set of reduced roots of Sy; on the Lie algebra up of Up. Let Ap be the
subset of simple roots of P, which is a basis for (ag)*. Write a}"o’ 4 for the closure of the
Weyl chamber of P, i.e.,

apy =f{reay:(ha')>0forallae Zp}={reaj: (A a’)>0foralaecAp)

Denote by §p the modulus function of P(A). Let A%(P) be the Hilbert space completion
of

_1
{p € COMF)Up(A\G(A)) : 852 ¢(-x) € L (AuM(F)\M(A)) ¥x € G(A))

disc

with respect to the inner product

(P1,¢2) = / b1(g)2(g) dg.
AuM(F)Up(A\G(A)

Let a € Xy. We say that two parabolic subgroups P, Q € P(M) are adjacent along «,
and write P|“Q, if ¥p N —Xg = {a}. Alternatively, P and Q are adjacent if the group
(P, Q) generated by P and Q belongs to Fj(M). Any R € F;(M) is of the form (P, Q),
where P, Q are the elements of P(M) contained in R; we have P|*Q with «V € E}V, N af,l.
Interchanging P and Q switches o to —«.

For any P e€P(M), let Hp:G(A) - ap be the extension of Hy to a left
Up (A)-invariant and right K-invariant map. Denote by A?(P) the dense subspace of
A%(P) consisting of its K-finite and 3-finite vectors, where 3 is the center of the universal
enveloping algebra of g® C. Thatlis, A2(P) is the space of automorphic forms ¢

on Up(A)M(F)\G(A) such that 5;7¢(~k) is a square-integrable automorphic form on
AyM(F)\M(A) for all k € K. Let p(P, 1), A € a}’;,,’(c, be the induced representation of

G(A) on A*(P) given by
(p(P, %, ))$)(x) = ¢ (xy)eHpeN=Hp),
It is isomorphic to Indggg (L3 (AyM(F)\M(A)) @ el Hu (D),
For P, Q € P(M), let
Mgip(h) : A2(P) > AX(Q). L€ dyc.

be the standard intertwining operator [8, § 1], which is the meromorphic continuation in
A of the integral

[Mojp 0)1(x) = f $(nx)et Hr0=HoD dn, ¢ € A2(P), x € G(A).
Ug(A)NUp (A)\Ug(A)

These operators satisfy the following properties.
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(1) Mpip(3) =1d for all P € P(M) and A € af .
(2) For any P, Q, R € P(M), we have Mpip(L) = Mgjo(A) o Mg|p(2) for all A € a*M,(C’
In particular, MQ‘p()\)_l =MpogV).
(3) Mg p(M)* = Mpjg(—1) for any P, Q € P(M) and A € aj‘w,c. In particular, Mo|p(2)
is unitary for A € iaj,.
(4) If P|*Q, then Mg p(A) depends only on (A, a").
Let 7 € Mgisc(M(A)), and let A2(P) be the space of all ¢ € A%(P) for which the
_1
functions 8,°¢(-g), g € G(A), belong to the w-isotypic subspace of L>(AyM(F)\M(A)).
For any P € P(M), we have a canonical isomorphism of G(A ) x (g¢, Koo)-modules

jp : Hom(wr, L*(Ay M(F)\M (A))) ®Ind§8§§(n) — AZ(P).

If we fix a unitary structure on 7 and endow Hom(rr, LZ(Ay M (F)\M(A))) with the inner
product (A, B) = B*A (which is a scalar operator on the space of 7), the isomorphism
jp becomes an isometry.

Suppose that P|*Q. The operator Mgp(r,s) := MQ|p(sw)|A%(P), where @ € aj, is
such that (w,«") =1, admits a normalization by a global factor ny (s, s) which is a
meromorphic function in s. We may write

Mop(m,s)o jp =ng(m,s)- joo(Id®Rgp(m,s)), 9)
where Rgp(m,s) = ®y,Rp|p(my,s) is the product of the locally defined normalized
intertwining operators and 7 = ®,m, ([8, §6]; cf. [57, (2.17)]).

4.3. The spectral side

We now turn to the spectral expansion of Arthur’s distribution J on CZ° (G(A)YY). Let
L D M be Levi subgroups in £, P € P(M), and let m = dim ag be the co-rank of L in G.
Denote by B p 1, the set of m-tuples B = (B, ..., B,;) of elements of X'y whose projections

to a; form a basis for ag. For any g = By.-...By) € Bpr,let vol(B) be the co-volume
in ag of the lattice spanned by the projection of B to ar, and let

ELB) ={(Q1..... Qm) e M) . BY €ali,i=1,....,m}
={((P1, P),....(Pu, PL)): PiPiP i=1,... m)

For any smooth function f on a}, and u € aj,, denote by D, f the directional derivative
of f along u € aj,. For a pair Pi|*P; of adjacent parabolic subgroups in P(M), write

8p,1P,(A) = Mpyp, (\) Dy Mp, p,(A) : A% (P2) — A%(P2),
where @ € aj, is such that (z,a¥) = 1.5 Equivalently,
Spyp (W) = ®((A, V)LD (1, V),

where @ is the meromorphic function on C such that Mp,p,(1) = ({1, a")).

5Note that this definition differs slightly from the definition of 6p,|p, in [34].
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For any m-tuple X = ((P1, P|),...,(Pu, Py,)) € EL(B) with P;|Pi P/, denote by
Ax (P, A) the expression

vol(B)

- MMprp(Q).
m!

In [34, pp. 179-180], we defined a (purely combinatorial) map Xz, : Bp  — Fi(M)™ with
the property that X7(B) € EL(B) for all B € %IJ,L.6

For any s € W(M), let Ly be the smallest Levi subgroup in £(M) containing ws. We
recall that ap, = {H € ay | sH = H}. Set

MP{\P(A)7]8P1|PI’ M Mpypy Q) ---8p, yjpr  (WMpr pr (M)Sp,|p,

m

-1
ty = |det(s — 1)a1LWS ,

a constant which we will not worry much about. For P € P(M) and s € W(M), let s :
A%(P) — A%(sP) be left translation by w;l and M(P,s) = Mpsp(0)s : A%2(P) — A%(P)
as in [8, p. 1309]. M (P, s) is a unitary operator which intertwines p(P, 1) with itself for
A€ ia}is. Finally, we can state the refined spectral expansion.

Theorem 4.1 ([34]). The spectral side of Arthur’s trace formula is given by
J(hy =" Jspeem(h), heCE(GA,
[(M]

M ranging over the conjugacy classes of Levi subgroups of G (represented by members of
L), where

1
Jpeem(h) = ——— " tr(Ax,, g (P, WM (P, 5)p(P, A, b)) dA,
IW(M)] seW(M) BeBp i i(ags)* B

with P € P(M) arbitrary. The operators are of trace class and the integrals are absolutely
convergent.

Note that here the term corresponding to M = G is simply Jspec,c (1) = tr Ryisc (h).

5. Bounds on intertwining operators

We now introduce the key global and local properties required for the proof of the spectral
limit property, and verify them for the groups GL(n) and SL(n). These properties will be
used in § 7 to provide estimates for the contribution of the continuous spectrum to the
spectral side of the trace formula. In view of planned future applications, our estimates
are somewhat more precise in their dependence on the relevant parameters than is strictly
necessary for the purposes of this paper.

5.1. The level of a compact open subgroup

We begin by introducing the notion of level for open subgroups K of Kg, (or, more
generally, open compact subgroups K C G(Agp)), as well as some generalizations. Recall

6The map X depends in fact on the additional choice of a vector € (a})™ which lies outside a
prescribed finite set of hyperplanes. For our purposes, the precise definition of X7 is immaterial.
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the definition of the principal congruence subgroups K(n) from §3.1. Let ng be the
largest ideal n of o such that K(n) C K, and define the level of K as levelg(K) =
level(K) = N(ng). Analogously, we define level(K,) for open subgroups K, C K,. For a
smooth representation 7w of G(A), let n; be the largest ideal n such that 7K™ £ 0. Let
levelg (r) = level(;r) = N(n). Thus

levelg () = level(r) = min{level(K) : 7% # 0},

where K ranges over the open subgroups of Kgy.

For any Levi subgroup M € £ and an open subgroup K C Ky fin = Kfn N M (Agpn), we
define levely; (K) analogously using the principal congruence subgroups K(n) N M (Ag,) =
Ky (n) of Ky fin- Equivalently, levely (K) is the level of K N M (Ag,) with respect to the
restriction to M of the faithful G-representation p fixed in §3.1.

More generally, suppose that M € £ and that H is a closed factorizable subgroup of
G (Afin). For any open compact subgroup K C M (Agy), let ng.7 be the largest ideal n of
or such that K(n) N M(Agqy) N'H C K, and define the relative level of K with respect to
H as levely (K; H) = N(ng.g). Clearly, levely (K; Hi) < levely (K; Ho) if Hi C Hp and
levely (K; G(Agqp)) = levely (K). In particular, levely (K; H) < levely (K) for all H.

As before, for an irreducible admissible representation 7w of M(A), we write

levely (7r; H) = min{level(K; H) : 7% # 0},

where K ranges over the compact subgroups of Ky fn. Equivalently, levely (75 H) = N(n),
where 1 is the largest ideal such that 7XKMWOM@Am)H £ 0 Because H is assumed to be
factorizable, it is clear how to define levelys (Ky; H) and levelys (ry; H), where v is a finite
place of F, K, an open subgroup of Ky ,, and m, a smooth representation of M (F,).

When H is an algebraic subgroup of G defined over F, we write simply levely (K; H)
for levelys (K ; H(Agpn)). However, more general closed subgroups H C G(Agy) also appear
naturally. For any reductive group H, let H¢ be the simply connected cover of the derived
group H%" of H and p*°: H* — H the natural homomorphism. We write H(F,)" C
HY%'(F,) for the image of H(F,) under p*°, and similarly for H(A)* ¢ H%"(A). Note
that H(A)* contains the derived group of H(A) as an open subgroup, and that it is
equal to it if all the F-simple factors of HS® are F-isotropic, in which case it is also
the closed subgroup of H(A) generated by its unipotent elements (cf. [61, Theorem 7.1,
Proposition 7.6, Theorem 7.6] for the equality and [61, Proposition 3.5, Proposition 3.17]
for the openness statement). Also note that, for any normal reductive subgroup H of G,
the group H(A)* is a normal subgroup of G(A), since G acts on H* by conjugation.
Finally, note that the indices [HY"(F,) : H(F,)*] are bounded in terms of H only, as
v ranges over the places of F. For simplicity, we will often write by abuse of notation
levely (K; HY) instead of levely (K; H (Agn)™).

Although in this paper our main examples are reductive groups H whose derived group
is simply connected, which implies that H% = H% and H(A)T = HY'(A), in the general
case it is advantageous to work with H(A)™ instead of HYT(A).

Lemma 5.1. Let G be a reductive group defined over a non-Archimedean local field F,
and let M be a Levi subgroup of G defined over F. Then, for any smooth representation
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7w of M(F), we have

levely (r; G(F)™) = minlevely (7 ® x),
X

where x ranges over the characters of G(F)/G(F)T (viewed as characters of M(F) by
restriction).

Proof. It is clear that levely (w ® x; GT) =levely (w; GT) for any character x of
G(F) trivial on G(F)*, and that levely (w; G1) <levely (). Thus levely (m; GT) <
min levely (T @ x).

In the other direction, suppose that K C Kj, is an open subgroup such that V :=
nKNG* # 0. Then the compact abelian group A := K/K NG(F)* acts on V. Let x be a
character of A such that VAx' # 0. We can extend x to a character of G(F)/G(F)*.
Then (7 ® x)X #0. O

We also have the following Archimedean analog of levely (w; HT). To define it, recall
first Vogan’s definition of a norm ||-|| on IT(K ) (cf. [19, § 2.2]), where K« is a compact Lie
group satisfying the conditions of [71, 0.1.2]. Namely, let K go be the connected component
of the identity of Koo. Then ||u] = ” Xu+2p Hz, where x,, denotes the highest weight of an
arbitrary irreducible constituent of | K0, with respect to a maximal torus of K go (and the
choice of a system of positive roots), and as usual p is half of the sum of all positive roots
with multiplicities. A lowest Kqo-type of a representation is then a Keo-type minimizing
l-1I.

Let H C G be a reductive algebraic subgroup normalized by M. For an irreducible
representation 7w of M(F), we will write

Ay H) =1+ 05?2 4 o),

where Af is the eigenvalue of the Casimir operator of M(Fs) N H(Fso) (which is an
element of the center of the universal enveloping algebra of g) and 7 is a lowest Koo N
M (Fs) N H(Fxo)-type of 7.

For M C H, we simply write Apy(w) for Ay (r; H). In [57], the parameter A, =
min; \/A2 + A2 was used, where t ranges over the lowest Koo-types of the induced
representation Indgégi’:’;(n) and A; denotes the Casimir eigenvalue of 7. By [56, (5.15)],
we have the estimate

1< Ap(r; H) < Ay () <6 1+ A2 (10)

for any H. Using the explicit description of lowest Kyo-types of irreducible and
parabolically induced representations ([70, Theorem 7.16], [71, 6.5.9]), one can also show
that

A2 <G Ay (). (11)

We will not give any details here, since we will only use this estimate in a side remark
(the first part of Remark 5.3 below).
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5.2. Bounds for global normalizing factors

For M € L, a € Xy, and 7 € Tgisc (M (A)), let ng(r, s) be the global normalizing factor
defined by (9).

Let Uy be the unipotent subgroup of G corresponding to « (so that the eigenvalues
of Sy on the Lie algebra of U, are positive integer multiples of «). Let M, € L1(M)
be the group generated by M and Uy,. Let M, be the group generated by Ui,. It is
a connected normal subgroup of M, defined over F [17, Proposition 4.11]. Moreover,
since M has co-rank one in M, precisely one simple root 8 of M, restricts to «, which
implies that the root system of M, is the irreducible component of the root system of
M, containing 8. The group M, is therefore F -simple. It is also clearly F-isotropic, and
therefore M, (A)* is the closed subgroup of G(A) generated by Uiq(A) [18, Proposition
6.2]. Tt is also the derived group of My (A).

For any subset F C I[1(Kpy,0), we denote by Mgise(M(A))” the set of all 7 =
oo @ Thin € Idisc(M(A)) for which mo contains a Ky oo-type in F. If in addition an
open subgroup Ky C Ky fn is given, we define Maisc (M (A))7 KM as the set of all
7 € Maise(M(A)7 with 7&¥ £ 0.

Definition 5.2. We say that the group G satisfies property (TWN) (tempered winding
numbers) if, for any M € L, M # G, and any finite subset F C IT(Kys.o0), there exists
k > 1 such that for any « € Xy and any € > 0 we have

J;

for any 7 € Mgise (M (A))7 . (We recall that |ny(, s)| = 1 for s € iR.)

ny(m,s)

(I+1sD7* ds <F.e Ay (Too; Mo)* levely (m; M)E

ne(mw, s)

Note that n, (s, s) is not changed if we replace G by M, or any other Levi subgroup
containing it. Therefore, property (TWN) is hereditary for Levi subgroups.

Remark 5.3. (1) If we fix an open compact subgroup Ky, then the corresponding

bound
A

for any m € Maise (M (A))7 KM and a suitable k > 1 depending only on G can be
deduced (by invoking (11)) from [57, Theorem 5.3], applied to the groups M N M, C
My So, the point of (TWN) lies in the dependence of the bound on the level of 7.

(2) In fact, we expect that

T+1
/T ne (7, it)

for all T € R and 7 € Mgisc (M(A)).
This would give the following strengthening of (TWN):

/i;R ng(m, s)

for any 7 € Igisc(M(A)) and k > 1.

n' (m,s _ N
TS 4 sy ds <y At (roo; Ma)*

ne(m, s)

n! (m, it) n A
—2 it < 1og(IT| + Ay (TToos M) +levely (s M) (12)

n' (m,s _ X X
(T 5) (1+1sD™* ds <k log(Ap (Too; M) +levely (m; My))
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Lemma 5.4. Suppose that G is a connected reductive group over F which satisfies (TWN).
Let G be a connected subgroup of G containing G%'. Then G also satisfies (TWN). The
analogous statement holds for the bound (12).

Proof. The map M +— M NG defines a one-to-one correspondence between the Levi
subgroups of G and those of G, and we have MNG > MNGY > M Suppose
that M = M NG, and let 7 € Mgisc(M(A)) be realized automorphically on a subspace
Vi C L*(Aj; M(F)\M(A)). Then the space VM = {g] M | @ € Va)is non-trivial, and, if
7 is an irreducible constituent of the M (A)-representation fo’[ , then, for every place v, m,
is a constituent of the restriction of 77, to M (F,). By [11, § 3] for the Archimedean and [21,
Theorem 3.3.4] for the non-Archimedean case, we have ny(7y, s) = ny(Ty, s) for all v.

Hence ny(, s) = ng (7, s). Moreover, My = M, and Mw NM = M, N M, which implies
that level ; (7; M) < levely (; ]\;Ij) and A j; (oo My) < Ay (Too; My). Therefore the
lemma follows from the fact that every m € Igisc(M(A)) is equivalent to a constituent
of Vjé” for some 7 € Igisc(M(A)) with respect to some automorphic realization V; ([38,

Theorem 4.13 and Remark 4.23] applied to M C M). O

Proposition 5.5. The estimate (12) holds for G = GL(n) or SL(n) with an implied
constant depending only on n and F. In particular, the groups GL(n) and SL(n) satisfy
property (TWN).

We first need the following two lemmas, which are a direct consequence of the results
of Bushnell and Henniart [15] and Jacquet, Piatetski-Shapiro, and Shalika (cf. [42, 52]).7

Lemma 5.6. Let F be a local non-Archimedean field with residue field Fy, let m be
an irreducible smooth representation of GL(n, F), and let f(;w) be the exponent of the
conductor of m as defined in [44]. Then

f@m) < logq level(m).

Proof. If = is generic, this immediately follows from the characterization of f(m)
in [44, Théoréme 5.1]. In general, write 7 as the Langlands quotient of the parabolic
induction of o1 |det|! ® - - - ® o, |det|” to GL(n, F), wheren =ny+---+n,, t,...,t, € R,
and each o; is an irreducible tempered representation of GL(n;, F). We then have
f@@) = f(e1)+---+ f(o,) [41, Theorem 3.4]. Let 7wy be the parabolic induction of
01® - ®or to GL(n, F). Then mg is irreducible and generic, and we have f(7) = f(;g) <
logq level(mg) < logq level(r). O

Lemma 5.7. Let F be a local non-Archimedean field with residue field F,. Consider
G = GL(n), G%" = SL(n), a mazimal Levi subgroup M = GL(n1) x GL(n2) of G, and an
irreducible smooth representation 1 = w1 ® mo of M(F). Let f(mw X 72) be the exponent
of the conductor of my x 7y (cf. [15]). Then

f (1 x 2) < nlog, levely (7; Gdeny.

"We define levels for GL(n) and its subgroups in terms of the identity representation p of GL(n) and the
standard lattice o’z
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Proof. Since f (| x 77) is not affected by twisting both 7| and 7, by the same character,
by Lemma 5.1, it suffices to prove that

flry xm) <n log, levely (7).
The results of [15] give
f i xm) < nyf () +naf (),

where f(m;) is the exponent of the conductor of 7;. By Lemma 5.6, we have f(m;) <
log, levelgrn;) i = log, levely (75 GL(n;)) < log, levely (7). The lemma follows. L]

Proof of Proposition 5.5. By Lemma 5.4, it suffices to consider the case of G = GL(n).
The global normalizing factors n, can be expressed in terms of Rankin—-Selberg
L-functions whose properties are summarized and analyzed in [58, §4 and §5]. More
precisely, write M ~ [];_; GL(n;), where the root « is trivial on ]_[i>3 GL(n;), and let
T >~ ®m; with representations 7; € Igisc (GL(n;, A)). Note that then A;Ia = SL(n1 +n»).
Let L(s, m; x m3) be the completed Rankin—Selberg L-function associated to 7y and 5.
It satisfies the functional equation

1
L(s,m X Tp) = 6(5, T X ﬁz)N(m X frz)%_sL(l — 8, T X 7T2),
where 6(%,7‘[1 X ﬁz)‘ =1 and

N(m x p) = d;i"z Hq{v(”lyvxﬁz.v)
v

is the conductor. Here, the local exponents f, (1, X 772,y) are as in Lemma 5.7 above,
and dp is the absolute value of the discriminant of F. We can then write

L(s, m x 72)

ne(m,s) = . - — —.
€(z,m X W)N (my x )2 L(s + 1, 1 X 72)

The proof of Propositions 4.5 and 5.1 in [58] gives

/T+1
T

v(my X m2) = N (w1 x m2) (2 + c(my X 72))

n., (7, ir)

— | dt K log(|T|+v(m x 72))
ng (m, it)

with

and the quantity c¢(m; x 72) > 0 of [58, (4.21)], which depends only on the Archimedean
factors of m; and mp. Moreover, c(w; X 712) is by definition invariant under twisting
by characters of GL(nj +na, Foo) (viewed as characters of GL(n], Fx) X GL(12, Foo)
by restriction). Combining [58, Lemma 4.2] and [58, Lemma 5.4]% shows that log(2 +
c(my x m2)) K miny log Ay (oo ® x; GL(n1 +n2)), where x ranges over the characters of
GL(n1 +no, Fso).

8Note that in [68, Lemma 4.2] it is not necessary to assume that the 7; are generic; it suffices that they
are unitary. Also, [58, Lemma 5.4] deals explicitly only with the real places v of F, but complex places
can be dealt with in the same way.
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Since the central character w(mx ® x) of the representation 7, ® x is simply
(o) x™ 12, by an appropriate choice of y we can achieve that w(mweo ® x) belongs
to a finite set of characters that depends only on n;+ny; and Fy. We can then
clearly bound the contribution of Lie(Z(GL(n| +n2, Fx))) to the Casimir eigenvalue
of Too ® x in terms of ny+ny and [F : Q], and similarly for the central contribution
to ||t]l, where T is a lowest Kqo-type of 7o ® x. Altogether, we obtain the estimate
log(2+ c(m x m2)) K log Ay (o Ma). On the other hand, by Lemma 5.7, we have
log N (71 x m2) < 1+ loglevely (; Ma). The proposition follows. O

Remark 5.8. For a general group G, the normalizing factors are given, at least up
to local factors, by quotients of automorphic L-functions associated to the irreducible
constituents of the adjoint representation of the L-group “M of M on the Lie algebra of
the unipotent radical of the corresponding parabolic subgroup of G [48]. To argue as
above, we would need to know that these L-functions have finitely many poles and satisfy
a functional equation with the associated conductor bounded polynomially in level(rr)
for any 7 € Igisc(M(A)). Unfortunately, the finiteness of the number of poles and the
expected functional equation are not known in general (although they are known in some
important cases, e.g. [37]). It is possible that for classical groups these properties are
within reach using the work of Arthur [12] and Meeglin [53], and the same may apply to
the exceptional group Gy [45]. However, this may require further work, and we will not
pursue this matter any further.

5.3. Degrees of normalized local intertwining operators

Let M € £ and P, Q € P(M) adjacent along o € Xjs. Recall that, in the p-adic case,
for any irreducible representation m, of M(F,) and any open subgroup K, of G(F,) the
restriction Rg|p(my, $)Kv of the operator Ro|p(my, s) to the finite-dimensional space of
K,-fixed vectors in Ig(nv) is a rational function in ¢™°. More precisely, there exists
a polynomial f, depending only on m,, and whose degree is bounded in terms of G
only, such that f(q’s)RQ|p(nv,s)K” is polynomial in ¢~°. We have UgNUp = Uy,
where {a} = ¥o N X5. Note that the operator Rg|p is obtained by induction from the

intertwining operator RAQ% My | POM, between representations of the group M, (F,). Let Py
be the maximal parabolic subgroup of M, with unipotent radical U, (and Levi subgroup
M), and let P, be the corresponding opposite parabolic subgroup.

Definition 5.9. We say that G satisfies property (BD) (bounded degree) if there exists a
constant ¢ (depending only on G and p), such that for any

e Levi subgroup M € L, M # G,
ex € Xy,

o finite place v of F,

e open subgroup K, C Ky, v,

e smooth irreducible representation m, of M(F,), the degrees of the numerators of the
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linear operators Rg‘”l » (1y, 5)Kv are bounded by

clog, levely, (Ky; M, if K, is hyperspecial,
c(1+1log,, levely, (Ky; M)), otherwise.

Remark 5.10. (1) Property (BD) is by definition hereditary for Levi subgroups.

(2) Property (BD) is discussed in more detail in [35]. Conjectures 1 and 2 of [35] for all
Levi subgroups of G amount to the slightly weaker statement obtained by replacing
levely, (Ky; M) by levelp, (Ky; Mger), but the above formulation is more natural
(and we intend to use it in a future paper). Note that Conjectures 1 and 2 of [35] for
the F-simple factors of the groups L*¢, L € L, imply property (BD) in its current
formulation.

(3) Note also that by [50, Lemma 1.6] (cf. also [35, Proposition 3] and the remark
following it) we may replace levely, (Ky; M) by the inverse of the volume of
(P )71 (Ky) in MEE(F).

Let now Gy be the subgroup of G generated by the unipotent subgroups Uy, o € X)y;.
In other words, if P and P are (arbitrary) opposite parabolic subgroups in P(M), then
Gy is the subgroup of G generated by U and U. By [17, Proposition 4.11], Gy is
a connected semisimple normal subgroup of G defined over F. Clearly, all non-central
normal subgroups of Gy are F-isotropic, and therefore G (A)™ is the closed subgroup
of G(A) generated by the groups Uy (A), o € Xy It is also the derived group of Gy (4A).

Property (BD) has the following consequence for the operators Rg|p (ry, s), which is a
slight strengthening of [35, Proposition 6].9

Lemma 5.11. Let G satisfy property (BD). Then, for any
o Levi subgroup M € L, M # G,

e any adjacent parabolic subgroups P, Q € P(M),

e finite place v of F,

e open subgroup K, C Ky,

e smooth irreducible representation w, of M(Fy),

the degrees of the numerators of the linear operators Rg|p(my, $)Kv are bounded by

clog,, level(Ky; GJAC,), if Ky is hyperspecial,
c(1+1log,, level(Ky; G)). otherwise.

9We take the opportunity to correct an inaccuracy in the proof (not the statement) of [35, Proposition 5].
Using the notation of [35] freely, in the last sentence of the proof it is stated that the matrix coefficients
of Mo, 110 (o, (A, aiv))K are given by those of M@‘Q,(U, X, aiv))KnMR. Correctly, they are given by the
matrix coefficients of Ma\Q’(U’ ()\,ai\/))VKVAHMR, where y ranges over K. However, we are free to
consider instead of K the largest principal congruence subgroup K, of K(/) contained in K, which is a
normal subgroup of K. The same correction applies to the proof of [35, Lemma 20].

https://doi.org/10.1017/51474748014000103 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748014000103

Limit multiplicities 617

Proof. The matrix coefficients of Rg|p(my, $)Kv are linear combinations of the matrix
coefficients of Rg%MalPﬂMa (7ry, s))’K“’flﬁMﬂ‘(F“)7 y € K. Property (BD) implies that the
degrees of the latter coefficients are bounded by clog,, level(y Kvy ' N My (Fy); MOJ[) in
the hyperspecial case, and by c¢(1 +1log,, level(y Kvy ~ ' N My (Fy); 1\;1;)) otherwise. Since
Gy (Asn)T is normal in G(Agy) and Gp(Asn)™ D My(Afn)™, we obtain the required
estimate. 0

The proof of Lemma 5.11 yields in addition the following estimate.

Lemma 5.12. Let o € Xy;. Then levely (r; M+) levelG(IG(n) G, ). In other words, if
K is an open subgroup of Kgn such that IG(rr)K # 0, then levely (; M+) level(K; G -

Proof. Suppose that IS ()X # 0. Since the finite part of 1§ () is IP(ﬁlgﬁn)ﬂKﬁnn|KMﬁ

as a Kgpp-module, m must have a non-zero vector fixed under proj,,(y K y 1N P(Agn))
for some y € Kan, where proj,, : P — M denotes the canonical projection. Suppose that
K D Km) NGy (Asn)T. Since Gy (Agy)T is normal in G(A) and Gy (An)t D My (Agn) T,
we get

projy (¥ Ky =10 P(Agn)) D projy, (K(m) NG ar(Asin) T N P(Agn)) D Kar(n) N My (Agin) ™t
The lemma follows. O

Remark 5.13. Note that for K, hyperspecial and Ig((gf)) (7rv)K“mG1‘4(F“)Jr # 0 the operator

Ro|p(my, s)K"mG"/’(F”)+ is independent of s. This implies that the assertion of Lemma 5.11
is satisfied unconditionally if K, is hyperspecial and level(Ky; GIT,[) = 1. (In particular,
the special case of property (BD) where K, is hyperspecial and levelyy, (Ky; 1\2105+ )=11is
always true.) To see this, note that via pS°|Gsc we can pull back K, to a hyperspecial
maximal compact subgroup of G};(F,), M to a proper Levi subgroup M of Gy, P
and Q to adjacent parabolic Subgroups P and Q with Levi subgroup M, and 7 to a
smooth representation 7 of M (F,), which is a finite direct sum of smooth irreducible
representations. Then we can reduce to the property that R §|p acts as a constant on the
one-dimensional space of unramified vectors in the induction to G3; (F,) of any unramified
irreducible summand of 7.

We have the following analog of Lemma 5.4.

Lemma 5.14. Suppose that G satisfies property (BD) and that G is a subgroup of G
containing G%. Then G also satisfies (BD).

Proof. Let M € £G7 and let P, Q € PG(M) be adjacent along «. Then M = M NG € LC
and the groups P = PNG € PY(M) and Q = QNG € PY(M) are adjacent along o If
is an irreducible representation of M(F,), then we can identify the restriction of Ig (7Ty)

to G(F,) with Ig(frv|M(F )). Moreover, if m, is a constituent of frv|M(F ) then Rg|p(my, )
is the restriction of RQ‘ 57y, ). The lemma follows immediately. O
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Finally, the main result of [35] can be phrased as follows.

Theorem 5.15. The groups GL(n) and SL(n) satisfy (BD).

Proof. The GL(n) case follows directly from [35, Theorem 1], taking into account that
Levi subgroups of GL(n) are products of groups GL(n;). For SL(n), we may use Lemma
5.14. O

5.4. Logarithmic derivatives of normalized local intertwining operators

The relevance of property (BD) to the trace formula lies in the following consequence,
which we will prove in the remainder of this section.

Proposition 5.16. Suppose that G satisfies (BD). Let M € L, and let P, Q € P(M) be
adjacent parabolic subgroups. Then, for all open compact subgroups K of G(Agqyn) and all
T € I(Ks NGyy), we have

J:

We remark that the dependence of the bound on t is not essential for the limit
multiplicity problem, but it is relevant for other asymptotic questions.

The key ingredient for the proof of Proposition 5.16 is the following generalization of
the classical Bernstein inequality due to Borwein and Erdélyi.

Ro|p (. s)™ Ry p (. s) (1+1s)7" ds < 1+log(|IT]l +level(K: G ).

Ig(n)r,l(

Proposition 5.17 [13]. Let SY be the unit circle in C, and let z1, ..., zm ¢ SY. Suppose that
f(z) is a rational function on C such that sup,cq1 | f(2)| < 1 and (z—z1) ... (2 —zm) f(2)
s a polynomial of degree n. Then

2 2
|Z.1| _}l Z 1_|Z/| . zeSh

’f/(z)‘ < max | max(n —m, 0) + Z i
jilaler l2i =2l

jilzj|>1 ‘Zj -z
Note that in [13, Theorem 1] this inequality is stated explicitly only for n < m. However,
as explained on [13, p. 418], the case n > m follows from the previous case by passing to
S@(wil =1 ... (ws—ml =1
z—w1)...(Z—wWp—m)
where wy, ..., w,—, € C are auxiliary parameters with |w;| > 1, and then letting w; —
00.
We will need a vector-valued version of Proposition 5.17 which is a direct consequence.
For the next two lemmas, let V be a normed space over C.

’

Corollary 5.18. Let zi,...,Zm € (C\Sl. Suppose that A :C\{z1,...,2m} = V 1is such
that (z—2z1)...(z—zm)A(2) is a polynomial in z € C of degree n with coefficients in V.
Assume that |A(2)|| < 1 for all z € SY. Then

2 2
||A/(z)||<max max(n —m, 0) + Z m—_l Z ﬂ , zeSh

2’ 2
|Zj -z j:|zj|<1 |Zj _Z|

jilzj|>1
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Consequently,

/Sl |A'(@)| Idz| < 27 max(m, n). (13)

This follows from Proposition 5.17 by applying it to f(z) = (A’(z), w) for any linear
form w on V with |lw| < 1.

We remark that, when V = C, i.e., when A(z) is scalar valued, the bound (13), at least
with 27 replaced by 8, can be easily proved directly without appealing to Proposition
5.17 (see [34, Lemma 1]). However, we do not know a direct proof of (13) (even with 27
replaced by an arbitrary constant) in the general case.

Analogously, we have the following.

Lemma 5.19. Let z; =u;j+iv; €C, j=1,...,m, and let b(z) =(z—2z1)...(@—2m).

Suppose that A : C\{z1, ..., zm} = V is such that ||A(2)|| < 1 for all z € iR and b(2) A(2)
is a polynomial in z € C (necessarily of degree < m) with coefficients in V. Then

/ 4@ =L < on i il o
iR 1+1z)? o (|uj[+ D2 +03

Proof. For any w € C, let ¢, (z) = , and set

o= =[] ¢0.

Jj:Rez;20
Applying [13, Theorem 4],'° we conclude as before that
|A"(z)| < max(|g] L@ <[l @)+ o

It remains to observe that for any w = u +iv € C\ iR we have

z € iR.

ldz| [u|+1
/ Ll TP Qe+
Indeed, we have |¢),(z)| = Iil;‘lz = u2+2(|t”_‘v)2 forz=1ir, 1 € R, so
ldz] 2 Jul
/
Z =
/i]R #@) 141z Jr @+ @ —v)?)(1+1?)

By the residue theorem, this is equal to

27[( [u] n 1 ): 27 ( u]| N 1 )
Wt G—v)? 1+ @+iud?)  v+iQu—D \v—iQul+1) @ v+i(ul+1)
_ 2x(ul+ 1)
C v+ (ul+ D

as claimed. O

10T his result is misstated on [34, p. 190].
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Proof of Proposition 5.16. Replacing K by its largest factorizable subgroup does not
change level(K; G 11)- We may therefore assume that K is factorizable. Write K = [] Kv,
and set KV = Hw;év Ky. Also set N, = level,(Ky; G},), so that []N, = level(K; G})).
Let S’ (respectively, S”) be the finite set of finite places such that K, is not hyperspemal
(respectively, Ny, # 1). Of course S’ depends only on Kg,. Note that, by Remark 5.13,
R, (1y, 5)Xv is independent of s if v is finite and v ¢ S’ U S”. We have

R, $) ' R'(, )1 (myek = Roo(Too, )™ R (oo )1 () @ 1d; (o)

+ Y Ru(m, )R (T, 8)

veS'Us”

® Id](nv)r,K” .

I(my)Kv

Recall that the operators Ry (i, s) are unitary for Res = 0.
Consider first the case where v € §’US”. Write R, (7, s)|1(ﬂ VKo = Ay(g, ). Then

A ds , ds
Ry(my, 5) Rv(nv,s) P RU(TL’U,S) T2
iR 1 () Kv 14 s| iR I (7ry)Kv 14 s]|
7 2\ 1 12ni
0g qv
<2 / R/ (my, s) ds
Z ( (logQU)2> 0 v I (7ry)Kv

2
1 v

< 2<1+—10gqv)/lgq
4 0

By Lemma 5.11, property (BD) for G implies that A, satisfies the conditions of Corollary
5.18 (with respect to the operator norm) with m bounded in terms of G only and

R0, )] i | s = <2+ logqv>/ |4, Izl
(14)

1 +log, Ny, ifveld,
n <K
logqu Ny, otherwise.

By Corollary 5.18, (14) is therefore < (loggy)(log, Ny) =logNy, if v ¢ S and < 1+
log N,, otherwise.

Regarding the Archimedean contribution, it follows from [54, Proposition A.2] that
the operator Rso(Teo, s)|1(ﬂ ) satisfies the conditions of Lemma 5.19 with b(s) =
[Tj=i [Ti=1 (s — pj + ck), where
e ¢ > (0 depends only on M,

e r is bounded in terms of G only,

em L1+ 7].

(In addition, the real parts Re p; are bounded from above in terms of G only, but we will
not need to use this fact.) Note that although [54, Proposition A.2] gives the bound m <«
1+ |I7]| on the 7-isotypic subspace, where T € I1(K), on [54, p. 88] it is explicitly stated
that we may in fact consider the isotypic subspace for a representation of Koo N G4 (Fy),
and it is clear from the definition of Reo(7so, ) that we may even replace G4 by G .
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Write p; = u; +iv;. By Lemma 5.19, we infer that

J.

Roo(7T00s $) "' R (700, ) (L+1s) ™" ds

-J.

I (me0)™

R (oo, 5) (L+1s»7" ds

I(eo)®

< Xr:i uy k| +1 L I+log(I+zl)
og 7).
2
i (}uj —ck} +1)2+ Vs
Altogether,
—1 p/ -2
f R(m,s)” R (m,s) (I4+sh™"ds < 14+log(l+|zlh+ Z log N,
iR I(m)mK v finite
= 1+41log(l+|zl|) + loglevel(K; GI,),
as required. O

6. Polynomially bounded collections of measures

As a preparation for our proof of the spectral limit property in § 7, we prove in this section
a result on real reductive Lie groups (Proposition 6.1 below) which extends an argument
of Delorme in [26]. Let temporarily G be the group of real points of a connected
reductive group defined over R, or, slightly more generally, the quotient of such a group
by a connected subgroup of its center (like the group G(Fs)! to which we will apply our
results in § 7). Let Ko be a maximal compact subgroup of G, and let 6 be the associated
Cartan involution. We will consider Levi subgroups M and parabolic subgroups P defined
over R. All Levi subgroups are implicitly assumed to be 6-stable. We factorize any Levi
subgroup M as a direct product M = Ay x M, where Ay is the largest central subgroup
of M isomorphic to a power of R, and let ap; = Lie Ay;. We identify representations of
M" with representations of M on which Ay acts trivially. Fix a minimal 6-stable Levi
subgroup Myp. As in §4.1, we fix an invariant bilinear form B on Lie G, which induces
Euclidean norms on all its subspaces and therefore Hermitian norms on the spaces a*M’C.
For each r > 0 and each finite set F C [1(K«), we define H(Go), F as the space of all
smooth functions f on G with support contained in the compact set Ko exp({x € ag :
lx]l £ r})Ks whose translates f(k;-k2), k1, k2 € Ko, span a finite-dimensional space
that decomposes under the action of Koo X Koo as a sum of representations t; ® tp with
71, 2 € F. We let H(Gs)r be the union of the spaces H(Gso), r over all finite sets
F C II(K&). The union of the spaces H(G), for all r > 0 is then the space H(G)
introduced in § 1.
As before, for f € C®(Gso) and k > 0, let

Il = > IX* fllpiga, -

XeBy

These norms endow H(G o), 7 with the structure of a Fréchet space.
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Let Irr(Goo) be the set of all irreducible admissible representations of Goo up to
infinitesimal equivalence. The unitary dual IT1(G ) can be viewed as a subset of Irr(G )
in a natural way. For 7w € Irr(G ), denote its infinitesimal character by x, and its Casimir
eigenvalue (which depends only on xr) by Ar. For any u € II(Kx), let Irr(Goo),. be the
set of irreducible representations containing u as a Kso-type. More generally, for any
subset F of IT(K), we write It(G o) F = Ure 7 It (G oo ) -

We write D for the set of all conjugacy classes of pairs (M, §) consisting of a Levi
subgroup M of G and a discrete series representation § of M'. For any § € D, let
Irr(Go)s be the set of all irreducible representations which arise by the Langlands
quotient construction from the (tempered) irreducible constituents of 1 AI;I(S) for Levi
subgroups L D M. Here, [ 1{;1 denotes (unitary) induction from an arbitrary parabolic
subgroup of L with Levi subgroup M to L. We then have a disjoint decomposition

Irr(G o) = ]_[ Irr(Goo)ss
8eD

and consequently

M(Goo) = | [ M(Goo)s.
8eD

Recall the definition of the norm ||-|] on IT(K ) given in § 5.1. We call a finite subset F C
IT(K ) saturated if, for each u € F, all u’ € I(Ky) with Hy/” < |lpe|| are also contained
in F.

For m € Irr(G ), we write §(r) for the unique element § € D with 7 € Irr(Go)s. We
introduce a partial order on D as in [19, § 2.3], using the lowest Kqo-types of IAC,;,(S): § <&
if and only if ||| < ||| for lowest Koo-types p and ' of 1G(8) and IG,(8"), respectively.

When F C I(K) is finite and saturated, Vogan’s theory of lowest Kso-types implies
that

Irr(Goo) F = Usep - (G o) s (15)

for a finite subset Dr C D (cf. [20, Proposition D.1]).
For § € D, we let F(8) be the finite saturated set of all u' € TT(Ko) with ||u’|| < el
for a lowest Koo-type u of Iﬁ(&).

Proposition 6.1. Let 9 be a set of Borel measures on T(Geo). Then the following
conditions on M are equivalent.

(1) For all § € D, there exists N5 > 0 such that
({7 € M(Goo)s * IAx] < RY) <5 (1+R)™

for allv e M and R > 0.

(2) There exists r > 0 such that sup, con ‘v(f)) 15 a continuous seminorm on H(Goeo)r. F
for any finite set F C I(Ko).

(3) sup,eon ‘v(f)‘ is a continuous seminorm on H(Gso)r F for any r > 0 and any finite
set F C II(Ko)-
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(4) For each finite set F C I1(Kxo), there exists an integer k = k(F) such that
Sup, con V(8k,F) < 00, where g F s the non-negative function on I(Gs) defined
by

(I+1rzD75, ifr € (G £,

8k, F(m) =
0, otherwise.

Definition 6.2. We call a collection 91 of measures satisfying the equivalent conditions of
Proposition 6.1 polynomially bounded.

We begin the proof of Proposition 6.1. Let 9T be a collection of Borel measures on
IM(Gso)- Evidently the third condition of the proposition implies the second/og Note
that, if zg,, is the Casimir element in the center of U(Lie Goo ® C), then zg, f(7) =

hon f (). Since also ‘ f(rr)‘ <N f LGy it follows that for any k > 0 we have

~

S @) Li | fllok gk, 7 ()

for all f e H(Gx)Fr and 7w € T1(Gw). We infer that the fourth condition of the
proposition implies the third one.

Fork>0and § € D, let gxs = (1 + Az ) ¥ for 7 € [M(G)s, and extend this function
by zero to all of IT(Geo)-

For a given § € D, consider the following two statements.

There exists N5 > 0 such that
v({r € I(Gwo)s : IAx] < R)) s 14+ RN for allv e M and R > 0. (16a)

There exists an integer k = ks > 0 such that sup v(grs) < 00. (160)
ved

It is easy to see that these statements are equivalent: if (16a) is satisfied, then we can
bound

(m +2)Ne

v(gks) < Y v({r € M(Goo)s :m < hrl <m+1Nm+1D7F <5 P

m=0 m=>=0

which is bounded independently of v € 9 for k£ > Ns +2. On the other hand, we clearly
have
1+ R v({r € M(Goo)s : Al < R) < v(grs),

which gives the other implication.

Observe now that the first condition of the proposition is just (16a) for all §. Moreover,
by (15), the fourth condition is equivalent to (16b) for all §. Therefore, the first and fourth
conditions of the proposition are equivalent.

It remains to show that the second condition implies the first (or the fourth) one. This
step is somewhat more difficult, and it requires some preliminary results, namely the
classification of tempered and admissible representations of G, and the Paley—Wiener
theorem. We first recall Vogan’s classification of irreducible admissible representations.
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For (M, §) as above, and A € aj;,,’(c, consider the induced representation s (with respect
to any parabolic subgroup containing M as a Levi subgroup). Its semisimplification
depends only on the Ky-conjugacy class of the triple (M, §, A). Vogan defines the R-group
Rs of 8, a finite group of exponent two, as well as its subgroup Rs . The dual group Rs
acts simply transitively on the set A(8) of lowest Koo-types of 5. We then have a
decomposition of the representation s, as a direct sum of |R5, ;LI many representations
75 (), where p is an orbit of Rik in A(§) [71, 6.5.10, 6.5.11]:

TS, = @ 7ws, ().

KEAB)/ Ry,

We call the 75, (1) basic representations. Each basic representation s (1) has a unique
irreducible subquotient 75, (1) containing a Keo-type in the orbit . Alternatively,
this subquotient can also be constructed as a Langlands quotient [71, 6.6.14, 6.6.15].
This construction sets up a bijection 75 () = 7w +— o7 = 7s (1) between infinitesimal
equivalence classes of irreducible admissible representations 7= and basic representations
ox, where the latter are interpreted as elements of the Grothendieck group of admissible
representations [71, 6.5.13]. By definition, the parameterization is compatible with the
disjoint decomposition of Irr(G ) according to the elements of D.

The distributions tro, for m € Irr(G&) form a basis of the Grothendieck group of
admissible representations. More precisely, we have the following relations expressing the
characters of irreducible representations m € Irr(Go) in terms of the characters of basic
representations:

trw (@) = troy (¢p) + Z n(m, 7'y trog (¢), (17)

7w 8(m)=8(T"), Xe =Xy

with certain integers n(m, ') [71, 6.6.7]. Note that here the sum on the right-hand side is
finite. For our purposes, all we need to know about the integers n(m, 7’) is the following
uniform boundedness property [26, Proposition 2.2].

Lemma 6.3 (Vogan). We have
Z In(r. 7| <« 1

7" 3(m)=8(T), X =Kt
for allm € Irr(Go)-

For the Paley—Wiener theorem, we need to group the basic representations into series
of induced representations, which gives a slightly different parameterization. We use the
concept of a non-degenerate limit of discrete series introduced in [46, 47]. Let § € D with
representative (M, §). Whenever L is a Levi subgroup containing M and the irreducible
constituents § of I AL,1(8) are non-degenerate limits of discrete series of the group L!,
we call the resulting pairs (L, §") affiliated with the class § [20, Définition 2]. These
representations are precisely those irreducible constituents of the representations I AQI(S)
for L D M, which are not themselves irreducibly induced from any smaller Levi subgroup.
For fixed (M, §8), the Levi subgroups L D M appearing in this construction are precisely
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those for which aj is the fixed space of a}, under one of the subgroups Rs; C Rs (where
we regard Rs as a subgroup of W(Ay)s C W(Ay) = Nk (Am)/Ck (Anm) as in [20, §2.1]).

We can then rewrite any representation s j(n) in the form my ;, where L D M is
a Levi subgroup with A € a]  C aj, - and (L, 8" is affiliated with D, such that the
intermediate induction to the largest Levi subgroup Lgre; with ReA € a’zRex is irreducible
(and tempered). (To see this, combine [71, 6.6.14, 6.6.15] with [20, (2.1), (2.2)].) Note
that the tempered dual of G can be parameterized as either the set of all basic
representations 75, (u) with ReA =0 (which are always irreducible), or as the set of
all irreducible induced representations 7y ;, Re A = 0, where §’ is a non-degenerate limit
of discrete series.

Recall the definition of the Paley—Wiener space PW(a),, r > 0, of a Euclidean vector
space a. It is the space of all entire functions F' on the complexified dual af. such that
the Paley—Wiener norms

IF N, = sup (1+[Ial) e R FGY, n >0,

K
reag

are finite. The Paley—Wiener norms endow PW(a), with the structure of a Fréchet space,
and the Fourier transform is a topological isomorphism between PW(a), and the Fréchet
space of smooth functions on a supported on the ball of radius r around 0.

Now let § € D. Consider the finite set D’(8) of all pairs (M, §), where M is a standard
Levi subgroup of Geo, 8 € II(M') a non-degenerate limit of discrete series, and (M, 8)
is affiliated with §. The Paley—Wiener space PW, s is then defined as the space of all
elements F = (Fy.5)) € H(M,5)€D’(§) PW(ay), fulfilling the following conditions.

(1) Whenever the triples (M, §, ) and (M’, §’, A") are conjugate by an element of K,

we have Fyp 5(X) = Fu,s) ().

(2) Whenever for M C M’ we have a decomposition
m .
I 6w = Py
i=1
with (M, 8x), (M’ 61(&),) € D'(§), the corresponding identity

m
Firsy®) =Y Fop 50,8, e @y o C ajy e
i=1

holds.

For any finite saturated set 7 C I1(K«), the space PW, r is defined as Hée'D}_ PW;s.
These Paley—Wiener spaces have in a natural way the structure of Fréchet spaces, and we
define for each n > 0 the Paley—Wiener norm || F||,,, of F € PW, r to be the maximum
of the norms |F.s) ||m, where (M, 8) € D'(8), § € Dr. (Cf. [20, Appendice C] for a
concrete combinatorial description of these spaces.)

We can now state the Paley—Wiener theorem of Clozel and Delorme [20, Théoréme 1,
Théoréme 1].
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Theorem 6.4 (Clozel-Delorme). For any finite saturated set F C I(Kso) and any r > 0,
the natural continuous map of Fréchet spaces T, F : H(Goo)r. 7 — PW,. F given by f —
(trmws 2 (f)) is surjective.

Remark 6.5. By the open mapping theorem, a continuous surjection of Fréchet spaces
is automatically open. For the surjections T, r of Theorem 6.4 this means concretely
that for every integer k > 0 there exists an integer n (depending on k, r, and F) with the
following property: for any F € PW, r there exists ¢ € H(Goo),. F such that T, z(¢) = F
and l|I¢lly <r.7x 1F N0

We now turn to the proof of Proposition 6.1, which is an extension of an argument
of Delorme (cf. the proof of [26, Proposition 3.3]). As in [26], the proof is based on
the existence of certain test functions on G; however, in comparison to Delorme’s
argument, we also need to bound the seminorms of these functions. We therefore recall
the construction in some detail. The first elementary lemma [31, Lemma 6.3] asserts the
existence of functions with certain properties of the Fourier transform.

Lemma 6.6 (Duistermaat—Kolk—Varadarajan). Let a be a Euclidean vector space, let W
be a finite group acting on a, and let r > 0. Then, for any t > 1, there exists a function
h(t,-) € PW(a)XV with the following properties.

(1) fz(_t, 1) € R2 for all A € ag. for which there exists an element w € W with w(A) =
—A.
2) ‘ﬁ(t,,\)‘ > 1 for all & € ab with |l <.

(3) For allm >0, we have Hﬁ(z, )H Lp.m 1" In particular, for alla > 0 andm > 0,
r,m

we have
tm

ht, A <pmg —————
t4) <rma (1+ [Im Ay

for all & € af, with |[Re Al < a.

The following lemma is a strengthening of [26, Proposition 3.2] (we have added the
third assertion).

Lemma 6.7. Let r > 0, let § € D with representative (M, 8), and let k = 0 be an integer.
Then there exist an integer ry.s > 0 (depending on k and §) and for each t > 1 a function

¢>§’k € H(Goo)r, F(s) with the following properties.

(1) trcrn(qbé’k) =0 for all m € Ir(G ) with §() #8.

(2) tro(qbg’k) = [Rs : R(;,;L]ﬁ(t, A) for all basic representations o = ms (L), A € afw‘(c,
e AS).

® o], <uare

Proof. We apply the Paley-Wiener theorem to the following element F' = F(tM’,(S’)

of PW, r, where F = F(§). Apply Lemma 6.6 to the vector space ap and the
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group W(Apy) = Nx(Ay)/Cg(Apy) to obtain functions h(t ) € PW(aM)W(AM). Set
(M, M) =0 whenever (M’, §) is not affiliated with §. On the other hand, if (M’, §’) is

affiliated with §, then we have a decomposition IAA,;’ ) = ZS 8/, where 8] =4’ and S is
a divisor of |Rs|. We then set F (M, 5/)()‘) |I§§|l;(t, A). By the W(Ay)-invariance of h(t, )
and the transitivity of induction, this defines an element F' of PW, r. (Note that the
commutativity of the group Rs implies that, if we have a decomposition 1/ ") = lS 187
with (M”, 8]') affiliated with § and M” > M’, then S” is a multiple of S, and each 177 (5 )
splits into §”/S many irreducible constituents 67, cf. [20, pp. 204-205].) Moreover by
the third assertion of Lemma 6.6, the Paley—Wiener norms of F’ satisfy || F! Hm L snt"
for every n > 0. The Paley—Wiener theorem (Theorem 6.4) and Remark 6.5 provide

for every k > 0 an integer ri s > 0 and a preimage qﬁa € H(Gwo)r.r of F' under T,
with ‘ L Hk K58,k || F' ||”k , Krok t"é Therefore, qba satisfies the third property of the

lemma. The first property is clear by construction. Finally, write o = 75, (1) = g 3,
where 8’ is a non-degenerate limit of discrete series of (M’)!, M’ D> M is a Levi subgroup
with A € a}, - C a}, ¢, and (M',8") is affiliated with D. The number § of irreducible

constituents of Iff((?) is then equal to |Rs|. Therefore tra((p;’k) = (M, 5) (A) =[Rs :
Rs.31h(t, 1), which establishes the second property and finishes the proof. O

Corollary 6.8. The test functions ¢ G’H(Goo)r]:() above satisfy the following
additional pmpertzes

(1) troy (¢5 =1 for all m € I(Go)s with |Ag| < 12 —cs, where ¢g > 0 is a constant
depending only on §.

(2) For allm > 0, we have
2m

0<t 1k o
ron (@) Sem Gy

forallm € NT(Gwo)s.-

Proof. Let 75,(1n) @7 € [1(Gw), and let oy = ms (). Since m is unitary, we need
to have w(k) = —A for an element w € W(Ay)s [26, (2.1)]. By Lemma 6.7, the trace
troy (¢§’k) is an integer multiple of h(t, ). By the first property of Lemma 6.6, it is
therefore non-negative real.

Furthermore, the Casimir eigenvalue of 7 can be computed as iy = — |[[ImAl|> +
IRe A2 + || xs/1> — car for a constant cp (cf. [14, §3.2, (2)]). Again by unitarity, we have
IRe Al < llppll, where pp is half the sum of the positive roots of a parabolic P with Levi
subgroup M [26, (2.2)]. Therefore, we obtain |A,| > [|A]|? — cs for a constant ¢, which we
may take to be non-negative.

To show the first assertion, IAnl 12 —c¢s implies that ||A|| < ¢, and by the second
property of Lemma 6.6 we obtain h(t, A) = 1. For the second assertion, we use the last
property of Lemma 6.6 (with 2m instead of m) and the boundedness of ||[Re | together
with the obvious fact that [Rs : Rs;] is bounded by |Rs]. O
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End of proof of Proposition 6.1. It remains to prove the equivalent statements (16a) or
(16b) for any § assuming the second condition of the proposition. We will prove them
by induction on §, i.e., for a given §, we assume that (160) is satisfied for all §' < §
and are going to prove (16a) for §. For this, consider the test functions q)é’k constructed

in Lemma 6.7 for t = (14+¢; + R)!/> > 1, where R > 0 is a parameter. By assumption,
for a suitable r > 0, for each finite set F the supremum sup,con ‘v( f )’ is a continuous

seminorm on H(Goo)r 7. This means that for a suitable value of k (depending on F)
we have v(f) LF lflly for all v € M and f € H(Go)r, 7. Taking f = ég’k and using the

third assertion of Lemma 6.7, we obtain that there exists an integer m{} 0 such that
V(@) <5 AL+R™, vem. (18)
Write
v(p") = / tr (g5 )dv ().

Inserting (17) into this equation, we obtain

v(gy") = / (trow) (g5 )dv () + / > n(r, 7Y tro (¢5") | dvir).

7" 8(@)=8(), X =Xyt
By the first assertion of Corollary 6.8, the first integral provides an upper bound for the
measure of the set {m € [1(Go)s : |Ar| < R}:

v({r € I(Geo)s * [Ax| < R} < /(trgn)(¢5 )dv ().

Regarding the second integral, only the 7’ with §(7w’) = § can contribute, and we can
estimate their contribution using the second assertion of Corollary 6.8:

r2m (1+cs+R)"
A+ D™ (L A )
since 7 and 7’ have the same infinitesimal character. Combining this inequality with (18)
and using Lemma 6.3, we obtain

3

0 < tI'O'T[/(Qﬁé’k) <<§’m

V(i € M(Goo)s : IAx| < RY < v(@5") / n(w, 1) o @5") | dv(o)

7 8(ﬂ)<6(n/) X =Xn'

Lsm AT+ R™+(1+R)™ Y v(g )
<3

for all v € M. For suitable m, the sum Z§’<§ V(gm,s) is bounded independently of v by
the induction hypothesis. We conclude that (16a) holds for §, which finishes the induction
and thereby the proof of the proposition. O

We remark that the proof simplifies for the groups GL(n), since in this case the tempered
basic representations 5, Re A = 0, are always irreducible, the R-groups are trivial, and
the sets D’'(8) are therefore singletons. The Paley—Wiener space PW, s is then just the
space of Ws-invariant functions in PW(ays),, where (M, §) is a representative of § and
Ws denotes the stabilizer of § inside the Weyl group W (Ayy).
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7. The spectral limit property

We now come back to the situation of §§ 1-5. Before treating the spectral limit property
(2), we consider first the question whether the collection of measures {ug’s‘”} Kek on
G (Fx)! associated to a set K of open subgroups K of Kg, is polynomially bounded. We
conjecture that this is true for the set of all open subgroups of Kg, (or even for the set
of all open compact subgroups of G(Agqy)). Note that each finite set K is known to have
this property [55]. So, as in the case of property (TWN) above, the issue is to control
the dependence on K.

Remark 7.1. Deitmar and Hoffmann [28] have shown unconditionally that for any G the
collection of measures { G S0 }, where G S0 is the analog of 5% for the cuspidal
H’K(n),cusp ’ H’K(n),cusp g 'uK(n) D
spectrum, is polynomially bounded. (In fact, they obtain a more precise statement.)
However, for our argument we need to know the corresponding statement for the full

discrete spectrum.

Our results in this direction are Lemmas 7.6 and 7.7 below, which we will use for a
conditional proof of the spectral limit property for principal congruence subgroups in
Corollary 7.8, thereby finishing our argument. Recall the spectral expansion of Theorem
4.1, which expresses Arthur’s distribution J(h) as a sum of contributions Jspec, pr(h)
associated to the conjugacy classes of Levi subgroups M of G. Also recall properties
(TWN) and (BD) from §5. They are hereditary for Levi subgroups.

Fix M € L, M # G. The technical heart of our argument is contained in the following
lemma and its corollary. We freely use the notation introduced in §4. We denote by
lI-ll],5 the trace norm of an operator on a Hilbert space §). Extending the notation of
§ 6, for a finite set 7 C I1(K) and an open subgroup Kg of Kg_g,_ let H(G(Fg)l)]:yks
be the space of all bi-K g-invariant functions f € H(G(Fs)') whose translates f(k; - k2),
ki, ky € Koo, span a space that decomposes under the action of Koo x Koo as a sum of
representations 71 ® tp with 71, 75 € F. Recall the norms ||-||; on CSO(G(FS)I) introduced
in §3.2.

Lemma 7.2. Suppose that G satisfies properties (TWN) and (BD). Let M € L, and let
P € P(M). Furthermore, let S D Sx be a finite set of places of F. Then, for any finite
set F C I(Kx) and any sufficiently large N > 0, there exists an integer k > 0 such that,
for any

e open subgroup Ks of Ks_s_,

e open compact subgroup K of G(AS),
ec >0,

es e Ng(M)/M,

° é €Bp L,

o X e EL (B,

we have
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[ I8P 9pP O L), gepy dh <
i(ay )*

vol(K) level(KsK; G;,)é 17l Z Ap (o)™ diHl«‘l?T(P)KSK’r (19)
teF,
7 €lgise (M (A))
for allh € H(G(FS)I)]:)KS. Consequently,

J%pec mh®1g)
KFNe VoK) Ievel(KsK: Gl il DY Am(ree) ™V dim AZ(PYKSKT. (20)
teF,
welgise (M (A))

Note here that for all N > Ny, where Ny depends only on G, the right-hand sides of
(19) and (20) are finite [55].
Proof. We argue as in [34, § 5] (cf. also [57]). First, note that we may omit M (P, s) on the
left-hand side of (19), since it is a unitary operator which commutes with p(P, 1, h ® 1g),
and hence does not affect the trace norm. Let A be the operator Id —Q2 +2Qk__, where Q
(respectively, Qk,,) is the Casimir operator of G(Fy) (respectively, Ko ). For any k > 0,
we bound the left-hand side of (19) by

fi(afs)*

AX(P,A)p(P,A,A)—”‘H ”p(P,,\,Azk*hepl,()H dx

I,AZ(P)KSK’]:

< vol(K) H A2k*h|

Ax(P PP, &)

LI(G(Fs)l) [(ags)* LAZ(P)KSK,}'

Consider the integral on the right-hand side.!! For any 7w € Igisc(M(A)) and t € IT(Ky),
the operator p(P, A, A) acts by the scalar u(r, A, 1) = 1+ ||A|> — Az +2A; —ep on
Afr (P)T, where A, and A, are the Casimir eigenvalues of 7 and t, respectively, and
ep is a constant depending only on P (cf. [14, §3.2, (2)]). Since it is easy to see that
ep <0, using (10), we get

2 1 2,42 2 2
wu(m, &, ) 24(1+||?»|| +A7 A7) 6 1AM+ Am(Too).
Therefore,

/i(ag?)*

—2k
<
Ax(P,M)p(P, A, A) HI,AZ(P)KSKJ: d\ <

/ 18R (P, gz pysskr 1 2o T di
ref nel’ldm(M(A)) (af

Estimating ||All; < dimV ||A|| for any linear operator A on a finite-dimensional Hilbert
space V, we bound the previous expression by

>y dimA,Z,(P)KsK”/G 1A (P, W) gz (pyksir w2, ) di,
teF nelgie(M(A) i(a,)”

1n the corresponding formula [34, (5.1)] the restriction to the K(-fixed part was mistakenly omitted.
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Using the definition of Ax (P, 1), we can bound the above by a constant multiple of

m
3 AM(noo)_k/zdimA,z,(P)KsK”f DT [8rim @) o pyesir | 2.
teF, iagy)” i=1 Y
7 € gisc (M (A))
(21)

We estimate the integral over i(agv)*. Let Fy € I(Kpy.00) be the finite set of all
irreducible components of restrictions of elements of F to K00 Then, by Frobenius
reciprocity, only those 7 € Mgise (M (A)) with 7se € TT(M(Fs))”™ can contribute to (21).

Let B = (B), ..., B,), and introduce the new coordinates s; = (A, ), i =1,...,m, on
(afv,c)*. By (9), we can write

n'y (m,s;)
AT g

3Pi|Pl./()‘) = 1, (7, 51)

+jpr o (Id@R(w, 5) ' R (m, s0)) 0

Property (TWN) and Proposition 5.16 (which is based on property (BD)), together with
Lemma 5.12, yield the estimate

dr L. 7 Ay (Toos GV level(KsK; GIT,I)6

m
—k
JIPRCRAC R § (AT
i(ar) i=1

(22)
for any € > 0 and sufficiently large N and k (depending possibly on t). Altogether, we
obtain (19), and, using Theorem 4.1, also (20). O

Remark 7.3. Note that the improved estimate (12) yields the following improvement of
(22):

dxr

m
/G (1+”M|)_m_enH(SPI'\P/()‘)‘Ag(P.’)KsKJ
i(a ) i=1 !
L log(Am(oo; Gu) + 1Tl +level(KsK; G3)™,  (23)

where the implied constant does not depend on .

Applying Lemma 7.2 to the principal congruence subgroups K°(n), and assuming
polynomial boundedness of the collection {MII?A’/I%:)}, we obtain the following result.

Corollary 7.4. Suppose that G satisfies properties (TWN) and (BD). Furthermore, let
M e L, M # G, and assume that the set of measures {MII?;(";)} is polynomially bounded.
Let S D S be a finite set of places of F. Then, for any finite set F C I1(K), there
exists an integer k > 1 such that, for any open subgroup Ks C Ks_s.. and any € > 0, we
have

Jspec,M(h ® lKS(n)) <<K5,]-',e ”h ”k N(n)(dimM—dim G)/2+e (24)

for all h € H(G(FS)I)}-)KS and all integral ideals n of oF prime to S.
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Proof. Fix P = M x U € P(M) and an ideal ng such that Ks D Kg_g_ (ng). We have

dim A2 (PYK®o™.T =y dim Ind G4 (r)K(mom). 2

P(A)
= .y dim Ind (1) (700) dim Ind s ™) () K0

where
my = dimHom(r, L3 (Apy M (F)\M(A))).

Note that here the factor dim Indggg(no@)’ is bounded by (dim 7). On the other hand,

since K(ngn) is a normal subgroup of Kg,, we have

dim Ind§ 4™ (7 K0 < [Kgn : (Ksin N P (Ain)) K(nom) ] dim o 0.

Using the factorization Kg, N P(Afn) = Kgn N M (Agp)) (Kin N U (Agp)), we can write

[Kfin : (Kfin N P (Afin)K(ngn)] = vol(Ky (ngn))vol(K(ngn)) ™
[K(non) N P (Agn) : (K(non) N M (Agn)) (K(non) N U (Agin))]
[Kfin N U (Agin) : K(ngn) NU (Agn)] ™
The index [K(ngn) N P(Agn) : (K(ngn) N M (Agn)) (K(ngn) N U (Afin))] is bounded indepen-

dently of n. Furthermore, identifying U with its Lie algebra u via the exponential map,
which is an isomorphism of affine varieties, one sees that

N(non) ™9V « [Kn N U (Agin) : K(on) N U (Agn)] ™! < N(ngn)~4mY.
(We will only need the upper bound.) Therefore

dim Indgﬁfi‘;;‘; () K™ < N(ngn) ™ 9mYvol (K (ngn)) ~'vol (K (non)) dim n;(nM (o),

Incorporating the above into Lemma 7.2, we obtain that for sufficiently large N > 0
there exists k > 0 such that

JSPecaM(h ® 1Ks(n)) L, F.e,N 1Al
N(n)~4mUF€ o1 (K (non)) Z (1+|)»n30|)_Nmn dimné{’”(’"’").

n
7 gige (M (A)TM

By assumption, the set of measures {M%A}S(ﬁon)} is polynomially bounded. Therefore the
fourth condition of Proposition 6.1 yields the existence of an integer N, depending only
on Fy, such that

(1 + |)\'ﬂoo |)_ij-[ dlm néiM(n()n)

vol(Ky (ngn)) Z

(M (F)\M(A)!
vol(M(FAM( ))nendisc(M(A»fM

M, Sxo _
MKy (non) gn.Fy) =

is bounded independently of n. This proves the assertion, since dimU = (dimG —
dim M) /2. O

Remark 7.5. As before, (12) implies a slightly improved version of (24) in which the
expression N(n)dimM—dimG)/2+€ i¢ yeplaced by (14 log N(n))™ N(n)dim M —dimG)/2
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We are now in a position to prove that under the assumption that G satisfies (TWN)
and (BD) the collection of measures {ulﬂg};ds(i‘l’)} on TT(M(Fa)') is polynomially bounded
for any M e £.12

Lemma 7.6. Let G be anisotropic modulo the center. Then the collection of measures

{/L%S""}, where K ranges over the open subgroups of Kayn, is polynomially bounded.
Proof. In this case, the trace formula for a test function & € CL‘,’O(G(FOO)I) can be written
as
VU GENGE) i) = | S he 10 ye)ds.
GENGM! S5y

Since g can be integrated over a compact set C which is independent of 4 and K, for
all & supported in a fixed set Qoo C G(Fao)' we can bound the absolute value of the
right-hand side by Aq_ sup |h|, where Aq_, is the constant

Ag,, =vol(GIFN\G(A) ) sup Y~ ok, (@ 'v8)-
8€C G (F)

Therefore, sup ‘ p,g’s” (fl)‘ is a continuous seminorm on every space H(G(Foo)l)r, 7, and

by Proposition 6.1 we obtain the assertion. O

Lemma 7.7. Suppose that G satisfies (TWN) and (BD). Then, for each M € L, the

. M, Soo . . . . .
collection of measures {,uKM(n)}, n ranging over the integral ideals of of, is polynomially
bounded.

Proof. We use induction on the semisimple rank of M. The base of the induction is
Lemma 7.6. For the induction step, we can assume the assertion for all groups in £L\{G},
and have the task to establish it for G itself. Fix r > 0, and apply the trace formula to
h ® 1k ), where h € H(G(Foo)l)r’]:. By Theorem 4.1, we have

vol(GUFNGM o () = T @ Ikm) — Y Jipee.t (h @ Ikn)).
[M], MG

Now, for each single choice of n the absolute value |J h® lK(n))| is a continuous seminorm
by the work of Arthur [3]. Moreover, as in the proof of Corollary 3.3, for all n outside
of a finite set depending only on r we have J(h ® 1km)) = Junip(h ® 1kn)). Therefore it
follows from our analysis of Junip(h ® 1k(n)) in Proposition 3.1 that sup,, ‘J(h ® IK(n))| isa
continuous seminorm on H(G(Foo)l),y}-. By Corollary 7.4 (with S = Sy ), we obtain that
the spectral terms sup, ‘JspeC, M(h®1K(n))] for M # G are also continuous seminorms
on H(G(Foo)l)r,]:. By Proposition 6.1, we conclude that the collection {,ul(éiij“} is
polynomially bounded. O

As before, let S be a finite set of places of the field F containing So.

12Variants of Lemma 7.6 have been previously established in [26, Proposition 3.3] and [28].
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Corollary 7.8 (Spectral limit property). Suppose that G satisfies (TWN) and (BD). Then
we have the spectral limit property for the set of subgroups KS(n), where n ranges over
the integral ideals of oF prime to S.

Proof. From Lemma 7.7, we get that, for each M € L, the collection of measures { ulﬁéf(ﬁ)}
is polynomially bounded. Therefore we can apply Corollary 7.4 to conclude that for each
h € H(G(Fs)") we have

Jspee,m (h & 1gs ) — 0
for all M # G. Hence (by Theorem 4.1),
J(h @ Igs(yy) — tr Raisc (h @ 1gs () — 0,
which is the spectral limit property (2). O

Theorem 7.9. Suppose that G satisfies (TWN) and (BD). Then limit multiplicity holds
for the set of subgroups K5(n), where n ranges over the integral ideals of o prime to S.

Proof. The geometric limit property (3) has been established in Corollary 3.3, and the
spectral limit property (2) in Corollary 7.8. By Theorem 1.2, we obtain the result. O

This also finishes the proof of Theorem 1.3, since (TWN) (respectively, (BD)) has been
verified for the groups GL(n) and SL(n) in Proposition 5.5 (respectively, Theorem 5.15).

Repeating the argument above, and combining Corollary 7.4 with the improved
geometric estimate of Proposition 3.8, we obtain the following quantitative statement.
Recall the definition of dyi, in (7).

Theorem 7.10. Suppose that G satisfies (TWN) and (BD). Then, for any r > 0 and any
finite set F C [1(Ky), there exists an integer k = 0 such that for any open subgroup
Ks C Ks_s,, and € > 0 we have

sty () = (D] &5, kg, 7,¢ N ™t 1| (25)

for all h € H(G(FS)I)F,]:,KS and all integral ideals n of oF prime to S.

Note here that dpin < (dim G —dim M) /2 for any proper M € L, since dim G — dim M
is the dimension of the Richardson orbit associated to a parabolic subgroup P € P(M).
If we also assume (12), then we can further improve the right-hand side of (25) to

d
m‘ﬁ}‘éi% I2]l; (see Remark 7.5).

Remark 7.11. A natural problem is to deduce from Theorem 7.10 an estimate for the
difference ‘,ug’ss(n)(A)—,upl(A)‘ for suitable subsets A C I1(G). This would require a

quantitative version of the density principle (Theorem 2.1). We will not discuss this
aspect here.
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